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Abstract

We study the front dynamics of solutions of the initial value problem of the Burgers
equation with initial data being the viscous shock front plus the white noise pertur-
bation. In the sense of distribution, the solutions propagate with the same speed as
the unperturbed front, however, the front location is random and satisfies a central
limit theorem with the variance proportional to the time ¢, as { goes to infinity. With
probability arbitrarily close to one, the front width is O(1) for large time.



1 Introduction
We are concerned with the initial value problem of the Burgers equation:
Uy + Uy = Vugy, v >0,z € R, (1.1)

with initial data:

u(z,0) = us + Vg, (1.2)

where u; = ug(x) is the profile of the viscous shock front connecting one and zero, V; is
the white noise, or formally the derivative of a two-sided Wiener process W, starting from
zero. Without the white noise perturbation, we have the exact solution:

ule,t) = (1 + exp{om (e — S0}, (1.3

2v 2

where x can be shifted by any constant zq € R', and we choose it to be zero for conve-
nience. It is well known that the viscous shock front (1.3) is asymptotically stable if it
is perturbed by an intergrable function at ¢ = 0, see Ilin and Oleinik [8]. We are inter-
ested here in the behavior of viscous shock fronts under random perturbations. In reality,
random perturbations abound in dissipative dynamical systems admitting front solutions.
In the case of conservative systems derived based on conservation of mass, through suit-
able asymptotic reductions, one often ends up with a scalar conservation law with either
random coefficients or random initial data. Besides in the traditional gas dynamics [15],
scalar conservation laws are found in: 1) surface water infiltration into randomly layered
soils, see [10], [11], etc, where water concentration obeys the Richards equation, a viscous
conservation law whose front solutions are called wetting fronts; 2) transport of contami-
nants (such as heavy metals) in porous media with randomly distributed sortion sites, [16],
[4] etc., where the pollutant concentration satisfies another viscous conservation law whose
front solutions are clear indications of underground contaminant movement. We mention
that the (inviscid) Burgers equation with random initial data was also extensively studied
in relation to astrophysics (see e.g. [12]). In these problems, one faces the difficulty of both
randomness and nonlinearity. It is in general hard to pursue detailed analysis unless one
specializes to completely solvable cases. On the other hand, what we learn from these spe-
cial situations helps us gain insight and can serve as guidelines for numerical investigations
on nonintegrable cases. This is our motivation to consider Burgers equation with white

noise (or Gaussian processes, see later) initial perturbation imposed on fronts. Random



initial data problems are related to, yet typically simpler, than random coefficient ones,
hence should be first considered. We hope to extend our work here to random coefficient
problems in the future.

Since each realization of the white noise is unbounded and not integrable, classical
stability results of [8] do not apply. We remark that various aspects of the Burgers equa-
tion with random initial data have been studied in numerous works (see [1], [2], [6], [12],
[13],[14]). In particular, in [6] the inviscid Burgers equation with the initial data (1.2) was
studied, using different methods and from a somewhat different point of view.

Our main concern is the noise effect on the front behavior, namely, in what sense one
still sees a front, and whether the front width increases with time. Intuitively, noise tends
to smear out the front structure. We first write down the solution explicitly with Cole-
Hopt formula, and identify the different features of various terms as t — +oc. The initial
condition enters the solution formula through its spatial integral. The formula thus makes
sense even with singular initial data (1.2) and the randomness appears in it through the
Wiener process W,. We study the distribution of u(x,t) using the scaling and Markov
properties of W,. To extract the asymptotics, the almost sure uniquess of the maximal
point of the process W, — 2 is essential for applying the Laplace type method. Our main

2
results are:

Theorem 1.1 Let u(x,t) be the solution to the problem (1.1)-(1.2), and f(t) be an in-

creasing function of t. Then ast — oo:

1). Ift75(f(t) = §t) = —os,

2). Ift72(f(t) — 1t) — +oo,

_1
3) If % — ¢, u(f(t),t) converges in distribution to a random variable equal to zero

with probability N'(c) and equal to one with probability 1 — N'(c), where

1 c y?
N(c) = —/ exp{—=-}dy,
the unit Gaussian distribution function.

Remark 1.1 Notice that 1) and 2) of Theorem 1.1 are asymptotic cases of 3) when ¢ —
+oo.



Theorem 1.2 (Front Width and Location) Let u(x,t) be the solution to the problem
(1.1)-(1.2). Given any positive number € € (0,1), let us define the left and right endpoints

of the interval containing the front as:
z_(t) = min{z : u(t,z) = 1 — €},

z4(t) = max{z : u(t,x) = €}.

Then we have:
1) There exists a constant to > 0 such that the random variables {z(t) — z_(t)} are tight
fort > tg, i.e. for any 6 > 0 there exists an M, such that P(z4(t) — z_(t) > M) < & for
all t > 1g.
2) As s — oo, we have

zy(st) — & oW,

S

and the same is true for z_.

Remark 1.2 As part of the proof, we will show that z_(t), z4(t) are almost surely finite
fort > to. In essence, the Theorem says that the noise does not spread the front width
for large time and that the front location as a function of t, when properly centered and

. . . . . . zy (t)—2%
rescaled, converges in distribution to the Wiener process. In particular, +(\/)% 2 converges

in distribution to the unit Gaussian.

Remark 1.3 The classical result of llin and Oleinik [8] says that the system accomodates
an integrable initial perturbation of the traveling front by shifting the front by a finite dis-
tance. In the case studied here, the perturbations (in addition to being highly irreqular) are
not integrable and the amount of additional “mass” the system has to “swallow” is infinite.
At a finite time t the response of the system consists of shifting the front by a distance of
the order t2 and yet keeping the front width still at O(1).

The rest of the paper is organized as follows. In section 2, we put the solution formula
into a convenient form for later analysis, and show a Laplace-type lemma. In section 3,
we perform probabilistic analysis and prove Theorem 1.1. In section 4, we discuss the
asymptotic distribution of front locations and the tightness of front widths, and prove

Theorem 1.2.



2 Cole-Hopf Formula and a Laplace-type Lemma

By the substitution u = —21/% for the solution of (1.1)-(1.2), we end up with solving the
linear heat equation ¢, = v, for ¢ and the well-known Cole-Hopf formula [15]:

ulwt) = ([ P eap{=@n) T GYn) ([ ean{-(20)7 G, (2)

t

where
Gln) = Glne,t) = [T+ W)+ (207 (@ =) (22

Using (1.3), we have:

n n e~ =/(2v) 1 -n/(2v)
[lutn = [ - = (L,

0o 14 e#/(2v) 5
and so:
o0 r— 6—”]/(2V) e
P e e e el L

oo e—n/(2v) w z—n)2
Jro (e exp{ Ll =il gy

4vt

(L 7 0m0) exp{ M — oy

4vt
S22 (14 e 0m2)) exp{ =TI — T dy
N .

To study the asymptotic behavior of N and D, we rewrite N as:

2

o[ W(x—mn) n
N = 1 1/ AR A D R
_Oonexp{ 2v 41/t} 7]
o0 W(x—mn) 7 -
I 1/ - o ne
* el i Tyt
= [neal T -
Loyt /°° W@—n) (-1)?
el T ety Wi
= /_Oonexp{ (2 )—E}dn
t o0 Wiz —n n—t)?
+exp{-(2n) e o) [ e T o,
1 . 1 _f / . _W($_77)_(n_t)2
+ T exp{=(2v)" (=)} [ (1= t)exp{——- i
o Wiz —/t 2
= [ _nexp{ (zy 7 Z—V}dn



+expl=2) - ) [ exp T Ty,

4pt
b oo e b [ e ESIZ0
_ /_O:Onexp{—mrQ;y\/{m) - g}dn
b Viexpl-) e D) [ ep- Wm0 1,
b el e %)}/_o;nexp{_w(x —2\1//%7 —t) g}dm (2.4)

and similarly:

R L

4y
2

+ Viexp{—(2v)7'(z - 5)} /_O; eXp{—W(x —Vin—t) _ T ray.  (2.5)

2v 4y

Combining (2.4) and (2.5), we get:

u(z,t) = %/ nexp{—J g}dn
s epl—@) o — by [ e Y0 1y,
+ (207 @ - D) [ e TEZVIZD 1y
(/_Zexp{—m%/m)—g}dn
s enpl—) -2} [T ep(-TEVIZD )

We will analyze the solutions based on (2.6). To this end, we need:

Proposition 2.1 If o(u) € C(RY), ¢(u) < —Clu|? for |u] large, where C is a positive

constant; p(u) < @(ug), Yu # ug; then for the probability measures py with densilies
exp{)\(p(u)}du
S exp{ AP ()}’

we have:

H X E bug (2.7)

the unit mass at ug, as A — +oo. Moreover, the expected value Eu)\ (u) — ug, as A — 400
(it will be clear from the proof that the assumption ¢p(u) < —Clu|* can be replaced by
$(u) < —C'lul? with any p > 0).

(&7



Proof: Let ¢(u) € C*(R'), |¢(u)| < C(1 + u*)™, for some m > 0. Consider:

/Ib('u)d/u — ¥(uo) = /(z/)(u) — (o)) dp
_ /W_uO'Sﬁ('a/J(u) — P(uo))dpy + |u_u0|26(¢(u) — (o)) dp

= I1+4+11, (2.8)
where 6 > 0 is a small positive number. The first term is bounded as:

(] < sup [1h(u) — P (uo)| = w(é, uo). (2.9)

lu—uo[<6
The second term can be written as:

= b)) EXPIA(P(u) — ¢(uo)) ydu _
11 = |u_uo|25(¢( ) — ( o))le o M) — (o))} d (2.10)

For any given § > 0, there exists a constant K = K(6) > 0, such that if u & [ug— 6, ug+ 6],

o) — (o) < —K (6)]u — ol (2.11)
On the other hand, for any é6; > 0, we have:

/exp{)\(@(‘u) N S‘Q(UO))}du = /1b€[u0—(51,u0+(51] eXp{)\(a,o(u) o @(Uo))}du
> /ue[uo_mﬁél] exp{—Aw(81,u0) }du = 2exp{—Aw(dy,u0) )61, (2.12)

where 67 is independent of A\. Combining (2.10), (2.11) and (2.12), we obtain:

] < @007 [ )~ )l esp LMK — ol + Aol o)
< 0(251)_1 exp{Aw(d1, ug)} | | 5(1 + |u— u0|2)m exp{—AK(6)|u — u0|2}du
u—ug [>

6
< 0(251)_1 exp{Aw(d1, ug) }C1(m, 5)/| exp{—)\§[&'(5)|u — u0|2}du

u—u0|>5
52K (6)

< C(261) 7 exp{ (61, ug) Oy (m, 6) exp{—)\T}.

K (6)
Choosing &; small enough so that w(éy,ug) < §*K(8)/4, and letting A — oo, we have:

limsup [11| =0,

— 00



while

lim sup |1] < w(6; uo).

— 00

Finally, sending 6 — 0, we conclude that

[odny = v(w),

which implies (2.7) and in particular

/udﬂ)\ — Up. (2.13)

The proof is complete.

3 Proof of Theorem 1.1

In this section, we present probabilistic analysis based on the solution formula of the last
section, and complete the proof of Theorem 1.1. The following is of fundamental importance

for our analysis:

Proposition 3.1 Let W be a two-sided Wiener process starting from 0, (i.e. (W, :u > 0)
and (Wy :u < 0) are two independent Wiener processes). Then with probability one

2
e u
J d:f Supu(Wu - 7)
is finite and strictly positive, and there exists a unique ug for which
2
u?
J - Wuo - ?
Proof: That J is almost surely finite and positive follows from elementary properties of
the Wiener process (see e.g. [9]). It is well-known that with probability one all local
maxima of a Wiener path are different, and therefore the same is true for the Wiener
process with a drift, thanks to the Girsanov theorem [9]. This implies the uniqueness of
up. For completeness we present a more elementary proof: let

2

Sy = sup{W, — % tv € [—u,ul}
and
v2
7 =1inf{v >u: W, — 5 = Syt



7 is a stopping time. Therefore, by the strong Markov property of the Wiener process [9],
on the event {7 < oo}, B, = W1, — W, has the distribution of the Wiener process. The
local behavior of B, near v = 0 implies that W, — % takes a value larger than S, in every
neighborhood of 7 and, consequently, that S, can occur only once as a local maximum of

the process {W, — % :v > —u}. A similar argument for v < —u ends the proof.

Remark 3.1 A similar argument based on the strong Markov property shows that the
distributions of J and ug are continuous. The Fourier transform of the density of the

jJoint distribution of J and ug was calculated in Groeneboom [7].

In what follows we shall use a couple of lemmas about the behavior of sequences conver-
gent in distribution under algebraic operations. The first one is known in the probability
literature as Slutsky’s Theorem (Durrett [5]) and the remaining ones are similar in spirit.

Since the proofs of all these facts are very short, we include them for completeness.

Lemma 3.1 (Slutsky’s Theorem) Let X,, and Y, be sequences of random variables on a
probability space (Q, F, P), and let X be a random variable such that X,, — X and Y, — 0
in distribution. Then X,, + Y, — X in distribution.

Proof: Let = be a continuity point of the distribution function of X. We need to prove
that
lim P(X,+Y,<z)=P(X <uz).

n—oo

Let us choose € so that @ — € and = + € are also continuity points of P(X < z). We have:
PX,<z—€)—PY,>e)<PXp+Y,<2)<PX,<z+e)+ PV, < —e).
In the limit when n — oo this implies

PX <z—¢€) <liminf P(X, +Y, <z) <limsup P(X, + Y, <z) < P(X <z+e),

n—oo n—00

and taking € to zero completes the proof.

Lemma 3.2 Let X, Y, and Z, be sequences of random variables on (Q, F, P), such that

Y, >0, 7,20 and % — 0 wn distribution. Then also Y)inz — 0 in distribution.

Proof: Clearly

‘ X < ‘Xn
and the last expression converges to zero in distribution. Hence ‘Y)-(}-HZ , and therefore also
X'ﬂ . . . . .
747 converges to zero in distribution, as claimed.



Lemma 3.3 Let p, and X, be sequences of random variables on (Q, F, P), such that p, —
0 and X, — X n distribution. Then also p, X, — 0 in distribution.

Proof: Fix € > 0. For any K > 0 we have:

PlpaXal > €) < P(pa] > ) + P(IX.] > K),
so that for any K >0

liirisogpP(|ann| >€) < lizris(gpPﬂXﬂ > K)

and, consequently,

lim P(|p.X.| > €) =0,

n—oo

which completes the proof.
Remark 3.2 p, X, does not have to converge almost surely, even if p, does.

Let us call the consecutive terms in the numerator of (2.6) A;, B; and C; and the consecutive
terms in the denominator—D; and B; (the second terms in the numerator and in the

denominator are identical).

Lemma 3.4 Let © = f(t), where f is an arbitrary (measurable) function of t. Then, as

t — oo, we have

A+ Cy

D, + B,
in distribution. Thus, by Lemma 3.1, the limiting distribution of u(t,z) (if it exists) is the
same as the limiting distribution of DitBt'

Proof: Lemmas 3.1 and 3.2 show that it is enough to prove that

Ay
AN
D,
and c
Zt 50
By
in distribution.
To prove the first of these two claims, we rewrite g—i as
Wiz Wz)—W(z— 2
Jexp (=) [ exp MDY= o g
"z xr)— r— 2
exp () J e MEITC=AE o g

9



Now, for any fixed z and ¢, the process W(z) — W (z — v/tn) has the same distribution
as W(y/1), by the Markov property of the Wiener process. Changing the variable of
integration to y = t‘én and using the scaling property of the Wiener process, we thus

obtain

o=

Ati

— =) dy g _lfyexp(t—( (y) — %))dy
D, )

fyexp(H(W(thy) — 5 4,1 2
to [exp(&(W(t3y) — 5£2)) dy Jexp(5-(W(y) — &) dy

Using Propositions 2.1 and 3.1, we see that the ratio of the two integrals in the last

-4t

expression converges almost surely to a finite, nonzero limit and thus, applying Lemma 3.3

twice, we see that g—i KR 0, as claimed. An analogous argument shows that % <% 0 and the

proof is finished.

Bt
Di+B>»

To analyze the behavior of depending on how z varies with ¢, let us write, using a

similar idea as above:

Bt _ p(t)ét
B+ Dy p(t)B; + D,

2v v
de f —2t)+ W (z)-W(z—
p(t) = p(t,x) = exp(HEE O

with Bt = fexp( W(e=t)-Wiet=vin) _ Z ) dn, Dt = fexp(w — %) dn and
t
)

Lemma 3.5 Let © be an arbitrary (measurable) function of t. Then as t — oo, both

=3 log B; and =3 log D, converge in distribution to a.s. positive limits.

Proof: Proceeding as in the proof of Lemma 3.4, we substitute y = t‘ér]; and using the

Markov property of the Wiener process, we obtain:
B Lt /exp(t%(vv(u) . %)) du.

By Propositions 2.1 and 3.1, the logarithm of the last expression, multiplied by =% con-
verges with probability one to sup(W(u) — —) This proves the assertion of the lemma for
Bt and the proof for Dt is analogous.

We are now ready to prove Theorem 1.1.

Proof of Thoerem 1.1 1):

We want to show that



or, equivalently, (by Lemmas 3.1 and 3.3) that

Dy 4
— — 0.
p(t) B

Since the above expression is positive, it is enough to show that for any y > 0,

Dy
P — <y)—1
(p(t)Bt_y)
We have: ~ ~
Dy
P — < y) = P(log p(t) > log — —lo =
(p(t)Bt_y) (log p(t) > log ) gy)
W(e)-W(e—t) _ fO)-3 20 D, _ logy
P( 7 > 7 +ﬂlogét—2yﬂ).

Thanks to the assumption of the theorem and to Lemma 3.5, the expression on the right
hand side of the inequality goes in distribution to —oo. Since for any ¢ and =z, W
is a unit Gaussian variable, the probability in the last expression goes to 1 and the proof
is finished.

Proof of Theorem 1.1, 2): We proceed exactly as in the proof of Theorem 1.1, 1),
except that now in the last expression the direction of the inequality is reversed. As a
result, P(-2 (t)B < y) — 0, which implies that (?)tBt LA 00, i.e. that u(z,t) 20 as desired.

Proof of Theorem 1.1, 3): We will prove the theorem in the case z = %t + ¢\/t only;
essentially the same proot applies to the general case. Let 0 < y < 1. We have:

p(t)B Dy D,
OBy pipir) £ =22 ) = Pllog p(t) < log 2t + log

In our case

P

1
log p(t) = 5(—6\/5 + X¢),

where x; = W(xz) — W(x —t) is a centered Gaussian variable with variance t. Hence

T < y) = Py < eVt + 2v[log = + log
p(t)B: + Dy )= Pl | B, 1 -

P ! )

2v D, Yy
(7—0"' \7[109;3 ‘|‘10g1_ ])

and, since 7 is a centered unit Gaussian variable, the theorem follows from the Lemmas

3.1 and 3.3.
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4 Front Width and Asymptotic Distribution of Front
Location

So far we have been studying the asymptotic behavior of the distribution of u(z,t), where
x was a deterministic function of . We saw that the solution with randomly perturbed
initial condition still in some sense has the front structure. We now want to propose a
way to determine the location of the front. This location will be a fuction of ¢t and of the
realization of the white noise and we will study its distribution as ¢ goes to infinity. We will
first prove Theorem 1.2 for the endpoints defined in a slightly different way (see Theorems
4.1 and 4.2 below). Next, using this result and some techniques developed in its proof, we
will prove the Theorem as stated. In fact, in the proofs of Theorems 4.1 and 4.2 we will
find it convenient to use yet another modification of the endpoint definition.

As we have seen in Lemma 3.4, the solution u(x,t) to our problem can be written as a sum

of two terms, z(z,t) = % and v(z,1) = DitBt' It follows from Lemma 3.4 that

supg|z(x,t)] 0.

The term z(x,t) is therefore transient in a very strong sense and for the purpose of studying
the front structure, we will first analyze the behavior of v(z,1).
Note that 0 < v(z,t) < 1.

Lemma 4.1 For every t > 0 we have

lim v(z,t)=1
and
lim v(z,t) =0

with probability one.

Proof: We will prove the first claim; the second one is proven in a similar way. Since we
are studying the behavior of v(x,t) for a typical realization of the randomness and not its
distribution, it is of advantage to rewrite it with deterministic exponential prefactors in

front of the integrals:

exp(— %) [ exp(— W=t _ 22y g,

exp(—ZZ) [ exp(— Mlemt=vinl _ 52y gy 4 [ exp(— Wlemvin) _ 22y g,

2v 2 4y

v(t,z) =

12



We will first estimate the integral in the numerator from below. For this, it is enough to

consider i between —1 and 1. We then have
z—t—Vt<z—t—Vig<z—t+Vt

and hence, for —z large enough (how large, depends on the realization of the Wiener

process),
1
Wi(o—t = Vi) < 5t -

for all n in the interval [—1, 1]. We are using here the well-known fact that with probability
one Yo — ( (see e.g. [9]). Consequently, for large negative x the numerator is bounded
below by const exp(7Z) (the constant depends on ¢). The first term in the denominator is
identical to the numerator, so we just need to show that the second term cannot diverge

too fast. With probability one there exists a constant ¢ such that for all u
2
Wy < clul?.

This follows, for example, from the Law of the Iterated Logarithm ([9]), although a more
elementary proof can be given. Consequently, the second term in the denominator is

bounded above by

e =gt p?
/exp(M — .

2v 4y

This diverges slower than exponentially in  and the claim follows.
Definition 4.1 Fiz a number € € (0,3). Let
z_(t) = min{z:v(t,z)=1—¢€};
z4(t) = max{x:v(t,z) =€} (4.1)

We think of x_(¢) and x4 (t) as the endpoints of the interval containing the front, distorted
by the random perturbation of the initial condition. They depend on the choice of ¢, but
as the results below show, this dependence is not changing their behavior in distribution
in a significant way.

Theorem 4.1 The family Z£872=0 s tight for t > t, for some finite to > 0.

1
+3

13



Proof: By definition of x,, we have

p(t, 2+ (1)) B(t, 24 (1) _ ¢

D(t7$+(t)) Cl—e
and, similarly,
y Bl () |, 1-c

log p(t,x_(t)) + log = log

D(t,z_(t))
Let n > 0. Since ¢~ log B(t,z4(t)) and =7 log D(t, 24 (t)) converge in distribution, their
difference is tight for ¢ > ty for some tqg > 0. We can thus find an M > 0 such that
L Bty (t
P(t_3|10 N( 71;-}-( ))
D(tv :C-I-(t))

for t > to > 0. Similarly, M can be chosen to satisty

> M) <2, (1.2)

L Btz (t

}Kt‘5|k)-7£—i£—£22|> M) < 2. (4.3)

Dlt,(1)

Let us introduce the modified front endpoints by

T4(t) = max{z :logp(t,x) = log T < Mt%};
€
11—
z_(t) = min{z : log p(t,z) = log ‘4 MtS} (4.4)
Of course, on the event {|¢7% log %| M} N {|t75 log %| M}, we have
FL(1) < o (1) < 4 (t) < 24(0) (15)
It is therefore enough to show that the random variables M are tight for any choice
t

of M. For u real (positive or negative) let F, = o({W; : s < u}) (the o-field generated
by the random variables W, with s < u). Then Z_(t) is a stopping time relative to the
filtration (F,). Using the definition of p(t, z), we have

P(ip(t) —i_(t) > Kt7) <

P(3z > a_(t) + Ktz : Wi(z)—W(z— %t) —W(@E_(t)+ W(z_(t) — %t)
=z —I_(t) — Ay Mtz — 4vlog L= 6).




If the last event happens, then either

W(a) = W(E-(1) > (o~ 3(1) — M},
o 1 . 1 1 . 1
Wiz — Et) —Wi(z_(t) — Et) < —5(1; —T_(t)) +4vMts

for ¢ large enough. Let us estimate the probability of the first one of these events. Since
Z_(t) is a stopping time, the strong Markov property of the Wiener process [9] implies that
the probability is equal to

W=

P(Fu> Kt7 : W(u) > % — Av M%),

If we now choose K large enough, this is bounded above by
P(Fu> Kt5: W(u) > %)

and this probability can be made as small as desired (uniformly in ¢ > t4), by choosing K

large. The second probability is estimated in an analogous way and the theorem is proved.

Proof of Theorem 1.2,1): We have

) plas(0),0) Bles(),0) Dla_(1),1) _
Pleg(t) = _(t) > M) = P(e4(1) > 2_(t) + M ae =

(0,0 Ble_(1),t) Dlzs(0),)

where § = ()%, Shifting the variable of integration in the integral defining D(z(t),t)

1—¢
by M, we obtain:

S

Dl (1),0) = exp( - Jexp(—
W(e_(1) = W(e-(t) = Vin) n*  n(e(t) —2-(1))
/exp( 2v 4y 4/t Jdn.
and
B(t_}_(t),t) — eXp( W($+(t) - t)Q_Z/W(r—(t) — t))exp(_(x-l-(tl;tm—(t)) )
Jexp(=) =0 = Wha =1 = V) _ " alaalt)— =)
P 2v 4y 4/t L
Since
plas (8) ¢ o () —ai(t),  Wi(as(t) = W(ao-(1))
o = e e - )
exp(E=( =)= Wiealt) 1)



we obtain, after a cancellation,

Play(t) —2_(t) > M) <
[ exp(Wa=-We—=Vin _ ) g,

2v

Play(t) = (1) = M

feXp(YV(@’_(t))—V;/y(z’_(t)—\/fn) N % + n(z4 Zy\—/%c_ t )dn
t)—x_(t
> exp($+( ) x ( )))
1—ce¢ 1v

‘ feXp(W(L(t)_t)_w(h(t)_t_\/%”) — % + MM) dn

+ P(as(t) — e (t) > M; 2 et
+ feXp(W(z’_(t)—t)—lV(z’_(t)—t—\/%n) . Z_y) dT]

2v

S ¢ eXP($+(t)4_Vx_(t)))-

> (4.6)

We shall estimate the first term; the other term is estimated in the same way. First, let us

show that for any ¢ > 0 there is an A large enough, so that the probability
P(Vyp < —Ats : W(z_(t)) = W(z_(t) — Vin) < en?)

is arbitrarily close to 1. Indeed, using the scaling and strong Markov properties of the

Wiener process and the scaling property of the Wiener process [9], we have

P(3y < —Ate : W(a_(t) — W(az_(t) = Vin) > en®) = P(3y < —Ats : tsW(n) > cn?)
= P(Fu< —A:W(u) > cu?) (4.7)

and the last quantity can be made arbitrarily small by choosing A large. Consequently,
with probability arbitrarily close to 1, we have

uL%¥WMWﬁ%ﬂ—@L®—F¢W_g+MM2%MmMW

2 2

en ot on(ae(t) —a_ (1))
< —_ - dn.
- /77§—At1€ exp( v 4v + 4/t Jdn

Choosing ¢ so that £ < %, we obtain a bound on this part of the integral of the form

o) = (O

t

exp

and this is close to 1 with probability close to 1, since by the previous lemma x4 (t)—z_(t) <
Kt3 with probability close to 1. On the other hand, the whole integral in the denominator
is of the order exp Cyt5 with probability close to 1 by Lemma 3.5 and Theorem 4.1. Hence,
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we do not change the order of the integral in the denominator by restricting the 5 in the
denominator to {5 > —Ats}. A similar (but simpler) argument shows that the integral in
the numerator does not change its order of magnitude either, when 7 is restricted to this
set. Finally, we know that with probability close to 1, |z (1) — z_(t)]| < Ctz, provided C
is large enough. For those realizations for which all the events with probabilities close to

1, mentioned above, hold, we thus pull out a lower bound

n(z4 ()—z_(1))
on the factor e© +v& . Then the first term on the right hand side of (4.6) is (up to an

arbitrarily small probability) bounded by

P($+ > M; 03 > 1ieeXp($+(t)4_l/$_(t)))'

The bound on the second term in (4.6) is proven in the same way. The tightness of
z4+(t) — x_(t) is proven.

We now show that the front endpoints as defined in the formulation of Theorem 1.2 satisfy
the same tightness statement. To this end it is enough to show that the random variables
z4(t) — z4(t) are tight. Note that with probability arbitrarily close to one we have

€

sup |u('177t) - 'U($7t)| < 9

if we take ¢ large enough. Thus if z(¢) > x4(f) + M, then except on a set of small
probability, we have two points x; = x4(t) and xy = z4(t), for which z; > x; + M,
v(z1) = € and v(xy) > 5. The probability of existence of two such points can be estimated
exactly as in the proof of tightness of x,(t) — z_(t) above. A similar argument applies to
estimate the probability that z,(¢) < x4(¢) — M and the analogous events for z_(¢). This
shows that all the properties of x4 (¢) and x_(t) we have proven, also hold for z;(t) and
z_(t) and we complete the proof of Theorem 1.2, 1).

Theorem 4.2 Ast — oo,

75+(t) - % LN W,
t 2
"L’_(t) — % d

— Wi. (4.8)



Proof: As in the above proof, we will use the modified front endpoints &, (?) and &_(?).
We have:

5 _t — 1
P@EEL—lSy)SPUV@v?+i%—WWmﬁ—i)SyV?+%k%1 © - 20Mt¥)
Vi 2 2 ‘
£y ot 1—¢
_p MVt mWvi—g) e ) My

Similarly,
P52y s ), (1.9)

as t becomes large enough. On the other hand,

Ty(t)— % T_(t)— 1 iy (t) — 2
Vit
Since, by the previous theorem, the last term goes to zero, the liminf of the left hand side
is bounded below by N (y). Taking é to zero implies that

i (t) =% 4
_— Wj.
Vi

The previous theorem now implies that also

(1) =3 4
_ W;.
Vi

Convergence to normal for the x4 (¢) and z_(t) follows now easily from the relation (4.5).
The proof is complete.

Proof of Theorem 1.2, 2): Step 1. The finite-dimensional distributions of the process
%, 0 <t <1, converge to those of W(t) as s — oo. We shall only prove this for
the two-dimensional distributions; the proof in the general case is essentially the same, but
notationally more complicated. Again, in view of (4.5) it is enough to show this for the

E4(st)—

st
modified endpoint process - For t; < t; we have:

———— <y

N

<PWMﬁ+%%WMJ?% | -
< P( 7 <+ Nz T

Ty(sty) —
S
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Wlyavs +5) = Wlyavs = 5) | vlog 78 2vMty
Vs - Vs st

Since the difference y11/s — y21/s is of order lower than s, we can neglect it and hence when

s — 00, the upper limit of the above probability is bounded by the upper limit of

WO W) W) = W)

2 < s 2
\/g > Y1 \/g
which is the desired two dimensional distribution of the Wiener process, since the process

Sty_p(—st
w is a Wiener process. Similarly,

P

S ;‘/2)7

Beleh) =5 o BB TR ) P () < s Wn) > )

sty 5t2) _
2 < Yq®
\/g > Y1, \/g

and hence, in view of Theorem 4.1., also

lim sup P(

Tp(sty) — & T4 (sta) —
Telst) =5 B T PW () < Wits) > ).

VL

In the same way we show that for any combination of the signs of inequalities, probabilities

lim sup P(

describing the finite-dimensional distributions of z(st) — % are bounded above by the
corresponding probabilities for the Wiener process and this implies, that in the limit, we
actually have to have an equality.

Step II. Tightness. In order to prove that the processes x(st) — SQ—t actually converge in
distribution to the Wiener process, we need to verify tightness. Note that x4 (¢) does not
have to be a continuous function of ¢, so that convergence in distribution and tightness are
understood here in the sense of the Skorokhod space [3]. We shall use Theorem 15.5 of [3].
According to this theorem, tightness (and with it, the desired convergence to the Wiener
process) will be proven if we show that

1. For each positive «, there exists an a such that

P(le+(0)] > av5) < a

for all s;

2. For each positive o and /3, there exist a 6 € (0,1) and an sq, such that

t t
Pty € [0,1] [ty — to] < 6 |2 (sty) — 52—1 — x4 (sty) + ‘32—2| >ays) < B, Vs> s
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The first condition is obviously satisfied; the second one simply says that for s > sq the

modulus of continuity of the function %—z—tl, where y, (1) =l x4 (t) — £, calculated for the

maximum increment 6, is with probability at least 1 — # bounded above by a. Now, if

ly4(st1) — y4(sta)| > an/s,

then, by the definition of y,, we have:

st st €
W (y4(st1) + 71) — Wiy(st1) — 71) —y+(sty) = 2vlog . + Ry;
st st €
Wi(ys(stz) + 72) — W(y+(st2) — 72) — y+(st2) = 2vlog T—t Ry,

where R; and R; are bounded by a constant times {¥ with probability arbitrarily close to
one. This implies, except on a set of measure close to zero, that there exist 1 and x5 with
|21], |z2] < s;lar —az] < £ and  |[W(z1) — W(xz)| > Cay/s, where C is an absolute
constant. The probability of the last event equals, by the scaling property,

0
P(Jzy, 2y ¢ |1, [22] < Liley = 22| 2 55 [W(a1) = W(z2)| 2 Ca)

and this goes to zero with 6 — 0, since Wiener paths are continuous. This ends the proof
of tightness of the processes % Now as at the end of the proof of Theorem 1.2, 1),
we extend the above result to z4.

Remark: All the results of the paper can be generalized to the situation in which the vis-
cous shock solution is perturbed by a stationary Gaussian random process with sufficiently

fast decay of correlations. Every such process can be represented in the form

Xo= [ o(t = Vo du,

where V), is the white noise and f is a square-integrable function. To show that the variables
W, — [y dt [ ¢(t — u)V, du are tight, it is enough to show that their second moments are

uniformly bounded in z, i.e. that

/ [io.(u) — / T v du]rdu < C,

—Uu

where C' is a constant, and Ijg,) is the indicator function of the interval [0,z]. This is
satisfied if [* _&é(v)dv € L*(R_) and [ ¢(v)dv € L*(R;). The last condition holds
e.g. when ¢(v) decays at infinity as |v|™® with an o > 2. This allows to repeat all the
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calculations, approximating Y; by ¢W; and estimating the probability of the error being
large. Here ¢ = [ ¢(v)dv; note that all the results of the paper hold for white noise of

arbitrary intensity with obvious changes.
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