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Abstract

We study short-range percolation models. In a finite box we define the percolation
threshold as a random variable obtained from a stochastic procedure used in actual nu-
merical calculations, and study the asymptotic behavior of these random variables as the
size of the box goes to infinity. We formulate very general conditions under which in two
dimensions rescaled threshold variables cannot converge to a Gaussian and determine the
asymptotic behavior of their second moments in terms of a widely used definition of cor-
relation length. We also prove that in all dimensions the finite-volume percolation thresh-
olds converge in probability to the percolation threshold of the infinite system. The con-
vergence result is obtained by estimating the rate of decay of the limiting distribution function’s
tail in terms of the correlation length exponent v. The proofs use exponential estimates of

crossing probabilities. Substantial parts of the proofs apply in all dimensions.



1. Introduction and Main Results

Many problems in condensed matter physics lead to study of clusters of random objects.
Mathematical analysis of such phenomena employs percolation models [20]. In the most
widely used independent bond percolation model we consider the d-dimensional hypercubic
lattice z¢ (d > 2). Each bond (i.e. a segment connecting two nearest-neighbor sites) of the
lattice is open with probability p and closed with probability 1 — p and the bonds are open
or closed independently of each other. We thus get a product probability measure on the
space of all bond configurations. This space can be thought of as a product of countably
many copies of the set {0,1}, where 0 represents a closed and 1—an open bond. For each
configuration, the connected cluster of a point z € Z¢ is defined as the set of all points y € 74,
which can be connected to z by a path consisting of open bonds. Percolation theory studies
probabilistic properties of connected clusters—the distributions of their sizes, shapes etc.
In particular, one of the crucial questions is whether there exist infinite connected clusters.
Universality of many features of the model in the vicinity of the percolation threshold (see
below and [10], [17], [20]) is another topic of fundamental importance. Before we discuss

these questions, let us however give an example of another percolation model.

In the independent site percolation model, we assign independent random variables
to the sites of the lattice Z¢ (as opposed to bonds in the previous model). Each site is
occupied with probability p and vacant with probability 1 —p, independently of other sites.
A connected cluster of z € 79 is now defined as the set of all points y € 74, which can be
connected to = by a nearest-neighbor path, consisting of occupied sites (if z is vacant, its

cluster is empty).

There exist other interesting and useful percolation models, in which connected clusters
are defined based on other notions of connectedness [15]. In the remainder of the paper
we focus on the independent bond model, but all results of the paper remain valid, with
no major changes in proofs, for a general class of short-range independent percolation
models, including the independent site percolation model introduced above. In particular,
the main standard results from percolation theory, which we now proceed to state, apply

to such a general class.

Theorem 1.1: There exists a unique critical density 0 < p. < 1 such that when p < p. with
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probability one there are no infinite connected clusters, while for p > p. with probability

one there is a (unique) infinite connected cluster.
Proof of this classical result can be found in [10].

The critical density p. is also called the percolation threshold, the existence of the
infinite cluster being referred to as the phenomenon of percolation. It has been defined
above, in terms of configurations of the infinite system of bonds. It is convenient to use a
characterization of p. in terms of the limiting behavior of finite-volume quantities. Let Af
denote the d-dimensional box (i.e. hypercube) [0,L]%. A path of bonds contained in Ay is
an open left-to-right (L-R) crossing of Ay if it consists entirely of open bonds and connects
the left face of Ay to its right face (with the obvious meaning of “left” and “right”). Let
71 (p) denote the probability that there is an open L-R crossing in Ay. Since existence of an
open L-R crossing is an increasing event of the bond configuration [10], it follows from the
Russo’a formula [10], that for any fixed L, 71 is and increasing function of p. The following
fundamental theorem combines several results by various authors (Russo, Seymour, Welsh,

Kesten, Aizenman, Newman, Barsky, Menshikov) and is by now well-known (see [10]).

Theorem 1.2:
(1) for p<p. limp_o 7r(p) = 0;
(2) for p>p. limp_o 7mr(p) = 1;

(3) when d = 2, liminfy . 7£(p.) > 0 and limsup; _ . 71(p.) < 1.

In the case of bond percolation, part (3) follows easily from a duality argument and
the well-known result that p. = 1 (see [10], [15]). We emphasize that it is also true for other
two-dimensional independent short-range models, e.g. for the independent site percolation,
for which the value of p. is not known exactly. The rest of the paper deals with an algorithm

which is used to determine p. numerically. We shall study the properties of the algorithm

using the above theorem.

Let n(L) denote the total number of bonds in A;. To leading order in L as L — oo, n(L)
behaves like cL?, where ¢ > 0 is independent of L. An explicit expression for n(L) can be
easily calculated, but for us it plays no role; in the sequel, we will denote n(L) simply by n,
suppressing the dependence on L. For a fixed L, let us consider the set Q,, of all ordered

sequences of all the n bondsin Ay. Q, has n! elements. Let P denote the probability measure

1
n!

on Q,, assigning equal probabilities 1 to all elements of Q,. The (finite) probability space

3



(2, P) can be thought of as a mathematical model of the following procedure. Initially all
the bonds in A, are closed. We choose a bond at random and open it, then choose a bond
from among the remaining (closed) bonds and open it, etc. At every stage each currently
closed bond has an equal chance to be opened. The final product of the procedure is a
sequence w = (wq,...,w,) of bonds in Ay. With this interpretation in mind, the following

definition of a finite-volume percolation threshold becomes natural.

Definition 1.1: For w € Q,, let i.(n) be the smallest number i such that some of the

bonds in the set {wy,...,w;} form an L-R crossing of A;. Let
(L)() = e
pe(w) = — (1.1)

The random variable pt™) is called the percolation threshold in A. It is the fraction of the

open bonds present when the first L-R connection is established.

The results of this paper are concerned with convergence of the variables pi) as I — oo
and with the asymptotic properties of their distributions. Our main results are Theorems
1.3., 1.7. and 1.8. We now proceed to state them, introducing on the way some auxiliary
facts and concepts. The first result, proven in the next section can be called a “Law of

Large Numbers” and justifies the name “finite-volume percolation threshold”:

Theorem 1.3: for every d > 2 the sequence pi™) converges in probability to the infinite-

volume percolation threshold p., i.e.

¥6>0  lim P|ptH) — p.| > 6] = 0. (1.2)

Proof of Theorem 1.3. is the content of section 2.

Theorems 1.7. and 1.8. below deal with the magnitude of the fluctuations of the
random variables ng) and with possible limiting distributions of variables obtained from
") by suitable rescaling. While they are stated and proved for two-dimensional systems,
parts of their proofs apply in all dimensions, which is why the discussion of the critical

behavior will be presented for an arbitrary d > 2.

A central concept in the theory of critical behavior is that of the correlation length
[18]. Intuitively speaking, the correlation length is a minimum size at which a finite volume
system can be distinguished from the critical one. At a rigorous level, correlation lengths

in percolation models have been defined in several different ways, of which we will now
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discuss two. See also [5], [16] and [19]. For a pair of lattice sites z and y let . ,(p) denote
the probability that z and y are connected by an open path. In particular, for z = (0,...,0)

and y = (L,...,0), we will write r; instead of = ,.

Definition 1.2: For p < p. we define the correlation length ¢(p) by the formula

o1 . logTr(p)
C(p) b= _LILH;O T (1.3)

Existence of the limit follows from standard subadditivity arguments, see [10].

For our purposes, it is more convenient to use a quantity defined in terms of the crossing
probability =, rather than the connectivity function r,. The following proposition shows
how to obtain an asymptotically equivalent definition of a correlation length; we first

introduce the concept of asymptotic equivalence:

Definition 1.3: we say that two functions f(p) and g(p) are asymptotically equivalent as
p — p., and write f =< g, if there exist two positive constants a and A, such that in a certain

neighborhood of p. we have

~

(p

a <
~g(p

< A. (1.4)

~—r

)

Proposition 1.1: Let &(p) be defined by the formula

1 i
£ (p) = — lim sup 70‘%?(]9)- (1.5)

Then ¢ < ¢ as p — p..

Proof: Only standard techniques (which can be found e.g. in [10]) are used in the
following proof, which we include for completeness. For an upper bound on %, note that
7.(p) 18 bounded above by the sum of 7, , over z and y in the left and right faces of A
respectively. For any such pair (z,y), let 2/ be the reflection of z with respect to the
hyperplane containing right wall of A;. FKG inequality implies that n, ,7y 0 < 7000, 1.€.
72, < mr and the desired bound follows. To prove the opposite inequality, let B, denote
the box of linear size L centered at 0 (a translate of A;). Clearly, r, is bounded above by
the probability that 0 is connected by an open path to the boundary of B;. This is, in turn,
bounded by 2d times the probability that 0 is connected to a given face of that boundary
by an open path lying in B,. Finally, if we have such open paths connecting 0 both to the
left and to the right face of By, they form an L-R crossing of B,. FKG inequality, now

implies that =, > 7%, which ends the proof.



It is clear from the above proof that taking liminf instead of the limsup in (1.5), we

would obtain an asymptotically equivalent quantity .
The following different definition of a correlation length has been introduced in [4].

Definition 1.4: Fix a number ¢ > 0. For p < p., let Ly(p,¢) be the smallest L for which

7r(p) < ¢; for p> p. let Lo(p,€) be the smallest L for which 1 - 7.(p) <e.

While L, depends, of course, on the choice of ¢, the following statement proved in [16],
shows that the asymptotic behavior of Ly as p — p. does not depend on p in a significant

way.

Theorem 1.4: There exists ¢y > 0, such that for any e, es < o,

Lo(p,Gl) = Lo(p,Gz) (16)
as p — p., for two-dimensional independent short-range percolation models.

From now on, we will suppress in the notation the dependence of Ly on ¢ and write

simply Lo(p). Another result from [16], which will be important for us is:

Theorem 1.5: In two dimensions, and for small ¢

Lo(pe —y,€) < Lo(pe + y, €) (1.7)
as y | 0.

From now on, whenever we discuss two-dimensional models, we will assume that ¢ is
small enough for the two above asymptotic relations to hold. We will also use a very recent

result:
Theorem 1.6: For d = 2,
Lo(p) = &(p) (1.8)
as p — pe.

This new result has been communicated to the authors by K. Alexander [2]. We
emphasize that for d > 2 no analogous result is known. In general, different definitions of

correlation length are known to be equivalent only up to possible logarithmic corrections

(see [4] and also [19]).

We shall now discuss some assumptions on the behavior of the correlation length(s) as

p — p.. Rigorous mathematical study of the function ¢ (or Lo) is a very hard problem. At
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the same time a powerful physical theory—the renormalization group method [18]—offers
predictions concerning critical behavior in percolation and other models. While only some
of these predictions have been rigorously verified, many others are virtually universally
trusted. Among such noncontested statements is existence of critical exponents. In what
follows, we restrict the discussion to the critical exponent v and to the correlation length
Lo. Roughly speaking, it is believed that as p — p., Lo(p) behaves as a power of |p — p.|,
possibly with some corrections of an order of magnitude lower than any power. More

precisely, it is believed that both limits

o= lim oglo®) (1.9)

p—p.— log(p. — p)

and
log Lo(p)

_ 08 Lolp) 1.10
p—pe+ log(p — po) (1.10)

vy =

exist. Their values have been calculated numerically for various models ([20], [23]) and
found to depend only on the dimensionality of the system (universality); moreover with
high accuracy vy = v_ (note that in two dimensions the last statement follows from the
relation Lip.—y,€) < Lo(p.+y, €)); this common value is denoted by v and called the correlation
length exponent. While existence of v has not been rigorously proven, we think it is useful
to assume it in some form and prove rigorous results contingent on this assumption. The

assumption we make implies existence of critical exponents. We do not want to favor

1
[P—pel

any explicit form of Lo(p) (like |p — p.|" or |p— p.|~" log etc.), so we will make a much
less restrictive assumption, consistent with all explicit formulas postulated or heuristically
derived in the literature. See [24] for a recent study of critical behavior of percolation

models, where some results use assumptions related to ours.

Assumption 1.1 (regularity): Lo(p + 6) is a regularly varying function of 6, as § — 0

from above and from below. This means, by definition [9] that for every z # 0, the limit
lim;—g % exists.

Regular variation implies [9] that there exist two exponents, v_ and vy, such that
Lo(pe +8)=67"t5(8); 6>0 (1.11)

and

Lo(pe + 8) = (=8)""-S(6); <0, (1.12)



where S is a slowly varying function of § at 0, 1.e. for every z # 0,

S(te)
120°S(0)

~ 1. (1.13)
The last statement clearly implies that for any ¢ > 0
¢ < S(t) < 15, (1.14)

if |¢| is sufficiently small (depending on ¢). It also follows from representations (1.11) and
(1.12) that the limit of % (whose existence is postulated in the definition of a regularly
varying function) equals (—z)~7- for z < 0 and z=7+ for > 0. In view of (1.11) and (1.12)
we say that Lo(p + 6) 1s a regularly varying function of § with the exponent v_ as § — 0—

and with the exponent v, as § — 0+.

The existence of critical exponents thus follows from the regularity assumption, which
in particular admits all power laws with logarithmic corrections. Such corrections are
indeed known to appear in critical phenomena, especially at upper critical dimensions
[18]. For example, the correlation length in weakly coupled four-dimensional ¢* lattice
field theory satisfies the asymptotic relation £(8) < 6~ %(logé)s [13]. We remark here that
Assumption 1.1 takes into account not only the size but also the nature of the possible
correction to a power law. All such corrections discussed in physical literature (logarithms
and their powers) satisfy the assumption. However, as pointed out by the referee of this
paper, from the mathematical point of view not all power laws with corrections of at most
logarithmic order satisfy the assumption. For example, the monotone function 6=*(2+cos 1)
is not a regularly varying function of § as § — 0, even though it differs from a pure power
only by a factor bounded from below and from above (by 1 and 3). While there are
no physical grounds to expect such form of the correlation length, no rigorous argument

excluding it is presently available.
The concept of a correlation length leads naturally to that of a critical interval:

Definition 1.5: For a positive L, define

p, (L) =inf{p: Lo(p) > L} (1.15)

and
pH(L) =sup{p: Lo(p) > L} (1.16)
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We call [p; (L), pf(L)] the critical interval and its width,
So(L) = pX(L) — pz (L) (1.17)

—the critical width corresponding to the length scale L. We will also use the one-sided

critical widths

8- (L) =pc—pz (L); (1.18)
64(1) = p*(L)  p. (1.19)
Of course, 8o(L) = 6_(L) + 64+(L).

pf(L) and p; (L) play the role close to that of inverse functions of L, on the intervals
p < p. and p > p. respectively. They are defined for arbitrary positive real, and not only
for integer values of L. Note that L, is not a strictly increasing function (it assumes only
integer values) and therefore it has no inverse function. Moreover, since Ly does not have
to assume all integer values, we cannot even guarantee that Lo(pf(L)) = L. The following
proposition shows, however, that the last equation is at least approximately correct and

shows that ¢4 inherit the regular variation property from L,.

Proposition 1.2: for any integer L

Lo(p¥ (L)) < L. (1.20)
As L — oo,

Lo(pE(L))

LoGE(L) (1.21)

Moreover, é; is a regularly varying function of L with the exponent —;-, i.e. for any ¢ >0

b£(tL) -
s (1.22)
The last statement is equivalent to saying that (compare (1.11) and (1.12))
62(L) = L7 54 (L), (1.23)

where Sy are slowly varying functions of L as L — co [9].
We prove the proposition in Appendix 2.

The next theorem estimates fluctuations of pt™ in terms of the critical width §o(L).
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Theorem 1.7: Let d = 2 and suppose the Assumption 1.1. holds. There exist positive

constants ¢ and C, independent of L, such that for every L

e83(L) < BI(p) — o)) < C8A(L). (1.24)

Proof will be given in section 3.

Even assuming their existence, not much is known about the values of the critical
exponents v_ and v, (one known inequality, v > 1, rigorously established in two dimensions,
will be used in the proof of Theorem 1.7). On the other hand, extensive numerical studies
give consistent values. As mentioned above, these studies strongly suggest that v_ = v,.
We emphasize that in two dimensions, once the critical exponents vy exist, they have to
be identical, by virtue of Theorem 1.5. Also, the numerical value of v = v_ = vy in two
dimensions is 1.33, a result further confirmed by conformal field theory calculations [7] (see
also [22]), which yield an exact value v = % (there is, however, no rigorous proof of the
last equality). The following statement, used in the proof of the next theorem is thus a

generally believed assumption:

Assumption 1.2: In two dimensions v < 2.

Remark 1.1: It is clear from the definition of L, that v is a monotone decreasing
function of the dimension (if it exists) and therefore Assumption 1.2 implies that v < 2 in

all dimensions d > 2.

Theorem 1.8: Suppose the Assumptions 1.1 and 1.2 hold. Let oy = \/Var[pt)] be
the standard deviation of pi™) (Var[X] = E[(X — EX)?] denotes the variance of a random

&) _pp®)
2" —Flre ] does not converge

variable X). Then, in d = 2 the sequence of random variables
in distribution to a nondegenerate Gaussian variable (nor does it have a subsequence

convergent in distribution to such a variable).
The proof is given in section 4.

Notation: Throughout the paper we follow the usual custom of denoting arbitrary
positive constants in estimates by ¢. The actual value of ¢ may vary from one equation to
another and, sometimes, when this does not cause a confusion, also within one equation. ¢
may depend on the dimensionality of the model, but not on the size of the system L or on
the value of bond density p. Also, it may change its value when the arguments are applied

to models other than the independent bond model.
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2. Law of Large Numbers and Large Deviation Bounds

In this section we prove Theorem 1.3. The usual coupling of percolation models with
different values of p ([10], pp. 10-11) could be used to obtain an alternative proof. The ad-
vantage of the proof below is that it yields explicit bounds on large deviation probabilities,

which are also used later in section 3.

The idea of the proof is to estimate the probability that pi*) deviates from p. by prob-
abilities of crossing events in the independent bond percolation model with appropriately

chosen bond density p.

Notation: we will use the following notation for events in the space of bond configu-
rations in the box Ap: T' will denote the event that there exists an L-R open crossing of
Ar, Ap—the event that there are exactly k£ open bonds and A;—the event that there are at
least k open bonds, i.e. Ay is the disjoint union of 4; with I =k, k+1,...,n. P, will denote
the probability measure on bond configurations in A, in the independent bond model, i.e.
a product of n Bernoulli measures with probability p of any given bond being open. P
will denote the uniform measure on the set Q, of ordered bond sequences introduced in
section 1. P[E|F] will denote the probability of £ conditioned on F and similarly for P,.
A complement of a set S will be denoted by S°. Finally, #(S) will denote the number of

elements in a set S.

Proof of Theorem 1.3: fix a 6§ > 0. We will only prove that

Jim PpE) < p. — 6] = 0. (2.1)
The proof that
Jim Plptt) > p, +68]=0 (2.2)
is analogous. Choose m so that
m 36
P— 6 < = <p.— —. 2.
pe—8< —<pe— (2.3)

This is always possible for large L (here n = n(L)). Now, pt*) < = for a given ordered

n

sequence of bonds implies that the first m bonds in the sequence contain an L-R crossing

of Ap. Since all ordered sequences have the same probability, we obtain

#(AnNT)

R . m

= (2.4)
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and multiplying the numerator and the denominator by p™(1 — p)"~™, we obtain
Pt < = e - pria) (25)

We emphasize that (2.5) holds with any choice of p € (0,1). Let us choose p=p. — £. Then
P,[C] = 7r(p.— %). In order to obtain from here a good estimate on P,[I'|A,,], let us note first
that

Py[L|Am] < Py[L|AL]. (2.6)

This is intuitively obvious, since conditioning on an event with more open bonds should
make an open crossing more likely. For a formal proof, note that for any i all configurations
in 4; have the same probability pi(1—p)"~") and since #(4;) = (7), i#(4) = (n — i+ 1)#(Ai_1).
Since T' 1s an increasing event, i.e. adding open bonds to a configuration in I' we obtain

another element of I', we have

#CNA)  (n—i+ D#ETNAi)

P,[T|A] = : P[C|As_1], 9.7
P[] Ai] #A) = #(A) P[] Ai—1] (2.7)
Taking a convex combination of inequalities (2.7) with i = m,...,n we get (using A,, =

Uiz Ai): s prad

. e Po[T 0 A

By[T|A,) = =5t .

p[ | ] Ej mPp[Aj]

. Z FﬂA Pp[Az]

Sim P[] (28)

- Pp [AZ] _
> By[0]4n) Zm B = Bl
which proves (2.6). With our choice of p, a standard bound on the probability of a large
deviation for a sum of i.1.d. random variables based on the exponential Chebyshev inequal-

ity (see [8], ch.1, section 9) implies
Py[An] > 1—e " (2.9)
with a strictly positive constant ¢. It follows that (using (2.4), (2.5), (2.6) and (2.9))

Plpt) < p, — 8] < P,[T|An] < P[T)Apm] < =2 < ¢P,[T] = enr(p), (2.10)

with p=p. — £, where ¢ is an absolute constant. Since the last quantity goes to zero when
L — o (Theorem 1.2), the theorem is proven. It follows from the presented proof (using
Proposition Al.1) that convergence to p. takes place with exponential bounds on large

deviation probabilities. These exponential bounds will be used in the next section.
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The following corollary shows that a law of large numbers also holds when we subtract

the means from pi&.

Corollary: pt*) — E[pt*)] converges to 0 in probability.

Proof: For any > 0

lpe — E[pM]] < Ellp. — p™)[] < nP[|pt~) — pe| > n] + 1. (2.17)
This implies that
Jlim B[p{"] = p. (2.18)

and the corollary follows.
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3. Order of Fluctuations

In this section we prove Theorem 1.7.

Our proof of the lower bound in Theorem 1.7. does not use the assumption d = 2
except for the inequality v > 1. It can be carried out in any dimension, in which the
inequality v > 2 is satisfied and we will present it in this generality. The condition v > 2
was introduced by Harris in [14], in relation to fluctuations of the critical temperature of
finite magnetic systems with site dilution— a quantity closely related to the percolation
threshold studied here. The weak inequality v > 2 was subsequently proven for a large class
of systems, including percolation models in all dimensions d > 2 [5]. In two dimensions the
inequality v > 1 has been rigorously established in [16]. However, since v is known to be 1
in high dimensions [12], the strict inequality holds when d is large. The numerical value

of v in three dimensions is 0.9 [23], which would make the inequality strict also in three

dimensions. The following assumption is therefore well-founded:

Assumption 3.1 (Harris condition): v > 2.

The following proposition contains the lower bound claimed in Theorem 1.4.:

Proposition 3.1: Suppose Assumption 3.1 holds (as mentioned above, this is known to
be true in two dimensions). Then there exists a constant ¢ > 0, independent of L, such that
for all L

E[(p") — pe)’] > cl6o( L)), (3.1)

Proof: We will use the following integral representation of the second moment of a

random variable X in terms of its distribution function (see [8], ch.1, Lemma 5.7):
B = [ 2yP(X| 24l dy (32
0
With X = p{¥) — p., we obtain

E[(p") —pe)?] :/ 26P[|ptt) — p.| > 6]dé =
0

Pe 1-pc
/ 25 P[p{E) < p, — 6]d6 + / 25 P[pH) > p. + 8] d. (3.3)
0 0

Notation: In what follows the first and the second term on the right-hand side of (3.3)
will be denoted by I, and I, respectively.
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Let 0 < 6 < p.. Take an m so that

5 m
c——0< —<p.—6 3.4).
pe—76<—<p (3.4)

This is possible for a fixed L, whenever § > (note that n(L) behaves like cL¢). Proceeding

(L)
as in the proof of Theorem 1.3. (using (2.5) and (3.4)), we obtain for an arbitrary p

P[ng:) <pc-— 6] > Pp[F|Am] > Pp[HAm]a (35)

where A,, denotes the event that a configuration in A; has at most m open bonds. The
inequality P,[T'|4,] > P,[[|A,,] is proven similarly to (2.6). Using the obvious inequality
Pp[AN B] > P[A] - P[B], we get

ml (3.6)

Let us choose p = p. — 256. Just like in (2.9), a standard large deviation estimate implies
that with this choice

PylApn] > 1— et (3.7)

with a positive constant ¢ independent of n and §. Combining (3.4) and (3.6) and noting

that P,[C] = 7.(p), we arrive at the inequality
P < pe = 8] 2 lrape — 56) — ") (3.8)
where ¢ > 0 is an absolute constant. Thus
pc—cL ? 3 5
L > c’/ Slmr(pe — —6) e~ "] dé. (3.9)
0

The reason for subtracting ¢L=¢ from p, in the upper limit of integration is that we have

used 6§ > to prove (3.8). Since for p > p7 (L) (see (1.15)), 7r(p) > ¢ (where ¢ is chosen as

n(L)

described in Definition 1.4.), the last expression is bounded below by
%6—(1’) Pc de2 Pc 4.2
c'/ bedd — c'/ e L6 ds > '[6_ (L)) — c'/ e~ L5 ds. (3.10)
cL—¢ 0 0
To estimate the first term we used the fact that L=46_(L) — 0, which follows from (1.23)
together with the Harris condition v > 2. Changing the variable of integration to u = ¢33,

we estimate the integral in the second term as follows

Pe . 1
/ L5 ds < —/ “udu = 0(77) (3.11)
0



as L — oco. Harris condition implies now that the first term dominates the second one, so
we obtain

L > e[6_ (L)% (3.12)

A similar proof shows that
I > e[84(L))°. (3.13)
We just sketch the argument, which is analogous to the bound on I;: choosing m so that

this time p. + 6 <2 < p. + 26, we have, with p =p. + 26,

P[p{") > po+ 8] > By[L°|[An] > Bp[0°|An] > ml (3.14)

From here, using steps analogous to (3.7)-(3.11), we obtain the desired bound (3.13), which,
together with (3.12) proves the theorem.

Remark 3.1: We have actually proven two separate bounds—on I, and on . In
two dimensions, in view of the equivalence relation (1.6), we have §_(L) < é4(L) and,

consequently, both bounds have the form ¢[é6,(L)]?. This will be essential in section 4.

The next proposition takes care of the upper bound in Theorem 1.7. Unlike the previous

one, it is strictly limited to two dimensions.

Proposition 3.2: Suppose Assumption 1.1. holds. Then there exists a constant C < +oo,

independent of L, such that for all L
E[(pt") = pe)*] < Cl6o(L))*. (3.15)

Proof: we use again the integral representation (3.3) of the second moment. Again, we
shall just prove the bound for I;; the bound for I, can be handled similarly. In Appendix
1 we show that for p < p.

L

mr(p) < e "R, (3.16)

with a constant ¢ > 0 independent of p. It follows (using first the inequality (2.10)) that

Pc

Pe . Pe § §_(L) _ L
I = / 26P[ng) <p.—6dé < c/ §mr(pe — 5) dé < c/ §dé+ c/ se” ‘Tole=8 d6. (3.17)
0 0 0 5

-(L)
The first term is proportional to 8,(L)? and we just need to estimate the second term. Using
the regularity assumption, together with (1.11), (1.12) and (1.20), we can bound it by

Pe LO(pc - (S_ (L)) . Pe 6 , S((S_ (L))
c/é_(L)éexp[—cm] dé = c/é_(L)éexp[—C(é_(L)) 50 ] dé. (3.18)
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Changing the variable to 2 we obtain

c6_(L)? /5_(L) z exp[—cz” ld=. (3.19)
1

It follows from the proposition proven in Appendix 2 that the integral in the last formula

is bounded as L — oo and therefore, Proposition 3.2. is proven.
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4. The distribution of p(cL) for large L.

In this section we study possible limit theorems for the sequence of finite-volume per-
colation thresholds pi™ and, in particular, we prove Theorem 1.8. Under assumptions made in
section 1, we show that no nontrivial Gaussian limiting behavior is possible in two dimen-
sions (of course, choosing an appropriate normalization, we can obtain in the limit a de-
generate distribution, which is, by definition, Gaussian; this is the case e.g. in Theorem

1.3). Let

P —p
= - 4.1
nL 5(D) (4.1)

Our strategy is to prove that this sequence of random variables is relatively compact and
therefore contains a subsequence converging in distribution. Next, we will show that the
limit of each such convergent subsequence has a nondegenerate distribution, which is not
normal. Finally, we will extend the result about nongaussian limiting behavior to other

normalizations of pt*) using the Convergence of Types Theorem ([8], ch. 2, Theorem 7.16).

Proposition 4.1: The sequence n; contains a subsequence convergent in distribution.

Proof: It follows from Proposition 3.2. that second moments of n, are bounded by C.

The proposition follows from a well known relative compactness criterion (see [9] vol. II

ch. 8 or [8], ch. 2, Theorem 2.7).

Proposition 4.2: No subsequence of 5, converges in distribution to a constant random

variable.

Proof: Proceeding exactly as in the proof of Proposition 3.2., we can show that the
sequence of fourth moments of 5, is bounded by a constant (using Proposition A2.1 with
k = 3; in fact a similar proof shows that for any m the sequence E[|n.|™] is bounded). This

implies that if n,, > 5, then for any function f(n) which grows at oo slower than [n|*,

Elf(n)] — E[f(n)]. (4.2)

(see [8], ch.2, Exercise 2.5). In particular, taking f(n) = n%, f(n) = n*Iz, and f(n) = n*Is_
(where Ig, and Ir_ denote the indicator functions of the positive and of the negative

half-line respectively), we see that

E[p’] = lim E[ni], (4.3)

L—co
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Eln*Ir,(n)] = lim Elyils, (00)] (4.4)
and

Eln*In_(n)] = Jim Elnilr_(n)] (4.5)

We have seen in the proof of Proposition 3.1. that the right hand sides of the three
above equations are strictly positive and, therefore, so are the left-hand sides. (4.3) clearly
implies that n cannot be almost surely equal to 0 and (4.4) together with (4.5) show that
its distribution cannot be concentrated at any other single point. 7 is thus a nondegenerate

random variable.

Proposition 4.3: No subsequence 5, converges in distribution to a normal random

variable.

Proof: Let 5., = n. For any y which is a continuity point of the distribution function

of n we have, using (3.8),
Py <y = lim Py, <yl = Pp{") < pe+6o(L)y] 2 elmr(pe + %%(L)y) —exp(—cL¥(6o(L)y)*)].  (4.6)

We need to assume that y is a continuity point of the limiting distribution function, since
we do not know that the distribution of 5 is continuous (see Remark 4.1). Of course, all y
except for countably many satisfy this condition. Let us choose a negative y with a large
absolute value. Using the lower bound in Proposition Al.1 (Appendix 1), the right-hand
side of (4.6) can be bounded below by

L
Lo(pe + 380(L)y)

) — exp(—cL(8o(L)y)*)]. (4.7)

clexp(—c

Let us remind that in two dimensions 6o(L) < 6_(L) < 64(L) (see Remark 3.1). Using (1.21)

and the representation (1.12) of the regularly varying function Lo, we obtain:

L Lo(pe — é0(L))

s S(Eo(L)w)
Lot 1 300Dy~

Lo+ 300D)y)) ~ P S50

exp(—c

(4.8)

Since S is a slowly varying function, the limit of the last expression as L — oo equals Ke=%¥".
On the other hand, Proposition 1.2 implies (in two dimensions) that §,(L) = L=+ S;(L), where
Sy is a slowly varying function of L. Consequently, L462(L) = L=+ S;(L) — oo and, therefore,
for sufficiently large L

Pl <yl > %exp(—?cy”)- (4.9)
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The inequality v < 2 (Assumption 1.2) implies now that the distribution of 5 cannot be
Gaussian. Note, that the right tail of the distribution of n can be estimated in the same

way, using an appropriate analog of Proposition A1, satisfied in two dimensions by duality.

Theorem 4.4. Let by and ar be arbitrary sequences of real numbers, with by > 0.

L

@ _ ) . )
No subsequence of Z=——%L converges in distribution to a nondegenerate normal random
br

variable.

Proof: This is a standard application of the Convergence of Types Theorem (see [8],
ch.2, Theorem 7.16). We have

(Lx) _ So(L -
pe many  Golle), o P diy (4.10)
bLk bLk b k
(Lg)

c

so that the random variables % are related to ny by affine transformations. If both
sequences converge in distribution to nondegenerate random variables, the Convergence of
Types Theorem implies that % converges to a nonzero constant and ’% converges
to a constant and, consequently, if the limit of pgi% is normal, so is that of nz,. This

ends the proof.
Theorem 1.8. is an immediate corollary of Theorem 4.4.

Remark4.1: We briefly discuss here the issue of continuity of the limiting distribution
function and its relation to assumptions made in literature. If we assume that in addition
to the relation ¢ < Lo (proven in two dimensions) the correlation length ¢ behaves as a pure
power, &(p) < |p— p.|”Y, and that
vdmy,

Lh—>n;o L dp

(4.11)

exists (these assumption are not used in the rest of this paper; see [17] for discussion of
numerical results), then equicontinuity of the functions 7. (6,(L)y) implies continuity of the
limit F(y) of this sequence (or any limit of its subsequence) by the Arzela-Ascoli theorem.

On the other hand, bounds of Section 2 show that

F(%) < liminf Ply;, < y] < limsup Py < y] < F(Z—y) (4.12)
— 00 L—co
and an obvious modification shows that for an arbitrary a > 0
F((1-a)y) < liminf Py, < y] < limsup Pz < y) < F((1+ a)y). (4.13)

L—

which implies that any limit of the distribution functions P[n; < y] is continuous.
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While Theorems 1.7. and 1.8 are limited to two dimensions, because of the use of the
Rescaling Lemma and duality, large parts of their proofs remain valid in higher dimen-
sions. Plausible consequences for the behavior of the finite-volume percolation threshold,
based on available rigorous and numerical information about the value of the correlation
length exponent v were discussed by the present authors in [3]. As pointed out there, since
the numerical value of v in three dimensions is close to 0.9 and smaller than that in higher

dimensions (in particular, v = 1 above 5 dimensions, according to a well known prediction,

2
see [12]), one may expect the limiting distribution to be even more radically non-Gaussian
in higher dimensions (see Remark 1.1). In [21] the moments of the limiting distributions
have been studied numerically and found to behave in a nongaussian way. In three dimen-
sions the limiting distribution was even found (numerically) to be asymmetric [11]. Both
results support the predictions of [3]. Such a nongaussian behavior in high dimensions
would stand in a sharp contrast to the behavior of such extensive (additive) quantities like
magnetization or energy of a spin system, which are known to be Gaussian high dimen-
sions. However, the finite-volume percolation threshold is a highly nonlocal function of

the bond variables, to which an analogy with the central limit theorem for sums of weakly

dependent random variables needs not to apply.
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Appendix 1: Exponential bounds on crossing probabilities.

In this appendix we use the technique of rescaling [1] to prove bounds on crossing

probabilities, used in sections 3 and 4.

Proposition Al.1: Let d = 2. There exist strictly positive constants k,c; and c,, inde-

pendent of p such that for p < p.

ey gL Ceap L
ke o < '/TL(P) <e o(p) . (Al.l)

Remark: The lower bound was communicated to us together with its proof by L.

Chayes.

Proof: Let 71y denote the probability that there is an open crossing in a given rectangle
L x M (L units in the horizontal and M units in the vertical direction). Consider the dual
percolation model (see [15], [10]). This is also a two-dimensional independent percolation
model (bond percolation is self-dual, in the sense that its dual is also a bond percolation
model; the dual of site percolation is known as star percolation etc.). The dual of a model
with density p (of open bonds, occupied sites etc.) has density 1 —p. If we denote the

crossing probabilities of the dual model by =7 ,,, then

mLu(p) + T p(l—p) =1 (A1.2)

It 1s convenient to use crossing probabilities of elongated boxes, in view of the following

Rescaling Lemma: there exists an ¢y > 0 such that for p < p.. Then, if 77 21(p) < €0, We

have

772L,4L§7r%72[,~ (A13)

A proof of the Rescaling Lemma can be found e.g. in [1]. It is written there for bond
percolation, but no changes are necessary to cover other independent two-dimensional

models considered here.

Clearly, 7r(p) < 7z 2c(p). On the other hand, using FKG inequality and the Russo-

Seymour-Welsh lemma [10] for the dual model, we have

o p(1=p) 2 7L (1=p)(ns, [ (1=p))* 2 7L (1=p)(1— /1= 75 (1=p)° > (1= /1= 75 (1 - p))". (A14)
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We have used here a well-known technique of creating and L-R crossing of a 2L x L box
from L-R crossings of two overlapping 2L x L boxes and a vertical crossing of a (middle)
L x L box [10]. Since (1 — /7r(p))” > 1 — 7\/7(p) (Bernoulli inequality), using the duality
relation (A1.3), we obtain

7L 20(p) < TV 7r(p). (Al.5)

We now introduce an analog of L, using crossing probabilities of elongated boxes:
Li(p,€) et min{L : 7z 2r(p) < €}. (A1.6)

Comparing (A1.6) to the Definition 1.4, we see, using (A1.5) that

62

Lo(p,€) < La(p,€) < Lo(p, 75), (A1.7)

which, in view of Theorem 1.4, proves that

Lo(p) < L1(p). (A1.8)

Provided that ¢ in the definition of L; has been chosen sufficiently small, the Rescaling

lemma implies
ﬂ-ZkLl(p),Zk‘HLl(p)(p) < ﬂ-il(p)yng(p); (Alg)
which yields an upper bound

7L 21(p) < €TI0 (A1.10)

for L of the form 2%L,(p) (with ¢ = —loge > 0) and hence also (perhaps with a different
constant c¢) for arbitrary L. Since 7r(p) < 71 2r(p) this proves the desired upper bound, in
view of the asymptotic equivalence of Ly and L;. To prove the lower bound, note first that

the above inequalities between 7. (p) and 7 or(p) imply that the correlation length & (p)

defined by

log 7
£71(p) = — lim sup 28 7L.2L(P)

- (A1.11)
L—

is asymptotically equivalent to ¢ defined in (1.5) (as for ¢, the choice of liminf would also
yield an asymptotically equivalent quantity). It follows from (A1.11) that for large L

log 7 20.(p)

2210 5 967 (p), (AL12)

which implies

7Lan(p) > ¢ E® (A1.13)

for large L. In view of the asymptotic equivalence of ¢ to ¢ (and, therefore, also to
Lo), this implies the desired lower bound in (Al.1) (the constant k¥ may be necessary to
accommodate the finite number of values of L for which (A1.13) does not hold).
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Appendix 2. Regularly varying functions

In this Appendix we state a fundamental representation theorem for slowly varying
functions and use it to prove a bound necessary in the proof of Proposition 3.2. We then

give a proof of Proposition 1.2.

Theorem: Let S(z) be a slowly varying function, z > 0. Then there exist functions a

and ¢, such that lim,_ge(z) = 0; limy—ga(z) = ¢ < oo and for z <1

S(z) = a(x) exp(/ % dy). (A2.1)

This theorem is proven in [9]; one has to change variables from z to £ to obtain the present

formulation. It also follows from the proof in [9] that a and € can be chosen so that ¢ > 0.

Proposition A2.1: Let S(z) be a slowly varying function, (z > 0), bounded above on

intervals [z, 00] for all zy > 0. ¢ and v—positive constants and k—a positive integer. Let

J(t) = /000 2F exp[—c2” 5((;))] dz. (A2.2)
Then
limsup J(¢) < . (A2.3)

t—0
Proof: We use the representation (A2.1), where with no loss of generality we can
assume that e(z) > C where C is a (negative) constant. Fix a u € (0,v). There exists 2 such
that for <z, we have ¢(z) > —u. Now let » < £2. We have

S) _ a(t) ) Pe(y) o al) " ey) -
Stte) = WGXP([ W /m Tdy) = WGXP(/t T)dy) > Kexp(—plogz),  (A2.4)

where K is a positive constant. Hence, for z < 22,

> K27k, (A2.5)

As a result we obtain a finite, t-independent bound on a part of our integral:

/ t 2F exp(—2” 5() )dz < / t 2P exp(—=K2""")dz §/ 2P exp(=K2""F)dz. (A2.6)
1 S(tz) 1 1

The remaining part of the integral can be estimated by a similar application of the Kara-

mata theorem or directly as follows: when 2t > zy, we have S(zt) < ¢!, where ¢ is a positive
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constant (by assumption). Also, for small ¢+ we have S(t) > t* > z527#. Hence for small ¢

the remaining part of the integral (from £ to co is bounded by
/ 2* exp(—czhz" ") dz < o (A2.7)
1
and the proof is finished.

Proof of Proposition 1.2: To prove (1.20), let p, 1 p; (L) with p, < p. Then, by definition
of p7 (L), Lo(pn) < L, i.e. (see Definition 1.4) 3L, < L : 71 (p,) < €. Since there are only
finitely many integers between 0 and L, L, is equal to some M < L for infinitely many
n. Taking a subsequence and letting n to infinity, we obtain, using continuity of =, as a
function of p, that = (p; (L)) < ¢, which, in view of Definition 1.4 implies (1.20) for p;(L).
The proof for p}(L) is analogous. (1.21) will be proven for 6_; the proof for ¢, is analogous.

For any ¢ < 1, the definition of §_ (see (1.15) and (1.18)) implies that

Lo(pe — 06_(L)) > L. (A2.8)
Hence, using (1.13),
Lo (D) e Lo(pe =6 (L)

Taking the limit ¢ — 1 implies liminf;_ o w > 1 which in combination with (1.20)
proves (1.21). To prove the last statement of the proposition, we need to show that for
any t >0

5_(tL)  _.
o (A2.10)

We argue by contradiction. If (A2.10) does not hold, then either

5_(tL)

lim su >(1+« =% A2.11
msup > ( ) ( )
or
6_(tL 1
liLnlicgf 6_((L)) <(l—-a)™> (A2.12)

for some o > 0. In the first case, regular variation of L, with the exponent —v implies that

o Lope=8(D) o Lolpe— (14 a)im e (1)
b It s (D)) < R T ()

=(14a)""t. (A2.13)

We have used here the fact that for p < p., Lo is a (not strictly) increasing function of p,

which follows from Definition 1.4 and monotonicity of 7 in p. But (1.21) implies that

o Lo(pe — 0-(tL))
llerigf To(pe—6_(1)) — t, (A2.14)
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so (A2.11) leads to a contradiction. Similarly, (A2.12) implies that

liirls;p l;i)(éjc__—i__((tf)))) > (1 —a)-vt, (A2.15)

which again contradicts (A2.14). This proves (A2.10) and the last part of the theorem for

6—. The proof for é; is similar.
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