JACOBI SUMS, FERMAT JACOBIANS,
AND RANKS OF ABELIAN VARIETIES
OVER TOWERS OF FUNCTION FIELDS

DOUGLAS ULMER

1. INTRODUCTION

Given an abelian variety A over a function field K = k(C) with C an absolutely
irreducible, smooth, proper curve over a field k, it is natural to ask about the
behavior of the Mordell-Weil group of A in the layers of a tower of fields over K.
The simplest case, which is already very interesting, is when A is an elliptic curve,
K = k(t) is a rational function field, and one considers the towers k(t'/¢) or k(t'/4)
as d varies through powers of a prime or through all integers not divisible by the
characteristic of k.

When k£ = Q or more generally a number field, several authors (e.g., [Shi86],
[Sti87], [Fas97], [Sil00], [Sil04], and [El06]) have considered this question and given
bounds on the rank of A over Q(t*/¢) or Q(t'/?). In some interesting cases it can be
shown that A has rank bounded independently of d in the tower Q(¢'/%). Of course
no example is yet known of an elliptic curve over Q(¢) with unbounded ranks in the
tower Q(t'/%), nor of an elliptic curve over Q(t) with non-constant j-invariant and
unbounded ranks in the tower Q(t!/%).

When £k is a finite field, examples of Shioda and the author show that there
are non-isotrivial elliptic curves over F,(¢) with unbounded ranks in the towers
F,(t'/4) [Shi86, Remark 10] and F,(¢'/4) [Ulm02, 1.5]. More recently, the author
has shown [Ulm07] that high ranks over function fields over finite fields are in some
sense ubiquitous. For example, for every prime p and every integer g > 0 there are
absolutely simple abelian varieties of dimension g over I, (¢) with unbounded ranks
in the tower F,(t'/?), and given any non-isotrivial elliptic curve E over F,(t), there
exists a finite extension F,(u) such that E has unbounded (analytic) ranks in the
tower I, (u'/?).

One obvious difference between number fields and finite fields which might be
relevant here is the complexity of their absolute Galois groups: that of a finite field
is pro-cyclic while that of a number field is highly non-abelian. Ellenberg uses this
non-abelianess in a serious way in his work on bounding ranks and, in a private
communication, he asked whether it might be the case that, say, a non-isotrivial
elliptic curve over F,(¢) always has unbounded rank in the tower F,(t!/4).

Our goal in this note, which is a companion to [Ulm07], is to give a number of
examples of abelian varieties over function fields Fy(t) which have bounded ranks
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in the towers F,(¢'/?) as d ranges through powers of a suitable prime or through all
integers not divisible by p, the characteristic of F,. We also get some information
about ranks in towers k(t'/¢) for arbitrary fields k. Along the way we prove some
new results on Fermat curves which may be of independent interest. The main
results are Theorems 2.4, 3.2, 3.3, 4.5, 5.2, and 6.2

2. JACOBI SUMS

2.1. Throughout the paper p will be a rational prime number, F, = Z/pZ will be
the prime field of characteristic p, and ¢ = pf will be a power of p. Fix an algebraic
closure Q of Q. All number fields considered will tacitly be assumed to be subfields
of Q. We denote by 4 the group of d-th roots of unity in Q.

Let p be a prime of O@, the ring of integers of Q, over p. The field O@/p is an
algebraic closure of F, which we denote by F, and we write F, for its subfield of
cardinality g.

Reduction modulo p induces an isomorphism between the group of all roots of
unity of order prime to p in Og and the multiplicative group (O@/ p)* = pr. We
let t : pr — @X denote the inverse of this isomorphism. We will use the same
letter ¢ for the restriction to any of the finite fields F;. Every character of F is a
power of t.

2.2. Fix a non-trivial additive character ¢, : F, — @X. For each ¢ we define an
additive character ¢, as ¢, = 9, o Trg_/F, .
For each ¢ and each character x of F, we define a Gauss sum

Ga(x) = = Y X(@)t(w) € Qlpp(g—1))-
z€Fy

It is well known that G4(x) = 1 if x is the trivial character and that G,(x) is an
algebraic integer with absolute value ¢*/2 in every complex embedding if y # 1.

For any d prime to p, any a € Z/dZ, and any ¢ = 1 (mod d), we write G4(a)
for G, (t~*(4=D/4) which lies in Q(ypq). The analysis leading to Stickelberger’s
theorem [Was97, 6.2] shows that if o is the prime of Q(ppq) under p, ¢ = pf, and
a £ 0 (mod d) then

f=1
oty Ga) = (=3 ()
where (z) is the fractional part of z, i.e., 0 < () < 1 and z — () € Z.
2.3. Fix a positive integer w. For each ¢ and each tuple of non-trivial characters

X0, - - - s Xw+1 of F* such that the product xo - -+ Xw+1 is trivial, we define a Jacobi
sum

1
JQ(XOa e an-‘rl) = ﬁ Z Xo(ﬂfo) ’ "Xw+1($w+1) € Q(.uq—l)'

o+ +Tyw+1=0
It is well-known and elementary (see [Weid9, p. 501] for example) that
(_ w wtl

LT Gt

']‘Z(X07'-'7Xw+l): q



SMALL RANKS OVER FUNCTION FIELDS 3

In particular, the Jacobi sum is an algebraic integer with absolute value ¢*/2 in

every complex embedding.

Let Agw C (Z/dZ)“+2 be the set of tuples a = (ag, ..., a,+1) such that a; # 0
for all ¢ and Y a; = 0. If a € Ay, and ¢ = 1 (mod d), we write J,(a) for
Jy(t—aola=/d - pmawia(a=/dy: clearly J,(a) € Q(uq). If p is the prime of Q(pq)
under p and g = p/, then

w+1 f—1 pja‘
ord,, Jy(a) = ZZ< dl>—f.

i=0 j=0

We write A, for those a € Ay, such that ged(d, ag, ..., aw+1) = 1. Note that
ifae Ay and if e = ged(d, ag, . . ., aw+1), d =d/eand &’ = (ag/e, ... ,ap+1/€) €
Ay, then for any ¢ = 1 (mod d) we have J,(a) = J,(a’).

Many of our results on ranks will be based on part (2) of the following theorem
about the distribution of Gauss and Jacobi sums. Roughly speaking, it says that
sums involving characters of large order must either have large degree over Q or
have valuation bounded away from 0.

2.4. Theorem.
(1) Fiz a real number € > 0 and a positive integer n. There exists a constant
Ce.n depending only on € and n such that if d > C.,, ¢ =p/ =1 (mod d),
a € (Z/dZ)*, and the degree of Gq(a) over Q(up) is < n, then

ord, Gg(a) 1
p-1f 2
Here @ is the prime of Q(upa) under p. Note that ord,(q) = (p—1)f.

(2) Fiz a positive integer n. There exist constants Cy,, and €, > 0 depending
only on n such that ifd > C,, g=p/ =1 (modd), w>1,ac Ay and
the degree of Jy(a) over Q is < n, then

dy, J.
ord, Jy(a) > e,
f
Here @ is the prime of Q(pq) under p. Note that ord,(q) = f.

2.5. Remarks.

(1) The constants appearing in the theorem are independent of p and effectively
computable.

(2) In part (2) of the theorem, we may replace “the degree of J,(a) over Q is
< n” with “the degree of the largest subfield of Q(J,(a)) in which p splits
completely is < n” and similarly in part (1). I do not know whether this
has any applications to geometry.

The theorem is a consequence of Stickelberger’s theorem and the following simple
estimate.

2.6. Proposition. Fiz a real number e > 0 and a positive integer n. There exists
a constant C , depending only on € and n such that if d > C., and H C G =
(Z/dZ)* is a subgroup of index < n, then for all a € G,

)

< €.
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Proof. We have

d—1

1 ta 1 s 1
A= L A -1
mo ) 2 a@em 2 )
teH (et x€G/H
1 1 d—1
= §+m Z x(a™h) Z x(s)s
1#xeCG/H (;:)1:1

where |H| denotes the order of H, (?/7{ denotes the group of characters of G/H
(which we view as characters of G trivial on H), and ¢(d) = |G| is Euler’s function.
Partial summation and the Polya-Vinogradov inequality [Dav00, §23] show that
there is an absolute constant C' such that the inner sum above is < Cd*/?log d and
so the quantity A to be estimated satisfies

‘ _1’ Cnd"/?logd
217 (@)

Well-known estimates for ¢(d) [HW79, Thm 327] say that for all § > 0, ¢(d)/d* 0 —
oo as d — oo so there is a constant C.,, depending only on n and e such that

Cnd"/?logd
o(d)

whenever d > C¢ ;. This completes the proof of the proposition. O

<€

2.7. Corollary. Given n there exists a constant 6, > 0 depending only on n such
that for any d > 2, any 0 # a € Z/dZ, and any subgroup H C G = (Z/dZ)* of

index <n,
1 ta
— — ) >,
| H| 2 < d >
teH

Proof. For 0 # a € (Z/dZ), set e = ged(a,d), d =dfe, G' = (Z)d'Z)*, &’ = afe,
and H' = Im(H — G’). Then the index of H' in G’ is < n and we have

1 ta 1 ta’
A= — — V= — —

mS i) m 2 ()
and so we may assume that ged(a,d) = 1, i.e., that a € G.

Given n, let Cy /4, be the constant furnished by the proposition for n and € =
1/4. If d > Cy,4,, then by the proposition, A > 1/4. On the other hand, there
are only finitely many d < (4, and for each d, only finitely many subgroups
H C (Z/dZ) of index < n. Since A > 0 for each of these finitely many possibilities,
there is a d,, > 0 such that A > §,, for all d and a. O

2.8. Proof of Theorem 2.4 (1). Given e and n, suppose that d, ¢ = p/ =1
(mod d), and a € G = (Z/dZ)* = Gal(Q(upa)/Q(1p)), are such that G,(a) €
Q(upa) has degree < n over Q(up). Let H C G be the subgroup of G fixing
Q(up, G4(a)), so that H has index < n in G. If p is the prime of Q(upq) under p,
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then for every t € H, we have ord:(Gy(a)) = ord,(G4(a)). Therefore,

ord, Go( ord,, G
<—1f |H\Z

teH

f22<p”“>

teH j=0

where the second equality comes from Stickelberger’s theorem. Let P be the sub-
group of (Z/dZ)* generated by p and HP the subgroup generated by H and P.
The last displayed sum is then equal to

Since H has index < n in G, the same is true of HP and so Proposition 2.6 shows
that if d > C, ,, then

d, G 1
ordy, G¢(a) _‘ o

p-1f 2

as was to be shown. O

2.9. Proof of Theorem 2.4 (2). Given a € A}, set d; = d/gcd(d,a;). The
following lemma tells us that if d is large then at least two of the d; are also large.

2.9.1. Lemma. With notation as above, there exists an absolute constant C such
that at least two of the d; are > C'logd.

Proof. If ¢ divides d then from the definitions, there are at least two i’s such that
£ does not divide a;. Therefore the largest prime power dividing d also divides at
least two of the d;.

To finish we note that Chebyschev’s theorem [HW79, Thm. 7] implies that the
the largest prime power dividing d is > C’logd for some absolute constant C’.
Indeed, let M be a positive number, let p1,...,pr(as) be the primes less than M,

and let p7* be the largest power of p; less than M. If N = H”(M ' then

w(M)
logN = > e;logp; < m(M)log M < C'M

i=1

by Chebyschev. This shows that if N is a product of prime powers less than M,
then N < M. Therefore the largest prime power dividing N is at least C'log N
where C'=1/C". O

Now fix n and consider those ¢ = 1 (mod d) and a such that J,(a) has degree
< nover Q. Let H C G = (Z/dZ)* = Gal(Q(uq)/Q) be the subgroup fixing
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Q(J4(a)) so that H has index < n in G. Then we have

A . ordy, Jg( ordg: (Jq
(¢,a) 7f |,§1 f
1 1 w+1 f—1 tpia,
~m I | L ()
teH i=0 j=0
iy 1 tai
~(Sm 3, (%)
% teHP

where as before P is the subgroup of (Z/dZ)* generated by p and HP is the
subgroup generated by H and P. Reindexing a, we may assume that dy and d; are
> C'logd. Since H has index < n, so does HP and so we get bounds on the inner
sums in the last displayed equation. More precisely, by Corollary 2.7, the inner sum
is > d, fori=2,...,w+1, and by Proposition 2.6, if dy and d; are sufficiently large
(so that C'logd > C¢ ,,), the i = 0 and ¢ = 1 terms are > 1/2—e. Applying this with
€ = 0,/4 < wd, /4, we see that for sufficiently large d, A(q,a) > (w—1/2)d,, > d,/2.
This completes the proof of part (2) of the theorem. O

3. FERMAT JACOBIANS

3.1. Let k be an arbitrary field with separable closure k. For each positive integer
d not, divisible by the characteristic of k we consider the Fermat curve Fy of degree
d over k (the zero locus of ZZ o zd in P?) and its Jacobian Jg. If A is an abelian
variety over k, we say that “A appears in Jy” if there is a homomorphism of abelian
varieties A — J; with finite kernel. We say “A appears in Jz with multiplicity m”
if m is the largest integer such that A™ appears in J;. The multiplicity with which
A appears in J; obviously depends only on the k-isogeny class of A.
The following two theorems are the main results of this section.

3.2. Theorem. Suppose that k is a field of characteristic zero. Then for every pos-
itive integer g, only finitely many k-isogeny classes of abelian varieties of dimension
< g appear in Jq as d varies through all positive integers. If A is an abelian variety
over k, then the multiplicity with which A appears in Jq is bounded by a constant
depending only on the dimension of A.

If k£ has characteristic p and A is an abelian variety over k, the p-rank of A is
by definition the dimension over F, of the group of k-rational p-torsion points on
A. Tt is known that the p-rank lies in the interval [0, dim A] and that it is invariant
under isogeny.

3.3. Theorem. Suppose that k is a field of characteristic p > 0. Then for every
positive integer g, only finitely many k-isogeny classes of abelian varieties with
positive p-rank and dimension < g appear in Jg as d varies through all positive
integers prime to p. If A is an abelian variety over k with positive p-rank, then the
multiplicity with which A appears in Jg is bounded by a constant depending only on
the dimension of A.

3.4. Remarks.
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(1) We repeat that the constants in the theorems depend only on the dimension
g. In particular, they are independent of the characteristic of k. As will be
clear from the proof, they are also effectively computable.

(2) Note added in proof: The complete list of d such that J; has an elliptic
factor over Q appears in [Kob78]. The analogous list for the fields F, was
computed by I. Barreintos, C. Jewell, and T. Occhipinti, three students at
the University of Arizona. The two lists are identical and the largest integer
appearing on them is d = 60.

(3) Theorem 3.2 is already known in a more precise quantitative form by re-
sults of Aoki [Aok91], building on work of Koblitz, Rohrlich, and Shioda.
Theorem 3.3 may be known to experts but to my knowledge is not in the
literature. We will give a very simple proof of Theorem 3.3 for k finite and
use this to deduce the general case and Theorem 3.2.

(4) It is proven in [TS67], and by a different method in [Ulm07], that over a field
of characteristic p, the multiplicity with which a supersingular elliptic curve
appears in Jg is unbounded as d varies. Thus the last part of Theorem 3.3
would be false without the hypothesis of positive p-rank. It is not clear what
to expect for abelian varieties with p-rank zero which are not k-isogenous
to a product of supersingular elliptic curves.

The proofs of the theorems will be given in rest of this section.

3.5. If d < d is a divisor of d, then there is a canonical surjective morphism
Fy— Fy (2 — 1:;.1/ d/) which (because Fy — Fy is totally ramified at some place)
induces an injection of Jacobians Jy <— Jg. We define the old part ngd to be the
abelian subvariety of J; generated by the images of the morphisms Jy < Jy as d’
varies through proper divisors of d and we define the new part J}V of J4 to be the
abelian variety over k (well-defined only up to k-isogeny) such that Jy is isogenous
to JEeW x J9M. Tt is not hard to check, for example by using the zeta function
calculation mentioned in 3.8 below, that Jg is isogenous to [[ 4 /3"

Theorem 3.2 therefore follows from the statement that there is a constant Cy
depending only on g such that no abelian variety A of dimension < ¢ appears
in J3°V for any d > Cy. Theorem 3.3 follows from the same statement with the
additional hypotheses that A has positive p-rank and d is not divisible by p.

3.6. Given a field k, let I be its prime field and kg be the algebraic closure of F in k.
Then ko is a perfect field and so the extension k/kq is regular. The Fermat Jacobian
Jq and its new part J3°V are defined over I and so if A is an abelian variety over
k which appears in J;°V X k then there is an abelian variety Ay defined over kg
which appears in J3°% xp ko and with Ay Xz, k = A. (This is an old result of Chow
which has been given a detailed modern treatment by Conrad, see [Con06, 3.21].)
Moreover, the abelian variety Ay and the morphism Aq — J3°¥ are both defined
over some finite extension of F. Thus it will suffice to prove the existence of the
constants Cy mentioned at the end of Subsection 3.5 (depending only on g, not on
k) for the cases when k is a number field or a finite field.

3.7. Let k be F,, the subfield of F, = O@/p with ¢ elements. A Weil g-integer of
weight 1 is an algebraic integer av whose absolute value in every complex embedding
is ¢'/2. For the rest of this section we will call these simply Weil numbers.
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Honda-Tate theory [Tat68] says that F,-isogeny classes of Fy-simple abelian va-
rieties are in bijection with Gal(Q/Q) orbits of Weil numbers. If A corresponds to
a, then £ = Endr, (4) ® Q is a central simple algebra over Q(«) whose invariants
in the Brauer group of Q(«a) can be calculated in terms of the decomposition of
p in Q(a). The dimension of A is (1/2)[E : Q(a)]'/?[Q(c) : Q] and the eigenval-
ues of Frobenius on H'(A x F,, Q) are the conjugates of «, each appearing with
multiplicity [E : Q(«)]'/2. The p-rank of A is equal to the number of eigenvalues
of Frobenius which are units at p and so A has positive p-rank if and only if some
conjugate of o is a unit at p.

If C'is a curve of genus g over F,; and the Z-function of C is

Hfil(l —a;T)
(1-T)(1—qT)

then the Weil numbers of the F,-simple factors of the Jacobian J of C are pre-
cisely the «;. The multiplicity of «; in the numerator is the multiplicity of the
corresponding A in J up to F-isogeny times [E4 : Q(a)]'/2.

3.8. Given a positive integer d and a prime power ¢ such that ¢ = 1 (mod d) we
consider the Fermat curve Fy over Fy. By a theorem of Weil [Weid9], the Z-function
of Fy over Fy is

[Laca,, (1 = Jo(a)T)
(1-T)(1—4qT)
where A;; was defined in Subsection 2.3.

It is clear from Weil’s computation of the Z-function that the Weil numbers of
J3eW are precisely the J;(a) as a runs through

11 =1{a=(ao,a1,a2) € Ag1|ged(d, ag, a1, az) = 1}.

3.9. The case of finite fields. We assume k& = I, and that A is an abelian variety
over k which has positive p-rank and dimension < g and appears in J}*V. In this
case, the Weil numbers of A are among the Weil numbers of J3*V. Extending k if
necessary, we may assume that d|(¢ — 1) and so the Weil numbers of J}V are the
Jacobi sums J,(a) where a € A} ;. By the results recalled in Subsections 3.7 and 3.8
it follows that some J,(a) has degree < 2g over Q and is a unit at the prime p. This
implies that d is < Cy, where Cy, is the constant appearing in Theorem 2.4(2) for
n = 2g. Therefore no abelian variety of positive p-rank and dimension < g appears
in J3®V for large d and this establishes Theorem 3.3 for finite fields. The argument
in Subsection 3.6 shows that the theorem also holds for arbitrary fields of positive
characteristic.

3.10. The case of number fields. Suppose that A is an abelian variety of di-
mension < g defined over a number field k. Suppose that d is larger than the
constant C(g) = Cy, appearing in Theorem 3.3 and that A appears in J;°V. Then
for every prime @ of k where A has good reduction, by Theorem 3.3 the reduction
A x [, has p-rank 0. This would violate the following result, which appears in
[Ogu82, 2.7.1]:

3.10.1. Lemma. (Katz) If A is an abelian variety over a number field k, then for
infinitely many primes of k, the reduction of A has positive p-rank.
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For the convenience of the reader, we sketch the proof of the lemma. Choose
a prime /¢ larger than 2g. Let L be a finite extension of k such that Gal(Q/L)
acts trivially on the ¢-torsion of A. If p is a prime of L over the rational prime p
where the reduction of A has p-rank zero, then the trace of the Frobenius at g on
H'(Axk,Qy) is an integer = 0 (mod p) and < 2g(N p)*/2. If p has absolute degree
1 over Q (i.e., Np = p), and /p > 2¢g then we see that the trace must be zero. On
the other hand, since Gal(Q/L) acts trivially on /-torsion, the trace must be = 2g
(mod £). Since £ > 2g this is impossible. The conclusion is that the reduction of A
at a prime of absolute degree one over a large p must have positive p-rank. Such
primes have density one in L and the primes under them in k are an infinite set
satisfying the conclusion of the lemma.

We note that a stronger version of this result for abelian varieties over Q is
proven in [BG97, Prop. 5.1].

The lemma completes the proof of Theorem 3.2 for number fields and, as ex-
plained in Subsection 3.6, therefore also for arbitrary fields of characteristic zero.

4. ISOTRIVIAL ABELIAN VARIETIES WITH BOUNDED RANKS IN Z OR Z(p)—TOWERS

4.1. In the rest of the paper we will give examples of abelian varieties with bounded
ranks in towers of function fields over various fields k. Before doing so, let us
dispense with a trivial situation: if A is an abelian variety over k(t) with good
reduction away from 0 and co and at worst tame ramification at 0 and co, then for
any d prime to the characteristic of k, the degree of the conductor of A over k(t/?)
is bounded independently of d. Geometric rank bounds then show that the rank of
A over k(t'/4) is also bounded independently of d. Therefore it is only interesting
to consider situations where the degree of the conductor grows in the tower under
consideration. All our examples below are of this type.

4.2. We review some well-known facts about constant and isotrivial abelian vari-
eties. Let k be any field, let L be the function field of a geometrically irreducible
curve C smooth and proper over Speck, and let J be the Jacobian of C. Let Ag
be an abelian variety over k and let A = Ay Xj L. Then it is clear that A(L),
the group of L-rational points of A, is canonically isomorphic to Morg(C, Ap), the
group of k-scheme morphisms from C to Ag. Moreover, we have an exact sequence

0— Ao(k) — MOI’k (C, Ao) — Homk_av(J, Ao)

where a k point of Ay is sent to the constant map with that value and a morphism
from C to Ay is sent to the homomorphism of abelian varieties induced by Albanese
functoriality. If C has a k-rational divisor of degree 1 (for example if k is finite)
then the last map above is surjective. If k is finitely generated over its prime field,
then by the Lang-Néron theorem, Ag(k) is finitely generated. (See [Con06] for a
modern treatment of the Lang-Néron theorem.) For any k, Homyg_,, (J, Ag) is finitely
generated and torsion free. If Ay is k-simple, then the rank of Homy . (J, Ag) is
equal to the rank of the endomorphism ring of Ag times the multiplicity with which
Ap appears in J up to k-isogeny.

4.3. Continuing with the notation of the last subsection, suppose that C is hyper-
elliptic, i.e., we are given a degree 2 morphism C — P!. Let A’ be the twist of
A = Ap X, k(t) by the quadratic extension L/k(t). Since there are no non-constant
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morphisms from P! to an abelian variety, we have A(k(t)) = Ag(k). Since

A(L) ® Q= (Ak(t) © Q) D (A (k(t) © Q)
we conclude that A’(k(t)) has finite rank, bounded above by
(4.3.1) dimg A'(k(t)) ® Q = dimg Homy,_ay(J, Ag) ® Q = Ranky Homy,_ay (J, Ao)

with equality when C has a k-rational divisor of degree 1.

4.4. We can now apply the rank formula above and our results about Fermat
Jacobians to give examples of bounded ranks in towers. Let K; = k(¢) and for
every positive integer d not divisible by the characteristic of k, let K4 = k(¢t'/%). If
the characteristic of k is not 2, let L1 = k(u) with u? =t — 1; if the characteristic of
kis 2, let Ly = k(u) with u? + u = t. For all d prime to the characteristic of k, let
Ly = L1 K4 = k(t"/? u). Note that Ly is the function field of a hyperelliptic curve
Cy over k. Using ideas analogous to [Ulm07, §6], one checks easily that there is a
totally ramified, surjective morphism from a Fermat curve F,, — C4; here n = 2d
if the characteristic of k is not 2 and n = d if the characteristic of k is 2. It follows
that the Jacobian of Cj is an isogeny factor of J,. Applying the rank formula 4.3.1
and Theorems 3.2 and 3.3 we have the following.

4.5. Theorem. Let k be a field and Ag an abelian variety over k. If the charac-
teristic of k is p > 0, assume that Ay is isogenous to a product of k-simple abelian
varieties each with positive p-rank. Let A = Axk(t) and let A’ be the twist of A by
the quadratic extension k(u)/k(t) where u satisfies u> =t — 1 if the characteristic
of k is not 2 and u® +u = t if the characteristic of k is 2. Then the rank of the
Mordell-Weil group A'(k(t'/4)) is bounded as d varies through all positive integers
relatively prime to the characteristic of k.

5. NON-ISOTRIVIAL ELLIPTIC CURVES WITH BOUNDED RANKS IN Z,-TOWERS

5.1. For examples of non-isotrivial elliptic curves with bounded ranks in Z;, exten-
sions, we consider the curve F discussed in [Ulm02] with affine equation

v Aoy =a —t
over [F,(¢).

5.2. Theorem. Given p let S be the set of primes £ > 3 such that p =1 (mod ¢).
If d is a product of powers of primes from S, then the rank of E(Fp(tl/d)) is zero.

The proof of the theorem will will be given in the rest of this section.

5.3. We use the notation of Subsection 2.3 on Jacobi sums. Given p, d prime to p,
and a = (ag,...,a3) € Ag 2, we say that a is “supersingular” (some authors would
say “pure”) if for one (and thus every) ¢ = p/ =1 (mod d) and all s € (Z/dZ)*

we have
3 /-1 i
DA HEEL
i=0 j=0
If a is supersingular, then for every prime p of Q(uq) over p, the valuation ord, J,(a)

is f and this implies that J,(a) is a root of unity times ¢; this is the motivation for
the terminology “supersingular”.
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5.4. By [Ulm02, 6.4 and 7.7], if (d, 6p) = 1, then the rank of E(F,(t'/9)) is equal to
the number of elements ¢ € Z/dZ\ {0} such that a = (¢, —6t, 2t, 3t) is supersingular.
We are going to show that for suitable d there are no supersingular a of this form by
using a descending induction based on the following elementary identity. Suppose
that a € Z/dZ, { is a prime such that ¢?|d and ¢ fa. Let H be the cyclic subgroup
of (Z/dZ)* generated by 1+ d/¢. Then we have

S =aw)+

It follows that if a = (ag,...,a3) € Aa2, ?|d, £ ) a; for all i, and if a is
supersingular, then its image in Ay, is also supersingular. Indeed, we have

2fe:§g§<s éai>:gg<7§)‘?>+zm—1)

and similarly if a is replaced by ta with t € (Z/dZ)*.

5.5. We can now prove the theorem. Suppose given p and d which is a product
of primes in S. If the rank of E(F,(t'/%)) were positive, then we would have a
t € Z/dZ such that a = (¢, —6t, 2t, 3t) is supersingular. Without loss of generality
we may assume that ¢t € (Z/dZ)* and then that a = (1,—6,2,3). Applying the
observation of the previous subsection repeatedly, we may “reduce the level” and
find a d’ which is a product of distinct primes from S such that (1,—-6,2,3) € Ay o
is supersingular. But for such a d’ we have f = 1, i.e.,, p =1 (mod d’') and with
this one easily checks that

f-1 /

DACHEICIEES

and so we arrive at a contradiction to the assumption that E(F,(¢'/9)) has positive
rank. This completes the proof of the Theorem.

5.6. The theorem shows that for any prime p such that p — 1 is not a power of
2 times a power of 3, there is an elliptic curve over F,(¢) with bounded rank in a
Zy tower T, (tY/ ") for suitable £. We will prove a stronger result for certain small
p not of this type (namely p = 2,3,5,7) in the next section and so it seems likely
that this kind of statement holds for all p.

In the same direction, it seems quite likely that a more refined analysis would
show that given p, and for E as above, the rank of E(F,(t!/%)) is bounded as d runs
through all integers which are products of powers of primes ¢ such that no power
of p is congruent to —1 modulo #.

Generalizing in another direction, a geometric analysis as in [Ulm02, §5] applied
to the curves in [Ulm07, §7] might allow one to prove a version of Theorem 5.2 for
higher dimensional abelian varieties.

Finally, we note that it is not hard to deduce from Theorem 5.2 that the curve
defined over Q(t) by the equation 3> 4+ zy = 2° — t has bounded rank over Q(t*/4)
as d ranges over all positive integers. We omit the details since similar results were
shown by Shioda [Shi86, Cor. 9] using closely related techniques.
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6. NON-ISOTRIVIAL ELLIPTIC CURVES WITH BOUNDED RANKS IN Z(p)—TOWERS

6.1. We will use completely different techniques, unrelated to Fermat varieties, to
give a few examples of non-isotrivial elliptic curves with bounded ranks in towers
F,(t'/9) as d ranges over all integers prime to p.

6.2. Theorem. Ifp € {2,3,5,7,11} then there exists an elliptic curve E over F,(t)
with j(E) € F, such that the rank of E(F,(t'/%)) is zero for all positive integers d
prime to p.

The proof of the theorem, which uses ideas from [Ulm91], will be given in the
rest of this section.

6.3. Given an elliptic curve E over F,(t) with j(E) ¢ F,, choose a non-zero invari-
ant differential w on E and let A = A(F,w) and A = A(E,w) be the discriminant
and Hasse invariant of F; the definition of the latter is reviewed in [Ulm91, §2].
Our assumptions imply that A and A are non-zero elements of I, ().

Consider the following conditions on E:

e F has good or multiplicative reduction at t = 0 and ¢t = oo.

e At every finite non-zero place of F,(¢), E obtains good reduction over a
tamely ramified extension.

e At every finite non-zero place v of Fy,(¢), we have

ordy(A4) ordy(A) - 1
p—1 12 p

Note that the third condition is automatic at places where E has good ordinary
reduction, in particular at places where A and A are units. Note also that if
F satisfies these conditions then it continues to satisfy them over the extensions
]Fq(tl/d) for any power ¢ of p and any d prime to p.

6.4. It follows from [Ulm91, Section 3 and the first sentence of Section 6] that
an elliptic curve over I, (t) satisfying the conditions of the previous subsection has
rank 0 or 1 over any extension K = F,(¢}/). To see this, we consider the Frobenius
and Verschiebung isogenies

E Fr E(p) 1% E

whose composition is multiplication by p. Section 3 of [Ulm91] computes the Selmer
groups for Fr and V in terms of the reduction types of E, A, and A. Under the
conditions of the previous subsection, the results are that Sel(K, V') = 0; Sel(K, F'r)
is zero if E has good reduction at 0 or co; and Sel(K, F'r) has order p if E has
multiplicative reduction at both 0 and co.

We have an exact sequence

EW(K) — Sel(K, Fr) — Sel(K, p) — Sel(K, V)

and so the Selmer group for p is either trivial or of order p. In the examples we
give below, when Sel(K, Fr) is non-trivial, there is a point of order p in E®) (K)
mapping to a generator of Sel(K, F'r) and so Sel(K,p) = 0 and E(K) has rank 0.
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6.5. We now give explicit examples of elliptic curves satisfying our conditions.
Suppose p = 2 and let E be defined by

v+ (t—Day + (t—1)°y = 2°.

fw=dr/(t—1z+(t—1)2),then A= (t—1), A=¢t(t—1)% and j = (t—1)*/t.
Standard methods show that E has good, ordinary reduction away from 0, 1, and oo;
that E has multiplicative reduction at 0 and oo; and that at ¢t = 1, E obtains good
reduction over an extension with ramification index 3 and the inequality involving
A and A is satisfied. The point (z,y) = ((t — 1), (t — 1)?) on E? has order 2 and
maps non-trivially to Sel(K, Fr) and so Sel(K,2) = 0 for all K = F,(t}/4).

If p =3, let E be defined by

y? = a3+ (t—1)% +t(t — 1),

If w=dz/2y, then A= (t—1)%, A = —t3(t — 1)?, and j = — (¢ — 1)3/t2. Standard

methods show that E has good, ordinary reduction away from 0, 1, and oo; that

E has multiplicative reduction at 0 and oco; and that at ¢ = 1, E obtains good

reduction over an extension with ramification index 4 and the inequality involving

A and A is satisfied. The points (z,y) = (t2(t —1)*, +t>(t —1)%) on E®) have order

3 and map non-trivially to Sel(X, Fr) and so Sel(K,3) = 0 for all K = F,(t}/%).
If p =5, let E be defined by

y? =2+ 3t — D'+ (t+1)(t —1)°.

If w = dz/2y, then A = (t —1)*, A = 2t(t — 1)!° and j = (¢t — 1)?/2¢t. Standard
methods show that E has good, ordinary reduction away from 0, 1, and oo; that
FE has multiplicative reduction at 0 and oo; and that at t = 1, E obtains good
reduction over an extension with ramification index 6 and the inequality involving
A and A is satisfied. The points with z coordinate 2(t — 1)8(t? £ 2t — 1) on E(®
have order 5 and map non-trivially to Sel(K, Fr) and so Sel(K,5) = 0 for all
K =T, (t/9).
If p=7,let E be defined by

v =24+ (t—1)(t+1)3 +5(t — 1)(t + 1),

If w=dz/2y, then A = (t —1)(t+1)5 A =2(t—1)>%t+1)% and j = 4(t — 1).
Standard methods show that F has good, ordinary reduction away from 41 and oo;
that E has multiplicative reduction at co; that at ¢ = 1, E obtains good reduction
over an extension with ramification index 6 and the inequality involving A and A
is satisfied; and that at t = —1, E obtains good reduction over an extension with
ramification index 4 and the inequality involving A and A is satisfied. It follows
that Sel(K,7) = 0 for all K = F,(t'/9).
If p =11, let E be defined by

y? =22 +8(t - 1)(t+ 1)z +2(t—1)(t+1)°.

If w=dzx/2y, then A = (t —1)?(t+1)% A=9(t—-1)2(t+1)% and j = 5(t — 1).
Standard methods show that E has good, ordinary reduction away from £1 and oo;
that F has multiplicative reduction at oo; that at ¢ = 1, F obtains good reduction
over an extension with ramification index 6 and the inequality involving A and A
is satisfied; and that at t = —1, E obtains good reduction over an extension with
ramification index 4 and the inequality involving A and A is satisfied. It follows
that Sel(K,11) = 0 for all K = F,(t'/%).
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6.6. The theory of modular forms modulo p suggests that the strategy employed in
this section will not work for large p. Nevertheless, I conjecture that for all p there
are elliptic curves (indeed, absolutely simple abelian varieties of any dimension)
over IF,,(t) which have bounded Mordell-Weil ranks in the tower F,(t1/4).
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