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Abstract

Rigorously derived as a consequence of the Schwinger-Dyson Equation in the setting of the Unitary
Ensemble (Ercolani and McLaughlin in [EMOT]), the loop equations give a recursive way of deriving
coefficients in the loop expansion of the Cauchy transform of the one-point function. The loop expansion
is related to another fundamental expansion called the genus expansion which enumerates labeled maps
embedded on Riemann surfaces (conjectured in [BIZ80] and proven by [EMO03]). Therefore, generating
functions for certain families of labeled maps can be explicitly calculated by taking derivatives of the
loop expansion coefficients. A derivation of the leading order in this recursion can be done by studying
convergence of integrals with respect to eigenvalue densities [Joh98].

In this paper we derive the loop equations following the approach indicated above and then apply
this method to analytically verify two generating function formulas appearing in the literature [Fra06].
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1 Background and motivation

1.1 Introduction

A graph is a collection of vertices, edges, and incidence relations, with loops and multi-edges allowed, taken
to be connected unless stated otherwise. The degree of a vertex is the number of edges incident to the vertex.
A vertex of degree k or graph in which every vertex is of degree k is called k-valent.

A map is a graph which is topologically embedded into a Riemann surface so that the (images of the)
edges do not intersect and dissecting the surface along the edges decomposes it into a union of open cells,
called the faces of the map [EMO03]. Equivalently, a map is the 1-skeleton in a 2-dimensional cell complex of
a Riemann surface [Hat02]. By Riemann surface we mean a compact connected complex-analytic manifold
of complex dimension one, but only up to orientation-preserving topological isomorphism (homeomorphism)
[LZ04]. More simply put, a Riemann surface is a compact, connected, oriented topological 2-manifold as
this is the only structure preserved by the isomorphism described above. Two maps are isomorphic if there
exists an orientation-preserving homeomorphism from one surface to the other so that the restriction of the
homeomorphism to the graph is a graph isomorphism.

Our interest is in enumerating maps. We do this by studying the coefficients in an asymptotic expansion
of the logarithm of the partition function Zy for certain families of random matrices,
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In particular, we are interested in calculating explicit formulae for these coefficients e4(t) and their derivatives,
which can be interpreted as generating functions for certain families of labeled maps.

1.2 The Wick calculus

In this section we demonstrate how matrix integrals can be interpreted as enumerating labeled maps.
The Gaussian Unitary Ensemble (GUE) is the collection of Hermitian N x N matrices with measure
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where dM is the product of the Lebesgue measures on the entries. This is a Gaussian measure ([EMO03] p.
758) so the following formula holds for expectations with respect to it:

Lemma 1.1 (Wick Formula). For linear functions l; on RY,

<l1l2 to le> = Z <l7’1 lé‘1> <l?”2182> T <l"'klgk>

where (-} denotes expectation with respect to a Gaussian measure and the sum is taken over all (2k — 1)!!
Wick couplings of 1,2,...,2k. A Wick coupling is an ordering of r1,79,...,7k,S1,82,...,8k So that ry <
ro < ...< Tk and S; > 1;.

Each entry of a GUE matrix is a linear function and expectations of pairs of these random variables can
be computed in the following way:

Lemma 1.2.
(M M) = 0410

Proof. If i = | and j = k then by the Hermitian structure of M and marginal density %67(9”2*742) of an
off-diagonal entry x + iy,
(MijMji) = (MijMji)
(IM35[%)
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but if 4 # [ or j # k then M;; and My, are independent random variables with mean 0 so
(Mij Myi) = (Mij) (M) = 0.
O

We first use the Wick calculus in a small, but important, example. The trace of M* is written in
coordinates tr(M4) = vaj e.1—1 Mij M My My; and the Wick formula applied to each term in the summand:
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The chains of equal indices given by the products of delta functions determine the power of N contributed
by each term: i = k, j = j, and [ = [ from the first term, i = [ = k = j from the second, and so on. Because
each index appears exactly twice, each chain is a closed cycle. These cycles are fundamental to what follows,
as are the pairs of matrices in the second line of the calculation. A term in the sum is a positive contribution
if and only if each of the pairs of matrix entries is nonzero, if and only if the indices match as in Lemma 1.2.

The terms that give a nonzero contribution can be represented in the following graphical way: draw a
vertex with four ribbon-darts coming out of it and label these ribbon-darts cyclically to correspond to the

four matrix entries M;;, My, My, and M;; on which every term depends:

The outgoing edge of each ribbon corresponds to the first subscript in the matrix entry and the incoming
edge to the second (e.g. M;; corresponds to the ribbon-dart on the right with outgoing ¢ and incoming j).
Now connect ribbon-darts with ribbons (no twisting of ribbons is allowed, but overlapping is): the three
ways it can be done are



Figure 1: 4-valent 1-vertex ribbon diagrams

Such figures are called ribbon diagrams. The cycles of equal indices arising from the Wick calculations
(e.g. i =k, j=7j,and | =1 from the first term, ¢ = [ = k = j from the second) appear in ribbon diagrams
as sequences of edges following arrows and connecting into closed loops. Since each index appears exactly
twice (as an outgoing and as an incoming edge) again the chains are seen to be closed.

1.3 Ribbon diagrams, diagrams, and maps
A diagram on n vertices has the following parts:

1. n vertices, labeled by numbers 1,2,...,n, with vertex o of prescribed valence k,;

2. a labeling of the edges incident to vertex o by letters z‘ﬁ”), z‘é“’, e ,i,(ci) (this order corresponds to the
cyclic clockwise order of the edges around the vertex); and

3. a partitioning of the labeled edges into pairs.

Diagrams are in bijection with ribbon diagrams by relating each ribbon to an edge, with the edge labeled
by the letter on the outgoing edge of the corresponding ribbon.

We claim that a diagram is a labeled map, i.e. that it can be embedded into a Riemann surface as a map
(in the case of a disconnected diagram, it is embedded into a disjoint collection of Riemann surfaces, one for
each connected component). In order to work with this structure, we declare an isomorphism of diagrams
to be an isomorphism of maps that preserves the labelings.

Lemma 1.3. A connected ribbon diagram has a natural embedding into a connected, compact, oriented
surface in such a way that dissecting the diagram along the edges decomposes the surface into a union of
open cells.



Proof. View the diagram as a 2-dimensional cell complex: for 0-cells take the vertices and for 1-cells the edges,
and attach them using the boundary relations of each edge connecting its two vertices (with multiplicity).
For 2-cells take a collection of open disks, one for each cycle in the diagram. The cycles give the gluing maps
for attaching each 2-cell to the complex: the boundary of a face is precisely the sequence of edges it gets
glued to, which form a simple closed loop (cycle). When all the faces have been attached, the cell complex is
now a closed surface (if it had a boundary, then there would be another cycle of edges, and therefore another
2-cell to attach). Compactness follows because finitely many cells were used. The surface is oriented because
every ribbon diagram may be laid flat in the plane (with possibly some ribbons overlapping, e.g. Figure 1)
and the faces oriented consistently by taking the induced orientation in the plane. O

Each connected component of a (ribbon) diagram is therefore a labeled map. If there is only one com-
ponent call the diagram a g-map and if more than one a g-diagram. In the latter case, g is determined by
the additivity of the Euler characteristic across disjoint unions.

1.4 The Unitary Ensemble

In order to precisely state the asymptotic expansion whose coefficients enumerate g-maps, we must briefly
introduce certain aspects of the Unitary Ensemble, and we include others which will be used throughout the
paper. The Unitary Ensemble with large parameter N consists of n x n Hermitian matrices with measure
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where dM is the product of the Lebesgue measures on the matrix entries, the potential is

e~ N tr(Ve(M) gpr

Ve(z) =V(x) = %xQ + thxj, (1)

for v even and t = (t1,t2,...,t,) € T(T,7y) = {t ERY: |t| <T,t, > 725;11 |tj|} and partition function

Zpyn(t) = Zyn = / e~ N (MD) gpy, (2)
For statistical questions of only the eigenvalues, the probability density on eigenvalues is useful:
1 n
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with partition function
S,N = Z’Z,N(t) :/e_NE;L:1 V(M)Hp\i _)\j|2dn)\ (4)
i<j
The mean density of eigenvalues, also called the 1-point function,
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is a special case of the k-point function for any 1 < k < n:

1 n )
pn,N(Ala---a)\k) = Ze /efNZi:1 V()\z)H‘/\i *)\j‘szk-H cedAp. (5)
n,N i<j

The equilibrium measure (properly, its density) is the large n, N limit of the mean density of eigenvalues:

A) = li A 6
Y(A) n,NHoLI,%/Nﬂp”’N( ) (6)
for a.e. A € supp(¢)). Under our conditions on the potential, called the one-cut assumption, supp(¢)) = [a, b].
For purely even potentials, a = —b. The density ¢ (\) is continuous on R. The existence of the limit (6)
and its properties are shown through analysis of a variational problem for the equilibrium measure [Dei00],
[Joh98].



1.5 The genus expansion

That matrix integrals enumerate g-diagrams was seen by Bessis, Itzykson, and Zuber [BIZ80]. Extending
the calculations to <(7tﬁ4 tr(M 4))n> for arbitrary n, they saw that this enumerated the n-vertex diagrams.

Expanding the exponential in the integrand of Znlts) — <e_%tr(M 4)> and integrating term-by-term, they

Zn(0) T
calculated for the potential with t = (0,0,0,¢4,0,...) that
Zn(t 1 ta\"
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viewing the partition function as a formal generating function for these diagrams. The expansion is certainly
formal; one must consider whether the term-by-term integration yields a convergent series on the right-hand
side and if so, whether the result is equal to the well-defined left-hand side.

The exponential formula exchanges the generating function of possibly disconnected g-diagrams for its
logarithm, a generating function of only connected g-diagrams (g-maps):

Zn(ta)
g ( Zn(0)

1
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n>0
Formally resumming to order the count by genus, the result is the genus expansion:
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where the interpretation of the coefficients is that (—1)"%%(0) = # {4-valent n-vertex g-maps}.

The following two theorems are the precise statements by Ercolani and McLaughlin that make rigorous
sense of these calculations:

Theorem 1.4 ([EMO03] Theorem 1.1). There is T > 0, v > 0, and No > 0 so that for t € T(T,~) and
N > Ny, the N — oo asymptotic expansion

Zv®) _ o 1
’ <ZN(0)> = Neolt) +ealt) + ggea(t) + -

holds true. The meaning of this expansion is: if terms up to order N=2¥ are kept, the error term is bounded
by CN—2+=2 where the constant C is independent of t for all t € T(T,~). For each j, the function e;(t) is
an analytic function of the (complex) vector t in a neighborhood of 0. Moreover, the asymptotic expansion
of the derivatives of log(Zy) may be calculated via term-by-term differentiation of the above series.

Theorem 1.5 ([EMO03] Theorem 1.3). The coefficients in the asymptotic expansion of the preceeding theorem
satisfy the following relations. Let g be a mon-negative integer. Then

1 n n
ot ot = 3 e ()" (<) Ry ()

l.oon,!
n;>1 v

in which each of the coefficients kg(ni,...,n,) is the number of g-maps with n; j-valent vertices for j =

1,...,v.

For example, the generating function for 4-valent 0-maps with one 1-valent vertex is extracted by taking
t = (¢1,0,0,%4,0,...) and calculating

. 1 Zn(t1,ta)
60(t1, t4) = ngnoo ﬁ IOg (ZEV(O) nd

We will develop a recursive scheme (the loop equations) for calculating such functions explicitly and use
it to lay a foundation for enumeration of unlabeled planar maps and the study of geometric features like the
geodesic distance between two marked points on a graph.

0
—67160(1?171?4)

t1=0



1.6 A combinatorial enumeration of unlabeled planar maps

Unlabeled objects are more fundamental than labeled objects, so it is desirable to be able to enumerate
unlabeled maps. A situation where this is possible is described in this section. Planar maps are those
embedded on the sphere. A leg is a 1-valent vertex. The geodesic distance of a 2-legged planar map is the
minimal number of edges that must be crossed by any path (on the surface) joining the two legs. Define M
to be the family of all 2-legged planar maps with fixed even valence and the two legs distinguished from one
another, incoming and outgoing, with the incoming leg always represented in the external (unbounded) face.
These maps admit a traditional combinatorial enumeration because M is in bijection with a family
of trees, which have a recursive structure that can be exploited to derive a generating function. Define
generating functions R for the family M and R,, for the subset of that family which has geodesic distance at
most n between the legs. Note that each of these must depend upon the valence of the maps to be considered.
The bijection, due to Schaeffer in his PhD thesis [Sch98], is an algorithm which breaks apart a map in
M into a blossom tree: a connected rooted tree whose leaves are decorated with a minimal labeling which
records information about how extraneous edges (not required for maintaining connectedness) of the map
were cut in the algorithm to obtain the tree. Here are the steps of the algorithm and its inverse [Fra06].

e Begin at the incoming leg and proceed around on the edges of the map counter-clockwise. At each
edge, determine whether the edge is necessary for connectedness. If so, leave it and move on to the
next edge. If not, cut it and label the half edge behind with a black leaf and the half edge in front
with a white leaf.

e Terminate when there is only one face and the graph is still connected. This is now by definition a
tree.

e Label the outgoing leg as the root and the incoming leg with a white leaf.

The inverse:

e Begin at any leaf on the tree and proceed on the edges counter-clockwise around the tree. If the present
leaf is black and immediately followed in this order by a white leaf, then join the black leaf to the white
leaf by an edge. Otherwise, do nothing and proceed to the next leaf.

e Repeat this procedure cyclically around the tree, joining pairs consisting of a black leaf immediately
followed by a white leaf together into edges, until all black leaves are exhausted.

e One unmatched white leaf will remain at this point, and it will be in the external face. Replace it by
an incoming leg. Replace the root by an outgoing leg.

For concreteness, we show a 4-valent map in this family and its associated blossom tree (images from [Fra06]).

Fi

As an example, we use this bijection to calculate R for 4-valent maps. The defining feature of 4-valent
blossom trees is that at each vertex there is exactly one black leaf; the other two descending branches are
subtrees (a white leaf is a subtree on zero vertices) which are also blossom trees. The environment of the
root, can then be decomposed in one of three ways:



Defining rj, = # {4-valent k-vertex blossom trees}, this gives the recurrence relation

k—1
Ty = 3 E TiTk—1—q-
1=0

We use this in the standard generating function calculation: let R(s4) = Zk>0 Tksfj. The parameter s, is
labeled to reflect the valence of the maps and that it is the coefficient of z* in the related potential. The
potential used by diFrancesco differs from the potential in this paper and the coeflicients are related by
ty = —%. Then

k—1
k k
g TSy = g 3 g TiThk—1—iS4

E>1 k>1 =0
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Z rksi =143 Z Z rirk_l_isi
k>0 k>1 =0
k—1
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E>1149=0
n
=1+ 3s4 Z Z TiTn—iSy
n>0i=0
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=14 3s4 Z TSy
n>0

=14+ 354R<S4)2.

The conclusion is a functional relation for the generating function: that R(ss) = 1+ 354R(s4)2.
A derivation in similar spirit gives closed formulas for the generating functions R,, [Fra06]. On page 72 is
a formula for Ry, the generating function for 2-legged 4-valent planar maps with both legs in the same face:
R(4 - R)

RO:R—34R3:f. (8)

1.7 Results and outline

The main results in this paper are the derivations of the loop equation hierarchy (Proposition 2.12) and an
explicit formula for the leading coefficient ]30 (Proposition 3.2), a demonstration of the connection between
the genus expansion and loop expansion, and the application of all this to calculate R and Ry in the case of
4-valent maps.

Section 2 is the proof of our first main result, beginning with the derivation of an identity for the resolvent
of a matrix. Applied in the setting of the Unitary Ensemble, the identity can be expressed in terms of the

Cauchy transform of the mean density of eigenvalues [ p"%f\)‘)d/\, which has a large N expansion called the

loop expansion (Theorem 2.11). Viewing the resolvent identity as an equation to be solved for f %%E\A)d)\
and inserting the expansion for this integral, we pull off coefficients at each order of N in the standard way,
obtaining a hierarchy of equations to be solved recursively for the coeflicients P, in the loop expansion.
Solving the leading order equation for 130 is equivalent to the problem of finding the leading order of
p"%/(\”d/\. Doing this in section 3 is our second main result, culminating in an explicit formula for this
function (Proposition 3.2). We prove this result using a change of variables trick and theorem about the
leading order behavior of integrals with respect to the mean density of eigenvalues due to Johansson in
[Joh98]. This gives a general formula for the desired function which we solve further under the one-cut
assumption using some basic complex and harmonic analysis.
Our third and fourth main results are in section 4: connecting the loop expansion to the genus expansion
and using this to calculate some key generating functions. The connection relies on the fact that both



expansions are differentiable term-by-term (and more fundamentally, on the fact that both expansions arise
as different modifications of the same expansion, see Appendix A); differentiating the genus expansion once
eliminates a normalizing constant so that both expansions are of the same fundamental object, a logarithmic
derivative of the partition function. Differentiating both expansions further give the derivatives of P, which
correspond to the desired derivatives of e,. By choosing specific potentials and derivatives, we use this
method to find formulas for R and Ry for comparison with the combinatorial calculations in section 1.6.

2 Derivation of the loop equations

In this section, we take the matrix size and large parameter to be the same: n = N.

2.1 Derivation of resolvent identity
2.1.1 Basic lemmas

The resolvent of a matrix M is defined by
G2, M) = (21 - M)~} (9)

for z € C such that the inverse matrix exists. The Green’s function of M is the complex-valued function
given by
g(z) = tr(G(z, M)) (10)

for z € C away from the spectrum of M. In particular, for Hermitian M all the eigenvalues are real so we
will take z to be bounded away from the real axis 3(z) > € > 0.

Lemma 2.1.

o)=Y =%

2

i=1

Proof. The proof is a simple calculation, relying on the diagonalization of M by unitary matrices: M = UAU'
for A the diagonal matrix of eigenvalues of M and U unitary with i*” column the eigenvector corresponding
to Ai.

The expectation of the Green’s function is the Cauchy transform of the one-point function.

Lemma 2.2.

ey =~ [ 280

Proof. The density of the eigenvalue measure, P(A) = %e‘N Zilo V) [Lic; A=A |2, is symmetric in the
eigenvalues, so that

N
1
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2.1.2 The identity

The first step towards the loop equations is a classical identity for the resolvent. We will develop the first
statement of the identity in two propositions.

Proposition 2.3.
(GriGj1) = N(GrV'(M)j;) .

Proof. Differentiating G(zI — M) = I with respect to the complex variable M;; we have

where E;; is the elementary matrix with 1 in the ij'" entry and 0’s elsewhere. Solve the last equality for the
desired derivative:

oG

the kl*" entry of which is % = G;Gj;. Averaging both sides with respect to the measure on the UE and
ij
integrating by parts we have the result:

(GG = 1 /3le —N (VM) g7 f

oM,
_ 1 9 N te(V(M))
T Zy /G’“aMij (e )dM
1
- / Gt (=N te(V/(M)E,)) e~ N =V M) g
_ N / G tr(V' (M) E;j)e N VD) gpp
ZN
N
== / G (V' (M) jie N VD) gy
N
= N (G V'(M);:)

Proposition 2.4.
((9(2))%) = (9(2))* = N (&x(GV'(M))) — (9(2))".

Proof. This follows from the first proposition: set ¢ = k and j = [ and sum over the remaining indices. On
the left-hand side, this sum clearly becomes a trace squared:

Z GrerG) = <; Gk ZG”>

k=11=1
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On the right-hand side we have

NY D (GuV' (M) =N
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Proposition 2.4 is the first form of the identity. The more useful form is this identity recast at the
eigenvalue level, in the spirit of Lemma 2.2, which takes care of the second and fourth terms. A similar
calculation transforms the third term:

N (tr(GV'(M))) = N*? / VA )d/\

In the first term, the trace is squared before integration, so that the end result depends on two eigenvalues
and what comes out of the calculation is the two-point function:

i /RN Z]z]ijl (Z 1>\i> (Z 1>\j) PE™A
L () mene g (5 ()

/\ PN (A1, A2)
_ N/ A N 1)/RZ GGy e

Since the loop expansion is of the one-point function, this term must be worked at harder to get it into the
correct form. This is the business of the vertex operator in the next section.
2.1.3 Vertex operator simplifications

The vertex operator is a formal sum of derivatives with respect to an infinite list of parameters ¢;, the first
v of which we take to be the same parameters that the potential depends on:

d =1 d
_ =@ 11
av sz dt;’ (11)

Jj=0

and we also define a finite truncation of this operator

dV(m B Z ZJ+1 dt ’

Proposition 2.5. For any m > v,
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The proof of this proposition will follow from the next three lemmas, working from the bottom equality

up to the top.

Lemma 2.6.

d (1 ~ 1 /1 ,
— | — — - J
y ( . logZN) = 2 pe e < tr (M )>.

j=1

Proof.

d
d (1 1 34N 1 .
log Zn | = — &4 = {( —— tr(M’
dt; (N2 8 N) N2 Zx < N )>

iZN :/ie*Ntr(Vt(M))dM: /ethr(Vf,(M))(_Ntr(Mj))dM.
di; dt;

since

Notice that the sum is now finite because Zy depends only on ¢; for j < v. In particular for all m > v

applying the truncated vertex operator yields exactly the same result.

Lemma 2.7.

<]1Vtr(Mj)> = //\ij(A)d)v

Proof. By the Spectral Theorem representation M = UAUT and conjugation invariance of the trace, tr(M7) =

Zilil A, Then

<trMJ> / /—trMJ NdA; - dAy
:%/.../Z,\ij()\)d)\l...d/\]v
iZ/ /AJP )dAy -+ - dAn
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Lemma 2.8. For large z with (z) > € >0 and any m > v,

/Z_()\)d)\ Z 7_‘_1//\1,01\, NdA + O(z 7(m+1))
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Proof. By the geometric series expansion of ﬁ for || < |z|, we have

m . m+1
PN A 1 Y i\T
j=0 z

1 j 1 A" Hpn(N)
=S /)\JpN(/\)d/\ o / R,
j=0 z
The error is order z~ (™1 by the following calculation:

m—+1
1 / A" N () d\

m—+1
1 / A PN(/\)d)\‘

Zm+2 1— % zmtl z—A
1 1
S\ omlle /)\”Hle()\)d)\‘
< cl 1
— z Zm+1

since |z — A| > §(z) > € > 0 for every A € R and where C = | [ A™!py(A)dA| is finite since moments of
eigenvalues with respect to an exponential measure are bounded. O

This completes the proof of Proposition 2.4. Applying the vertex operator a second time connects this
result to the resolvent identity by expressing the left-hand side as a derivative of the fundamental object

A
ex () gz,

Proposition 2.9.

(922) = 9l = 7 [ 25 r+ o), (14)

Proof. By a geometric series expansion of (z — M)~! we have

(o= = % / (br((z = M)™H) e N D gpy

1 1/ M\’ 1/ M\" Nt
_ = - (= - (= r(Vi(M)) (m+2)
. tr E z<z) tr g z(z) e dM + O(z )

7>0 k>0

1 .
= > W/tr(MJ)tr(Mk)e_Ntr(Vt(M))dM_|_O(z—(m+2))
0<j+k<m—1

L zﬁ%ﬁ (tr(M7) tr(M")) + Oz~ +2),

0<j+k<m-—1
Squaring the right representation of (g(z)) from Proposition 2.8 and subtracting we have:
2 1 ; ; _
(9(2)*) = (g(2))* = > T ((tr(M7) tr(M*)) — (tr(M7)) (tr(M*))) + O(z~(mF2).
0<j+k<m-—1
Calculating now from the right-hand side of (14), the result is proved.

d pn(A) o\ d 1 1 j —(m+1)
dv(m)/ = ;zm (M) ) + O(= )

- ¥ W%ﬁ(<tr(Mj)tr(Mk)>—<tr(Mj)><tr(Mk)>)+O(z_(m+2))
0<j+k<m-—1
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since

d < 1 (MJ)> d (f}vtr(Mi)e—NWt(M))dM)
dty, dty, [ e NeWVuM)gng
 Je NI GNL [ L tr(M7) (=N tr(MF)) e N VD) g
(J e~ N (VM) gar)?
[ & tr(MI)eNuWVeMIGAL [ (=N tr(MF)) e N (VM) gpr
(fe N tr(Vt(JW))dM)Q
= — (tr(M7) tr(M*)) + (tr(M7)) {tr(M*)).

The conclusion of this section is the resolvent identity in its nearly-final form:

dV/ /Z‘W”_NQ </ _(AA)dA> . (15)

where this equality is understood to mean that applying the truncated vertex operator at level m yields the
errors explicitly calculated above.

2.2 Large N asymptotics and the loop equations
2.2.1 Large N asymptotic results: the equilibrium measure

Theorem 2.10 ([EMO03]).

b+o
/ P gy / PN 5 £ 0N as N = oo,
oo A a—s Z—A

where [a,b] is the support of the equilibrium measure, § > 0, and c is a positive constant depending on ¢.

The essentially compact support of these integrals allows the second term in the resolvent identity,

J- OOOO V/(Az)fpj\vo‘d/\ to be rewritten with the functions in the integrand decoupled from one another by applying

Cauchy’s Integral Formula to re-write V() as an integral over a contour enclosing the interval and excluding
the point z.

oo ’ b+9d /7
[y VN

B L O S . 0 P WL O(e=<N)
/aa (wa—A >(i\)>\ +
me/a ( ) i + o)
=9 j{ /a M (\) (;‘i’”A - ;iﬁ) dAdw + O(e=N)
i y{/lﬂr& )(2_110) <wi) dMdw
il Vi(w) RN A ew
o (]{dew) </a—6 Z/\d)\> +O0(e™ )

_ 1 j{V'(W /W PN o + O(e=<N
= w e~ )

2mi J o z—w Jo_s w— A

— 00
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The final form of the resolvent identity is then

2
L[ V(w) [ py(N) 1 d (" pn(N) " pn (M) —en
i = N2 o vy, 1
9 Z*w/a_a wi)\d/\dw Neav )., zf)\d)\—i_ /a_(S zf)\d)\ +O(e™Y) (16)

2.2.2 Large N asymptotic results: the loop expansion
The loop expansion follows from a result in Ercolani and McLaughlin [EMO3].
Theorem 2.11. For each § > 0 there exists T > 0 and v > 0 so that for t € T(T,~), the expansion

b+4 0
PN (A) iy 1 5
‘/a—& ﬁd}\ ~ =TT e ﬁpg(z) (]‘7)

holds for z € C\ [a—6,b+d]. The coefficients depend analytically on z and t € T(T,~), and have convergent
Laurent expansions for z — oco. The asymptotic expansion may be differentiated term by term.

2.2.3 The loop equations hierarchy
Proposition 2.12. The leading order loop equation is

Y G A A O R O P

211 zZ—w

where the integral is taken over a simple closed counter-clockwise contour enclosing [a,b] and excluding z,
and for g > 1,

L Bya(s)~ 72 3 Py(2) Py (2) (18)

1 —inV/ (w) + 272 Py (w) ~ _
— P, dw = —imT—
271 % z—w g(w)dw de

These equations come from inserting the loop expansion into the resolvent identity (16) and pulling off
the coefficients of each order of N. For n > 1 the N~29 order terms yield

L%Mﬁ()d __~i13 (z) — 229213()}5 (2)
9 T Telwdw=—imoz Py (2) — 2 g (2)Py—g (2

and subtracting 2]30(2)?9(2) from both sides gives the final form in the proposition.

3 The leading order loop equation

3.1 A change of variables

Johansson’s derivation of the leading order fiﬂﬁo(z) of f pZNf(/\)‘)d)\ is applicable in a more general setting

than the rest of the orders can be known. Define the probability measure
zih = / 5 (s oxloimas|-N Ty Vile) gy (19)

Taking 8 = 2 reduces to the measure introduced in section 1.4 and gives the Unitary Ensemble, but the
measure is interesting to study for any 8 > 0, giving the eigenvalue distributions of the S-ensembles [DE02].

The first step is a trick common in quantum field theory: reparametrization invariance. The idea is to
make a change of variables depending on a small parameter, differentiate with respect to the parameter,
and set it equal to zero, yielding an identity called the variational formula. Make the change of variables

16



z; = yj+7¢(y;), where ¢ € C1(R) and ¢’ bounded from below, and > 0 is small enough that v¢'(y) > —1
for all y € R. Then

n
Ze,/JBV :/ e%(Zi# log lyi+vd(yi) —yi —vP(yi) =N 2270 V(yi+v9(yi)) H (14 ~¢' (1:))d™y.
n,
" =1

For relative brevity of notation, let

w(y) = fw(yh RV yn) — eg(zi# log |yi+')’¢(yi)*yj*7¢(yj)|71vZ?:o V(y7+7¢(yz)))

Then using this trick:

d
% log Zn N

LI | L o — sl e
= 6,7 [/Rn (9)2;\% y; +vo(yi) — ¢(yj)|£[1(1+7¢(yz))dy

+/ww(y)<—§NZV(yz+v¢yz >H1+7¢ yi))d"y
) i=1

=0

+/Rnw(y) (;cb’(yz)H(HW Yj) ) ]

J#

‘gb - )|n
/Rw 5 \yz | TR

[ i#]

+/n w(y) <_§szl(yi)¢(yi)> d"y
1=0

+ / nw<y>2¢'<yi>d y

Py
//' |y1_y‘ ‘pnN(ylayQ)dyldy2

= 5o [ Viotm)mmnti)dn +n [ ot

we obtain the variational formula:

// = t— (t’s)dtds—gnN/RV’(tW(t)pn,N(t)dHn/Rd(t)pn,N(t)dt:0_ (20)
Choose ¢(t) =
o= // - ;‘ ot ads = N/ T dt*”/ (e - )2pnN(t)dt
g // ijgE7 dtds2N/Z/_?Pn,1v(t)dt/&ivi])zdt
B Pn, (7 ﬁ V/(t) P, (t)
“znl // t—g(s—z dids + 5N Epn’N(t)dt_/ (t —Nz)2dt

Dividing both sides by £ (im)? we obtain
n—1 pnN( ) /V/ 2 1 /pnN(t)
_ _ = ’ . 21
0= T | | @t g ) w-ap Y
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Define the following functions:

Uniiz) = % / = (;) dt, (22)
Ton(z) = %/W%,N(t)dt, (23)

and 1 1
B ni/ i / < t—2)(s—z) 2(t—2)?2 2(s— z)2> kn N (t, s)dtds (24)

where kyn N (t,5) = npn n(t)pn,n(s) — (n — 1)pn.n(t,s). Expand and simplify K, y(z):

e [ [
sz | [ (== )pn,w)pn,N(s)dtds
n_l //( R P )pnN(t §)dids
- <i:>2/p?f(z)dt/p2fz n_l// LX) v
_ 2(;)2 (/ (f;n,_zvz(l)fl /pn,N(s)dsdH/ (”sivi)l /pmN( )dtds>
- 2n(;r)12 (/ (t - : 2)? / P (L s)dsdl + / ﬁ / pn,N(t,S)dtds)

:nUnNz // tp_n;\fiizdtds
o pnN(w n=1 [ pan(®)
(m) / TR <m>2/ t— 22"

n—l pn.N(t,8) 1 pn.N(t)
= n, — ’ t.
= nUn.n( // t—2z) s—zdds (277)2/(t—z)2d

Solving the resulting equation for the second term in this last line and substituting this in for the first term
in equation (21) we have

1 1 P, (1)
- K 2 s
0= ——Knn(2) +nUnn(2) . / = Z)th
1

N w _g P, ()
<G | e O = G [ G

1
- N (2) +nUn7N(z)2 — <1 +

)or [ 625

(i];])? / %Pn,z\z(t)dt_ (i]7:[)2vl(2) / p?’f(;)dﬁ (z’JZ)QVI(Z)/ pzvﬁ/(j)dt
L) b (14 2) L [ 2]
= n,N(2) +nUn N (2) <1+5> (m)z/(t z)?

Finally, divide through by n:

0= —— Ko (2) + Unn (2)? % (1 + 2) e / o) gy % n(2) + %V’@)Unw(z) (25)

n? (im)2 | (t—2)?

18



3.2 Leading order integral asymptotics

We will now study the asymptotics of the Borel transform of the one-point function through the following
theorem, a piece of one of the main results (Theorem 2.1, p. 156) in [Joh98].

Theorem 3.1. If the equilibrium measure 1 (y)dy exists, then for any continuous bounded function f on R”
we have

lim /f(y1,~-,yk)pn,zv(yu---,yk)dky=/ Fyi, -y () - lye)d™y.
n,N—oo,n/N—1 Jpk Rk

Taking the double limit as n, N — oo and £ — 1 in (25) and applying a truncation argument to the
polynomial in the integrand of T, y (details in Appendix B), we obtain

1 1
U(2)* + =V'(2)U(z) — =T(z) =0, (26)
im im
where U(z) and T'(z) are defined to be the limits of U, y(z) and T, n(z). The most important function to
come out of this limit is

: L[ 4(@)
U(z) = 1 U, = — dt. 27
(2) mN%og,Ivlz/Nal N(Z) T Jgpt—2z (27)
It is completely characterized by three things: it is analytic in C\ [a, b], it behaves like —i as z — 00 in

the first quadrant away from R, and it solves the quadratic equation (26).

3.3 Explicit formula for Py(z) = U(z)

The first step towards an explicit formula for U(z) is simply solving the quadratic equation:

U(z) = iV'(2) — \/4/2';52)2 - 47riT(z). (28)

Since U(z) is analytic away from the support [a,b] of the equilibrium measure, the square root on the
right-hand side must have its branch cut along [a,b]. Therefore \/—V’(2)2 — 4miT(z) can be written as
the product of an analytic function and \/z — av/z — b with square roots defined by the principal branch

Vo = /TwlesAT8W) for Arg(w) € (-, 7]. Write

U = V) = iq(zg;/mm
for some function ¢(z): |
q(2) V'(2) 2milU(z2) -

- Ve—avz—b z—aVz—0b
Proposition 3.2. If [a,b] = supp(y)), then

U(z) =

iV'(z) —iq(2)vVz —avz—b
2m

with q(z) a polynomial of degree v — 2 given by

()_L V' (w) dw
T =9ni | Vo —avw —bw— 2

for a simple closed contour traversed counter-clockwise and encircling [a,b] and z.

Corollary 3.3. If [a,b] = supp(v), the equilibrium measure is given by

P(x) = Lq(gc)\/:lc —ava —b X ().

2mi
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We will prove the proposition, but first require a result from harmonic analysis that gives the boundary
values of U(z) as z approaches the real axis perpendicularly. These are defined precisely for any complex-
analytic function f and = € R for which the limit exists as

fr(x) = lim f(x +ie).

e—0t

We will also need the Hilbert transform of the equilibrium measure:

Hy(z) = lp.v. Mdy.

- iy (30)

The boundary values of U(z) exist and are given by the following (see [Joh98] and [Dei00]).

Lemma 3.4. For all real x,
Us(z) = iH(x) £ (a).
Furthermore, for x € supp(v) we have

Proof of Proposition 3.2. We will show first that ¢(z) is an entire function, then that it is a polynomial, and
finally calculate its explicit formula. To show ¢(z) is entire, we apply the Schwarz Reflection Principle on
the domain C with line of symmetry the real axis. To show that ¢(z) is continuous across the real axis, we
will calculate the difference of boundary values for z € [a, b]:

04 (5) — _(z) = V'(z) +2miUs ()  V'(x) +2miU—(x)
(Vz—avr—b)+  (Vz—avz—b)-
_ V@) + (Vi) 4 2mig(w) | V@) + (V@) — 2mi(x))
(Vr—ave b (Vr—ave D)
_ 2 (x) — 2minp(x)
(Vo —ava —b);
=0

S0 ¢ is continuous across the entire real line. Therefore ¢ is entire.

To see that g is a polynomial, we first consider its large z behavior in the first quadrant away from the
real line. The asymptotics are that U(z) ~ —7= and first term on the right-hand side of ¢(z) goes like
2“: ~ 2”72 so we must have g(z) ~ 2”72, Therefore, there exists a constant M so that |q(z)| < M|z"72|

for z large enough. By analyticity, a Taylor series

> g

n!

n=0
for ¢(z) is valid in the whole plane. By Cauchy’s Integral Formula,
|
= M f 9w,
for |z| < R where the contour is a circle of radius R > 0 centered at the origin. Then for R large enough

n! MR”‘z2 R n!MRY—2
= ogrR=—

(n) <

which goes to 0 as R — oo if n > v — 2. Therefore |¢™)(0)| = 0 for n > v — 2, so ¢(z) is a polynomial:

v—2 (n) 0
o)=Y L~ ,( o
0 mn.
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Finally we calculate the explicit formula for this polynomial. By the balancing of asymptotics, ¢(z) must
be equal to the polynomial part of the first term in (29). Define:

H(z):= mm—HP( )+ Hi(z) (31)

where Hp(z) is the polynomial part of H(z) and Hy,(z) the Laurent part. Then ¢(z) = Hp(2) = Z;;g hjz,
where the coefficients h; are given by Cauchy’s formula

1 V' (w) dw
2mi ) Jw —avw — bwit!

with the contour a simple closed loop encircling [a,b] and z, so

hj =

dw
Z:27m%./ —a«/ bw3+1
_ V' (w) dw
211 Vw—avw—bw—2z
O
4 Explicit formulas for map generating functions
4.1 The genus expansion and loop expansion connected
Recall the genus expansion and the loop expansion, equations (7) and (17), respectively:
1 Zn(t) =1
~z o8 (ZN(O) ~ D wcet)
g=0
and
d 1 . 1 -~
g:
Since the vertex operator dv =— Z;io #ﬁj is composed of derivatives with respect to the ¢; parameters,
then
d ZN (t)
d 1 Zn(t) 1 av \Zy(0) 1 2 (Zn(t) d 1
— | =< log | =—== = — = = —— | =z log(Zn(t)) ),
dV \ N2 Zn(0) N2 % T N2 Zn(t) dV \ N2
N
which implies that
d = 1 =1 s
g=0 9=0

The meaning of this expansion is that if the vertex operator is truncated at level m, then the error in z is
O(z~(m*1) and if the sum is truncated at level k, then the error in N is O(N~2(k+1)),

4.2 Example: 2-legged 4-valent maps on the sphere

With potential Vi(2) = %2:2 +t12 +t42*, we use the correspondence to calculate the generating function for
2-legged 4-valent O-maps and compare it to R(s4) from section 1.6. It will be given by

d2

dtQ (t17t4)

t1=0
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Taking the leading order in N of (32) and truncating the vertex operator at level 2 to include derivatives
with respect to t; at most, we have:

11 d 1 d, .=~
ZQ 22 dtgeo(thtél) ;E(—ZF)Po(Z;tl,bl),

and therefore )

d _
pres eo(ty, ta) = im—~[2 |Po(z;t1, ta),

dt

where [2*] denotes the coefficient of 2* in a series expansion of the function in question. We use the formula
in Proposition 3.2 for Py(z) = U(z) to find [272] Py(2).

iV'(z) —iq(z)vVz —avz —b

U(z) =

2m
_ i <V’(z) - zq(Z)HH)

Since U(z) ~ R and zq(z) ~ 2”72, this polynomial must cancel the polynomial part of the fractional

expression. Writing the Laurent part of this fractional expression as Z;’;l h,jz_j we have

=20 () = ol ﬁV()F Ny

When setting t; = 0 the potential becomes even, so that a = —b. Taking the ¢; derivative of the second
term will vanish when this happens, so we include only the first term in the next calculation:

= 271'( ! ) d —h_o
t1=0 dtl t1=0

1 Ve

)L

V’( ) 7= (-5 + %)

d o
md—tl[z U(2)

z

t1=0

1
Ji-zimr @-Hu-hHye
1

1. _
= —5[2 2} 02
1=
b2
1
The conclusion of this calculation is therefore that
d2 d ~ b2
(t17t4) = Z.ﬂ'[ZiQ]ipo(Z;tl,t;l) = —.
a2 £1=0 dty oo 4
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The comparison to the combinatorial result R(s4) = 1 + 3s4R(s4)? needs two pieces: first, the parameters

s4 and t4 are related by ¢4 = —2' and second, this generating function %, referred to as zg in the paper

2
[EMPOS], is shown independently to satisfy 1 = 29 + 12¢z2. Then 1 = % + 12 (*454) (%) reduces to

2 2 2
% =1+ 3s4 (%) , the defining equation for R(s4).

4.3 Example: all such maps with geodesic distance 0

We next find the generating function for 2-legged 4-valent 0-maps with both legs in the same face, and
compare this to Ry in equation (8). Such a map can be viewed as coming from one with a 2-valent vertex
which was split apart into two 1-valent vertices, the generating function for which which can be calculated by
taking a to derivative of eg, which introduces a negative sign (see 1.5). If breaking the 2-valent vertex apart
disconnects the graph into two pieces, then they will each be 1-leg maps. Since we are interested only in
connected maps, this contribution must be subtracted off. Taking the potential V'(z) = %22 itz b2 Fty2t
we will therefore calculate
2
t1—0>

one piece at a time.

The potential for the first piece is even so a = —b. Calculating Taylor expansions in SAGE we have

d

— —eo(t2,t
dt2€0( 2,t4)

d
— | — ——eolti,ta)

LGN Y

h-v 22
22/
a(hoy his  h_ a+b  (a—b)?
3 1 2 3
Lt e At 2 Y (6 T _
= ]( z + 22 + 23 )( 2z 822

b2
(1015

(10b6t4 + 6b%ty + 304 B 3b%t, + 2b%t9 + b2 g )
8 2 2

N =

N =

N =

sl

(4b%ty + %) .

-~
~
|
N

I ) N Y PR
VI-Ey1-2/, : ¢
(42 (52)
(ot

h_2)
(3)

Since the second term is 0 then the desired generating function is given by

—~

|
= N~ N~ N

=0.

= Tlﬁ (465t4 + b*)

D eolta.ta)
- —e
dtz o\t2,04 -
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and the comparison to Rg(s4) comes by relating ty = —%, R(s4) = % from the previous section, and
_ 2 : 2 _ R—1 .
R(s4) = 1+ 3s4R(s4)° implying s4R* = “5=. We have:
1

— (4b%ty +bY) =

1
T T (—0%s4 +b*)

(5 e )

Appendix A The theorem behind the genus & loop expansions

Both the genus expansion and the loop expansion come from the foundational theorem proved in [EMO03]
(Theorem 1.4 p. 767):

Theorem A.1. There exists T > 0 and v > 0 such that for all t € T(T,~) the expansion

[ 1000w NN = o+ 5 hi+ sfot

holds, provided that f(\) is C* smooth and grows no faster than a polynomial for X — co. The coefficients
fj depend analytically on t fort € T(T,~), and the asymptotic expansion may be differentiated term-by-term
with respect to t.

The genus expansion was derived in [EMO03] as a consequence of this theorem. An outline of the proof
is found in §1.6 of [EMO3], and we record the basic steps here as well. First, the same calculations as in
Lemmas 2.6 and 2.7 (with a single ¢; derivative instead of the whole vertex operator) give

i1og(ZN) = —NQ/)\ij(A)dA.
ot

The uniform asymptotics of the right-hand side are established by the above theorem, and integrating up
by the Fundamental Theorem of Calculus one has

Zn(t) :ZN(O)eXp{—N2 AtApN(A)ﬁtde-@},

Zn (t)
Zn(0)

The loop expansion was derived in [EMO07] as a consequence of the same theorem. It had to be extended
to include a parameter z € C\ [a — §,b + 4], by replacing f()) with 7/‘\’92, with slightly stronger conditions
on w(A) (analytic in a neighborhood of R and growing no faster than a polynomial as A\ — oo). For z near
R and bounded away from [a, ], this is done by deforming the contour of integration so that X is bounded
uniformly away from z and using Riemann-Hilbert analysis of the asymptotics of the associated orthogonal

polynomials to show that the contribution from py(A) on this deformation is uniformly exponentially small.

from which the asymptotics of log ( ) can be discovered.

Appendix B Double-limit convergence argument for 7, v

The substance of this appendix is a proof that for

Ton(z) = - / TVE VIO, and T() = & / V@ VI gy,

T J_ o t—z T J_ t—z
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we have
lim To.n(2) =T(z), (33)

n,N—o0, 5 —1

a necessary result in section 3.2. This limit does not follow directly from Theorem 3.1 as do the other limits
in the section, since f(t,z) = w is a polynomial and therefore unbounded on R. Our strategy
will be to decompose R into a compact interval [—M, M| and its complement for M large enough so that

supp(¢) C [-M, M]. Theorem 3.1 applies on this compact set:

LMVEV e LTV V) LT VRV,

1m - - -
n,N—oo, B —=11T J_ s t—=z )y t—z T J_ t—z

We will show that the contribution to the integral from the complement goes to 0 in the limit n, N — oc.
First: since f(¢,z) is a polynomial of degree v — 2 in both ¢ and z, for ¢ large enough we have

|[f(t.2)] < ealp(2)][~2

where p(z) = ];(ff;) is bounded in t for each z. Similarly,

[ (B)] < cae” MV O,

so that

‘f(tv Z)pn,N(tN < ClCQB*NV(t)eNIOg\t|+(y72) log |¢|

< 0162€_Nv(t)€N(10g [t]+(r—2) log |t|)

— cpepe- NV(H—(v=Dlog t])

Since deg(V) = 2v and ==kl 0 a5 ¢ — o0, then
c3t
V(t) — (v —1)log|t] = e3t® (14 o(1))

and so finally by an easy application of the Dominated Convergence Theorem,

1 ! -V’ 1 v
lim - / wpn,zv(t)dt < lim = / C1CQB_N(C3t2 +o(1) gt = 0.
n,N—oo,%—1 |1 (= M, M]C t—=z n,N—oo, 1T [—M,M]|C

Since the tail contribution vanishes, the desired result (33) holds. This argument is a standard one in
questions such at this one which are related to the law of large numbers (here the number of eigenvalues is
growing and their distribution is settling down to the equilibrium measure ).
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