POLYNOMIAL LONG DIVISION

Polynomial long division is normal long division but with polynomials
instead of just numbers. It acts in exactly the same ways that our normal
quotients of numbers do. To start with, let’s review the process of our usual
long division. We will then extend to polynomials.

Problem 1: Use long division to divide 7 into 323.

Answer: 46

7)323

280

43

42

1
Here we start with the set up 7)3723. First we ask how many times 7 goes
into 3 because 3 is the leading number on the left. Well...it doesn’t, so we
move over a decimal place. Now we ask how many times 7 goes into 32. We
know 7 -4 = 28, so we throw the 4 on top above the 2. Then we actually
multiply the 4 times 7 and write it underneath the first two terms. We then
subtract this 28 from the 32 and get 4. Next we just bring the final right

hand 3 down to make the 43.

Moving to the next decimal place, we ask how many times 7 goes into the
new dividend 43. We know 7-6 = 42, so we can put the 6 on top and the 42
under the 43 and subtract again. Doing this leaves us with 1. Since 7 does
not divide into 1, we are done. This means that 323 = 46 - 7 + 1 where we
call 46 the quotient (which the whole number of times 7 can fit into 323),
and the remainder 1 (the amount left over after 7 has gone in as many times
as possible).

It turns out polynomial long division is very similar. The algorithm is
exactly the same, we just have powers of x to take care of (along with their
coefficients).

Problem 2: Use Polynomial long division to divide z — 1 into
ot 4 23 — 322 + 32 — 2.

Answer: We set everything up just like last time. Start with

r— 1)zt + a3 — 322+ 32— 2

Now we ask the same question every time: what would you multiply x by
to get ?
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Step 1: What would you multiply = by to get z*? Of course we
would answer z3. So, put the 2> on top:
3
x

w—l) zt 2% - 322 +32 -2
Step 2: Multiply the 23 across both the terms of the divisor and

place them under the corresponding powers of x and subtract. Then

bring down the next term just like in normal long division:
3

T
:L'—l) a2t 423 —32243x-2
—zt + 23
223 — 32

Step 3: What would you multiply z by to get 2237 We would
answer 222, so we add that to the top:

3 + 222
m—l) xt 4’ —3x24+3x—2
— gt +x3
223 — 322

Step 4: Now take the 222 and multiply across both of the terms of
the divisor and place them under the corresponding powers of x and
subtract. Bring down the 3z to get:
a3 + 222
x—l) zt 423322 +3x-2
—at 43
223 — 322
— 223 + 222
— 2243z

Step 5: What would you multiply = by to get —2%? We would
answer —z, so we add that to the top:
3 +222 —x
x—l) zt 423 - 322 +32 -2

— gzt + a3
223 — 322
— 223 4 222

— 22+ 3z
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e Step 6: Now take the —x and multiply across both of the terms of
the divisor and place them under the corresponding powers of = and
subtract. Bring down the —2 to get:

34+ 222 —
x—l) zt a3 —322+3x -2

—zt 423
223 — 322
— 223 4+ 222
— 2%+ 3z
2 —x
20— 2

e Step 7: Finally, what would you multiply = by to get 227 Of course
just 2, so we add that to the top:
23+ 222 —x+2

r—1) 2* +2°—-322+3z-2

—zt 423
223 — 3a2
— 223 4+ 222
— 2%+ 3z
2 —x
20— 2

e Step 8: Now take the 2 and multiply across both of the terms of
the divisor and place them under the corresponding powers of x and
subtract. So we get:

34+ 22% —x+2

:L'—l) a2t 423 —3224+3x-2

—zt 423
223 — 322
— 223 + 222
— 2% 4+ 3x
22 —x
2 — 2
—2x+ 2

0

So, 2t + 23 =322 + 3x — 2 = (z — 1)(2® + 222 — 2 + 2). In other words,
x—1 divides into the polynomial *+23 —322 432 —2 “234 222 —2+2 times”.
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The next example deals with a remainder.
Problem 3: Compute the quotient of 3z* — 523 + 722 — 9z + 3 by 22 +2.
Answer: We set everything up as usual. Start with

2% 4 2)32% — 523 + 722 — 9z + 3

e Step 1: What would you multiply the leading term of the divisor,
22, by to get the leading term of the dividend3z*? We would answer
3z2. So, put the 322 on top:

32
> +2) 3zt —52®+ 722 —9x+3

e Step 2: Multiply the 322 across both the terms of the divisor and
place them under the corresponding powers of x and subtract. Then
bring down the next term just like in normal long division. Notice
that we get something a little different this time. But different isn’t
bad, we can just continue as normal:

32
2 +2) 3z*—52%+ 72 — 92 +3
— 3z — 62

— 523 +2? —9x

e Step 3: What would you multiply z? by to get —5237 We would
answer —bx, so we add that to the top:

322 — b5z
x2+2) 3zt — 53 + 722 —9x+3
— 3zt — 622

— 523 422 —9x

e Step 4: Now take the —5x and multiply across both of the terms
of the divisor and place them under the corresponding powers of x
and subtract. Bring down the 3 to get:

3x2 — 5z
2> +2) 3a*—52%+ 72 —9x+3
— 3zt — 62
— 5z + 22 —Oox
523 + 10z
2 4+ x+3

e Step 5: What would you multiply 22 by to get 2%? It sounds stupid,
but it still makes sense so we’ll answer it. We’d have to multiply by
1, so we add that to the top:
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3x2 —br+1
w2+2) 3xt — 53 + 722 —9x+3
— 3zt — 622
— 523 +22 —9x
53 + 10z
22 +zx+3

e Step 6: Now take the 1 and multiply across both of the terms of
the divisor and place them under the corresponding powers of z and

subtract:
322 —5x+1
a?+2) 3z' 52+ 72 —9x+3
— 3z — 62

— 523 422 -9z

53 + 10z
2 4+ x+3
— z? -2
r+1

e Step 7: What would we multiply 22 by to get ? Now that is a
weird question. Notice we would have to multiply by %, which is not
in the same pattern we’ve been doing. So we stop here. Essentially
we are only multiplying by nonnegative powers of x. If we ever hit a
negative power of x we know we are done. But there’s still that x+1
sitting down there. Just like the 1 that was left over in problem 1,
this is the remainder for this problem.

So, 3z — 523 4+ 722 —9x +3 = (22 +2)(32®> =5z +1) +x +1. In
other words, we get that 2% 4 2 divides into 3z* — 523 + 722 — 92 + 3
a total “number” of 322 — 5z + 1 times with a remainder of x + 1.

The Theory

Ok, where the heck is this stuff coming from? Let’s start with the normal
long division. Division really comes from the process to satisfy the following
theorem.

Theorem (The Division Algorithm): For any integers a, b with b # 0,
there exist unique integers g and r such that a = bq + r where 0 < r < |b|.
The integer q is called the quotient and r is the remainder.

The process of long division is how we find the ¢ and r to put in the
equation. When we do polynomial long division, it is almost identical but
we use functions instead (it even goes by the same name).
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Theorem (Division Algorithm): Let D be an integral domain, and
a(x),b(x) be in D[z]| such that the leading coefficients of a(z) is invertible
in D. Then there exist polynomials ¢(x),r(z) in D[z] such that

b(x) = a(z)q(z) + r(x)
where r(z) = 0 or has a degree less than that of a(z). Furthermore, poly-
nomials ¢(z) and r(x) are unique.

Don’t worry about the D[z] and invertible stuff, it just means we are
working with polynomials and you can divide by them. What we get out of
this is that it looks identical to the usual case with numbers, and that the
process of polynomial long divison gives us the quotient ¢(z) and remainder

r(z).



