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Chapter 27
Large Deviations

Legendre-Fenchel transform; Cramér’s and Schilder’s theorems;
large-deviation principle and rate function; functional form of
the LDP; continuous mapping and extension; perturbation of
dynamical systems; empirical processes and entropy; Strassen’s
law of the iterated logarithm

In its simplest setting, large deviation theory provides the exact rate of
convergence in the weak law of large numbers. To be precise, consider any
i.i.d. random variables £;,&,,... with mean m and cumulant-generating
function A(u) = log Ee® < oo, and write &, = n™!'Y", . &. Then for
any x > m, the tail probabilities P{En > z} tend to 0 at an exponential
rate I(z), given by the Legendre-Fenchel transform A* of A. In higher
dimensions, it is often convenient to state the result more generally in the
form n~'log P{¢, € B} — —I(B), where I(B) = infzcp I(z) and B is
restricted to a suitable class of continuity sets. In this standard format of
a large-deviation principle with rate function I, the result extends to an
amazing variety of contexts throughout probability theory.

A striking example, of fundamental importance in statistical mechan-
ics, is Sanov’s theorem, which provides a similar large deviation result for
the empirical distributions of a sequence of i.i.d. random variables with a
common distribution u. Here the rate function [ is defined on the space of
probability measures v on R and agrees with the relative entropy function
H(v|p). Another important example is Schilder’s theorem for the fam-
ily of rescaled Brownian motions in R?, where the rate function becomes
I(z) = 1||l£||3, the squared norm in the Cameron-Martin space considered
in Chapter 18. The latter result can be used to derive the Fredlin—-Wentzell
estimates for randomly perturbed dynamical systems. It also provides a
short proof of Strassen’s law of the iterated logarithm, a stunning extension
of the classical Khinchin law from Chapter 13.

Modern proofs of those and other large deviation results rely on some
general extension principles, which also serve to explain the wide appli-
cability of the present ideas. In addition to some rather straightforward
and elementary techniques of continuity and approximation, we consider
the more sophisticated and extremely powerful methods of inverse contin-

~ uous mapping and projective limits, both of which play a crucial role in

subsequent applications. We may also call attention to the significance of
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exponential tightness, and to the essential equivalence between the setwise
and functional formulations of the large-deviation principle.

Large deviation theory is arguably one of the most technical branches
of modern probability theory. For the nonexpert it then seems essential
to avoid getting distracted by topological subtleties or elaborate computa-
tions. Many results are therefore stated here under simplifying assumptions.
Likewise, we postpone our discussion of general principles until the reader
has become aquainted with the basic ideas in a concrete setting. For this
reason, important applications appear both at the beginning and at the
end of the chapter, separated by a more abstract discussion of some general
notions and principles.

Let us now return to the elementary context of i.i.d. random variables
£&1,8,... and write S, = Y, _ & and &, = S, /n. If m = E€ exists
and is finite, then P{£, > z} — 0 for all z > m by the weak law of
large numbers. Under stronger moment conditions, the rate of convergence
turns out to be exponential and can be estimated with great accuracy. This
rather elementary but quite technical result lies, along with its multidimen-
sional counterpart, at the core of large-deviation theory and provides both
a pattern and a point of departure for more advanced developments. For
motivation, we begin with some simple observations.

Lemma 27.1 (convergence) Let €,€,,&,,... be i.4.d. random variables.
Then

(i) n~'log P{€, >z} — sup, n~'log P{£, > 2} = —h(z) for all z;
(ii) A is [0, 0o]-valued, nondecreasing, and convez;
(iii) h(z) < oo iff P{€ >z} > 0.

Proof: (i) Writing p, = P{£, > z}, we get for any m,n € N

Pm4n = P{Sm+n > (m +TL)IE}
P{Sy > mz, Smin — Sm > nx} = pmpn.

vV

Taking logarithms, we conclude that the sequence — log p,, is subadditive,
and the assertion follows by Lemma 10.21.

(ii) The first two assertions are obvious. To prove the convexity, let x,y €
R be arbitrary, and proceed as before to get

P{S2n 2 n(z +y)} > P{S, > na} P{S, > ny}.
Taking logarithms, dividing by 2n, and letting n — oo, we obtain
3@ +y)) < 3(h(z) + h(y), z,y>0.

(iii) If P{¢ > 2} = 0, then P{¢, > z} = 0 for all n, and so h(z) = co.
Conversely, (i) yields log P{¢ > z} < —h(z), and so h(z) = oo implies
P{¢ >z} =0. o

To determine the limit in Lemma 27.1 we need some further notation,
which is given here for convenience directly in d dimensions. For any random
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vector € in R%, we introduce the function
A(u) = A¢(u) = log Ee*®, wue RY (1)

known in statistics as the cumulant-generating function of £. Note that A is
convex, since by Holder’s inequality we have for any u,v € R% and p,qg > 0
withp+g=1

Alpu+qu) = log Eexp((pu + qv)¢)
log((Ee“f)”(Eevé)q) =pA(u) + g A(v).

IN

The surface z = A(u) in R%*! is determined by the family of supporting
hyperplanes (d-dimensional affine subspaces) with different slopes, and we

note that the plane with slope 2 € R? (or normal vector (1,-z)) has
equation

z+A*(z) = zu, ueR?
where A* denotes the Legendre-Fenchel transform of A, given by

A™(z) = sup (uz — A(u)), zeR% (2
ueRd

We can often compute A* explicitly. Here we list two simple cases that will
be needed below. The results are proved by elementary calculus.

Lemma 27.2 (Gaussian and Bernoulli distributions )
(i) If €= (&,..., &) is standard Gaussian in R, then Ai(z) = [z]?/2.

(i) If € € {0,1} with P{¢ = 1} = p € (0,1), then A¢(z) = oo for
z ¢ [0,1] and
1-2x

bl

Ag(z):zlog§+(l—z)log z €[0,1].

The function A* is again convex, since for any x,y € R? and for p and ¢
as before

A (pz + qy)

I

sup,, [p(uz — A(u)) + q(uy — A(u))]
psup, (uz — A(u)) + ¢ sup, (uy — A(u))
pA*(z) + qA*(y)-

IN

I

If A < oo near the origin, then m = F¢ exists and agrees with the gradient
VA(0). Thus, the surface z = A(u) has tangent hyperplane z = mu at
0, and we conclude that A*(m) = 0 and A*(z) > 0 for z # m. If € is
also truly d-dimensional, then A is strictly convex at 0, and A* is finite
and continuous near m. For d = 1, we sometimes need the corresponding
one-sided statements, which are easily derived by dominated convergence.

The following key result identifies the function h in Lemma 27.1. For
simplicity, we assume that m = E¢ exists in [~00, ).
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Theorem 27.3 (rate function, Cramér, Chernoff) Let &£,&1,&5,... be
i.2.d. random wvariables with m = E¢ < oo. Then for any r > m, we
have

n”llog P{& > z} — —A*(z). (3)
Proof: Using Chebyshev’s inequality and (1), we get for any u > 0
P{gn > IL‘} _ P{eusn > enuz} < e ~MUT [ uSn en/\(u)-—nuz’

and so
n~!log P{€, > 2} < A(u) — ux.

This remains true for u < 0, since in that case A(u) — uz > 0 for £ > m.
Hence, by (2) we have the upper bound

n"log P{&, >z} < —A*(z), z>m, neN. (4)

To derive a matching lower bound, we first assume that A < oc on R;.
Then A is smooth on (0,00) with A’(0+) = m and A’(cc) = esssup& = b,
and so for any a € (m, b) we can choose a u > 0 such that A’(u) = a. Let
7M1, M2, ... be iid. with distribution

P{ne B} =e *“E[“; ¢ B], BeB. (5)
Then A, (r) = A¢(r + u) — A¢(u), and therefore En = AL(0) = Ag(u) = a.
For any € > 0, we get by (5)
P{lén —al <e} = MW E[emuin, [T — a| < e}
> e Ipln ol <e) (g)
Here the last probability tends to 1 by the law of large numbers, and so by

(2)

liminf n! log P{|5_n —al <e}

v

Alu) —u(a+¢e) > —A*(a +¢).

Fixing any = € (m, b) and putting a = z + ¢, we get for small enough € > 0
liminf n™!log P{€, > z} > —A*(z + 2¢).
n—oo

Since A* is continuous on (m,b) by convexity, we may let ¢ — 0 and
combine with (4) to obtain (3).

The result for x > b is trivial, since in that case both sides of (3) equal
—oo. If instead z = b < oo, then both sides equal log P{¢ = b}, the left
side by a simple computation and the right side by an elementary estimate.
Finally, assume that z = m > —oo. Since the statement is trivial when
§ = m a.s., we may assume that b > m. For any y € (m, b), we have

0>n"llog P{&, > m} > n_lP{fn >yt = —A*(y) > —o0.

Here A*(y) — A*(m) = 0 by continuity, and (3) follows for z = m. This
completes the proof when A < oo on R
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The case when A(u) = oo for some u > 0 may be handled by truncation.
Thus, for any 7 > m we consider the random variables £ = &, Ar. Writing
A, and A’ for the associated functions A and A*, we get for x > m > EE™

n~tlog P{&, > 2} > n~'log P{E] = z} — ~Aj(x). (7)

Now A,(u) T A(u) by monotone convergence as r — o0, and by Dini’s
theorem the convergence is uniform on every compact interval where A <
oo. Since also A’ is unbounded on the set where A < oo, it follows easily that
Az(z) = A*(z) for all z > m. The required lower bound is now immediate
from (7). a

We may now supplement Lemma 27.1 with a criterion for exponential
decline of the tail probabilities P{&, > z}.

Corollary 27.4 (exponential rate) Let & €1,62,... be i.i.d. with m =
Ef < 0o and b = esssupé. Then for any = € (m,b), the probabilities
P{&, >z} decrease exponentially iff A(e) < oo for some ¢ > 0. The
ezponential decline extends to x = b iff 0 < P{£ = b} < 1.

Proof: 1If A(e) < oo for some € > 0, then A’(0+) = m by dominated
convergence, and so A*(z) > 0 for all > m. If instead A = oo on (0, 00),
then A*(x) = 0 for all z > m. The statement for = b is trivial. O

The large deviation estimates in Theorem 27.3 are easily extended
from intervals [z, 00) to arbitrary open or closed sets, which leads to the
large-deviation principle for i.i.d. sequences in R. To fulfill the needs of sub-
sequent applications and extensions, we shall derive a version of the same
result in R%. Motivated by the last result, and also to avoid some technical
complications, we assume that A(u) < oo for all u. Write B® and B~ for
the interior and closure of a set B.

Theorem 27.5 (large deviations in RY, Varadhan) Let & &1,&2, .- be
i.i.d. random vectors in R® with A = A¢ < oo. Then for any B € B4,
we have

— inf A*(z) < liminf n”'log P{&, € B}

reB° n— 00
< limsup n~'log P{¢, € B} < — inf A*(z).
n-—oo TEB~

Proof- To derive the upper bound, we fix any ¢ > 0. By (2) there exists

for every = € R? some u, € R? such that
up — Alug) > (A*(z) —e) Ae
and by continuity we may choose an open ball B; around x such that
uzy > A(ug) + (A" (z) —¢€) Ane”l y € B,
By Chebyshev’s inequality and (1) we get for any n € N
P{& € B.} < Eexp(ugSn — ninf{usy; y € Be})
< exp(—n((A*(x) — &) Ae). (8)



