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Reading: Dummit and Foote, Abstract Algebra, Third Edition

Algebra is the study of abstract structures, e.g. groups, rings, modules, vector space etc.

1 Group Theory

1.1 Review of Groups

Definition 1.1.1
A group is a set G together with a binary operation x:

GxG—=G
(a,b) > axb

such that
(i) * is associative: (a*b)xc=ax (b*c), Va,b,c € G

(ii) Je = identity element, a xe =a =ex*a, Ya € G

(iii) inverses: Va € G, 3b € G such that axb=e=bxa

Definition 1.1.2
G is abelian if axb=b*a Va,b € G.

Multiplicative notation: ab = a b, 1 = e, a~! for the inverse of a
Additive notation: ab =a + b, 0 = e, —a for the inverse of a
Recall:

e The identity element e is unique

e The inverse of an element if unique

e ajazaz = (a1az)as = aj(agaz) (unambiguous)

e In general, ajas---a, = (a1---a;)(aj+1- - an)

-1, -1

Y (al...an)_lzan ..al

e Cancellation laws: ab=ac = b=c¢, ba =ca = b=c
Application:
a€G,p,:G— G, pu(r) =az
pq bijective if both injective and surjective.
Injective: pq(x) = @a(y) = =1y
Surjective: Yg € G, 3z such that ¢,(g) with z = a~'g

Definition 1.1.3
A homomorphism of groups is a map f : G — H such that

flzy) = f(2)fly) Vz,y€q

An isomorphism is a bijective homomorphism.



Definition 1.1.4
Order of G = |G| = cardinality of G.

Fora e G
ord(a) = min{n € Z; | a" =1} %f such n e'xists
00 if there exists no such n
Notation:
n times
a---a ifn>0
a = 1 ifn=0
at-a”l ifn<o0
H—/
n times

aman — am+n’ (am)n — amn'

Example 1.1.5 (Cyclic Groups)
Coo = (Z,+), Cn=(Z/nZ+)
Z/nZ=1{0,..,n—1}
atb=a+b _

Exercise: ord(d) = ¢z

Example 1.1.6 (Symmetric Groups)
A a set, then
Sa={f:A— A| f bijective (“permutation of A”)}

with group operation aff = a o 8 forms a group.
Symmetric group on n letters S, = S{12, . n)

m-cycles (a ...an) = permutation that sends aj to ag, ag to as,...a,;, to a; and leaves everything else.
Such a cycle is said to have length m.
Exercise: ord(m-cycle) = m.

Sy, is non-abelian for m > 3
e.g. (12)(13) = (132), (13)(12) = (123)
‘Sn‘ == m!, SQ = 02 and Sl = Cl.

If « = aqag---a € S, product of disjoint cycles ay,...,ax of lengths my,...,mg, then ord(a) =
lem(my, ..., mg).

a = (12)(568)(3479) € Sy,

112345678910

= 1921476895310 ord(a) = 12

Remark: Disjoint cycles commute.

Theorem 1.1.7
Ya € S, a is a product of disjoint cycles.

With above example, we have o = (3479)(12)(568)(167.

Example 1.1.8 Matrices
Matrix groups over a field F, (F =R, C).



Definition 1.1.9
M, (F) = {A|A = n x n matrices with entries in F'}
A = (aiy), B = (bij),

(A+ B)ij = (aij + bij)
M, (F),+ is a group.

n
(A-B)ij =) _ airbi
k=1
1 0

- is associative, with identity, I =

Definition 1.1.10
A is invertible if 3B such that AB = BA = 1.

Theorem 1.1.11
A invertible <= det A #£ 0.

General Linear Group:
GL,(F) ={A € M,(F)|A invertible}
(GL,,-) is a non-abelian group if n > 2.

lef]

I
SIS
~| o

AB # BAiIf UV £ VU.

Example 1.1.12

Orthogonal Group:

On(F)={A € GL,(F)| A'A=1T}
(O, ) is a group.

Remark:

(i) Condition on A = (det A)? =1 = det(A) = +1

(ii) Dot product of any column (row) of the matrix with itself equals 1

(iii) Dot product of any column (row) of the matrix with any other column (row) than itself equals 0

Special Orthogonal Group:
SO, (F)={A € On(F)|det A=1}

Summary:
SO, C O, C GLy,

Example 1.1.13
F=R



SOQI{A9|9€R}

cost —sinf ] rotation by 6

sinf cos6

02:{A97B9’9€R}

reflection about the line through origin in R?

sinff —cos@

Baz[cosﬁ sin @ ]

Lemma 1.1.14
Let S be a subset of a group G, S # 0. If

(i) Va,be § = abe S
(ii) Vae S = ateS
then S is a group (with binary operation on G).

Definition 1.1.15
A subset S as in lemma is called a subgroup of G, and we write S < G.
Remark: If G is finite, (i) = (ii) in the lemma. Since if S C G-
VaeS, (i) = a,a%d® ... arein S

= a" = a" for some n £ m

= 31 > 0 integer such that a' =1

= Va € S,ord(a) < 0o

= (ii)

Question: Does (i) = (ii) if |G| = 00? NO. N £ Z.

Example 1.1.16
SO, C O, CGL,.

1.2 Producing New Groups
(i) G, H groups
GxH={(g,h)|g€G,heH}

where the binary operation is defined by

(9,0)(g', 1) = (99', ')

(ii) Centre of G
Z(G)={zeG|lzy=yx YyeG}

Note that G abelian <— Z(G) =G
Exercise: Z(S,) = {Id} if n >3

(iii) Intersections of subgroups in a group G is a subgroup of G

(iv) If f: G — H homomorphism of groups

ker f={zeG| f(z)=1} <G
Inf = {f(x) | v € G} < H



Lemma 1.2.1
For any subset A of a group G, 3 smallest subgroup H of G that contains A. Moreover, H = set of all
products of elements of A and their inverses. (repetitions allowed)

Proof
H = ﬂ G group using (iii).
G'<G
G'DA
HDA

Let H' := set of products of elements in A and their inverses.

Claim: H'is a group

Proof of Claim:
H DA HCG VG <G,G DA

Definition 1.2.2
A subset in G. (A)= smallest subgroup of G containing A = subgroup generated by A.
Remark: a € G, [(a)| = ord(a).

Definition 1.2.3

A group G is cyclic if it is generated by one element, i.e. 3z € G such that G = ().

Remark: G = {Azw [i=0,1,...,n—1} < SO,

Exercise: For n 2?3 C,, is isomorphic to the rotational group of symmetries of the regular n-gon. (rota-
tions that preserve n-gon)

Recall: If ord(z) = 00, G = (z) = {z,2 1, 2%,272,...} 2 Oy

Dihedral Groups:
Do, = group of symmetries of the regular n-gon.

_ . 2
¢ = rotation by <%
s = reflection

Doy, = {1,(,¢%,...,¢" 18,8, ...,s¢" 1} ord(s) =2, ord(¢) = n, (s = s¢~ L.

{1}, n odd

Z(Dan) = { {1,C%}, n even

“Dy” =V (Klein Four Group). V = Cy x (.
Exercise: Dg = S3 (smallest non-abelian group).

1.3 Facts on Groups of Symmetries

Definition 1.3.1
A function f:R"™ — R" is an isometry if it preserves distance. i.e. Yv,w, ||f(v) — f(w)|| = ||v — w]|.

Definition 1.3.2
If FF C R", the group of symmetries of F' is the set of isometries that preserve F'.




Theorem 1.3.3
Let f: R" — R", TFAE:

(i) f is an isometry and f(0) =0

(ii) f preserves dot product, i.e. f(v)- f(w) =v-w
(iii) f(z) = Az, Vo € R", where A € O,(R)

Quaternion Group:

Q= {+1,+i,+j,+k|i®> =42 =k* = —1,ik = kj = —ji}.

1.4 Groups of Small Order

Some Rules:

(i) |Gl =p (p prime) = G=C,

Example 1.4.1 (Homomorphisms)

(i) F afield, GL1(F) =

Determinant map:

Last time: ¢, € Sq,

« is a homomorphism:

|G| G |G| G
1 Cl 9 Cg, Cg X Cg
2 Cs 10 Cho, Do
3 Cs 11 Ch1
4 Cy, Dy 12 5 groups
5 C5 13 013
6 Ce, Dg 14 Ci4, D14
7 Cy 15 Cis
8 | Cs,Q,Ds,Cs x Cy, Cy x Oy X O
(i) |G| =2p (p prime) = G = Oy, or Dy,
(iii) |G| =p?* (p prime) = G = Cp2 or G = C, x G,
FX(=F\{0})
det : GL,(F) — F*
det(AB) = det(A) det(B)
(ii) (Cayley’s Theorem:) 3 injective homomorphism
oa:G— SG
a(a) = Pa
e :G—= G
Yo(x) =ax YreG
a(ab) = pap = @q 0 vp = a(a) o a(b) Va,b,e G




« is injective:
Let a € G such that a(a) = Id € Sg,
= o =1d = @u(z)=Id(x) Vo = ax=2 Vr = a=1.

Corollary 1.4.2
If |Gl|=n, G={a1,...,an}, then G < 5,,.

Multiplication table of G

al CL% aijas -+ a10n

ag | as0al CL% s A20p
2

an | Apal apag - - a,,

Any row is a permutation of aq, ..., an,.
a(a;) = permutation given by i-th row.

ay...0an
—ith row—
Properties of homomorphisms:

(i) f(a") = f(a)" VYae G, Vn
(ii) fla™') = f(a)™"

1.5 Cosets

G a group, S C G subset

aS = {ax | x € S}
Sa={za|x €S}

Remark: abS = a(bS) = (ab)S

Definition 1.5.1
H <.

aH = left coset of H in G
Ha = right coset of H in G

Proposition 1.5.2
Let H < G. Then:

(i) @ € G belongs to bH <= aH = bH
(ii) a,b € G = either aH = bH or (aH) N (bH) = 0 (so left cosets form a partition of G)
(iii) aH =bH <= a 'bc H
(iv) Any 2 left cosets of H in G have the same cardinality (possibly co)

In particular, |aH| = |H| Va € G
Remark: Same for right cosets, except in (iii). Ha = Hb = ab™' € H



Definition 1.5.3
The index |G : H| of H in G is the number of left cosets of H in G.
Remark: # left cosets = # right cosets, 3 bijection

{aH |a € G} - {Hb|be G}
surjective:

aH — Ha !
b H — Hb

injective:

Ha'=Hb'! <= o' Ht=atlbeH

<= aH =bH
Example 1.5.4
IG:1|=|G|, |G:G|=1
Theorem 1.5.5 (Lagrange)
Let G be a finite group. Let H < G. Then
G|
|G: H|l=—
| H]

In particular, |H| | |G].

Proof
Let k= |G : H|. G finite = k < oo Consider the k distinct cosets.

CLlH,(IgH,... ,akH

These cosets form a partition of G

k
= |Gl =) laiH|=k|H|
i=1

Corollary 1.5.6
G a finite group, then the order of any element divides |G]|.

Corollary 1.5.7
For any prime p, if |G| = p, then G = C,,.
Remark: A“converse” to Lagrange’s theorem i.e. if d’ |G| then generally # H < G such that |H| = d.

Example 1.5.8
Ay = {all 3-cycles in Sy} U {(12)(34), (13)(24), (14)(23)} has no subgroup of order 6.

Part of Sylow’s Theorem
|G| = p"k, (k,p) =1 (p prime) = IH < G such that |H| = p"™.
Exercise: If either

10



(i) G is a p-group (|G| = p™,n integer > 0)
(ii) or G finite abelian group
then for all d | G, 3H < G, |H| = d.

1.6 Normal Subgroups

S, T C G subsets,
ST ={zy|zeSyecT}

If R,S,T C G subsets then RT = (RS)T = R(ST).

Definition 1.6.1
A subgroup N of G is normal if Vo € G, xNz~! = N, and we write N <G.

Remark: NG < zNz ! C N Vzed.

Proof

eNz ' CN Vo <<= y 'Ny WyeG
< NCyNy ! Wwed
< gNz'=N Vzed

Proposition 1.6.2
NG < N =Nz Vzred.

Proof
N =Nz < zNz 1 =N.

Remark: xN = Nz means {zn |n e N} ={n'z|n’ € N}.
In general, zn # nx, but Vn € N, In’ € N such that zn = n’z. Similarly for (nx = xn’).

Example 1.6.3

o {1}<G, GG
e Z(G)«G@G

e Any subgroup of index 2 is normal

Proof
Let H <G, |G : H| = 2. Then 3 exactly 2 distinct left cosets: H,zH, for any = ¢ H.

= G =HUzH (disjoint union)
— zH=G\H

Similarly Hx = G\ H. Then H = Hx Vx € G

— zHox 'HYz ¢ H = H<G

11



o Do, ={l,r....,7" Y s sr...,s7" '} rls=sr™

H = <7”> ~(C, = ’DQTLH‘:Q — H<Dy,
rls = srl £ risif i # %57"_2’
(s) = {L,5} < Day,
rtsr=" ¢ {1,s} (if i # 3).
e Any subgroup of an abelian group is normal
e All subgroups of @ = {#1, +i,+j, £k} are normal:

i

{£1, +i} = ()
(47, (k)

r(=Da=t e {£1} Vo {£1}:i(-1)(=i) =i-i=—1.

} index 2

Definition 1.6.4
A group G is simple if it contains no proper non-trivial normal subgroups.

Example 1.6.5

(i) Cp (p prime) is simple (Lagrange)

(ii) G abelian finite simple group = G = C,,.
(Homework)
d||G] = 3H < G,|H|=d (H < G since G abelian)

(iii) Smallest non-abelian simple group is As (order 60)
Remark: Simple groups can still have lots of subgroups.

n

Sylow’s Theorem : |G| = p"k (k,p) =1,pprime — I<G,|H|=p

Homework == H has subgroups of order p, p?, ..., p"
—> V finite group has non-trivial subgroups, unless it’s C),.

Proposition 1.6.6
If HHN <G, N<G then HN < G.
If H N <G then HN <G.

Example 1.6.7
G =85, H={(12)), N = ((13)). HN ={Id, (12),(13),(12)(13)} £ S;.

Proof
Let hn, h'n' € HN

N NI N AN/ 11
(hn)(hn)—h(nh)n—h(hm)n—hl}l{ m]:[z = (hn)(h'n") € HN
€H ¢

tHNz ' =gzHz 'aNz ' =HN VzeQ
o
H N
Example 1.6.8
G =Dy, N=(r), H=(s). HN =G.

12



Remark:
e HN<(G < HN=NH
e Intersections of normal subgroups are normal subgroups

Proof
v(HiN---NH)z ' CHN---NH, VYreGif Hy,...,H,<G

Recall:
G a group, A C G subset.

(A) = ﬂ = {products of A and their inverses}

G'<G
ACG’

Lemma 1.6.9
(A)is normal <= zAz ' C A Vred.

Proof
(=) Clear.
(<) The map “conjugation by z” is a homomorphism. Let = € G. Let

Ve : G — G
Ve(9) = zgz™' VgeG

be(9192) = Va(91)¥2(92) Va1, 92-
(A)y={aiaz---ay|a;€ Aora;' € A Vi}

(A) QG < a(g) €(A) Vge(A)

Let g=aj---an € (A),

VYo (g) = Yz(ar) - - Yu(an)
If a € A, ¥(a) € A by assumption. If a=t € A, ¥,(a) =Y (a™1)7L, ¥ (at) € A
Example 1.6.10

G:Dgn, k"n
(s*y« @

Let t be a reflection. Check trFt=1 € (rF),
trit=l = trkt = ke = 7k = gk = R D

Proposition 1.6.11
The kernel of a homomorphism is a normal subgroup.

Proof
Let f: G — G’ group hom.

ker f={y € G| f(y)
1

1}
Let z € G. Let y € ker f. Then f(zyz~") = f(x)f(y)f(zx)"' =1

13



Example 1.6.12 (Special Linear Group)
det : GL,(F) — F*
SL,(F) :=ker(det) = {A € M,(F) | det(A) = 1}

is the special linear group.

SL,(F)<1GL,(F)
A,B € GL,, A(SL,) = B(SL,) <= detA = det B

Proposition 1.6.13
Every normal subgroup occurs as the kernel of a homomorphism. If H <G, then 3! group structure on
the set G/H of cosets of H in G such that the map

m:G—G/H

m(x) =xH

is a group homomorphism.

Proof
G/H = {zH | x € G}. Define (zH) - (yH) = 2yH, Vz,y € G.
Need to prove:

(i) This is well defined
(ii) This gives a group structure on G/H
(iii)) = is a hom
(iv) uniqueness
(iii) and (iv) are clear:

m(zy) = m(2)m(y) Va,y
= wyH = (zH)(yH) Vz,y

(i) Want to show that if e H = 2'H, yH = y'H then xyH = z'y’ H. Equivalently, if m = (xy)~'2'y/, then
m e H:

mH = (zy) "' ('y)H =y 'a ' H(a'y) =y (o' Ha')y' = H

Universal Property of the Quotient map 7 : G — G/H

Vf: G — G’ group homomorphism such that f(H) = {1}, then 3! f : G/H — G’ such that the diagram

G*f>(;/

7
Ve
T Ve
l L7 37

G/H

commutes, fom = f.
Define f : G/H — G', f(zH) = f(z). (f unique such that for = f)

14



f is well-defined:
If 2H = yH then f(z) = f(y),
N—
z—lyeH

fa™ly) =1 since f(H) = {1} then f(z)"'f(y) =1 = f(2) = f(y)

f is a homomorphism:
f

(zH)(yH)) = f(zyH) = f(zy) = f(z)f(y) = f(«H)f(yH) O

Example 1.6.14 (Quotient Groups)

(i) Ch,=2Z/nZ
(ii) A4 has unique non-trivial subgroup
H ={Id, (12)(34), (13)(24), (14)(23)}
Ay/H = Cs.

(iii) k|n, (r*) < Day,
Exercise: Day/ (r*) 2 Doy.

{Subgroups of G/H} «+— {Subgroups of G that contains H}
K/H« HCKCG
K CG/H — 7 Y(K)

1.7 Isomorphism Theorems

Theorem 1.7.1 (First Isomorphism Theorem)
For any group homomorphism f : G — G', H := ker f is a normal subgroup of G, Im(f) is a subgroup of
G’ and f factors into the composite of a surjection, an isomorphism and an injective map.

¢— .
_ 7

L ;.7 T

s / L
Proof
H <G, proved last time.
Im f < G’ clear!
Universal property of quotients.

= 3f : G/H — G’ group homomorphism such that f = for

Define:

¢ G/H > Tm(f) = In(7)
o(xH) = f(z) Vered

15



Claim: ¢ is an isomorphism

Proof of Claim:

© is a homomorphism. Surjectivity is clear.

h hom.
gp

Gy Gy = G1 — h(G2) also a group homomorphism and is surjective

® - injective

kerg = {oH | f(z) = 1}
={zH |z €kerf=H}
={H} [ |

Corollary 1.7.2
If f: G — G’ is a surjective group homomorphism then G/ker f = G'.

Example 1.7.3
C:={zeC||z| =1}, (C,) is an abelian group.
Remark:

(Ca ) = 502

N < cosf) —sinf > 'y

sinf cos@

Question: Is SO, abelian for n > 37
NO

R,+) = RLC, fz) = e

First isomorphism theorem — R /Z = C.

Example 1.7.4
(€*,) L O by f(2) = Z, then
C* /R x=C

Example 1.7.5
C/H{fl}=C (2 22)

Example 1.7.6
GL,(F)/SL,(F)= F* by det:GL,(F)— F*
On(F)/SO,(F)=Cy by det:O,(F)— F*

Theorem 1.7.7 (Second Isomorphism Theorem)
Let H < G, N <G. Then

(i) HN <G

(i) HNN<H

16



(iii) The map

H/(HNN)L BHN/N
fe(HNN))=zN
is an isomorphism.
Remark:
o If HNN = {1}, then H = HN/N and |HN| = |H||N|
o If |G| < o0, then |H|/|HNN|=|HN|/|N|
e If |G| =|H||N|, then G=HN (and HN N = {1})

Proof

(i) Last time

(ii) Prove that Vo € H, z(HNN)z=' C HN N.
() v€H = z(HNN)x*CHNN

(b) N<G = Nz 'CN

(iii) Let F be the composition of the quotient map HN — HN/N. (NG and N C K < =
N<K)
— F(x)=axN € HN/N

First isomorphism theorem —
H/ker F 2 HN/N

Prove that ker F = H N N and F is surjective:

ker F={zxe€ H|zN =N}
={reH|zeN}

=HNN
Let yN € HN/N.
Prove dx € H such that yN = zN.
Let  := h. Then hN = hmN. (N = mN)
F induces f,
G—L ~@ F)
\ f /
G/ker F %

Remark: To have H/(H N N) = HN/N, it is enough to require H < normaliser of N.

Definition 1.7.8
A C G a set. the normaliser of A in G is

Ng(A) ={z € G| zAzx~! = A}

Properties:
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(i) No(4) <G
(i) f H<G,HC Ng(H)C G
(i) H9G <= Ng(H) =G
(iv) H<Ng(H)
Exercise: G = S3, H=((12)) then H 4 G.

Theorem 1.7.9 (Third Isomorphism Theorem)
Let f: G — G’ be a surjective homomorphism of groups. Let H := ker f. Then there exists a one-to-one
correspondence as follows

{Subgroups of G that contain H} <—» {Subgroups of G’}
HCK— f(K)
fUE)«— K <&
Moreover, if K <> K1, Ko <— K>, then

(i) K1 <Ky <= K| <K

(i) K<G <= K@

(iii) f induces an isomorphism

/K L5 a/K
f@K) = f(2)K

Proof

(i)-(ii)) Exercise
(i)
¢ too oK

N

projection F'

ker F = {z € G| f(z) € K}, F(z) = f(2)K

1.8 Direct Products

Hiy, ..., H groups.
H1><H2X...XHk:{(hl,hQ,...,hk)‘hiGHZ'}

This is a group. The (external) direct product.

Definition 1.8.1
Hy,...,H, < G. G is the (internal) direct product of the subgroups Hi, ..., Hy if the map

Hlx...kaLG
@(hl,...7hk):h1h2“'hk

is an isomorphism. i.e.

18



(i) Yz € G, 3! h; € H; in for each i such that x = hy -+ hy
(i) o =hy---hg, y = h}---h) then xy = (hih})(hahy) - - - (hihy)

Proposition 1.8.2
A group G is an internal direct product of subgroups Hy, H if

(i) G=HH>
(il) Hy N Hy = {1}
(iii) H, <G, Hy <G
or equivalently, (i),(ii) and (iii') zy = yx Vo € Hy,y € Ho.
Proof
Assume G is an internal direct product of Hy, Hs:
(i) Obvious: dp : Hy x Hy — G, ¢(h1,hy) —= hihy isomorphism.
(i) Letxe HHNHy,z=2-1=1-z, p(z,1)=¢(l,z) = z=1

(111) gO(Hl X {1}) = Hl, @({1} X HQ) = HQ.
Fact exercise: K1 <Go, Ko<Gy — K1 X Ko <0Gy X Go
=0 {1} X Hoy <t Hy x Hy, Hy X {1}<]H1 x Hy, and hence H1 <G, Hy < G.

(i), (i), (i) = (iii)):
Let x € Hy, y € Hy. Show that zyz~!y~! = 1.
Enough to show zyz~'y™! € H; N Hy:
J:y:(:_l € Hy since Hy <G
yr ty~! e Hy since H1 <G
— ayrly~' € H N Hs.
(i),(ii),(iii') = direct product:
Let ¢ : Hi x Hy — G by go(hl,hg) = hihg
(i)
e Surjectivity follows from (i)
e Injective: ker o = {(h1,h2) | hiho = 1} = {(1,1)} by (ii)

e Homomorphism clear by

Remark: If G is an internal direct product of Hi, Ho, then
G/H1 = HQ,G/HQ = H1

Proof
Second isomorphism theorem =— HiHs/Hs =~ Hi/Hy N Hy
G internal direct product = G = HyHy, Hy N Hy = {1} so G/Hy = H;

Difficulty:

gO:H1><H2—>G
@(h1,h2) = hihs

¢ Y(Hy) = Hy x {1} so G/Hy = Hy is the same as Hy x Hy/H; x {1} = H,.

19



Lemma 1.8.3
Con = Cyy X Cy <= (m,n) = 1.

Proof
If (m,n)=1,G = Cpn=2%/mnZ, H = (M), Hy = (7))

ord(m)=n, H;=C,
ord(n) =m, Hy=C,,

Check (i), (i), (iii):
(ii) |Hi N Hsal|m,n by Lagrange’s Theorem. (m,n) =1 = |HiNHy| =1
(i) Second isomorphism theorem =— H;Hs/H, = Ho/Hy N Hy
HiNHy={1} = |H1Hs| = |Hi||H2| =mn=|G| = G =HH,
(ili"’)  Clear since G abelian
So G = Hy x Hs.

If (m,n) # 1, then C,, % Cy, x C,, and so Pz € C,, x C,, such that ord(z) = mn. If [ = lem(m,n) then
ord(xz) <1 Vx € C,, x Cyp. Since (m,n) # 1,1 < mn. O

Example 1.8.4
Ifn Odd, then D4n = D2n X 02
If n even, then Dy, 2 Ds,, x Co

1st case: Dig = Dg x Cy (2S5 x Cy)

Assume n odd:

G =Dy = {1,772, ... v L s sr ... sr?n=1}
Hy=(r")={1,r"}
Hy= (72 s) = {17271, .. r?" 2 s, 512 srt ... 572} (2n elements)

Check (i)-(iii) in proposition:
(iii) Ho <G since |G : Hy| =2 and Hy = Z(Dyy) < Dyyp,. (Exercise: (r') <t Dg, Vi)
(ii) Hy N Hy = {1} : r™ ¢ Hy because
r™ £ 2% Yk since n odd
" # sr?k Wk since otherwise s € (1)
(i) G = Hy1Hs: prove |HiHa| = 4n. Use second isomorphism theorem:
HyHs/H, = Hy/Hy O Hy

|Hy || Ha|
— |H{Hs| = ————=- = |H{||Ho| =2(2n) =4
|Hy Hs| H, 1 ) |Hq||H2| = 2(2n) = 4n
- G =HH,

2nd Case: Recall

{1,72} if n even

Z(D%):{ {1} ifnodd
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Exercise: Z(Gy x G2) = Z(G1) x Z(G2)  (equality of subgroups in G x G3).
Assume n even. If Dy, = Dy, X Ds,, then

Z(D4n) = Z(Dgn X 02) = Z(Dgn) X Z(CQ)

2 elements 2 elements 2 elements

4 elements
Contradiction.
Example 1.8.5

0, =250, x Cyif n odd
0, 2 50,, x Cy if n even.

For example Oy 2 SOy x (9, since LHS is nonabelian, but RHS is abelian.

Proposition 1.8.6
G group, Hi,...,Hir < G. Then G is an internal direct product of H; ... Hy <=

() G = HH,--- Hy

(i) V4, H;NH;---Hj_1Hjy1---H, ={1}

(i) H; <G Vj
and (i)-(iil) <= (i)-(iil'): Vi # j, Vo € H;, Vy € Hj,zy = yx
Proof
Assume G is an internal direct product of Hy, ..., Hy then

p:Hi x---xH,—>G
@o(h1,. .. hi) = hy-- - hy

is an isomorphism, so
(ii) Let
Aj={1} x - {1} x Hj x {1} x --- {1}

Then ¢(A;) = H;
Bj Z:Hl X-"XHj,1 X{l}XHjJrl X Hk

Then p(Bj) = Hy---Hj_1Hj+1 - Hy.
Since ¢ is an isomorphism,

HjN(Hy - Hj 1Hjpq---Hy) = {1} <= A;NB;={1}

(i) H;j <G <= A;<(Hy x -+ x Hy)
(i),(ii),(iii) = (iii’) Let € H;, y € H;. Then zyz~ly~! =1 since:
Hij<G = (zyz ') € Hj = ayz 'y '€ H;j
Same argument —> :Uym_ly_l € H;
== :ny_ly_l =1
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(i) (i) (if') =

w:Hi x---xH,—>G
Sp(hlaahk‘):hlhk‘

is an isomorphism.
e ¢ is a homomorphism follows from (iii’)
e ¢ surjective follows from (i)
e ( injective:
Let h; € H; such that hihg---hy =1 then hg---hy = h' € Hy N (Hy--- Hy) = hy = 1. Same
for all h; using (iii’)
[
Remark:
(i) Hy,Hs,...,H; <G by induction, k = 2 proved.
(ii) If G is an internal direct product of Hy, ..., H; then G is internal direct product of
(Hy - H;)(Higy - Hy).

Classification of Groups of Order 8

Cs,Cy x Cy,Cy x O3 x O, Dy, Q.
G = (03 <= Jx € G with ord(z) = 8.
Assume flz € G with ord(z) = 8. Then any non-trivial z € G will have order 2 or 4.

Assume further that Vo € G, ord(z) = 2.

Claim: ( is abelian.

Proof of Claim:
(xy)? =1 Vo,yed
= zyry =1 — zy = yx. |
Let z,y € G, xz,y # 1.
Let z€ G, z# 1,z,y, 1y
Let Hy = <(L‘>, Hy = <y>7 Hj3 = <Z>
Check (i),(ii),(iii’):

(iii) Clear. G abelian.

(ii)
Hl mH2H3 = {1} — T ¢ {lvyuzhyz}
HyNH\Hs ={1} <= y¢{l,z,z,22}
HsNH\Hy ={1} < z¢{l,z,y,xy}

(i) By second isomorphism theorem:
‘H1H2H3‘ = ’H1HH2H3|/‘H1 N H2H3| =8

— G§H1XH2><H3,CQ><CQ><CQ
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Assume Jz € G, ord(x) = 4.
Let H=(x)={1,z,2% 23}, H<G since |G : H| = 2.
Also, G = HUyH for all y ¢ H. Pick y ¢ H, then

G=HUyH = {1,z,2*,2°,y,yz,y2*, y*}
H yH=Hy

wye Hy = ay¢ H = ay € {y,yz,yz?, ya’}

Claim: zy # yz?

Proof of Claim:

1 2

r=yr’y ! = 2% = (y2?y ) (yz?y~!) = 1. Contradiction. |

Claim: y?>c H
Proof of Claim:
In fact, y? € {1, 2%} since ord(z) = ord(z?) = 4. |
Four cases:
L ay=vyzx, y> =1
Let K = (y). Then G = H x K. HN K = {1}. Elements of H commute with elements of K
because zy = yx. So |[HK| =8 = G = HK,so G = (Cy x Cs.
II. 2y = yx, y*> = 2. Same proof gives G = Cy x Cs
I 2y =y2d =y ', > =1 = G =Dy

IV. 2y = y2? = yo~ 1, y? = 2

Q=G Q—G
L
Jr=y
Lemma 1.8.7
G abelian, |G| = p; - - - pi (distinct primes), then G = Cp, ..., .

Proof
By Cauchy’s Theorem, let x1, ...,z € G, ord(x;) = p;. Let H; = (x;).

Claim: G is an internal direct product of Hy, ..., H.

Proof of Claim:
HyO(Hy - Hj 1 Hjp - Hy) = {1}
|Hjy -+ Hy, | = piy - Diny, Vi1, im.
So by Lagrange, |H; N Hy ... Hy| divides p; and p1 - - - pj—1pj+1 - - - p. Also, G = Hy - - - H, follows from
same fact. Above uses Lagrange’s theorem and induction on m. W
= G=C)p, x---xCp, = Cp,..p, by coprimality. O

Corollary 1.8.8
G abelian, |G| = mn, (m,n) =1, then G = H x K, VH, K < G where |H| =m, |K| =n.
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1.9 Automorphisms

Definition 1.9.1
An automorphism of G is an isomorphism G i> G. We write

Aut(G) ={f| f: G — G automorphism}
Exercise: (Aut(G), o) is a group.

For g € G, consider the “conjugation by ¢”

Vg : G =G
Yy(z) = grg~! Ve G

Exercise: 1, € Aut(G)

Remark:
Ygn(x) = gh(z)(gh) ™" = ghah™'g™" =ty 0 Y (x)
Let
u: G — Aut(G)
u(g) = %

Remark = wu is a group homomorphism.
Definition 1.9.2

Inn(G) :=Im(u) = {¢y | g € G} < Aut(G)

is the inner automorphisms.
Any f € Aut(G) \ Inn(G) is called an outer automorphism.
Remark: If G abelian then Inn(G) = {Idg}.

Lemma 1.9.3
The map v : G — Aut(G) has kernel Z(G).

Proof
keru={g € G| ¢, = Ida} = Z(G).

Corollary 1.9.4
G/Z(G) = Inn(G).
Remark: Inn(G) < Aut(G).

If f € Aut(G),

fovgo fHz)=flgf (z)g™")
= f(g)xf(g)”!
= foygof Tt =1y
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Example 1.9.5
G =Cpx - xCy(= (Fy,+)) elementary abelian group of order p"
—— ——

n times

Any homomorphism f : G — G’ is determined by f(e;) where e; = (0, ...,0,

Why:
f@r,.. zp) =21 f(er) +... +znflen)
x1,...,xn €{0,1,...,p—1}
(Z1,...,5n) = (71,0,...,0) + -+ (0,...,0,2y)
=x1e1+ -+ Tpen
where Z=1+---+1
~—_———

x times
Vf:G — Gis given by f(Z) = AZ, A € My (F)).
Let a; = f(e;) € Fy. Let A =lai,...,an].
AZ = x141 + ... + xpdy
Aut(G) = GL,(F,).

f(Z)
1 9(%)

AX
B’ then fog(zx) = ABx

Example 1.9.6 (Particular Case)
G=CyxCy(=V)

wyzaasm={(4 12 1)(2)-(1 1)

Exercise: Aut(V) = Ss.

O =

Or, V. ={1,z,y,zy}. Any permutation of {z,y,zy} is an element in Aut(V).

Example 1.9.7
() = quaternion group

Inn(Q) = Q/Z(Q) =V, Z(Q) = {+1}
Aut(Q) = S,

There are 4 choices for the map f.

Example 1.9.8

G = S, (Later: Z(S,) = {Id} for n # 2)
. Corollary = Inn(S,) = S,

Exercise later:

If n # 6, then Aut(S,) = Inn(S,) (= S,)
If n =6, then | Aut(S,) : Inn(S,)| =2

Special Case: Aut(S3) = S3. Vf € Aut(S3) permutes (12), (13), (23).
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1.10

Automorphisms of Cyclic Groups

Lemma 1.10.1
Let G = Cy,. Then Aut(G) = (Z /nZ)*.

(Z/nZ)* ={k €Z/nZ| (k,n) =1}
={keZ/Z|TNeZ/nLk =1}

Euler Totient Function: #{k € Z | k > 0,k < n, (k,n) = 1}

Proof

Remark:

Define

Vf € Aut(G), f map generators of G to generators of G. Let @ = f(1). Then (a,n) = 1.
If f(1) =@ a homomorphism. f: G — G, then f(M) = ma =ma VYm € Z.

We write f;: G — G, fa(m) = ma Vm € Z.

Ja 1s a group homomorphism, fz o f; = f~

fa € Aut(G) <= (a,n)=1,s0a€ (Z/nZ)".

u: (Z/nZ)* — Aut(G)
al—>fa

u is an isomorphism of groups. u injective: fa(/l\) =a.

Cn=2Z/nZ

Aut(Cp) = (Z /nZ)*,(f : Cn — Cp) = f(1) (1 =1 mod n)

Coo =7

Aut(Cx) = Cy = {Ildz,x — —x}

Question: What is (Z /nZ)*? Proved: Cpyp = Cp, X Cp, <= (m,n) =1

Theorem 1.10.2 (Chinese Remainder Theorem)
If (m,n)=1, then

Z/mnZ ST /mLxT/nT
(k mod mn) — (k mod m, k mod n)

is an isomorphism of rings.

Proof

0 homomorphism:

¢ well-defined: k£ mod mn = 0, (so mnlk) =

(k+1) mod m = k mod m + [ mod m
(k-1) mod m = (k mod m) - (k mod n)

Emod m=0 mlk
kmodn=0 nlk
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k mod m=0 (mlk)

kmodn =0 (nfk) = kmod mn=0 (mn|k)

( injective:

(myn)=1 = 3Jz,y € Z,am+yn=1
@ surjective: Given (a,b) € Z /mZ x Z /nZ,p(ayn + bxm) = (a,b)
since 1 = (xm + yn) = (yn) mod m.

Corollary 1.10.3
If (m,n) =1 then (Z /mnZ)* =2 (Z/mZ)* x (Z /nZ)*.

Recall: p(m) = |(Z/mZ)*|
= @(mn) = p(m)p(n) if (m,n) =1

Corollary 1.10.4
If n=pi* - pls (p; distinct primes)

(Z/nZ)* = (Z[py')* x - x (L [pg L)~

Question: What is (Z /p" Z)*?

p(p") =p" —p" P =p" ' (p—1)

~Y

Proposition 1.10.5 (i) If p is an odd prime, then (Z /p"Z)* is a cyclic group, i.e. (Z/p"Z)* =
Cor=1(p-1)
(ii) If p = 2 then (Z /27 Z)* = Cp_y x Cs

Theorem 1.10.6 (Structure Theorem for Finitely Generated Abelian Groups)
G finitely generated abelian group, then G is a product of cyclic groups.

Theorem 1.10.7
F field, G < F* finite subgroup = G cyclic.

Corollary 1.10.8

Fy = (Z/pZ)* is cyclic.

Recall: G abelian group, |G| = mn, (m,n) = 1. Then G = H; x Hy for any Hy, Hy < G, |Hi| = m,
[Ha| =n

Proof of Proposition

(i) To show G = (Z /p" Z)* is cyclic, it is enough to find Hy, Hy < G cyclic |Hy| = p™ !, |Ho| =p—1
Exercise: p-+ 1€ (Z [p" Z)* is an element of order p" 1.

Let H1 = <p/—|-'\1> = Cpr—l

Claim: Any subgroup of G = (Z /p" Z)* of order p — 1 is cyclic.
Proof of Claim:

27



Let H<G,|H|l=p—1
Z/p"7 57 pZ
m(k mod p") = (k mod p)

surjective ring hom.
Let

fo@/p" ) = (Z/pZ)*
kmodp" +— kmodp Vk=1,p—1

be the induced map on units then f is a surjective group homomorphism.
First isomorphism theorem = :

r—1
p (p_ 1) r—1
k = - =
fen() = 2
Notice that since |H| =p — 1, |ker(f)| =p L, (p—1,p" 1) = 1.
So Lagrange = H Nker(f) = {1}.

H__s oy Lo

h

h:H — (Z /pZ)* is an injectice homomorphism of groups.
Since H Nker(f) =1 = h isomorphism of groups.
Theorem == H =TT cyclic, |H|=p—1=|[(Z/pZ)*

Assuming the claim, pick any Hy < G, |Ha| =p — 1.
(if)

Exercise:

(a) 3 element of order 22 in (Z /2")*

(b) (Z/2"7Z)* not cyclic.

— (Z/27T)°= Oy xCh

order 271 Chry XCpg XX Cny,

1.11 Characteristic Subgroups

Definition 1.11.1
H < @ is called a characteristic subgroup if for all f € Aut(G), f(H) = H.
Remark:

(i) Enough to show f(H) C H Vf e Aut(G)
(i) HQG < f(H) CH Vf e Inn(G), ={aut by conjugation}

— characteristic subgroups are normal.
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Example 1.11.2

(i) Z(G) is a characteristic subgroup of G:
If v € Z(G), then f(z) € Z(G) Vf € Aut(QG)

since z € Z(Q).

(ii) If H < G is the unique subgroup of order m for some m, then H is a characteristic subgroup.
Exercise: H ={Id,(12)(34),(13)(24), (14)(23)} < A4 unique subgroup of order 4 in Ay.
— H <A,

(iii) G group. [z,y] := ryz~ly~!

[G, G] := subgroup of G generated by all [x,y],Vz,y € G

is called the commutator subgroup of G.
This is a characteristic subgroup of G: if f € Aut(G), then [f(z), f(v)] = f([z,y]).
Remark:

e G abelian «— [G,G] =1
e If H<G@, then G/H abelian «<— H D [G,G]
e NG, HxG# H<«G

Example 1.11.3
G = Dg = {1,r,72,13 s,sr, 572,573}, N = {1,72,s,sr?}, H = {1, s}.

H AN (N abelian), N <G, ([G:N]=2), but H 4 G.

Lemma 1.11.4
If H is a characteristic subgroup of N, N <G, then H < G.

Example 1.11.5
Z(N),[N,N|<G (if N<@q).

Proof

Yy : G =G
Wy(z) = grg™!
is in Aut(G).
N<G < Yy(N)C N
@ : N = N is an automorphism of NN, since ¢4(/N) D N. In fact ¢4(N) = N.

restricting
Pg to N

= Yy y(H) CH = y(H)CH < H<G
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1.12 Semidirect Products
H, K groups. ¢ : K — Aut(H) homomorphism of groups.

Definition 1.12.1
The semidirect product of groups H and K is

HNLPK:{(xvy) |$€H7y€K}
where multiplication is defined by

(z,9)(@", ') = (zp(y)(2), yy)

If ¢ is the trivial homomorphism, we recover the normal direct product.
Even if H, K are abelian, H x4 K might not be abelian
This is a group:
o Identity (1H, 1K)
e Associativity - straightforward
o (z,y) " =(ply NNy
Check:

(z,9)(e(y @),y =

Properties G := H x, K
(i) |H 0 K| = [H]||K]

(i) H, K are isomorphic to subgroups of G via this identification
(i) H<G, G/H=K (via K C G — G/H)
(iv) HNK = {1}
(v) G=HK as sets
(vi) TFAE

(a) K<G

(b) ¢ = trivial map

(¢c) Hx K= H x K by (h,k) — (h,k)

Proof

(i) Clear.

(i) H and K are isomorphic to H' = {(z,1) |x € H} C G
K'={(1,y) | y € K} C G respectively by

x> (x,1) and y— (1,y)
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(iii) Let f: G — K, f(x,y) =y. Then f is a homomorphism:

(@)@, ) = fle)(a), )
=yy'
= flz,y)f(",y)
ker f = {(x,1) |z € H} = H'. And f is clearly surjective.
By isomorphism theorem, G/ ker f = G/H = K. Also:

KCG——G/H
~——— T
g

y— (Ly) — @ = coset of (1,y)
g is a homomorphism of groups.

ker(g) ={y € K| (1,y) € H} = {(1,1)}

g is surjective:
Let (z,y) € G, show

= ¢ is an isomorphism.
(iv) H'NnK' ={(1,1)}
(V) (z,y) = (z,1)(L,y) = (zp(1)(1),1-y)
(vi) (b) = (c), clear

(c) = (a)
K' = {1} x K C H x K normal subgroup
= K<G
(a) = (b)
KaG < VxecH
(1,9) = (2,1)(1,y)(z, 1)t € K for some ¢/ € K.
(2, 1) = (1)@ 1),171) = (21, 1)
(z,1)(L,y) (=) = (L,y)
= (x(p(xil)vy) = (Z‘,y)(l’fl, 1) = (17y/)
— zo(y)(z!) =271 Ve € HVy € K
= oy)(z™) =27t Ve e HVy e K
== o(y) = Idy Vy € K
== @ = trivial

Proposition 1.12.2
Let H, K be subgroups of a group G. Assume that

31



(i) G=HK
(i) HN K = {1}
(i) H< G
Then G = H %, K where
v: K — Aut(H)
p(y)(@) =yry™! VeeHyeK

Proof

Note: ¢(y): H — H

p(y)(x) = yry ™', since H<QG. ¢(y) = y|n € Aut(H).
= ¢: K — Aut(H),

e(Wy') = Yyyir = Wy o y)|lm = Yyl oYy la = (y) o p(y)

Let us define f: H x, K — G
f(h,k) =hk for all he H k€ K

f surjective because of (i)

ker(F) = {1}:
hk=1 = h=k'eHNK Y {1} — h=1,k=1

f is a homomorphism:

(R k) (W E)) = f(ho(k)(R), kE)
= ho(k) (R kK
= hkh' k™ kk
= hkW' I
= f((h, k) F((W,K))

Remark: Equivalently,

H<ad

CG——
G=ZHXxK «— K<i,%G/H
g

is an isomorphism

Proof
(=) Proved.
( <= ) Check (i)-(iii)

(i) kerg=KnNH
g isomorphism — K NH = {1}
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(iii) H <G by assumption.
g surjective = Va € G, Jk € K such that g(k) = kH = zH.

sk 'eH — zk'=heH
— rx=hke HK

Example 1.12.3

DQn%CnXCQ.

G = Doy ={1,r,....,7" L s sr ... sr" 1},

H=(),K=(s), HhK={1}, H1G,G=KH = HK, since G=HK < G.

— G=E2HxK=C,xCy

¢ : Cy = Aut(Cy) p(s)(r) = r_l' A
s+ (z— —1) p(s)(r')y =srts ™ =sris=r

Example 1.12.4

A, = alternating group of even permutations.

A, = ker(e) where € : S, = {£1}. 4, QSp, |Sn/An] = 2.
Sp &2 A, ¥ (1), T any transposition.

K=(r), H=A,<S,, HhK ={1}, S, = HK.

N

(1) C Sp —=={+1} = Cy @ : Cy — Aut(A,)

~ 90(7—)(0') =T0T

—_

Example 1.12.5 (Non-example)
Q 2 semidirect product of H, K < G, H, K # G.

Assume

Q=EHxK

2L = e

Remark: Any subgroup with 4 elements of @ is cyclic. (@ had only one element of order 2, namely -1)

Q%CZL Ncp C'2: N
0 :Cy — Aut(Cy) = (Z /47Z)* = {1,3} =2 C;
Aut(Cy) = {Id,x — —z}
¢ - nontrivial = (1)(M) = —m, Vin € Cy = Z JAZ.

If Q@ = cy %, Ca for ¢ as above, then Q = D,. Contradiction. Dg has more elements of order 2.

Show: Q % CQ ><]g0 04.
Vo :Cy — Aut(CQ) = {Id}
———
(z/22)*={1}
= @ = C; x Cy which is abelian. Contradiction. O
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Example 1.12.6

D¢ and Cy are both semidirect products.

Co =2 C3 x Oy, D = O3 1, Cy. (Z/32)% = {1,2}, Aut(C3) = {Id,z — —z}.
2 possibilities:

(i) ¢ : Cy — Aut(Cs)
@ trivial = Cj

(ii) CQ — Aut(Cg)
T— (x— (r— —x)) = Dg

Example 1.12.7
Dicyclic group: m > 2 integer

G={1,22%.. .,y 2y, .. 22"y}

Multiplication:

y)=2""y
(2"y)- 2" =2y (%)
(2"y) () = 2*7F (xx)

Exercise:  Associativity holds for this multiplication.
Remark:

2%z

2 m

v =2 yz=aly (%)
ord(z) =2m, ord(y)=4: (Z"y)(zMy)=2"" (%)
= 2y =1 = "y’ =y = 2M=1=yt = Y=z

m =2: Thisis Q. (z — i,y — J).
m = 3: This is C3 %, C4 (New group of order 12).

1.13 Examples of H x K

Example 1.13.1 (Dicyclic Group of order 12)
G={1,22%...,2°y,yz,...,y2°}.

ord(z) = 6, ord(z) = 6, ord(y) = 4, 23 =y, 2y = yz 71, 2ly = yz "
Remark: G is nonabelian and ord(yz') = 4

Claim: G = C35xCy, p:Cy— Aut(Cs) = Cs, {Id,x — —z}

Proof of Claim:
¢ nontrivial <= ¢(1)(z) = —x

Let H = (2?) = {1,2%,2}, K = (y) = {1,y,2%,y2°}

HNK ={1},G=HK: H<G, H is a characteristic subgroup since H is the only subgroup of G that
has 3 elements.

= G = H x, K, G nonabelian = ¢ nontrivial. |
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Remark (Prove later): |G| = 12, then G must be one of:

03 X 04, 03 X 02 X CQ - abelian
A4, Dlg, Cg ng 04 - non-abelian

Elements of order 2:
A4 : 3, Dlg > 6, Cg >49004 o 1.
Remark: G group, |G| =p? (p odd prime) = G 2 H %, K, H, K < G, ¢ non-trivial.

VCp %, Cp has ¢ = trivial
0 : Cp = Aut(C)) = Cpq

3 non-trivial homomorphism C, — C_1.

Vf:Cp— Cp_1 has ker f = C),.
If ker f # C), = ker f =(C, = (), < Cp_1. Contradiction.

Groups of order p? (p odd prime)

Look at:
sz X Cp
(Cp x Cp) 3 Gy
Cp X sz
Cp x (Cp x Cyp)

ALl Cyy % Cp is Cp x Cpa.

3 non-trvial homomorphisms

Cp2 — Aut((]p) = Cp_1
So all Cp x (Cp x Cp) is Cp x (Cp x Cy).

3 non-trivial homomorphism: C, x C,, — Aut(Cp) = Cp_1.

1.14 Examples of non-abelian groups G with p? elements
(i) G = Cp2 1, Cp, p = non-trivial
@ :Cp— Aut(Cp2) = Cp x Cpq

All non-trivial ¢(Cp) = C), x {1}
Claim 1: V1, 2
C

P
Exercise: G = (a,b) where ord(a) = p?, ord(b) = p, bab~! = aP*1.
(i) G = (Cp x Cp) xy Cp, ¢ = non-trivial,

Y
2 >4<p1 Cp = sz ><1%72 Cp

¢ : Cp — Aut(C)y x Cp) = GLa(F,)
Claim 2: Vo1, @2 nontrivial = (Cp x Cp) Xy, Cp = (Cp x Cp) Xy, Cp.
Example 1.14.1

G = (a,b,c), ord(a) = ord(b) = ord(c) = p, b = cac ta™!, ba = ab, bc = cb.
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Criterion for H x, K = H X K

(i) Ja € Aut(H) such that the following diagram commutes:

/

©
N
Aut(

(ii) 38 € Aut(K) such that the following diagram commutes:

K Aut(H)
foa™1t

H)a

K — o Aut(H)
N A
K

(iii) K cyclic, p(K), p(K') are conjugate subgroups of Aut(H), i.e. 3o € Aut(H) such that ¢'(K) =
a(p(K))a .

Claim: Claim 1 follows from (4i7)
Vo, Cp, — Cp x Cp has ¢(Cp) = Cp x {1}, so V192 non-trivial, then ¢1(Cp) = p2(Cp).

Claim: Claim 2 follows from (ii7)

¢ : Cp = GLy(F),) Any two subgroups of order p of GLy(F,) are conjugate. (Theorem (Sylow): |G| =
p"™ - m, (m,p) =1, then any two subgroups of order p" are conjugate)

|GLa(Fp)| = (p* = D)(P* = p) = p(p — 1)*(p + 1):

GLy(F)) = {[ai,v3] | a3 is not a multiple of dj }

# of choices for dj is p? — 1.
# of choices for a3 is p? — p.

1.15 Classification of Groups of Order 2p, p?,p?, p odd prime

Theorem 1.15.1
‘G’ =2p = G = Cgp or Dgp.

Proof

Cauchy’s Theorem — { dr € G,ord(z) = p

Jy € G,ord(y) =2
Let H = (z), K = (y). Then H = C), K = Cs.

H <G since |G : H| = 2.
H N K = {1} by Langrange’s Theorem (since p is odd). H<G = HK < G.

Second isomorphism theorem —-
HK/H=K/(HNK) = |HK|= |H||K|=2p

= G(=HK = G=H x, K, for some ¢ : K — Aut(H).
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P P= trivial

p()(@) =2

Use: Cp_1 has a unique element of order 2: % p trivial = G = C), x Oy

@ # trivial = G = Cy,. O

Any hom ¢ : Cy — Aut(C)) = C),—; is one o

Theorem 1.15.2
|G| = p*> = G abelian and G = C), x C), or Cyp,.

Proposition 1.15.3
|G| =p" = Z(G) # {1}. (prove later)

Lemma 1.15.4
G/Z(G) cyclic = G abelian.

Proof

Denote = = zZ(G) € G/Z(G).

Let G/Z(G) = (Z). Then any § € G/Z(G) is of the form § = 7° <= yz~! € Z(G).
So Vy € G is of the form y = 'z for some 2 € Z(G).

Let y1,y2 € G, then y1 = a'z1, yo = 2725 for some Zy,2, € Z(G). Then yiyo = 2’2127 22 = 2'2/2120 =
I xt 2021 = x 202521 = Y2y1- -

Proof of Theorem

G| =p?, Z(G) # {1} = |Z(G)| =por p*.

If |Z(G) = p then G/Z(QG) cyclic (has p elements).

= @ abelian, i.e., G = Z(G). Contradiction.

Lemma = |Z(G)|=p?> = G = Z(G) O
p odd prime.

Theorem 1.15.5
If |G| = p?, then either G is abelian, so isomorphic to

Cp3, Cpe x Cp, Cp X Cp X Oy
or GG is nonabelian, and is isomorphic to either
Cp2 X, Cp © nontrivial
(Cp x Cp) 1y Cp (independent of )
p = 2, two nonabelian groups: Dg and Q.

Two Facts:
(i) G p-group = Z(G) # {1}

(ii) G finite and p smallest prime such that p‘ |G| = every subgroup of index p in G is normal.

Proof
Suppose G nonabelian, then Z(G) # G. Every element in G has order p or p?.
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Last time: G/Z(G) cyclic = G abelian.

So G/Z(G) not cyclic. Therefore |Z(G)| = p, |G/Z(G)| = p* and G/Z(G) not cyclic = G/Z(G) =

Cp x C — p, by classification of groups of order p?. Sor € G = 2P € Z(G).
Recall: Commutator subgroup [G, G] = (zyx~ly~! | z,y € G).
G/H abelian <— [G,G] C H

G/Z(G) abelian = [G,G] C Z(G).
|G, G] non-trivial as G is nonabelian. Z(G) order p = [G, G| = Z(G).

Lemma 1.15.6
If [G,G] C Z(G), then Vz,y € G,

(zy)" = 2™y [y, 2"V VnelZ

ly, 2] =yt lya.
Example 1.15.7
(zy)? = ayay
= zzyly 'z tyzly
= 2%y%[y, 2]

6:G = Z(G), o(x) = a¥,

1

(wy)? = aPyPly, a]P P12

(pth power in Z(G) and |Z(G)| = p).

Case 1:
| ker ¢| = p? <= ¢ surjective <= G has an element of order p?.

Jx € G, 2P #1 = 2 has order p?
Jy € ker ¢ such that y ¢ (z). y has order p. Let H = () = C2 and K = (y) = C),.

G:H|=p = HLG. HNK ={e} = HK =G = G = H x4, K, ¢ nontrivial.

Case 2
|ker ¢| = p?® <= ¢ triv <= G has exponent p.

Let x be a generator of Z(G). [(z)|=|Z(G)|=p
G—G/Z(G)=Cy,xC,
Choose y and z € G that map to (0,1) and (1,0) under this map.

H=(x,y), K=(z).

e H does not surject onto G/Z(G), so H # G. g ¢ (x) so |H| > p. So |H| = p? and |K| = p.

[G:H)=p = H<G.
o HNK ={1.

e Suppose y'zd =2, v Z(G) = 2 Z(G) = i,l=0mod p. = i,j,k=0modp. — HK =G

= Hx,K=G.
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Example 1.15.8

{( g ll’ ) € GLy(Z Jp*Z) | a = modp,bGZ/p2Z}

it

Example 1.15.9

O = Q

b
c ) € GL3(Z /pZ) | a,b,c € Z/pZ}
1

1.16 Group Actions

Definition 1.16.1
G group, X set.
A left action of G on X is a map

GxX—X (g,2) —g-x

such that
(i)l-z=2 VeeX
(ii)) go(h-z)=(gh) -z Vg,he G,z e X

X is called a (left) G-set.
g€ G, ty: X = X, ty(x) = gz left translation by g, t,—1 = (tg) L.

Example 1.16.2

G acts on G by left multiplication: G x G — G, (g,h) — g - h.
tgy(h) =g-h, ty € Sx.

Sx ={f:X — X | f is a bijection} symmetric group on X.

Homomorphism:
G — Sx, g tg, gh— tgy:
tgn(x) = (gh) -
=g-(h-2)
=g tn(z)
= ty(tn(z))

Given hom f : G — Sx define:
Gx X = X by (g,2) = f(g)()

(i) (e;2) = fle)(x) = id(z) =«
(i) g(h-2) = f(g9)(h-2) = f(9)(f(h)(x)) = (f(g) o f(h))(x) = f(gh)(z) = (gh)x

{Left G-actions on X }<» {permutation representation G — Sx }

Definition 1.16.3

An action G on X is faithful if its permutation representation G — Sx is injective.

g € G\ {1}, 3z € X such that gz # x.
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Exercise: Sy actson X,0€ S,z € X, 0 -2 =0(x).
Exercise: G < Sx G — Sy faithful since if o # 1, then 3z € X such that o(x) # x.

Example 1.16.4

H < G, H acts on G by left multiplication H x G — G, (h, g) — hg.
If h#1, then h-g # g Vg € G.

So faithful = H < Sg.

Theorem 1.16.5
(Cayley’s Theorem) Every group is isomorphic to a subgroup of a symmetric group.

Proof
H = G in last example — G € Sg.

Example 1.16.6
H < G. Then G acts on the quotient G/H
g9 (xH) = (gz)H
Not faithful if H # 1.
Example 1.16.7

G acts on G by conjugation,

GxG—=G

(g,7) — gxg™
ghz(gh)™! = g(hah™')g™!

1

is a left action.

Example 1.16.8
G acts on the set of subgroups of G by conjugation. (¢, H) = gHg 1.

Example 1.16.9
N <G, G acts on N by conjugation, (g,n) — gng~".
G acts on G/N by conjugation, (g,2N) + grg ' N.

1.17 Examples of Actions G on X
(i) Sp actson X ={1,2,...,n}
(i) G x G — G, (g,z) — gx
(iii) H <G, G/H = left cosets of H in G
GxG/H—G/H, (g,zh)—gxH
(iv) G x G — G, (g,7) — grg~!
(v) N<G,Gx N — N, (g,z) — grg™*

G x G/N = G/N, (g,2)~ g2g~', T=2zN
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(vi) G acts on {subgroups of G}, (g, H) — gHg™!
(ii) (iii) left multiplication, (iv)-(vi) conjugation.

Example 1.17.1
G group, Aut(G) acts on G: (f,z) — f(x).

G = group of isometries of R” (bijective f : R" — R"), preserving distance, G acts on R", f -z = f(x).

1.18 Orbits

Let G acts on X.

Definition 1.18.1
A subset S C X is stable under the action of Gif Vg€ G,Vx € S, g-x € S.
If S is stable under the action of G on X, then G acts on S.

Definition 1.18.2
Let z € X.
O(z) ={g-z|Vg € G}

(Gx) - orbit of x (smallest S such that z € S and S is G-stable).

Lemma 1.18.3
Let X be a G-set. The relation(defn) x ~y <= Jg € G such that y = gz is an equivalence relation.
The equivalence class of x is O(z) ={y € X |y ~ z}.

Corollary 1.18.4
Distinct orbits form a partition of X.

Definition 1.18.5
The action is called transitive if 3 just one orbit.

Example 1.18.6
Sy acting on {1,...,n} is transitive.
Foralli,j € {1,...,n},let a=(i j), a-i=ai) =

Example 1.18.7
G x G — G, (g,x) — gx is transitive

Example 1.18.8
GxG/H - G/H, (g9,xH) = g x H is transitive

Example 1.18.9
GxG—G,(g,x)— gxg~
Orbits - conjugacy classes

1

O(z) = {gzg™' | g € G} - conjugation of z

Remark:
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o Ox)={z} = z€Z(Q).

O(x) ={gzg~"' g€ G = {x}
— grg =2 VgeiG
<~ gr=zg Vged(qG
— € Z(G)

e This is not a transitive action if G # {1}.

e Conjugacy classes in GL,(F) = similarity classes

o A subset S is G-stable <= S is a union of orbits.
A subgroup H of GG is normal <= H is stable under the action by conjugation:
GxG—=G, (g,1)—grg!

= H is normal in G <= H is a union of conjugacy classes.

1.19 Stabilisers

G acts on X, x € X, the stabliliser of z is
Stab(z) =G, ={g€G|gr =2} CG

and is a subgroup of G.

g€G, = g leGr:gr=0 <= =g 'z

g, heGy, = gheGy:(gh)r=g-(hx) =gz ==

Example 1.19.1
Sy acts X = {1,...,n}.

i€ X:G ={ae€S,|a(i) =i} =permutations of X \ {i} = S,_1

Example 1.19.2
H<G HxG—=G, (hyz)=hx. x€G, G, ={h € H| hzr=2} = {1}.

Example 1.19.3

G ={9€G|gzH =zH}
={geCGlzlgzc H}

=xHzx !

Example 1.19.4
GxG =G, (g,x)—grg,

Ge={geGlgrg ' =2} ={g€G|gx=ug}
This is the centraliser of ©

Cg(z) :={g9 € G| gr = xg} = Ng()
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Definition 1.19.5
A C G subset. The centraliser of A is

Ca(A)={9€eG|lga=ag VYaec A}

Recall: Ng(A)={g€ G |gAg~! = A}
Remark:

e Z(G) CCqg(A) C Ng(A).
o Z(G) =Neeq Calx)

Example 1.19.6
G = group of isometries of R", G acts on R". Stabiliser of 0 € R", Gy = O,(R)

H<aG < Ng(H)=0G.

Example 1.19.7
G acts on {subgroups of G}, (g, H) — gHg™ .

Gu={9€G|gHg ' =H}= Ng(H)

Let T C G be the subgroup
T =A{ty | to(z) = 2+ v} - translation by v

Exercise: T <G, G=T x On(R).
Remark:

e O0,(R) 4G: f€O,R). f(x) = Az, A € O,(R). Note that t; ! =t_,,
tyofoty(z)=Alx —v)+v=Ar+v— Av # Ax

= ty,o fot,! # f in general.

e (G, 4G in general for G acting on X. Gy = xGy:c_l.
g€ Gy = glay) =zy < (z 7 lgx)y=y < 2z gz € G,.

ﬂGx:ker(G—>Sx):{g€G|tg:Idx,gas:1: Vo e X}
el

G acts on X faithfully <= (.o Gz = {1}.
Theorem 1.19.8
G agroup, H < G. G/H = left cosets of H in G. G acts on G/H by (g,2H) = gzH. Let 7y : G — Sq/u

be the associated permutation representation. Then:
(i) G acts transitively on G/H
(i) Gy =H

(iii) ker(my) = Nyeq xHz ™t is the largest normal subgroup of G contained in H.

Proof
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(i) Already proved
(ii) Recall Guy =xHz ! = Gy =H

(iii) Remark = ker(my) = (Nyeq Gati = peq(@Hz™') = normal in G (kernel of ).
Let N<G, N C H. Prove N C ker(ry) = (\,eq xHz™!. Show Vz € G,N C zHx"!.
But x7 !N € NCH =— NCaxzHz 'Vzed.

normal

Remark:

e If H contains no non-trivial normal subgroup of G, then
g G — Sg/p s injective.

Cayley’s theorem: H = {1} : G — S¢ is injective. For example if G is simple.
o If |G| does not divide |G : H|!, then G cannot be simple.

Example 1.19.9
|G| =99, H = (x) for some z € G, ord(z) = 11.

7THIG—>SG/H:SQ, 99*9'

ker(mg) C H (largest) normal subgroup of G contained in H.
= ker(mg) # {1} (since 99 1 9!)
= ker(rmy) = H<G.

Corollary 1.19.10
G finite group of order n. p = smallest prime such that p‘n. Then VH < G, |G : H| = p is normal.

Proof

WH:G%SG/HgSp' Let K = kermy.

By theorem, K <G, K C H,sohave K CHCG. |G: K|=|G: H||H: K|.

Let k = |H : K|. Then |G : K| = pk.

K =kermry = G/K — S, is injective, = pk = |G/K| divides p! = Ek|(p—1)\. k = |H : K|
divides |H|, |G| = n. p = smallest prime dividing n = k =1 or Jq prime ¢|K.

But kl(p—1)! = k=1 = K=H<G. O

Theorem 1.19.11
Let G act on X, x € X. Then 3 bijection

f:0(x)— G/G,
flg ) =gG,
In particular, |O(z)| = |G : G4|.
Proof
f surjective: Clear.

f injective:
9Go =hG, <= g 'he Gy < (¢7'h) - 2=2 < h-z=g- =z
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Corollary 1.19.12

If |G| < oo, then | O(x)| = ||Ci|| so |G| =] O(x)||Gx.

Corollary 1.19.13 e The number of conjugates grg~! of x € G is |G : Cy(x)|.
e The number of conjugates gHg ' of H < G is |G : Ng(H)].

Recall: Disjoint orbits form a partition of X for any action G on X.
Consequence: G acts on X, G finite,

IX|= ) lorbit O(z)| = ) “GGI”

disjoint disjoint
orbits rep

The Class Equation

Gl= Y 1G:Cy(@) = 12O+ D 1G:Cyly)

disjoint rep. y
rep T of order > 1

Use:

Oz) ={z} <= 2¢€ Z(G)
O(z) = {2} <= Cg(z) is a proper subgroup of G

Theorem 1.19.14 (Cauchy’s Theorem)
If the prime p divides |G| < oo then G contains an element of order p

Proof

Induction on |G|:

If 3y ¢ Z(G) such that p{ |G : Cy(y)| then p||Ca(y)].
y ¢ Z(G) < Cy4(y) < G proper subgroup.

If p||Cy(y)| and y ¢ Z(G), done by induction.

Claim: Cauchy’s Theorem is true for abelian groups Z.

Proof

Induction on |Z|:

Enough to find z € Z such that p! ord(x).

If ord(x) = pk, then ord(z¥) = p.

Pick any non-trivial x € Z. pr’ ord(z), done.

Assume p { ord(z). Then p||Z/(x)|. By induction, 3y € Z /(z) > ord(y) = p.
Let [ =ord(y), theny'! =1 —= ' =1 — p|d.

Theorem 1.19.15
If |G| = p™, then Z(G) is non-trivial.

Proof
If y ¢ Z(G), then

Coly) <G = 2]IC: o)l = 1o [

By class equation, p’ |Z(G)].
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1.20 Presentations

Definition 1.20.1
If a = o) ... a(m) | then the pair (7, j) is an inversion of « if (i) > a(j) when i < j.

a is even (odd) if the number of inversions of « is even (odd).

Define
1 if o is even

sgn(a) or £(a) = { —1 ifaisodd
Example 1.20.2

1 2.3 4 5 6

3 571 4°2 6

# inversions = # crossings.

Proposition 1.20.3
e: S, = {£} is a group homomorphism.

Proof
Let x1,...,x, be variables. For every polynomial @ in z1,...,z, and a € S,,, define:

a() := polynomial obtained from @ by z; — x4

Let P = (xg —x1)(zg —x1) -+ (p, — x1) (g — x2) - (T — Tp—1)

Claim 2: f(a(P)) = (Ba)(P)
B(a(P)) : zi = Tag)
Tk > TB(k) vk
which is (Ba)(P). [ |
Thus,

e(Ba)(P) = (Ba)(P) = B(a(P)) =p(e(a)P) = () B(P) = e(a)e(B)(P)

= &(fa) = e(P)e(a)

Definition 1.20.4

A, = ker(e).

So A, <S,. In fact, |S, : A,| = 2 for n > 2 by first isomorphism theorem since ¢ is surjective.
Exercise: e(ij) = —1.

Theorem 1.20.5
Every a € S, is a product of disjoint cycles and is unique upto reordering.

Proof
Let a € S,,. Let H = () < S,,. Consider the action H on X = {x1,...,z,}.
Then the orbits have the form O(i) = {i, a(i),...,a"~1(i)} where r = min{k | o¥(i) = i}.
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Note that | O(i)| = r. To O(i), associate v by i (i, a(i), a?(i), ..., a"~1(i)). Then Vx € O(i), a(z) = vi(z).

Let O1,0,,...,0,, be all distinct orbits of H acting on X. Then

x=|]o

m
j=1
Note that 71, ...,V are disjoint cycles and length(~;) = | O; |.

Claim: a=7v1-7Ym

Proof of Claim:

Let i € Ok. Then a(i) = y,(i) = v1 - - Ym(2). [
Uniqueness: Any decomposition o« = 71 - - - Yy, disjoint cycles gives a partition of X into orbits for H = («)
acting on X. O

Corollary 1.20.6
Va € S, a is a product of transpositions.

Corollary 1.20.7
Ap, n >3, then A, is generated by 3-cycles.

Proof
VYo € Ay, ais a product of an even number of transpositions. Any (¢ j)(k [) is a product of 3-cycles.
(ijk) if k=
@i)kl)=9q (GJk)GED if {i,jkl}
1 it {i,j} = {k,1}
O
1.21 Conjugacy Classes in 5,
Remark: If a € Sy, then a(a; ... ap)a™ = (a(a1) afaz) ... alay)).
Lemma 1.21.1
Any two k-cycles are conjugate.
Proof
Let w = (a1 ... ar) and v = (by --- by).
Define a € S,, by a(a;) = b; Vi and send «a(x) to something not b; for each = # a;, no repeating. O
Definition 1.21.2
A partition of n is a sequence of integers 1 < n; < ng <...<ni <n such that ny +--- +ng = n.
If « =1 -+, disjoint cycles then this gives a partition of n = ", length(v;).
Proposition 1.21.3
Two elements a, 8 € S, are conjugate iff & and 3 define the same partition of n.
Proof
Q=1 Ym, B =71V, length(y;) =length(7]). -
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Aside

Application: Homework Q5-6.
|G| =2k, kodd = 3IH <G, |G: H|=2.
G = Sg by left multiplication g — (z +— gz) = 0.

Claim: ord(g) =2 = w(g) = product of k disjoint transpositions.
Remark: If g #1 = gg; # gi, ord(9) =2 = (04)? =1 = ord(o,) = 2.
o4 is a product of disjoint transpositions (product of (g;, ggi)).

G= Sok, W(G) Z As. Let H = m L.
G/H — Sop/Aop. G LG 1= G/fNH) - G — G'/H — 1.

Corollary 1.21.4

Z(Sn) = {1}.

Proof

G acts on G, g +— (x> grg™t).
Orbits

O(z) = {gzg~" [g€ G}, O(z) ={z} < z€Z(G)

a € Sy, is an Z(S,) <= #of conjugacy class of « = 1, only o = 1.

Application: For a € S,,, a = m=cycle (ai,...,an), (m < n).
Compute (i) # of conjugates of «, (ii) Cg, (a).

n-(n—1)---(n—m+1)

(i) # of conjugates of a = #m-cycles in S,, = —

(ii) Cg(z) = stabiliser G, for G acting on G by conjugation, |G| = |O(z)||G4|

|Sh| n!
s, (@) # conjugates of « - n! m(n —m)

Corollary 1.21.5
If o= (a1 -+ anm) an m-cycle, then

Cs, (@) ={a'B|0<i<m,feSx}
where X = {1---m}\ {a1- - an}.

Proof
Clearly, o' € Cg, (), Vi, 3 € Sp.

Count: # elements in RHS = internal direct product of (a), Sx

= # elements in RHS = (n — m)!m.

1.22 Conjugacy Classes in A,

In Sy:= {{Id},{(i 5)}, {0 j K)},{(i 5 k 1), (i 5)(k 1)}}
In Ag: {Id},{(123),(142),(134),(243)},{(132),(124),(143),(234)}and {(i j)(k)}.
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In As: {Id}, {(i j &)}, Gk}, {123 45),.. },{(15432),...}
Claim: « 3-cycle, # conjugates of o in As = 20:

Gl A 60

# conjugates of a = = =
[Cala)l  [Cala)]  |Cala)]

Proof
(o) = Cg(a), so |Ca(a)| = 3.
Let 3 € Cg(a), then BaB~! = a.

Let a = (i j k), then B(i j k)B~" = (B(i)B(5)B(k))
B@BHBK) =(ijk) = f=1Id or B=(ijk)(=a) or B=(ikj)(=0a?

Example 1.22.1
a =b-cycle = # conjugates of a = % =12
# b-cycles in S5 = 4! = 24.

Example 1.22.2
(12345),(21345) are not conjugate in As.

Corollary 1.22.3
As is simple.

Proof
If N < As, then H = union of conjugacy classes. No pair of {1,20,15,12,12} sums to a divisor of 60.

Theorem 1.22.4
As is simple for all n > 5.

Proof
We will take the following steps:

1. A, is generated by 3-cycles
2. If H<1 A and H contains a 3-cycle, then H contains all 3-cycles.
3. VH < A,, n > 5, non-trivial, H contains a 3-cycle

2. Lety=(ijk)€ H. Let B=(abc), 3a € S,, aya~t = 4.

If o« € Ay, done (since H is normal).

Assume « ¢ A,. Pick t = transposition is S, such that ¢ disjoint from g, (n > 5).
Then ta € Ay, and 8 =tBt! = t(aya1)t7! = (ta)y(ta) L.

3. Let H< A, H# {1}. Let &« € H,a # 1 not a 3-cycle. Then « has one of the following forms:
(i) a=(ig 243+ )(--+)

(ii) o= (il ig)(ig i4) -+ disjoint

Construct o € H such that o/ fixes more elements from {1,...,n} than a.

Case (Z) « 7& (il i2 ig)(il i2 ig i4) (not in A4)
—> « moves two numbers other than i1, s, 73.
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Let v = (ig 4 i5) cA,.
Let a1 =vay 't € H, (H<Ay).
Let o/ = aja~t. Then o/ € H.

Claim: ¢« fixes i3 and all elements fixed by «a, (u # i1,...,15)

Proof of Claim:

o (iz) = yay o (ia) = yay~(i1)

= ya(iy) = y(iz) = iz

V) =rar e (W) = ra@) =@ =u W
Case 2: Form 7, a1, a’ as before with i4 as in v and 15 # i1,...,14.
Claim: o = (yay ta™!) fixes i1, io, and u # iy, . . ., 5
Proof of Claim:
Omitted. |

Corollary 1.22.5
Z(A,)={1}ifn >5.

Corollary 1.22.6

If n > 5, then the only normal subgroups of S,, are {1}, A, ad S,,.

Remark: H = Klein subgroup in A,, H characteristic in A4. H characteristic in K, K <G =
H<« G|H <1 84.

Proof Corollary

Let H<S,, H# {1} or S,,. Then HN A, < A,.

Theorem — HNA,is{l}or A,. f HNA,=A, — A, <H.
= H = A, (since |S, : 4, =2).

It HNAy = {1}, Su 2 H L5 S,/A, = Cs.

Then HN A, = {1} <= kerf={1}.

= dinjective map f: H - Cy = |H| =2.

If H# {1}, |H =2 = «a € H with |o| =2 = (a1 a2) = « not normal. O

1.23 More Actions

G acts on subgroups of G' by conjugation: (x, H) — xHz !,
Remark: ¢, : G = G, ¢y, : H— xHx™! is an isomorphism. |H| = [zHz™!|.

Stabiliser Gy = {r € G | stHz ! = H} = Ng(H)
H C Ng(H) C G, N¢(H) is the largest subgroup of G in which H is normal.
Fact: # conjugates of H = |G : Ng(H)|. (|O(z)| = |G : G])

Example 1.23.1
G = Sp, p prime.
If Hy, of order p, (H = (), a = p-cycle), then |[Ng (H)| = p(p — 1).
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Proof %]
S.
[Ns,(H)| = Zeommgates of -
# p-cyclesin S, (p—1)! (p—2)!
# p-cyclesin H  p—1 —\P '

# conjugates of H =

So

P =p(p—1) = [Ns, (H).

Remark: H = (a), a = p-cycle, H < Cs (H) < Ng,(H).

Recall: |Cg, (a)] = (n — m)!m.
In particular, if o = p-cyclic in Sy, then Cg, (o) = (a). So

[Ns, ((a))/Cs, ()| =p — 1.

If H<@, then G acts on H by conjugtion (g,z) + gzg™!.

0:G— Aut(H), ¢(g) =g, - H— H.

Associated presentation representation:

Proposition 1.23.2
ker(p) = Cq(H).

Proof
ker(p) ={g € G |grgt =2 Vorec H}=Cq(H). O

Corollary 1.23.3
G/Cq(H) is isomorphic to a subgroup of Aut(H). In particular,
Ng(H)/Cq(H) < Aut(H).

Remark: If H =G, Cq(G) = Z(G) = G/Z(G) < Aut(G). This is Inn(G).
Example 1.23.4
Sp, p prime, o = p—cycle.

Ng,((@))/Cs, (@) = Aut((a)) = Aut(Cy) = Cpy
Example 1.23.5

|G| =203 =7-29.
Assume G has a normal subgroup H, |H| = 7. Then

° HQZ(G)

e (7 is abelian.

Proof
Let ¢ : G — Aut(H) as before. Then ¢ must be trivial since (203,6) = 1.
= keryp = G, but kerp = C(H). So H C Z(G).

Want to prove: G = C7 x Cag.
K <G, |K| =29, by Cauchy’s theorem we have H <G, |H| =T.
K <G since |G : K| =7, smallest prime. Then G = H x K. O
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Example 1.23.6
G = Dy, = (1, 5), |r| = 2n.
Let H = (r%,s) = Dy,. Then ¢ : G — Aut(H) induces a map G/Cq(H) — Aut(H).

Ce(H)={L,m"}CG
= Dy, / (r"™) = Dy, is isomorphic o a subgroup of Aut(Da,).

| Aut(Dan)| = ¢(n)n, (n = 3).
For n =4, Dg = | Aut(Dg)].

Definition 1.23.7

o If |G| =p* (a > 0,p prime), then G is a p-group

o If H <G, |H|=p* then H is a p-subgroup

o |G|=pm, (ptm),it H<G, |H|=p* H is a Sylow p-subgroup
e Syl,(G) = {Sylow p-subgroups}, n, := [ Syl,(G)|.

1.24 Sylow’s Theorems

Theorem 1.24.1 Sylow 1
p prime, |G| = p*m (p{m,a > 0). Then Syl,(G) # 0, (3H <,|H| = p®).

Theorem 1.24.2 Sylow 2

(i) Any two Sylow p-subgroups are conjugate

(ii) Any p-subgroup of G is contained in a Sylow p-subgroup
Theorem 1.24.3 Sylow3

(i) np =1( mod p)
(ii) np|m
(iii) np = |G : Ng(P)| for any P € Syl,(G)

Corollary 1.24.4
If P € Syl,(G), then PG <= n;, = 1. (Follows from (iii))
(Thm (ii) and |G : Ng(P)| = # conjugates of P = Thm (iii))

Example 1.24.5
G finite group, |G| = pi* - - - p.*.
If ny, = 1 for all ¢, then G is the internal direct product of its Sylow p; —subgroups.

Example 1.24.6

Groups of order pq, p, g distinct primes, p < q.

Theorem = n, =1 ( mod p) and n, divides ¢ = n,=1o0rgq
ng =1 (mod ¢) and ny divides p = ny =1
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Ifn,=1 G=Cpx Cy=Cy,.
np =q: np =1 (mod p) <:>p‘q—1.

If pfq— 1,  non-cyclic group G with |G| = pq if pf ¢ — 1. (exercise: |G| = 15 = G cyclic)

Assume n, = q, p‘q—l. Let P € Syl,(G), Q € Syl,(G). Then Q <G and P #4 G'sincen, =1 <= P<G.
Exercise: G =PQ, PNQ ={1} = G=Q x, P for some ¢ : P — Aut(Q) non-trivial.

v :Cp — Aut(Cy) = Cy—1.
p-nontrivial = ¢ injective. Since p’q — 1, ¢(Cyp) is the unique subgroup of order p in Cy_;.
= Q Xy, P =Q x,, P, where @1, p2 nontrivial.

Lemma 1.24.7
|G| = p"m, Q := p-subgroup of G, P € Syl (G), then Ng(P)NQ = PNQ.

Proof
Later. O]

Proof of Sylow 3(ii)
P C Ng(P)CG = |G: Ng(P)|||G: P|. O

Proof of Sylow 1

Remark: if o = 0, then theorem holds.

Induction on |G|. Assume |G| > 1. Fix a prime p, |G| = p®m, a > 0. Assume Syl (G) # 0 VG,
&' <Gl

Case I: p’|Z(G)|.

By Cauchy’s theorem for abelian groups, 3H < Z(G), |H| = p. H<G = apply induction to G/H:
G/H|p* 'm.
— 3K <G/H, |K|=p®* . Then K = K/H for some H C K C G. Then |K| = |K||H| = p°.

Case II: p1|Z(G)].

By the class equation:
G =12(G)| = |G : Cyly)

where the summation is over y as conjugacy class rep for classes with > 1 element.
= Jy such that p1 |G : Cy4(y)|. So |Ca(y)| = p“k (k < m).
By induction, |H| = p®, H < Cy(y). O

Proof of Sylow 2, 3(i)
G acts on {subgroups of G of order [} by conjugation. In particular, G' acts on Syl,(G).

Fix P € Syl,(G). (By Sylow 1, 3 at least one)
Set
J ={h,..., P} all disjoint conjugates of P.

G acts on J transitively. If @ < G, @ acts on J, say. (@ arbitary).

O1={P,...},0s={P,...},...,05 ={Ps,...} 1<s<r
Then:
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o r=|Jl=%710i]

e |0i|=1Qp]

e Qp={re€Q|zPat=P}=Ng(P)NQ
Then if Q = Py, lemma — Qp, = P, NQ.

IfPizpl — |P1:P1|:1

_ S . A
= =2 [P PN B If Pi# P = p||P:PiNP|°

= r =1 mod p.
If @ = p-subgroup of G,

Claim: @ C P; for some i.
Proof of Claim:
(Claim = J = Syl,(G), P"C P, = r=mn, = n,=1mod p)
r=3711Q:PNQ)|.
Assume QQ € P; for all 5. Then P,NQ # Q, so
Q:PNQl=1—= P’|Q:PZ-QQ| Vi — p’r

Contradiction. [ |

Remark: H,K <G. HC Ng(K) =
o HK <@
o K<HK and HNH<H and HK/K C H/K N H.

Proof of Lemma

Let H = Ng(P) N Q. Want to show H C PN Q.

Clearly, H C ). We will show that P = PH. (= H C PH = P)
Enough to prove that PH is a p-subgroup.

Remark = |PH| = ||1€|r|$‘\ (all p-subgroups). O

Example 1.24.8

Groups of order 30: 30 =2-3-5

ns =1 ( mod 5), n5|6 = ns =1 or 6.
n3 =1 ( mod 3), n3|10 = ng =1 or 10.

24  elements of order 5

If n5 = 6 and ng = 10, then: 20 elements of order 3 ’

cannot happen!

Let P € Syl;, @Q € Syl;. Either P<G or Q@ <G.

Let H := PQ,so H <G, |H| =15 = H = C5, H<G. G has element of order 2 = G = H x, Cy,
p:Cy— Aut(cl5) = (9 x C4.

—> 4 such homomorphisms:
Have 4 non-isomorphic groups of order 30: Csg, D3g, C5 X S3,C3 x Dqp.

‘ ng mns ng
Cso 1 1 1
Ds 1 1 15
C5 X 03 1 1 3
03 X D10 1 1 5
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1.25 Applications of Sylow’s Theorem

General Situation

H <Gk =[G: No(H)| =
Recall: G % S, has ker(y)
Remark: If G simple, k >

#c njugates Hy,...Hp, of H.
:m No(Hs).
1, (H 4G) = ker(y) ={1}.
= G— S, = |G|/kK!

So if H € Syl,(G), then k = n,,.

Example 1.25.1 (Groups of order 12)
Sylow’s Theorem == n3 =1or 4, ng =1 or 3. Let P € Syls, Q € Syl,.

Assume P 4 G (n3 =4)

G acts on Syls = {Py,..., Pi}, |Pj| =3

— G5 Sy, ker(p) =i, Na(P)

4:n3:\G NG )‘:>’Ng< )‘—3:>Ng(P):PZ'
= ker(p) = ﬂz 1 Py = {1}, (P’s distinct, order 3).

— G < 54, n3 =4 — 8 elements of order 3.

Elements of order 3 in Sy: (ijk), (# = 8)
— all 3-cycles in Sy are in G.

= Ay C G (A4 = generates by 3-cycles)
‘G| = |A4’ =12 —= G = A4.

Case: P<G (n3=1)

P<]G7 |P|:33Q€Sy127 |Q|:4

— G2Px,Q, ¢:Q— Aut(P) = Cy, (P ().

Q<G < ¢ = trivial.

If no =1, (QQG) GEPxQ,hwve G=EC3xCpor G=C3 x Cy x Oy,

Assume Q 4 G (ng = 3): ¢ # trivial.

Case Q = Cy: 3y : Cy — Cy non-trivial
©(1) =1, Cy = Aut(Cs) = {Id, z — —z}
= G = (3 %, Cy - Dicyclic group of order 12.

Case Q =2 Cy x Cy: 33 ¢ : Oy x Uy — (5 non-trivial
—> isomorphic C3 x1,, (Cy x Cy) since the image of p = Cs

Claim: G & CQ = CQ X 53
- 3 normal subgroup of order 3
- # element of order 4

Example 1.25.2
|G| =60, G simple — G = As.

Proof

G simple = n, #1Vp=2,3,5
ng#l,n2‘15 — n9 = 3,5 or 15.
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ns # 1, ns = 1( mod 5), n5|6 — ns = 6.
G actson Syl, = G 5 S,

ny # 1, G simple = G & Snp

= ngy # 3, ‘G‘ =60 > ’Sg|

Case ny = 5: G;p)Sg,
|G| =60,G<S; = |S5:G|=2 = GIS;
— G = As.

This actually happens: 3 5 subgroups of order 4 (and not 15). All these subgroups are not cyclic, elements
of order 2 in As looks like (ij)(kl) and there are 15 of them. = ng # 15.

Case ng = 15: If any P, Q € Syl, (P # Q) have PN Q = {1}, then 315 - 3 = 45 elements of order 2 or 4

ns =6 — 6-4 = 24 elements of order 5
= 45+ 24 > 60
= IP,Q € Syly, [PN Q=2 (|P|=|Q| =4)

Let N = Ng(PNQ): P,QC N,P#Q = 4|[N|,|N| > 4. |N|[60 = |N| =12, 20 or 60.

Case [N| =60: N =G = PNQ<G. Contradiction, G is simple.

Case |[N| =20: |G : N| =3 = # conjugates of N is 3, N1, Ny, N3. G acts on {N, No, N3}.
= G — S3 non-trivial = kerp = G, {1}. Contradiction.

Case [N| =12 |G : N| =5 = 35 conjugates for N, Ny,..., N;.
— G 5 S5 non-trivial = kerp = {1} = G = 45, |S5 : G| = 2. This case does not occur. O

1.26 Simple Groups of Order < 200

Find all n < 200 such that 3G, |G| = n, G simple. (n # p prime)
Remark: |G| < oo, G abelian. G simple <= G = Cp, p prime.

Step 0: Sylow’s Theorem. If n, =1 then G is not simple:

|G| = p*m, pfm,m >1-all P& Syl,is normal |G| = p*, a > 1- Z(G) # {1}, Z(G) <G = G not
simple

This rules out everything except 12, 24, 30, 36, 48, 56, 60, 72, 80, 90, 96, 105, 108, 112, 120, 132, 144,
150, 160, 168, 180, 192.

For example: 189 =9-21 =277
n7‘27,n7 =1(mod7) = n7y=1.

Step 1 If G acts on X of size n in a nontrivial way, then f: G — S, nontrivial map.
ker f <G and ker f = {1}, i.e. f injective = |G| divides n!.

In particular, if X = Syl (G), |X| = ny, |G||ny! for all p||G|.

Example 1.26.1

|G| =72=2%-32 n3/8, n3 =1 (mod 3) = ng =4, but 7214l

|G| =192 =283, ny

3,n2 =1 (mod 2) = ng=3,192¢3L
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Remark: May apply same argument for all f : G — S,.
e G acts on {conjugatesof H}, H 41 G = G AN Sp,n=|G: Ng(H)| > 1.
G simple = f injective.

e G acts on G/H = {left cosets}, H < G
— @G%Sg/H%Sn,n:WH]
ker ¢ is the largest normal subgroup of G contained in H = kery = {1} = ¢ injective.

Refinement of Step 1: If n > 5, |G| > 2, G— S,. G simple — G < A,.

Proof

Otherwise, G N A, <G so zyz~! € GN A,.

G simple — GNA,=Gor{l},GZ A, —= GNA,={1}. Buthen G — S, = S,/A, = Cy and
G — C5 but ’G|>2 OJ

Example 1.26.2
G| =112=16-7 = ny|7T = ny=1T.
Then |G| divides 7! but |G| 1 75' = A,

Refinement 2: If G is simple, G <— S,,, (n > 5), then G € A,, (and ]GH%‘) and either

(n—1)!
2

G=A, or |[A,:G|>n (so |G| < )

Remark: n > 5, any proper H < A,, has index |A,, : H| > n.

Proof
Consider ¢ : Ay, — Sy, | = |4, : H| (left multiplication on cosets of H).
ker ¢ := largest subgroup of A,, contained in H = keryp = {1}, n > 5.

|
A, =S = %zl! — [>n

Example 1.26.3
|G| =90=2-32-5,n5[18, n5 =1 ( mod 5) = ns =6.
Now, 90|% — G # Ag, 90 # 50 = 3.4.5 = 60. Contradiction.

Step 2(Element Counting)
If for smallest value of n, > 1 satisfying Sylow, we have

D nplp—1)+1> |G

Contradiction.

Example 1.26.4
n=105 = 3-5-7 = ny=15,n5 =21,n3 =7.
15-64+21-447-241=90+4+84+ 12 > 105.

Refinement (Count overlaps)
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Example 1.26.5
G| =56=7-2> = ny=8ny=7 = 8-6+7+1=56.
7+1=|P|, P € Syl, but ny > 1 so there must be some @ € Syl,, P # @, so |[PNQ| < 4. (Same for 132)

Step 3 Construct H, with small |G : H]|.
For example, H = Ng(PNQ), P,Q € Syl,, P # Q.

Example 1.26.6
|G| =144 = 2* - 32 n3|16 => ng =4 or 16, but 144f 4! = ngz = 16.

If PNQ = {1}, for all P # Q in Syls, then 16-(9—1)+16 # 144, 16 = Syl,. => npy =1 = |PNQ| = 3.
Let H= Ng(PNQ), since PNQR<P (index 3), PNQR<1Q — P,Q C H.
So |[H| > 9 = |H|=18,36,72,144.

o |[H =144 = |H|=|G] = PNQERJCG

o |H =72 = |G:Hl=2 = H<G

e |[H =18 = P,Q<H (index 2) = P,(Q € Syl3(H), contradiction

o [H| =36 = |G: H|=4,but |G[{4! (¢:G—Ss=Sq/n)
Exercise: n = 180.
For n = 168, G = GL3(F2).

Gl = (22 —1)(22 —2)(23—2-2)=7-6-4 =168
——— N —

choice for choice for
row row

Exercise: |GL,(F,)| =7

1.27 Nilpotent and Solvable Groups

Definition 1.27.1
Let G be a group. The upper central series of G is the chain of subgroups of G

{1} = Zy(G) C Z1(G) C ...
defined as 71 (G) = Z(G) = Z(G/Zy(@)),
Zi-i—l(G) < G such that ZZ‘_:,_l(G)/ZZ'(G) = Z(G/ZAG))

(Zi4+1 is the pre-image of the centre)
Remark:

(i) All Z;(G) < @G
(i) If Z(G) = {1}, then all Z;(G) =1
(iii) If Zx(G) = G for some k, then Z;(G) = G for all i > k

Example 1.27.2
G = @s, then Z1(G) = {1}, 25(G) = Z(Q/{+1}) = Es.
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Definition 1.27.3
If Z.(G) = G for some c, then G is nilpotent and that smallest such ¢ is the nilpotency class of G.
Remark:

e Abelian groups are nilpotent
e @ nilpotent with class ¢ <= G/Z(G) nilpotent with class ¢ — 1

e Dy, nilpotent <= k = 2! for some [

Example 1.27.4
Don is nilpotent with class n — 1.

Proof
Induction n, Z(Dyns1) = {1,72"""}

D2n+1 /Z(D2n+1) = D2.2n == D2n

Theorem 1.27.5

G finite, |G| = pi* ---pp*. Let P; € Syl,i(G) Vi = 1,...,k. Then G nilpotent <= G = P; x --- X Py
(= ny, =1 Vi)

Proposition 1.27.6

If G is a p-group, |G| = p?, then G is nilpotent of class < a — 1.

Proof

Induction on a. |G| = p abelian = nilpotent.

Suppose true for all a < k.

Then if |G| = p¥, it has a non-trivial centre, |Z(G)| > p and |G/Z(a)| = p® where a < k. By induction,
G/Z(@G) is nilpotent of class < a — 1, so G is nilpotent of class < a < k — 1 by remark (ii). O

Proof of Theorem
Follows from proposition. O

Lemma 1.27.7
If P € Syl,(G), then PZ(G)/Z(G) € Syl,(G/Z(G)) and PN Z(G) € Syl,(Z(G)). In particular, P,Q €
Syl,(G) = PN Z(G)=QNZ(G) since | Syl,(Z(G))| = 1.

Proof
Suppose p”||G| and p**! |G| (p”|||G]) and p°|||G|. Now,

PZ(G)/Z(G)= P/PNZ(G) (2nd iso. thm)

IPNZ(GQ) <p® = |P/PNZ(G)| >p* " with equality <= |[PNZ(G)| =p°

|PZ(G)/Z(G)| is a p-group in G/Z(G), p*~°|||G/Z(G)|.
So |PZ(G)/Z(G)| < p*~" = |P/PNZ(G)| =p*

— PNZ(G) €SyL(Z(G) and PZ(G)/Z(G) € SyL(G/Z(G)).
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Proof of Theorem
Recall that if H, K <G and H N K = {1}, then elements of H and K commute.

Then we’ve reduced to showing that each P; <G. (If i # j, P, N P}, so P1,..., P, commuter preserve)
Py x--xP,—G by (x1,...,2n)— (v1-- Tp)

To show n, = 1, induct on |G|. Suppose P, Q € Syl,(G).

— PZ(G)/Z(G), QZ(G)/Z(G) are p-subgroups of G/Z(G).
(IG/Z(G)| < |G| so G nilpotent)

So by induction PZ(G)/Z(G) = QZ(G)/Z(G) = PZ(G) = QZ(G).

P,Q<H<G = P,QeSyl,(H), but P<PZ(G) = H.
— [Sy,(H)| =1 = P=Q. 0

Definition 1.27.8
A composition series for a finite group G is a series of subgroups

{1}:G0<G1<...<]GHZG

such that Gj;+1/G; are all simple.

Theorem 1.27.9
Any finite group has a composition series.

Proof

Induction on |G].

Base Case: If G is simple, then {1} <G is a composition series.

Induction: Suppose G is not simple = 3 nontrivial normal subgroup H <G = |H| < |G| = H

has a composition series

But also, |G/H| < |G|, G/H has a composition series
{1} =Koy<Ki1<---<K; =G/H/
— G HH>G/H=EK;. (Go=H,G =0a).
Then H =Gy <G <---<G; =G. (Git1/Gi = (Giy1/H)/G;/H is simple).

So
{1} =Hy<---<H<1G1<---<1G =G
is a composition series for G. ]

Remark: In fact, if H <G, 3 a composition series containing H. Moreover, if 1<1H; <--- <1 Hy, <G,
then there is a composition series containing all H; (a refinement).

Theorem 1.27.10 (Jordan-Hdolder)
Suppose {1} = Go<---<Gy, =G and {1} <Hy<--- < Hy, = G are two composition series for G. Then
m =n, and {Gy+1/Gr} = {Hp+1/Hy} up to isomorphism.

Example 1.27.11
If K, K’ simple, then

{1}<K x {1} <K xK' and {1}<{1} x K'<K x K'.
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Proof
See book for complete proof.
Hint: Consider a simple group Hj.

{1}<]G1ﬁH1<]G2ﬁHQ<]”-<]GnﬂHn:Hl

GinHy=H, Vi>k

— dk such that GinH ={1} Vi<O

So

H =G ﬂHl/Gi NnNH — Gz‘+1/Gi simple.

Definition 1.27.12

G is solvable if all of its quotients G;41/G; in a composition series for G are cyclic. (prime order)

(<= J1<H;<Q---<H, =G such that H;y1/H; is abelian.)

Remark: Thus, nilpotent groups are solvable since {1} = Zy<Z1<---<Z, = G and Z;y1/Z; =
Z(G/Z;) is abelian.

The reverse is not true: Sy is solvable but not nilpotent.

Recall: G’ := commutator subgroup of G, G = (G»+1DY
GGV a® ...

Theorem 1.27.13
G solvable <= G = {1} for some n.

Proof

(<) GO /G is abelian.

=) Suppose {1} <1Gy <1+ - - <1 G,y = G solvable, then G, /Gm—1 is abelian = GH=Gm-1_ By induction
(=) Supp : y :
G < G O

Corollary 1.27.14
If H < @G, G solvable = H is solvable.

Proof
HO <« GO, O

{Cyclic Groups}C{Abelian Groups}C{Nilpotent Groups}C{Solvable Groups}

d nilpotent groups that are not abelian: p-groups, Da,
G nilpotent = G solvable

{1} = Zo(G) C Zo(G) € Z1(G) € Z5(G) C ... C Zn(G) = G
(abelian)  Zi1(G)/Z +i(G) = Z(G/Z1(G)) = G/Z:(G)

= {1}<Z1<Z2<--< %, =G, Zj11/Z; abelian for each 1.
= ( solvable.

3 solvable groups that are not nilpotent: Do, k # 2™.
{1} <<7“> <1 Doy

Sy, is not solvable if n > 5.
{1} < A, < Sy, A,, is the only non-trivial normal subgroup.
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Theorem 1.27.15 (On Solvable Groups)

(i) Feit-Thompson: |G| odd = G solvable

)
(ii) Burnside: |G| = p®-2°, p,q, prime = G solvable
(iii) Philip Hall: |G| = p®-m, p{p prime = G solvable
(iv) If (x,y) solvable Vx,y € G = G solvable

1.28 Free Groups

Definition 1.28.1

F group, S C F subset.

F is a free group with basis S if V group G and Vf : S — G, 3! homomorphism ¢ : F — G such that
o(x) = f(z) Vzesb.

F
T H'gast por=f
S

—>G

f

Existence of Free Groups

Definition 1.28.2

A word on a set S is an expression of the form ej*z5?--- x5 where e; = £1, z; € SU {1}. (same as a
function {1,...,n} - SUS_; U{1}).

Reduced word is a word with no obvious cancellations, e.g.: zyy~
1 = empty word.

Subword of ! -+ -2zt is efr - x% 1 <r<s<1.

n

ez 1.9,

Definition 1.28.3

z{' - 28 is a reduced word if it is either 1 or
® Tyl = :L’Z-_l Vi
e I 75 1Vi

Definition 1.28.4

Two words are equivalent if one can be obtained from the other by successively adding or deleting subwords
of the form zz=1 2~ 1.

3! reduced word in every equivalence class.

yIEZZ_lfL'_ly_lny’ — yCUCC_ly_lyJI — yy‘lyaj — Yyx

yxzz_laj_lx — yz:zz_l — YT

Definition 1.28.5

F(S) = set of equivalence classes of words on S.
Multiplication = juxta position of words.

Example 1.28.6
(vayz, v leyza) — royyrrlyza
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“1” = empty word 1.

Claim: F(S) is a free group woth basis S.
Exercise: F(S) is a group.

(xil e "B(Til,n)_l = :L‘T_Le'fl e xl_el‘

Remark: |S| > 1, F(S) is non-abelian.
r,y€ S, zy #yx. S={x1,...,xn}, {xl,...,xn,xl_l,...,:cfll,l}.

S F(S), x> x
£(S5) p(ay - -agr = fa)™ - fan)™)

N
1o
LN

f

G

Remark: A free group F' with basis S is unique up to isomorphism, i.e. F' = F(S).

oy
Fms

N

=—> 1 o = Id is the unique isomorphism F' — F' such that

F

e

S ——= F(S)
= 1 o p = Id is the unique homomorphism F' — F' satisfying the diagrams = ¢ ot = Idp(g).
F(S) = free goup on the set S. |S| = rank of F(S5).

Notation: ™y =x---xy---y, m and n times respectively for positive m,n € Z.

Theorem 1.28.7
Subgroups of free groups are free.
Exercise: Free groups of rank 2 have a subgroup that is infinitely generated.

1.29 Presentations of a Group

G group, 3! surjective homomorphism.

¢ : F(G)—G such that o(aft---zim) = o' - an Vri,...,xy € G

n

~
word on G product in G
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F(G) such that p(x) =z Vz e G (LHS word, RHS in G)

N
PN
Al

\&
G——G

If S C G subset, then G = (S) <= 3 surjective hom ¢ : F(S) — G s.t. p(af* -+ x&) Vg -z, € 5.

Definition 1.29.1
A presentation for a group G is a (S | R) where S = generating set and R = relations. Formally, S = set
of elements in G, R = set of words in F(S5).

To give presentations, we need:
1. G=(S) = ¢:F(S)—~G
2. ker ¢ = smallest normal subgroup of F'(S) that contains R

In general, H < G, then

the smallest normal subgroup of G containing H = ( U (xHz™))
zeG

VK<G, HCK = NCK.

Warning: kerp 2 (R)
eg. ifa®>€ R, thena®?=1in G = za’2z~ ' =1inG.
2. = FS)/N=G

Definition 1.29.2
G is finitely generated f G has a presentation G = (S | R) where S is finite.
G is finitely presented if G has a presentation G = (S | R) where S, R are finite.

Notation for relations: Dy, = (r,s | " = s> = 1,rs = srl — 1]), R = {1, 5%, srsr}/
Remark: A group can have different presentations:

S32 Dg=(r,s|r’=s>=1,rs=sr

= (a,b|a®=b*= (ab)® = 1)
a=(12),b=(13).

For any G such that G = (a,b) with a® = 1,0 = 1,(ab)? = 1 then G = {1,a,b,ab(= baba),ba(=
abab), aba(= bab)}

Example 1.29.3
Any finite G is finitely presented.

Criterion
|G| =n < oo then G = (S, R) if
i) (5)=¢G

(ii) Any group generated by elements in S with relations given by R has < n elements.
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Example 1.29.4
G=A{z1,...,z},let S=G
0: F(G)—»G,o(x;) =x; Vi

Let R = set of words :Uixjxlzl for all z;z; = .
Then R C ker ¢. Let N = normal subgroup generated by R = N C ker ¢.

® is an isomomorphism: show that |F(G)/N| = n.

Claim: F(G)/N ={z1,...,Zn}, T; coset of z;.

D is clear.
{Z1,...,Zn} closed under multiplication

—

;7 = xp, if xjw; = 0, = :niwjxlzl = 1,:E¢:ij,;1 €R

Presentation: G = (S, R).

word €S

Relations R C F(S) such that ker ¢ = normal subgroup genereated by R.

Recall: A C G
Normal subgroup generated by A = (|J,cqzAz™")
(smallest H<1G,AC G)

— G=F(©S)/( |J 2Rz")
z€F(S)

Criterion
|G| =m, then G = (S| R) if:

(i) G=(5)

(ii) Elements in S have to satisfy relations in R

(iii) Any group G’ with generators 1, ..., 7, satisfying relations in R, then |G'| < m
Proof

G=(S) = F(S) 5, osit o).

Let N = normal subgroup in F(S) in F(S) genereated by R.
(i) = RCkerp = N Ckergp

=  factors through @

—>  surjective




Take G = F(S)/N=( $§1,...,5n ), & = coset of s;.
——

satisfies relations in R

(i) = |G'| <n = ¥ bijective = kerp =N

Example 1.29.5

o Dy, =(rs|r"=52=1,rs=sr"1)
VG = (z,y) with 2" =y =1, 2y = y2~! = G = {2,y2'} = |G| < 2n.

o Q=(ijlit=1j%=ij=ji")
o O, xCp=(a"=ym=1zy=yx)
Remark: Z = F({z})

such that ¢(1) = f(x), define p(n) = f(x)".
Exercise: Z X Z = (z,y | xy = yzx).

Notation: If r = z{* ---2¢» € R, if H is any group hy---hy, € H, r(hy---hy) = h{* -+ - hS.

Proposition 1.29.6

IfG=(s1,...,8, | T1,...,7n, the to give G L H a homomorphism is equivalent to giving h1, . ..

satisfying ri(h1---hp) =1Vi=1,... k.

Proof

(=) Clear: Let h; = f(si).

Then 7i(s1-+-sp) =1 = f(ri(s1---sn)) =f(1) =1 = rg(hy---hy) = 1.
(SR —

ri(hi--hn)
(<) Let hy---hy, € H such that r;(hy---h,) =1 for all 4
F(S)
|
S——H
N:= normal subgroup of F(S) generated by R = {r1,...,r,} v(si) = h;
Know G = F(S)/N (G — (S, R)). Prove: N C ker(yp):
ri(h1---hy) =1 < r; €Ekergp

— N Ckerp = ¢ factors through G = F(S)/N — H.

Corollary 1.29.7
If (hy---hy) = H, then f: G — H is surjective. (f as in prop)

Example 1.29.8
Give Dy, - H <= give z,y € H such that 2" = y?> = 1, zy = yz~ L.
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Example 1.29.9
Qn={a,b|a¥ " =1,ba=a"1b,b? =a?" ') generalised quaternion group. (Q3 = Q)
‘Qn’ = 2" o
Easy, Qn{a’,a’b |0 <i<2" 1 -1} = |Q, <27
a'b  a®b
a’  a'b
Define f : Q — GL2(C) by

f(a) = { g 501 ] & = &n-1 root of 1.

f(b) = [ _01 (1) } (&m = em mth root of 1).

mn={15 |15

has 2" elements. 0 <i<2" 1 -1 — |Qn| = 2m.

Prop. = f is a group hom

2 Commutative Rings and Their Modules

Recall that a ring is a set R with operations +, - such that
(i) (R,+) abelian
(ii) (R,-) is associative and distributive, a(bc) = (ab)e, a(b+ ¢) = ab + ac, (a + b)c = ac + be,
R is commutative if ab = ba, a,b € R. R has an identity if 31 € R such that a-1=1, a = a Va € R.

Now: R commutative with 1.
J rings with out 1: 2Z/

Example 2.0.10
The zero ring 0, Z, any field is a ring: Q,R, C,IF,.

Recall that a ring R is a field if 1 # 0 and R is commutative with (R \ {0},-) is a group.
Remark: R aring, 1=0 < R=0.

Example 2.0.11
R ring ~~ form polynomial rings: R[X], R[X1,...,X,]

Example 2.0.12
{Ri}ier vings = [lic; Bi = {(ri)ier | i € Ri}.

Definition 2.0.13
A map f: R — R’ is a ring homomorphism if for all x,y

(i) f(x+y) = flz)+ f(y)
(ii) f(zy) = f(x)f(v)
(iii) f(1gr) = 1p
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Example 2.0.14

e The only ring homomorphism f:7Z — R is

n—n-lp=1g+---+1, (n>0)
~—_———
n times
Vf:Z— R, f(1)=1g
f:R—=0
— 0
But g: 0 — R by 0 — 0 is not a ring hom, unless R =0. (19 =0+ 1)

e Evaluation map at ay,...,ay.

Vz € R is a ring hom.

f:R[Xy,...,. Xy = R
ri—a €R, 1=1,...,n
f(P(X1,...,Xpn)) =Plai,...,an), YP € R[Xy,...X,]

e C—>C,z—72Z.

Definition 2.0.15

R a ring. An R-module is an abelian group (M,+) together with - : R x M — M such that for all
ri,ro € R, m e M:
(i) ri(rom) = (rira)m
(ii) (r1+7r2)m =rim+ rom
(iii) r(my + ma) = rmy + rmae
)

(iv) 1g-m=m

Example 2.0.16

e R =7, Z-modules = abelian groups. G an abelian group:
n-r=x+--+zx (n>0)
;\./_/
n times
ny - (ng-x) = (nine) - x
e R =F afield. F-modules = F-vector spaces.
e F[X]-modules <= F-vector spaces V together with linear map T': V' — V.
(=) M an F[X]—module = take V = M is an F-vecotr space.
T:V—=V, Th)=z-v YveV
is a T-linear map.
T-linear: X (v; +v2) = X -v; + X - vg is just
T(Ul + ’U2) = T(Ul) + T(’UQ)

X - (W) = AM(Xv)
—_— =
T(\v) T(v)
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Example 2.0.17
R" = {(z1,...,2p) | z; € R} is an R-module.
A (x1,.oyxpn) = (Ax1, .oy Azy).

Definition 2.0.18

R ring, S C R is a subring if (S5, +,-) is a ring in its own right. (not necessarily with 1).

I C Risanidealif (I,+) < (R,+)andVzx € R, Vye I, x-y€I. (= (I,+,-) subring.) We write
I <R

Remark: [ ideal in R = R/I is a ring.

x4+ D+ @+ =(x+y) +1
(x+1)-(y+1)=(zy)+1

Exercise: (R/I,+,-) is ring.

In fact, R/I is an R-module: x € R, x - (y+ 1) =xy+ 1
Well-defined: - (v + 1) =ay' + I

y+I=y+1 & y—y €l = zy—ay €l
Axioms:

zi(z2- (y + 1)) = (m122)(y + 1)
z1(v2y + 1) = (v122)y + 1
z1(z2y) + I = (122)y + 1

(yr+y2) =x((n+ 1)+ (2 + 1) =z + 1) +2(y2 + 1) = (zy1 + 2y2) + 1
R/I hasalif Rhasal: (14 1).
Definition 2.0.19

M, N R-modules.
An R-module homomorphism (R-linear) is a map f : M — N such that Vr € R, m,mi,mgs € M

f(m1 +ma) = f(m1) + f(ma)
f(r-m)=r-f(m)

Example 2.0.20

e 0:M— N,x+— 0Vax.
O - m=0py VmeM
r-0py =0y VreRr
e R =F afield. F-linear map = linear transformation between F-vector spaces

e What are the R-linear maps R" L RE? € d;.

f@rzn) = i
Tl
—A-
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2.1 Elements of Category Theory

Definition 2.1.1
A category C consists of:

I. a class of objects Obj(C)
II. for all A, B € Obj(C) a set, Morc(A, B) of morphisms (“arrows”, A — B)
III. VA, B,C € Obj(C), a function
Mor¢ (A, B) x Mor¢(B,C) — Mor(A4, C) (“composition”)
A-LsBBL0)—a L0
such that
(i) Mor(A4, B), Mor(A’, B') disjoint unless A = A’, B = B’
(i) ho(gef)=(hog)of
(iii) YA € Obj(C), 14 € Mor¢(A, A) such that folg=f=1,0f Vf € Morc(A,B)

Example 2.1.2

e ( =Set, Objects = Sets, Mor = functions

e (C =Grp, Objects = Groups, Mor = group homs

e (C =Ab, Objects = Abelian groups, Mor = groups homs

e (C =Ring, Objects = Rings, Mor = ring homs

e R aring. C = R-Mod, Objects = R-modules, Mor = R-linear maps

e F afield. C = F-Mod, Objects = F-vector spaces, Mor = F-linear maps

e ( = Top, Objects = Topological Spaces, Mor = continuous maps

Definition 2.1.3
C,D categories. A covariant functor F': C — D consists of:

(i) amap F : Obj(C) — Obj(D)
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(ii) YA, B € Obj(C) a function
F : Mor¢(A, B) — Morp(F(A), F(B))
such that
f:A—= B~ F(f): F(A) — F(B)

such that
(a) F(1a) = 1pa)
(b) F(go f)=F(g)oF(f)

Example 2.1.4

e Forgetful functors, for example:

F : Grp — Set
G group — G underlying set
f:G—H

group hom — underlying map

e F = field, V an F-vector space.

Hompg(V,—) : F-Vect — F-Vect
W — Homp(V, W)

(W L5 W) (Homp(V, W) — Homp(V, W"))
(V—g—)W)’—)(Vﬂ)W,)ng—)ng

More generally, C =category, A € Obj(C).
Define a covariant functor:

M(A,—):C — Set

Obj : B — Mor(A, B)
Mor: (B -1+ B') s (Mor(4, B) — Mor(4, B'))
(B L B) - ((42) - (4 L% By

Example 2.1.5
C = R—mod, M = R—module

Hompg(M,—) : R-mod — R-mod
N — Hompg (M, N)
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Remark: M, N R—modules. Hompg(M,N) = {f : M — N | R-linear} is an R—module.

Particular Cases
- M* = Hompg(M, R) is the dual of M
- EndR(M) = HOIHR(]W7 M)

Definition 2.1.6
A contravariant functor F': C — D is an “arrow-reversing” functor.

F : More(A, B) — Morp(F(B), F(A))

F(g) F(f)

ALy B 20w FO) F(B)

F(gof)

F(A)

Homp(—, N) is contravariant.
Generally, C a category, A € Obj(C):
Mor(—,A) : C — Set
B — Mor(B, A)
(B -1 B) ~» (Mor(B', A) — Mox(B, A))

(B' 25 A) = (B X 4)

2.2 An example of a covariant functor for modules

Change of Ring
¢ : R — R ring homomorphism. M an R-module. M is also an R'-module via:

rem = (' )m

and we write g M, p* M.
Check axioms:

(i) rp- (ry-m) =711 - (p(ry)m) = (@(r1)e(ry))m = (riry)m = (riry)m
(ii) 7' (m1 +ma) = @(r1)(m1 + mz) = o(r')m1 + o(r'Ymg = rimy + rhms
(iii) exercise
(iv) lgr =o(lg)ym=1g-m=m

If f: M — N is R-linear, then the same map on the underlyinig sets is R’-linear:
ffrr M =g M (f' =)

f'(r"-m) = o(r)ym = o(r') f(m) = 7" - f'(m).

This gives a functor:

¢ : R-mod — R'-mod
Mv—prp M
(f:M%N)'—)(f/:R/M—)R/N)
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Definition 2.2.1
M an R-module. An R-submodule of M is the obvious thing: a subset N C M such that (N,+,-) is a
module, i.e. (N,+) < (M,+), N closed under -.

Example 2.2.2
R aring. R as an R-module, then the submodules of R is precisely the ideals of R.

2.3 Products & Coproducts

Products

C a category. If A, B € Obj(C), then a a product of A, B in C (if it exists) is an object X and 2 maps
w4 : X — A, wp: X — B satisfies the “universal property”:

VY € Obj(C) and maps f:Y — A, g:Y — B, 3h: Y — X such that f =7wg0h, g=mpoh.

Y f
‘i AN
i AN E”h
\{ \
g\
XBi
B
Example 2.3.1
B B Ta: X > A . WA(aab):a’
C=Set. X = A x B product of A and B. ts: X B with rplab) =b "

Given f, g, h(y) = ayby, = f(y)b(y).

g\ Ax B4 maoh(y) = f(y), ay = f(y)-
\Ti

B
Exercise: 7 product in the category of fields.

Similarly, we can define product, X, of objects {4;}icr in C. 7 : X — A;

Coproducts
. . o . . . . ia: A= X
If A, B € Obj(C), then a coproduct of A, B in C (if it exists) is an object X with 2 maps .
- ip:B—>X
/ o
such that VY € Obj(C) and maps Y 3 X 5 Y such that 5 _:;ZA
p— B'




Example 2.3.2

C= Set. AU B= coproduct of A and B.

Remark: If the product, coproduct exists, it is unique up to isomorphism.
f

i.e.ACB such that fog=1gp )
7 gof=14
X1 . X

hl Oh2 Ellhl
ha

Xq ?A Xo——A
TR

|- |

B B

2.4 Modules: Sums and Products

{M;}icr collection of R-modules.

Direct Sum
D M = {(ms) | mi € M;, all but finitely many 0}
el

Direct Product

iel
Remark: If |I| < co. @ M; =[] M;.

Proposition 2.4.1

(i) [IM; is a product of {M;}icr in R-mod.
(ii) € M; is a coproduct in R-mod.

Proof

Sum:
R aring. N,N’' < M then
N+ N ={z+y|neN,neN}

is a submodule of M.
(This is just the additive notation of HK < G.)

NxN s NiN <M

(,y) =z +y
Multiplicatively:
H x K — HK C G(abelian)
(z,y) = zy
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fis R-linear: f(r(z,y)) = f(rz,ry) =rx+ry=r(z+y) =r(f(z,y)).

Definition 2.4.2
f:M — N R-linear. ker(f) ={m | f(m)=0}.

ker(f) = {(z,y) |z +y =0} = {(z,—x) | 2 € NN N'}. If NN N’ = {0}, then f is an isomorphism of
R-modules.

(Exercise: Bijective R-linear maps <= isomorphism in R-mod)

Then N x N’ = N+ N’. N+ N’ is called an internal direct product of N and N’ if the map f: N x N’ —
N + N' is an isomorphism (<= N NN’ = {0}).

Remark: This is the product/direct sum.

Definition 2.4.3
M and R-module, {M;};c; submodules. M if an internal direct sum of {M;} if

DM — M

is an isomorphism.

2.5 Quotient Modules

R aring, N < M an R-module, then the abelian group
M/N={m+ N |me M}
is an R-module via:
r-(m+N)=rm+ N
Well-defined:
m+N=m'+N
— m—m' €N
== rm—rm’ € N
= rm+ N =rm' + N
Axioms:
(i) 7’1(7’2(771 + N)) = 7“1(7’2771 + N) = 7"1(7’2771) + N = (7"17’2)(771 + N)
(iv) 1-(m+N)=1-m+N=m+N.
m: M — M/N by m(m) =m + N is R-linear.

M an R—module. Write N <p M (or N < M) for N R—submodule. e.g. I < R ideal in R.

Recall that for NNN' < M, N+ N ={x+y |x € N,y € N'} < M. More generally, if {N;};c; are
submodules of M,

ZNi = {Z n; | ni € N;, all but finitely many 0} < M
Direct sum:

@Ni = {(n;) | n; € N;, all but finitely many 0} C HNi

iel iel

Af : TLier Ni = 2o Ny, f((25)) = Y- n,.

75



Exercise: f is R—linear and surjective.

> Nj is an internal direct sum if f is an isomorphism
<= Vn € > N;, dln; € N; such that n =) n;
= Vi, N;N 32, Nj ={0}.

M an R—module is generated by {m;}cr if M = _,.; Rm; for some m; € M, where Rm = {rm | r €
R} < M. We write M = (m; | i € I)

M is finitely generated if M = (my,...my) for some m; € M. For example, Rm = (m,).

Definition 2.5.1
M is cyclic if M = (m) for some m € M.
Remark:

e R=17, fg 7Z—modules = f.g. abelian groups, cyclic Z —modules = cyclic abelian groups

e R =k field, f.g. k—modules = finite dimensional k—vector spaces

M f.g. R—module <= 3R* — M surjective and R—linear.

Proof
(=) M = (my,...,mp. Let f: RF — M, e; = my. f(re,...,1m) = > rim;.
Exercise: f is R—linear and surjective.

(<) Let m; = f(0,...,0, 1 ,0,...,0). Then f(r1,...,7%) = >_mim; since f is R—linear. f surjective
ith
:>M:<m1,...,mk). ]
Remark:
e M fg. R—module <— M = Rk/N for some N < RF

e M is cyclic <= IR — M R-—linear, surjective <= M = R/I for some ideal I < R.

2.6 Isomorphism Theorems For Modules

Theorem 2.6.1 (First Isomorphism Theorem)
f:M — N, R—linear = ker f < M, Im(f) < N. f induces an isomorphism of R—modules

f:M/ker f —Imf

flz+ker f) = f(z)

Remark:
e f:M — N R-linear, NN < N = f }(N') < M. (Closed under - x € f"}(N),z € R =
rex e fTUN), f(r-a) =rf(z))

e 1w : M — N surjective R—linear 3 1-1 correspondence

{Submodules of N} <+ {Submodules of M that contain ker 7}

e First Iso = N = M/kerw. More generally, if M’ < M and let 7 : M — M/M’ quotient map.
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3 1-1 correspondence

{Submodules of M/M’} +» {Submodules M < M, M' < M}
K < M/M' — 7 YK)
(M) =M/M + M

o Ny<M,iel = (e, Ny <M

Theorem 2.6.2 (Second Isomorphism Theorem)
Nl,NQ § M. Then
Ni/(N1 0 Ng) = (Ng + N2)/Ny

isomorphism of R—modules.
(Recall H, K < G then H/(HNK) = HK/K)
Proof

f
/“"""’\
N Nj + Ny —— N; + N2 /N,

f(z) = x + Ny R—linear.
keI‘f:{i‘GNl |.CL‘€N2}:N1QN2

First isom = N;/N; N Ny = Ny + Na/Na.

Theorem 2.6.3 (Third Isomorphism Theorem)
If M3 < My < My then
(M1 /M3)/(Mz/M3) = My /Mj

isomorphism of R—modules.

Proof
fis R—linear: f(r- (z+ M3)) = f(rx + M3) = rz + My = r(x + Ms)
ker f = {.T—l-Mg ‘ WS MQ} = MQ/Mg.
First isom —
(M1/Ms)/(M2/Ms) = My /M.

2.7 Isomorphism Theorems For Rings

Theorem 2.7.1 (First Isomorphism Theorem)
f: R — S ring homomorphism = ker f < R, Im(f) is a subring of S. The map

f:R/ker f — Im(f)

flz +ker f) = f(z)

is an isomorphism of rings.
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Proof

S is an R—module via r- = f(r)s. Then f is R—linear = ker f < R.

Im f is a subring: f(z), f(y) € Im(f) = f(2)f(y) = f(ay) € Im f 3

f is a hom of rings: f((z+ker f)(y+ker f)) = f(xy+ker f) = f(zy) = f(z)f(y) = f(x+ker )y + ker f

O

Theorem 2.7.2 (Second Isomorphism Theorem)

I <R,SC R subring —

I+S={z+yl|lxzel,yecS}

is a subring of R, and (I +5)/I =2 .S/I NS ismorphism of ring.

Proof

I+ S closed under -: 1,29 € I, y1,y2 € S,

(1 +y1)(z2 +y2) = v1(z2 + Y2) + 7201 +y1y2 € [+ S
LN
el el es
ICI+SCR, INSCS.
f
(/”———_N
S ring hon{.+ S ring h01g1].- T S)/I
f(z) =z + I ring hom, surjective.
kerf=INS = S/INS=1+S5/1

by first isom. In particular, if I,J < R, then [ +J < R and I + J/I = J/I N J isom of rings. O

Theorem 2.7.3 (Third Isomorphism Theorem)

I <J<R.(R/I)/(J/I)= R/J isomorphism of rings.

Proof

R/I AN R/J, f(x+I)= (x+ J). Exercise: f surjective of rings, ker f = J/I. O

2.8 Subrings of Fields as a Source of Rings

Example 2.8.1

e 2CQ
! .
. Z[ﬁ, e ﬁ] ={Z|s= +plt - -p, 1 > 0 integers} C Q e.g. Z[3], Z[3]

o Zyy ={%|pts} CQ for prime p.

Definition 2.8.2
R is an integral domain if it is a commutative ring with xty =0 = x =0 or y =0 for any =,y € R.

Field of Fractions Frac(R)
R an integral domain. Construct a field F'(R) with R F(R). (analogous fo Z C Q).

Frac(R) :={(r,s) |r € R,s € R\ {0}}/ ~
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where (71, 51) ~ (r2,82) <= sar1 = s172. Let £ := equivalence class of (r, s).
~ is an equivalence relation:
(Tl,Sl) ~ (7“2,82) = T189 = 1281
(ro,s2) ~ (r3,53) <= 71253 = 1352
r1(rasg) = rarise = ra(rs3s1). For ro # 0, R integral domain so (r1,s1) ~ (73, s3). (Exercise: Let ro = 0).

— TI3S81 = I183.

2.9 Ring of Fractions

Remark: K a field, R ring C K, then R is integral domain.

Given R an inegral domain, construct a field Frac(R) with R € Frac(R) by analogy of construction of Q
by Z.
Frac(R) = {(t,s) |t € R,s € R\ {0}}/ ~

where (t1,51) ~ (t2,m2) <= t151 = ta2s1, class written as ﬁ

Addition and mulitplication are defined as follows:

til + tl _ t152 + 1251
S1 52 5152

t1 ta  tito

s1 s2 s15

Exercise: These operations are well-defined.

Proposition 2.9.1
Frac(R) has the universal property: Vf : R<— K injective hom, K = field, J!g : Frac(R) — K injective
such that f =go1

Rt o Frac(R

\/

Proof

Let g (L) = F(1)f(5)", 5 £ 0, f(s) £ 0.

g is unique such that goi = f. g (%) f(t)

g (z) - f(s) =g<z> ~g(§) =g G) = f(t)

Exercise: ¢ is well-defined and ¢ is a ring hom.
ExerciseK, L fields, any f : K — L nongzero is injective. O

Example 2.9.2

. Frac(Z[p%, e ;Tln]) = Q, so g is an isomorphism.
_giL 1]
R=Z[5,...,;- |=——=Q
e
Frac(R)



Proposition = g is injective but g is surjective, g(‘;gi) = £
o R=kFk[zxy,...,z,] for a field k.

Frac(R) = k(z1,...,2p) = {M | Q # 0}. - function field of dimension n

T1see9Tm

2.10 Prime and Maximal Ideals

Definition 2.10.1
Anideal I < R, I # Risprimeifay e I =— z€loryeY maximalif CJCR = [ =Jor
J=R.

Example 2.10.2

e R=7Z,nZ=(n)is prime <= n is prime or n = 0, maximal <= n is prime.
e (0)is prime in R <= R is an integral domain

o k= field, R = k[z], f(z) € k[x] irreducible = (f(z)) is prime and maximal (proof later)
I < klz] is prime <= I = (f(x)), f = irreducible or I = (0), maximal <= I = (f(x)), f
irreducible.

Theorem 2.10.3
I <R, I#R, then

(i) I is prime <= R/I is an integral domain
(ii) I is maximal <= R/I is a field

In particular, maximal ideals are prime.

Proof

(i) Iprime <= a2yel = zecloryel
< zy=0inR/I = xz=0inR/Iory=0in R/I
<= R/I integral domain

(ii) I maximal <= the only ideals of R/I are 0 and R/I
Claim: A ring R has no non-trivial ideals <= R is a field. 0

Corollary 2.10.4
f: K — L hom of fields, ker = 0 (injective) or K (zero map).

Proof

Let z € R, x # 0.

(x) = {rz | r € R} # 0 principal ideal.

() =R <= 1€ (x) <= 3Jy € R such that yr =1 <= =z has an inverse. O

Definition 2.10.5
A poset (partially ordered set) is a set P with a relation < such that if a < b, b < ¢, then a < ¢. (possibly
not every pair a, b is comparable.) We write a < b for a < b or a = b.

P = poset, a subset C C Pisachainifx <yory <z Vz,yeC.
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C' is an upper bound if 3z € P such that Vo € C,z < z.
P has a maximal z if Ay € P such that z < y.

Lemma 2.10.6 (Zorn’s Lemma)
If P nonempty poset and every chain has an upper bound, then P has a maximal element.
Remark: Zorn’s Lemma <= Axiom of Choice.

Theorem 2.10.7
R a ring with 1 then every proper ideal I of R is contained in a maximal ideal.

Proof

Let X ={J < R|J#R,J DI} X poset with respect to inclusion.

If C'is a chain in X, let I’ = (J ;o J. I' is an upper bound for C. I' e X, I' < R: let x,y € I' =— z €
I,y € I for some I, I, € C.

Cchain — I CIlyor I, C 4.

Say I C Iy wﬂ:yEIQ.

I'£A#R: 1e€l' = 1€ J for some J € C. Contradiction.

—> X has a maximal element. O

2.11 Integral Domains

Definition 2.11.1

o zlyify=raforsomer € R (<= y¢< (2))

e u € Rif a unit if 3v € R such that uwv =1 (u~! = v)

e 7 € Ris irreducible if 7 # 0 or unit and 7 = xy = =z is a unit or y is a unit
° WERiSMifT(‘CL’y == 7T|x orﬂ"y

e 1 and y are associates if x|y and y‘x < (z) = (y) <= =z = uy for some unit u

Example 2.11.2

e 7 prime = 7 irreducible:
T=xy = 7r’1:y = w‘x or 7r|y. Say ﬂx.
Then z =72', 2’ € R = n=nr'y = 2'y=1 = y a unit
e In Z, the units are 1, primes = irreducibles = {42, £3, £5,...}. n is associated to —n.
o k = field, R = k[z], primes = irreducibles = {f(z) | f irreducible}
o Z[vV-5]={a+by-5]|a,beZ} CC.
N(a+by/-5)=a*+50*=2-%
N(apf) = N(a)N(5). Units = {£1}
2,3 are irreducible, but not prime
2 = af say, then:
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= N(a)=1lor N(f) =1 = « is a unit or § is a unit.
2|1+ v-5)(1—-v-5)=6

but 2414 /=5, if (14++/=5) = 2(a + by/-5)

= 4= N(2)|N(1 £ v/=5) = 6. Contradiction.

e (R, m) local ring if R has unique maximal ideal m. Yu € R\ m is a unit.
If (u) # R then by theorem, (u) C m. Contradiction.
If (u) = R, then w is a unit.

7 prime <= (m) is a prime
— wloy = 7|z orly
< zy€(m) = z€(m)oryce(m
<= (m) is a prime ideal

2.12 Principal Ideal Domains

Definition 2.12.1
A domain R is a PID if every ideal is of the form (x) for some x € R.
Remark: (z) = (y) <= =x,y associates.

E.g. 7, klz], Z[i].
Non-e.g. (2,z) C Zlx], (z,y) C klz,y], (2,1 +v=5) C Z[vV=5).

Definition 2.12.2
If a,b € R (ID), d is a GCD of (a,b) if d

a, al|b7 and if d"a and d’

b, then d’!d.

If d and d’ are both GCDs of a and b, d"d and d‘d’ = d,d are associates.
(d=vd,d =ud = d=uvd = uwv=1)

So (d') = (d) and any d” with (d") = (d) is a GCD of a, b.

So the ideal is unique: think of (d) as the GCD of a, b.

Proposition 2.12.3

e GCDs exist in PID
o If dis a GCD of a, b, then Jx,y € R such that ax 4 by = d.

Proof

Consider I = (a,b). Since R is a PID, [ is principal, say I = (d).

Claim: d is a GCD of a,b

a€(d) = dla,be(d) = d|b. d€ (a,b) ={az+by|z,y € R}, d=ax + by.
So if d'|a,b = d'|ax + by = d. So d is a GCD.

Any other GCD d' is d’ = du, u a unit.

— d' = du = (ax + by)u = azu + byu. So it holds for d’ as well.

Proposition 2.12.4
In a PID, 7 irreducible <= 7 prime.
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Proof
(=) Suppose 7 is irreducible and W‘ab. Suppose 7 1 b, we want to show ﬂ‘a. Consider GCD(, b). Divisiors
of 7 are units or (unit)-m - does not divide b.
So 1is a GCD of m,b. Then 1 = nx + by € R.
— aq = TaT + ab y = Tr}a.
~~ ~~

divisible by w  divisible by 7

(<) Trivial, holds in any ring. O

2.13 Euclidean Domains

Definition 2.13.1
Euclidean domains are a special class of PIDs. Domain R is Euclidean if 3N : R\ {0} — Z>( such that
Vf,g€r,g#0,dq,r € R such that

o f=ag+r
e r=0o0r N(r) < N(g)

Example 2.13.2

e R =7 with N(z) = |z|
o klz], N(f) = deg(f)
o Z[i], N(z +iy) = 22 + y?

Theorem 2.13.3
Every Euclidean domain is a PID.

Proof
Suppose R Euclidean, R D I ideal, I # (0).

0#{N(x) [z e I\{0}} € Z>o
So 3d € I such that N(d) < N(x), Vo € I\ {0}.
If x € I then dq,r € R such that
o x=qd+r

o =00 Ny <N(ay
del,xel = r=x—qdel. Soifr#0, N(r) > N(d)

= r=20

d’x
IC(d),I>(d)
I'=(d)

—
—
—
— Risa PID

Corollary 2.13.4
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(i) Z, k[x], Z[i] are PIDs
(ii) Zlx], k[z], Z[i] are not Euclidean by considering the ideals (2, z), (z,y), (2,1 + v/—5)

Corollary 2.13.5
In Z, prime ideals are (0), (p) - primes integers p.
In k[z], prime ideals are (0), (f(z)), f irreducible non-constant.

Example 2.13.6
In k[z,y], (x — a,y — b) is prime Va,b € k.

Proof
(x — a,y —b) is kernel of k[z,y] — k by x — a, y — b, f(z,y) — f(a,b). O

Example 2.13.7
In Z[i], the irreducibles are a + ib}a2 +b2=pi---pr,s0a+ bz"p for some p € Z.

(1) £1+i
(i
(iii) p=1mod 4 = p=a®+b?> = (a+ bi)(a — bi)

N(zy) = N(z)N(y)-
N(p) =p? zy=p = N(x)N(y) = p?, 2,y non-units = N(x) = N(y) = p.

)
)

p=3mod 4 = =+p,Epi

Example 2.13.8
Z [Hi V2_19} is a non-Euclidean PID.
See Dummit and Foote P282 for proof.

Definition 2.13.9
u € R (non-unit) is a universal side divisor if Vx € R, either u‘x or u‘x + (unit).

Lemma 2.13.10
R Euclidean = R has a universal side divisor.

Proof
N norm on R. Take u € R\ {0}, R* with smallest norm.
either r =0 = u‘:v

fzeRwriter =qutr = or N(r) < N(u) = r aunit = ul|z—r.

Sketch Set N (a + b(H‘éTw)) =a’+ab+ 5b% = (a + b(lﬁéjg)) (a + b(lfv{lg))
afaf = aafp.

N(af) = N(a)N(B).

Units are £1, so u is a USD = u‘x,:r +1Vx € R.

r=2 = ull,2,3 = u=%2or +3.
ab=3 = N(ab) = N(a)N(b) =9 = N(a),N(b) =3

g = =19 V{lg,x,xj: 1 not divisible by 2 or 3. N(z) =5, N(zx +1) =T7.

Definition 2.13.11
R is Noetherian if R has the ascending chain condition on ideals. I.e. for all ideal chains Iy C Is C I3 C ...
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in R, the chain stabilises: 3N € Z>¢ such that I,, = Iy VYn > N.

This is a finiteness condition of R. e.g. fields, Z (m) C (n) <= n|m.
R Noetherian = R/I Noetherian for any I.

Proposition 2.13.12
R Noetherian <= every ideal is f.g.

Proof

(«<)Suppose Iy C I C ... ascending chain. Let I = J,, I, so I is an ideal. I = (z1,...,24), 3m such
that z1,...,zq4 € I, = I C I, but obviously I,,, C I so I = I, (chain stabilises after m).

(=) Suppose I not f.g. Choose 1 € I, then (x1) # I, choose g € I\ (21), then (z1,22) #1---

(z1) € (z1,72) C (21,22, 23) - -

—> R not noetherian. O

Corollary 2.13.13
All PIDs are noetherian.

Recall that every proper ideal in a ring R is contained in a maximal ideal. The proof required Zorn’s
Lemma. With Noetherian rings, we don’t need to use Zorn’s Lemma.

2.14 Structure of Prime Ideals in R
Definition 2.14.1

Spec(R) = {p | p prime ideal in R}.

E.g. Spec(Z) = {(p) | p prime} U {0}, Spec(k[x]) = {(f(x)) | f irreducible} U {0}
More generally, if R is a PID, then

Spec(R) = {(m) | m prime} U {0} (<= irreducible)

Proof

If p # 0 prime in R a PID, p = (7), # € R. (7) prime <= 7 prime. O
R = C[X,Y], 3 kinds of prime ideals, (0), (f(z,y)) with f irreducible, (z — a,y — b), a,b € C. Let
eap : CX,Y] = C, f(z,y) — f(a,b), then kere,, = (r — a,z — b) and C[X,Y]/(z — a,z —b) = C.

Remark: (f(z,y)) C (z —a,z —b) <= f(a,b) =0.

Definition 2.14.2

If I C R is a set, we write V(I) = {p € Spec(R) | I C p}. These form the closed sets of a topology on
Spec(R), which is call the Zariski topology.

Remark: I CJ = V/(J) CV(I).

(i) V(R) =0, V((0)) = Spec(R)

(i) ﬂjEJV(Ij) = V(ZjeJIj) because p € NV ([;) < p2DI; Vj < p2D>Y I; < p¢€
V(>_1I;). (31 is the smalest ideal containing all I;)
Suppose p € [J7_; V(1;), then p D V/(I;) for some jsop D, I; = Uj_; V(L) C V(ML L)
Suppose p O (i, I; 2 [[I; = p D I; for some j by primality of p.
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So we have a topology.

Definition 2.14.3

Rad(l) = VI := (Npos P is called the radical of I.

It can be shown that /I = {x € R | 2" € I for some n € Z>¢}. Remark: I C /T,
Remark: V' (V1) = V(I).

Proof
ICVI = V(VI)C V().
LetpEV(I)7PQI,thenIJQ\ﬁ:ﬂqu- =

Definition 2.14.4
I is a radical ideal if T = +/T.
e.g. p prime /p = p.

Claim: 3 1-1 correspondence

{radical ideals in R} PN {closed sets in Spec(R)}
[ V()

Theorem 2.14.5
4 1-1 correspondence

{primes ideals in R} PN {irreducible closed sets in Spec R}

Definition 2.14.6
A topological space is Noetherian if all chains of closed sets C; D Cy D C3 D - - - stabilises.
Exercise: R with its usual topology is not Noetherian.

Lemma 2.14.7
R Noetherian ring <= Spec(R) Noetherian topological space.

Proof

Let C; D Cy 2 C3 D -+ closed sets in Spec(R).

Ci=V({l;) = V(1) 2V(lh)--- = VLS VLCVEC -

R Noetherian = this stabilises. ]

Definition 2.14.8
A closed set C of a topological space X is irreducible if C' # Cy UCy for Cq,Cy € C proper closed. (<=
C C C1 UCy, C1,Cy closed subsets then C C Cy or Cy C Cs).

Lemma 2.14.9

X Noetherian topological space. Then any closed set of X can be expressed as a finite union C1 U Cy U
--- U, of irreducible closed sets C1,...,C,. This is unique if C; € C; Vi # j.
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Proof

Let S = {Closed subsets of X that cannot be expressed in this way}. Want to show that S = ). Assume
Yp € S, then Yj is not irreducible. — Yy = C1 U Cy, C1,Cy C Yy closed.

Claim C; € S or Cy € S (otherwise Yy ¢ S). Say C1 € S. Set Y1 =C1 = Yy 2 Y1, Yy, Y1 € 5.

Repeat process = Yp 2 Y1 2 Yo 2 -+ does not stabilise. Contradiction.

Uniqueness:
If ChU- - -UC, = C{U---UC;, with C; € C; Vi # jand C] € C} Vi # j, then C; C C{U---UC!, = C; C C’]’~

for some j.

Similarly C’;- C Cy, for some k = C; C C]’. CCp, = i=k = (C; = C’]’<. O

Definition 2.14.10
If C=CyU---UC, such that C; £ C; Vi # j, then C;’s are the irreducible components of C.
—_———

irred. closed
Remark: If C' = Spec(R), then irreducible componenets of Spec(R) are the maximal irreducible closed
subsets of Spec(R).

If Z ¢ X maximal irreducible, Z C C1 U---UC,, = Z C (C; = Z = (;. (maximal)

Proof of Prime ideals of R <=5 Irreducible closed sets in Spec(R)
Sufficient to prove:

1. p prime = V/(p) irreducible
2. V()= V() irreducible = +/T prime

Proof of 1:
Vip) VI UV ().
Sincep e V(p),peV(I)orpeV(J) = p2lorpDJ = V(p) CV{)or V(p) CV(J).

Proof of 2:

Assume V (I) = V(\/I) irreducible. Let zy € /1.

Prove z € /T or x € \/I. xy € p Vp prime, p D I

— rEcporych

— peV((x)UV(({y))

— V(@) S V((y))

by 1rredu01b1hty of V(\f) — V(VI) CV((z)) or V(VI) CV((y)).

Say V(V/I) C , then /() = VVI =
z) C \/? :> z eI O

Theorem 2.14.11 Hilbert’s Basis Theorem
R Noetherian = R[X] Noetherian.

~

Example 2.14.12

R Noetherian — R[X}, ..., X,] Noetherian, and all quotients R[X1,..., X,]/I Noetherian. Try R =
7 k.

Remark: Algebraic Geometry studies Spec(R), R = k[X1,..., X,]/1.

Geometric Counterpart of V(I) is

Z(I)={(z1,---,2n) €K" | fi(z1,...,2n) =0 Vi=1,...,n}

87



This means for k = C, 3 1-1 correspondence:

V(I)N{p maximal} & Z(I)

2.15 Unique Factorisation Domains

Definition 2.15.1
A domain R is a Unique Factorisation Domain (UFD) if any = € R\ {0}, x = um -7y, u a unit, m;

i ucible. If x = vmy--- @ n=m, and u i T, T i .
rreducible. If 1 /., then , and up to reordering, m;, ; associates

Proposition 2.15.2
In a UFD, irreducible <= prime.

Proof

(<) Holds in any ring.

(=) Let 7 be irreducible and 7|y

— 3 factorisation of ¢y with 7 in it, since (factorisation of z)(factorisation of y) = factorisation of zy
— 7 is associative to one element in the factorisation of = or factorisatino of y — W}m or W’y. O

Remark: In a UFD, GCD’s exists (unique up to units). GCD(f, g) = product of irreducibles common
to f,g.

Proposition 2.15.3
PID = UFD.

Proof
Let R be a PID, z € R\ {0}.

Existence (This proof only uses that PID’s are Noetherian)

Assume zx is not a unit. If z irreducible, then done. So assume x not irreducible then z = x1y1, x1,y1 not
units = (x) C (z1).

If 21 not irreducible, x1 = x2y2, T2, y2 not units, then continue with xo, x5 etc.

= (2) S (21) S (22) S -

This must stop by Noetherian property of R.

= one x; is irreducible. Set m = z;, * = ™21, z1 € R. If z; is not a unit, then z; = w29, continue
with zo etc, then (z) C (21) € ---. Assume this must stop, i.e. at some point 7; is a unit. z = umy - - - 7.

Uniqueness:

Induction on number of irreducible appearing in some factorisation of x.

/

-

Tn|m) -7, => (mpprime in PID) m,|x} for some i. Say i = m, m,|n),, = mn, 7,
Ty = Wiy, W & UNit = W] -+ Tp_1 = U] -+ Ty _q-

Continue by induction. n —1 =m — 1 and up to reordering, 7; = 7} are associates. O

Assume x = umy -+ T = VT T

! are associates,

Example 2.15.4

Euclidean Domains C PID C UFD. PID C Noetherian rings.

GCD’s computed by Euclidean algorithms, GCD(z,y) = ax + by, GCDs exist.

Z,k[X],Z][i]

Z[v/—5] is Noetherian since Z[v/—5] = Z[X]/(z* + 5) but not UFD: 6 =23 = (1 + v/=5)(1 — v/=5).
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Theorem 2.15.5
R UFD = R[X] UFD. (e.g. Z[X], k[X,Y] UFDs but not PIDs)

Proposition 2.15.6
In a PID:

e Nonzero prime ideals are maximal

e [ =0 then [ is contained in finitely many maximal ideals

Corollary 2.15.7
R a PID. V(I) are either Spec(R), 0, or {(m1),...,(m)}.

Proof

1. Let (z) be prime, i.e. z prime. If (z) C (y), then y|z = (since z prime irreducible) y is either a
unit or a associate to x = (y) = Ror (y) = ()

2. I =(z) C (r) = w|lz = = is an (associate of) an irreducible in fact of  and there are finitely
many. O

Proposition 2.15.8 Gauss’s Lemma

If Ris a UFD and K = Frac(R). If f(x) € R[X] C K[X] and f(x) = g(x)h(z), g,h € K[X], g,h
non-constant, then f(z) factors f(z) = ¢'(x)h/(z), ¢, ' € R[X] ¢', W non-constant.

Exercise: If f(z) factors in Q[X] then actually it factors in Z[X]. (f € Z[X])

Proof
Coefficient of g, h are g,p, q € R. Clear denominators to get df (z) = ¢'(z)h/(z), d € R, ¢',h' € R[X].

Now write d = umy - - - mp, (irreducibles/primes)

If n =0, done.

Otherwise consider R[X]/(my,) = R/(mm)[X]. (exercise)
R domain <= R[X] domain.

T, prime = (R/(my,))[X] domain.

In R[X]/(7m),

0= () = W — @) or W(w)

= m,, divides all coefficients ¢’ or of h. Factor m,, out and continue. ]

Corollary 2.15.9
GCD of coefficients of f and g =1 <= GCD of coefficient of fg = 1.

Proof
(=) Follows from proof of Gauss’s Lemma
(<) Clear. O

Proposition 2.15.10
If f € R[X] non-constant, then f is irreducible in R[X] <= f is irreducible in K[X] and GCD of
coefficient of f is 1.

Proof
(=) If f is reducible in k[X] then f reducible in R[X] by Gauss lemma. Contradiction. If GCD of
coefficent of f is not 1, f = mg(x), m irreducible in R = f not irreducible in R[X]. Contradiction.
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(<) Assume f reducible in R[X]. Then f = gh non-constant, gh € R[X] or f(x) = wg(z). 7 irreducible
in R, g € R[X]. Contradiction. O

Theorem 2.15.11
R UFD <= R[X] UFD.

Proof
(<) Clear.
(=) Let K = Frac(R).
Existence:
Let f(z) € R[X] C K[X], then f = P;--- P in K[X], P; irreducible polynomials in K[X].
By proof of Gauss Lemma, f = P;--- P/ in R[X] with P/ = d;P;, d; € R.
May write P/ = d; P; GCD of coefficients of P; = 1 (new P;). Then P; irreducible in R[X] by proposition
before.
— f=(di---dy) P Py

——

in R

Uniqueness:
Iff=dP---P,=eQ1---Q, d,e € R, P;,Q; € R[z| irreducible, then GCD(coeff. f)=d=esod=e up
to units.
— P P, =uQ:--Q;in R[X] C K[X] = k = 1. After possible reordering, P;, Q; associates in
K[X]. Q =3P, = bQ; = aP;. GCD(coeff. bQ;)= b = a up to units. d
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