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Abstract: This paper considers the problem of nonlinear instability in electrically driven jets subject to spatially growing distur-
bances in the presence of a uniform or non-uniform applied electric field. We use the original electro-hydrodynamic
equations for mass conservation, momentum, charge conservation, and electric potential to model the viscous axis-
symmetric jet flow. For the linear stage, a dispersion relation for this flow is derived and solved for two different types
of fluids. We find that the lower viscosity fluid operates under the Rayleigh and conducting mode of instability. The
higher viscosity fluid only operates under the conducting mode. We used those solutions from the dispersion rela-
tion satisfying the resonance condition to study the nonlinear evolution of the problem. The dependent variables in
the flow for the jet radius, jet’s velocity, jet’s electric field and jet’s surface charge are solved both in the linear and
nonlinear formulation of the problem. The results are discussed and presented.
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1. Introduction

Electrically driven jets is an important, interesting and challenging problem in the area of physics, applied mathe-
matics and fluid mechanics. The mathematical model describing the fluid flow in this system traces back to 1969 in
the work published by Melcher and Taylor [1, 2]. Even when this problem has been known for so long, most of the
understanding of this problem lies at the linear stage of the flow. In 2001, there was a significant development in the
theory of electrically driven jets in the work published by Hohman et al. [3, 4]. The work in [3] extended the currently
available understanding of electrically driven jets which at that time relied on very idealistic fluid flows in which a zero
viscosity or infinite electrical conductivity was assumed. The work from Hohman et al. [3] resulted in a model that
could analyze more realistic flows. Their work and efforts were concentrated at the linear temporal stage of problem.
The main goal of this paper is to provide a study of electrically driven jets [5–9] at the nonlinear stage.

The governing equations we study here are applicable to various physical processes. Electrically driven jets have
practical applications in the area of electrospraying [10] and electrospinning [3, 4, 9, 11–14]. Electrospinning a tech-
nology used to control and produce small fibers by the use of large electric fields. These fibers have applications that
range from electrical circuits to bio-medical applications. Electrospinning has been known for many years but due to
the complexity in the mathematical modeling this process is still conducted on a trial and error basis. This adds to our
motivation to undertake this nonlinear problem.
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This paper studies the nonlinear regime of electrically driven jets by considering nonlinear resonant two-wave in-
teractions of spatially growing disturbances. The present study can be seen as an extension of the work done in [15] in
which two-wave interactions of temporal instabilities were studied. However, we now consider instabilities that evolve
in space. We find that such spatial instabilities subjected to dyad resonance conditions can be significantly stronger
that corresponding temporal instability [15] of such modes and occur at a very short distance after the jet is emitted
as seen in experiments [1, 2, 4]. For a more detailed introduction, we refer the reader to [15] . Other developments
trace back to either space or time alone evolving instabilities [3, 4, 15, 16] . The mathematical formulation at least
as the main model equations (the system of four partial differential equations) remains the same but the nonlinear
interactions explored here provides an entire new study in the jet flow system.

2. Mathematical model formulation

The mathematical modeling of the electrically driven jets is based on the governing electrohydrodynamic equa-
tions [1, 2] for the mass conservation, momentum, charge conservation and for the electric potential, which are given
below
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+ρ∇·~u = 0
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where D
Dt = ∂

∂t +~u ·∇ is the total derivative, ~u is the velocity vector, P is the pressure, ~E is the electric field vector,Φ is
the electric potential, q is the free charge density, ρ is the fluid density, µ is dynamic viscosity, K is electric conductivity
and t is the time variable.

The modeling assumptions of an incompressible, axis-symmetric, and slender viscous jet and rescaling results in
the non-dimensional equations for the electrically driven jets [15–17] gives
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where the dependent variables are v(z, t ) is the axial velocity, h(z, t ) is the radius of the jet cross-section at the axial
location z,σ(z, t ) is the surface charge, and E(z, t ) is the electric field. The conductivity K is assumed to be a function of
z in the form K = K0K̃ (z), where K0 is a constant of dimensional conductivity and K̃ (z) is a non-dimensional variable

function, K ∗ = K0
{
ρr 3

0 /[γβ(ε̃)2]
}0.5

is the non-dimensional conductivity parameter, β = ε/ε̃−1, ν∗ = [ν2ρ/(γr0)]0.5

is the non-dimensional viscosity parameter, Eb(z) is an applied electric field and 1/X is the local aspect ratio, which
is assumed to be small. The above system admits the equilibrium solution hb = 1, vb = 0, σb = σ0, Eb =Ω/K̃ (z) =
Ω { 1−δz } which has physical significance in the jet flow mechanism and provides a point for linearizing the system
of partial differential equations given in Eq.3

Here Ω and σ0 are constant quantities. Here σ0 is the background free charge density. We set δ= 8σ0π/(Ω
√
β) to

be a small parameter (δ << 1) and consider a series expansion in powers of δ for all the dependent variables for the
case of variable applied field. In this paper, we investigate the cases where applied electric field can be either uniform
(δ = 0) or non-uniform (δ 6= 0). This is related the electric field that is generated between the high voltage, which is
applied at nozzle, and the distance from the nozzle to the grounded collector plate. This allows for perfect or imperfect
alignment on the collector plate with respect to the nozzle orifice.

To formulate the problem of nonlinear resonance instability, we consider the solution to Eq. (3) to be a sum of the
equilibrium solution plus a small perturbation.

(h, v,σ,E) = (hb , vb ,σb ,Eb)+ (h̃, ṽ , σ̃, Ẽ) (6)
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where h, v ,σ and E are the dependent variables for the perturbation quantities. We then use Eq. (6) in Eqs. (2)-(5) and
keep linear terms on the left hand side and keep nonlinear terms in right hand side, which in vector notation reads

Lq = N (7)

where q = (h, v,σ,E)T is the perturbation vector, and the linear operator L and the nonlinear operator N are given on
the Appendix. We now assume that the perturbation quantities are small and have the following form

(h̃, ṽ , σ̃, Ẽ) = ε(h1, v1,σ1,E1)+ε2(h2, v2,σ2,E2) (8)

where the small parameter ε (ε << 1)characterizes the magnitude of the disturbance quantity that causes pertur-
bation. This parameter will play a very important role for the proper arrangement of the equations as well as the
detection of the linear spatial instability modes that satisfy the resonance conditions.

2.1. Linear instability

For the linear case we keep only leading order terms in (8). We consider the following form for the perturbation
quantities

(h1, v1,σ1,E1) = (h′, v ′,σ′,E ′)exp[iωt + (i +ks)z] (9)

which is constructed from plane waves that oscillate as well as grow or decay in the spatial direction. Using (9) in
(7), we linearize with respect to the amplitude of perturbation and following [21] we arrive at the dispersion relation,
which has the following form
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The dispersion relation given by Eq. (10) is solved numerically for s andω numerically using Newton’s method [15, 16]
.

2.2. Nonlinear instability

Here we investigate the effects of the nonlinear interactions of the modes that can satisfy dyad resonance condi-
tions [18–22] on the nonlinear spatial instabilities of the jet. We introduce a slowly varying space variable zs = εz , we
write the solution to the linear version of equation (7)

Lq1 = 0 (11)

q1 ≡ (h1, v1,σ1,E1)> (12)

in the following form

q1 =
2∑

n=1
An(zs )q1n exp[i (kn z +ωn t )+ sn z]+ c.c (13)

q1n ≡ (h1n , v1n ,σ1n ,E1n)> (14)

where q1n is a vector with constant elements and c.c. denotes the complex conjugate of the preceding expression. We
included in (13) terms due to two modes labeled as the mode 1 and the mode 2 with the corresponding amplitude
functions An(zs )(n = 1,2), wave numbers kn(n = 1,2), frequencies ωn(n = 1,2) and small growth rates sn ( sn = εs̃n

with s̃n of order one value or less) that satisfy the dyad resonance conditions in the sense that k2 = 2k1 and ω2 ≈ 2ω1.
We refer to the resonance as a perfect resonance [18, 19] if ω2 = 2ω1. For this investigation we have the wave number
k, coming from a non-discrete set of values under the modeling assumptions hence, we consider the more general
case of near resonance [18] when (k2,ω2) = 2(k1,ω1)+ε(0,µ)
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where µ is an order one quantity and the so-called detuning parameter [23] εµ represents a small deviation from
perfect resonance. Using (13) in (11), we find

Ln q1n = 0 (n = 1,2) (15)

where Ln has the same form as L, provided (∂/∂z) and (∂/∂t ) are replaced by (i kn +Sn)and iωn , respectively. Using
(8), (11)-(14) in (7), we find that in the order ε2 the following nonlinear equation becomes

Lq2 = N1 (16)

q2 ≡ (h2, v2,σ2,E2)> (17)

where the expression for the nonlinear operator N1 is given in the Appendix. The solution to (16)-(17) has the following
form

q2 =
2∑

n=1
q2n exp[i (kn z +ωn t )+ sn z]+ c.c (18)

q2n ≡ (h2n , v2n ,σ2n ,E2n)> (19)

where the vector q2n is a function of zs . Using (18) in (16), we find

Ln q2n = N1n (n = 1,2) (20)

where the expressions for the vectors N1n(n = 1,2) are are given in the Appendix. The governing equations for the
amplitude functions An(zs ) will derive from the solvability condition or Fredholm alternative [18, 24] for the Eq. (20).
Here we briefly provide the general idea of the solvability condition.

Using the solvability condition, defines the adjoint solution q(a)
1n by the property [18, 24]
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Here we denote the usual inner product (x, y) = x>y∗, where âĂŸ∗âĂŹ is used for the complex conjugate. Eqs.
(21)-(22) follow since (15) is the related linear problem of (20). Here L(a)

n is the linear adjoint operator, and q(a)
1n is the

solution vector to the homogeneous adjoint problem, which represents the null space of the adjoint operator L(a)
n .

Taking inner product of (15) with q(a)
1n and using (21)-(22), we look for non-trivial solution of the adjoint system

L(a)
n q(a)

1n = 0, (n = 1,2) (23)

where L(a)
n is a 4 by 4 matrix differential operator, which is given in the Appendix. Taking inner product of (20) with the

adjoint solution q(a)
1n found from Eq. (23) and making use of the property (21), we arrive at the solvability conditions

for Eq. (20) for both n = 1,2.

(N(a)
1n ,q(a)

1n ) = 0, (n = 1,2) (24)

Each of this n values will produce a lengthy ordinary differential equations. The system of nonlinear differential
equations contains complex conjugate of the amplitude functions, complex coefficients and exponential components
that have the corresponding spatial growth rates of the resonant modes we found earlier. The two differential equa-
tions that govern the slowly varying amplitudes functions A1(zs ) and A2(zs ), which are modulated by the nonlinear
wave interactions, have the following form

c1
d A1(zs )

d zs
+ c2 A1(zs )∗A2(zs )exp[iεµt + s2z] = 0 (25)

d1
d A2(zs )

d zs
+d2 A2(zs )+d3 A1(zs )2 exp[(2s1 − s2)z − iεµt ] = 0 (26)

where ′∗′ indicates complex conjugate and the expressions for the constant complex coefficients cn(n = 1,2), and
dm(m = 1,2,3) are given in the Appendix. The solutions to Eqs. (25)-(26) for A1 and A2 versus spatial variable are
found numerically using a Runge-Kutta fourth-order scheme for given values of the parameters and prescribed initial
conditions on the amplitudes functions.
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3. Results and discussion

The results we provide here are the linear and nonlinear instability in electrically driven jets. The linear results are
obtained from the solution of the dispersion relation given by Eq.(10). To study the nonlinear evolution of the problem,
we find solutions to Eq. (10) that satisfy the two-wave interaction (resonance conditions) and used those solutions to
solve the system of differential equations governing the amplitude functions A1 and A2, which are the solutions to
Eqs. (25)-(26). Using the amplitude functions A1, A2 in Eqs. (13)-(14) provides the nonlinear evolution of the problem
with respect to spatially growing disturbances. These are the perturbation quantities and nonlinear solutions to the
problem. We will compare the perturbation quantities in absence of nonlinear wave interactions (linear perturbation
quantities) and nonlinear solutions (in presence of nonlinear wave interactions). In the results we provide, we include
two fluids of practical relevance water-glycerol mixture and glycerol. Parameter values are K ∗ = 19.60, ν∗ (glycerol)
= 9.05384, ν∗(water-glycerol) = 0.60764, and β = 77. In addition, ε = 0.01, σ0 = 0 for the uniform applied field , and
σ0 = 0.10. for the nonuniform applied field. Ω= 1,3 was used for the intensity of the applied electric field. Our main
results are presented in the following subsections.

3.1. Water-glycerol mixture jet

Figs. 1 and 2 represent the growth rate s versus the axial wave number k for the non-uniform applied field (σ0 = 0.1)
and the uniform applied field (σ0 = 0), respectively, and for different values of Ω. It can be seen from the Fig. 1 that
the growth rate s are divided into two main branches and in the case where Ω= 4 there is even a third branch for the
growth rates s, in particular, when we consider the uniform applied field. For the branch containing the lower range
wave numbers, we can detect that the instabilities grow in moderate magnitude as the wave number is increased,
but we can see significant instability growth by incrementing the magnitude of the Ω. This instability is referred as
conducting type of instability [3]. We can also observe that the range of values for the wave number increases for larger
values of Ω. From the higher wave number values on Fig. 1, which is the other solution branch, we detect the similar
effect as for the low wave numbers in the sense that s increases as k increases, but now at a higher rate. This solution
branch for the spatial growth rate becomes more stable for higher values of Ω, which is the classical Rayleigh type of
instability and at the same time the wave number range where these modes operate gets reduced. In Fig. 2, we have the
same representation as Fig. 1, but now for (σ0 = 0). The results obtained from this figure indicate that uniform applied
field provides stabilization since all modes of instability were reduced compared to non-uniform variable applied field
(σ0 = 0.1). For Ω = 3, we found the modes of instability that satisfy the dyad resonance conditions for non-uniform

Fig. 1. The growth rate s versus the axial wave number k
and for water-glycerol mixture jet withΩ= 1 (thin solid
line), 2 (dotted line), 3 (dashed line) and 4 (thick solid line)
and for variable applied field (σ0 = 0.1).

Fig. 2. The same as in the Fig. 1 but for constant applied
field (σ0 = 0).

applied field where σ0 = 0.1. Figs. 3 and 4 present results for the dependent variables of the perturbation versus z for
t = 1,k1 = 0.1,k2 = 0.2,ω1 = 0.09488,ω2 = 0.19131, s1 = 1.68026 and s2 = 1.68949. The initial conditions chosen for the
amplitude functions were A10 = 0.1+0.1i and A20 =−0.1+0.1i . It can be seen from the results presented in the Fig. 3
that the nonlinear instability is enhanced significantly with axial direction for z > 2.5. Such instability is due to the
nonlinear resonant mode interactions between to oscillatory modes that form a dyad. The results presented in the
Fig. 4 indicate that the instability is much weaker when nonlinear resonant mode interactions were not included. We
detect a reduction on the domain of the perturbations of about a factor of two due to the energy exchanged during
wave interactions. The nonlinear effects modify the linear spatial instability perturbation variables in an amplifying
way except for the velocity perturbation plot which is also modified in direction of acceleration. The jet radius is found
to be decreasing at a higher rate and at a shorter axial location when compared to the linear stability case.
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Fig. 3. Perturbation quantities h1 (thin solid line), v1
(dotted line), σ1(dashed line) and E1 (thick solid line)
versus the axial variable z for water-glycerol jet and for the
two modes 1 and 2 that satisfy the dyad resonant
conditions. Here σ0 = 0.1, t = 1,k1 = 0.1,k2 = 0.2,ω1 =
0.09488,ω2 = 0.19131, s1 = 1.68026 and s2 = 1.68949 and
Ω= 3.and nonlinear mode interactions are fully taken into
account.

Fig. 4. The same as in the Fig. 3 but in the absence of
nonlinear interactions.

3.2. Glycerol jet

Figs. 5 and 6 present the growth rate s versus the axial wave number for the non-uniform applied field, where
σ0 = 0.1, and the uniform applied field, where σ0 = 0, respectively, and for different values of Ω. It can be seen from
these figures that growth rate s undergoes a similar branching process, but for these cases under this higher viscosity
from glycerol these two modes seem to carry similar properties. The properties include in either case of 1 mode or 2
modes depending onΩ, the modes increase as k increases and all these modes are enhanced as the magnitude of the
electric field is intensified, which refers to the conducting mode of instability. Here Ω is strictly destabilizing for the
spatial growth rates s. The uniform applied field provides a slightly advantage in the sense of stability compared to
the non-uniform applied field. For the case forσ0 = 0.1, the simulations detected slightly stronger type of instabilities.
For Ω= 1, we found modes that satisfy the dyad resonance conditions for non-uniform applied field where σ0 = 0.1.

Fig. 5. The same as in the Fig. 1 but for glycerol jet. Fig. 6. The same as in the Fig. 2 but for glycerol jet.

Figs. 7s and 8 present results for the dependent variables of the perturbation versus z in the presence of the nonlinear
mode interactions (Fig. 7) and in the absence of such interactions (Fig. 8) and for t = 1,k1 = 0.07,k2 = 0.14,ω1 =
0.00319,ω2 = 0.00639, s1 = 1.21478 and s2 = 1.21859. The initial conditions for the amplitude functions were A10 =
A20 = 0.1+ 0.1i . It can be seen from the results presented in these figures that the amplitudes of the perturbation
quantities are modified from having a larger domain z = 10, and then being reduced to about z = 1.5. Here we can see
that the wave interaction was such that in the presence of nonlinear effects the perturbation plots exhibit very large
steep solutions, which provides a significant jet radius reduction and jet acceleration at a much shorter axial location.



Saulo Orizaga, Daniel N. Riahi / Int. J. Adv. Appl. Math. and Mech. 4(2) (2016) 1 – 11 7

Fig. 7. The same as in the Fig. 3 but for
σ0 = 0.1,Ω= 1, t = 1,k1 = 0.07,k2 = 0.14,ω1 =
0.00319,ω2 = 0.00639, s1 = 1.21478 and s2 = 1.21859.

Fig. 8. The same as in the Fig. 7 but in the absence of
nonlinear interactions.

4. Conclusion

We studied the problem of nonlinear spatial instability in electrically driven viscous jets under a uniform and
nonuniform applied electric field. We derived the dispersion relation for the case of glycerol and water-glycerol fluid
flows. At the linear stage, we find that the glycerol jet exhibits the conducting type of instability which is driven by the
applied electric field. The water-glycerol mixture exhibits two modes of instabilities corresponding to the conducting
type and the other to the classical Rayleigh instability. At the nonlinear state, the nonlinear wave interactions under
the resonance conditions were able to provide very distinct evolution in the perturbation plots, which included jet
radius decreasing at a higher rate and at a shorter axial location. The nonlinear investigation provides new operating
regimes very different from classical linear theory. Under resonance, the instabilities are intensified and the jet radius
is significantly reduced which is a mechanism of interest in applications such as electrospinning. This suggests that
under the studied nonlinear approach, practical applications to electrically driven jets could benefit by controlling
the jet flow instabilities to produce higher quality jet fiber that are smaller in size.

For near future research, we plan to investigate resonant nonlinear wave interactions of three-modes (triads) for
the case of space and time evolving instabilities. In addition, we intend to extend the analysis done here to consider
other types of flows. Hydromagnetic flows in thin films [25-27] have gained a lot of attention recently among scientists
due to the large number of applications they have and understanding this problem at the nonlinear stage becomes a
natural choice for our future research.
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Appendix

The expressions for the 4 by 4 matrix operator L and the vector operator N are given below

L = (r ow1,r ow2,r ow3,r ow4)> (A.1a)

where the r owi (i = 1,2,3,4) is the i th row of the matrix operator L given by
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N = (el em1,el em2,el em3,el em4)> (A.2a)

where el emi (i = 1,2,3,4) are the entries of the nonlinear oeprator N given by
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The expression for the elements of the nonlinear operator N1 are given below
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where el emi (i = 1,2,3,4) are the entries of the nonlinear oeprator N1 given by
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∂z

(2E1h1 +Ωh2
1)−σ0

∂v1

∂zs
− 1

2
K ∗ ∂

∂zs
(E1 +2Ωh1)

el em3 =−v1
∂v1

∂z
+ 1

2

∂

∂z

(
∂h1

∂z

)2

+ 1

4π
E1
∂E1

∂z
+8πσ1

∂σ1

∂z
+ 2√

β
(Ωσ0h2

1 −Ωσ1

h1 −σ0E1h1 −σ1E1)6ν∗
∂

∂z
(h1

∂v1

∂z
)−6ν∗h1

∂2v1

∂z2 − ∂h1

∂zs
+3(

∂2

∂z2

∂

∂zs
)

h1 + Ω

4π

∂E1

∂zs
+8πσ0

∂σ1

∂zs
+6ν∗(

∂

∂z

∂

∂zs
)v1

el em4 = ln(X )[
β

2

∂2

∂z2 (Ωh2
1 +2h1E1)−4π

√
β
∂

∂z
(h1σ1)]+ ln(X )[

β

2

∂2

∂z2
s

(2Ωh1

+E1)−4π
√
β
∂

∂zs
(σ1 +σ0h1)]

The expressions for the elements of the vectors N11 and N12 are given below

N11 = (el em1,el em2,el em3,el em4)> (A.4a)

where el emi (i = 1,2,3,4) are the entries of the nonlinear oeprator N11 given by

el em1 =−v11
d A1(zs )

d zs
+ ((i k1 + s1 + s2)v12 + i h12(εµ+ω1))h∗

11 +h12(i k1 + s1

+ s2)v∗
11)A1(zs )∗A2(zs )exp[iεµt + s2z] (A.4b)

el em2 = (−K ∗

2
E11 − v11σ0 −h11K ∗Ω)

d A1(zs )

d zs
+ (h12K ∗(i k1 + s1 + s2)E∗

11+

((i k1 + s1 + s2)(E12K + v12σ0 +h12K ∗Ω)+ iσ12(εµ+ω1))h∗
11 + (i k1

+ s1 + s2)(h12σ0 +σ12)v∗
11 + ((i k1 + s1 + s2)v12 + i h12(εµ+ω1))σ∗

11)

A1(zs )∗A2(zs )exp[iεµt + s2z]

el em3 = (3(i k1 + s1)2 −1)h11 +8πσ0σ11 +6ν∗(i k1 + s1)v11 + Ω

4π
E11)

d A1(zs )

d zs

+ 1

4π
√
β

[(E12(i k1 + s1 + s2)
√
β+8π(σ12 −σ0h12)E∗

114π(k1 + i s1)

(2k1 + i s2)(h12(i k1 + s1 + s2)+6ν∗v12)
√
β−2E12σ0 +4h12σ0Ω−2
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σ12Ω)h∗
116h12ν

∗(k1 + i s1(2k1 + i s2)− (i k1 + s2 + s2)v12)
√
βv∗

11 +2(

E12 +4π(i k1 + s2 + s2)
√
βσ12 −Ωh12σ

∗
11)A1(zs )∗A2(zs )exp[iεµt + s2z]

el em4 = (
1

2
β(E11 +2h11Ω) ln(X ))

d 2 A1(zs )

d z2
s

− (4π
√
β(σ0h11 +σ11) ln(X ))

d A1(zs )

d zs

+ [
√
β(k1 − i (s1 + s2)) ln(X )(h12(k1 − i (s1 + s2))

√
βE∗

11 + (4iπσ12+

(k1 − i (s1 + s2))
√
β(E12 +h12Ω))h∗

11 +4iπh12σ
∗
11]A1(zs )∗A2(zs )

exp[iεµt + s2z]

N12 = (el em1,el em2,el em3,el em4)> (A.5a)

where el emi (i = 1,2,3,4) are the entries of the nonlinear oeprator N12 given by

el em1 =−v12
d A2(zs )

d zs
−2i [h11(2k1v11 −2i s1v11 +h11ω11]A1(zs )2 exp[(2s1 − s2)

z − iεµt ]

el em2 =−(
K ∗

2
E12 +σ0v12 +h12K ∗Ω)

d A2(zs )

d zs
− [(i k1 + s1)(K ∗h11E11 +2v11(

σ0h11 +σ11 +2i h11σ11ω1]A1(zs )2 exp[(2s1 − s2)z − iεµt ] (A.5b)

el em3 = 1

4π
[4π− (1+3(2k1 − i s1)2)h12 +6(8πσ0σ12 +ν∗(2i k1 + s2)v12)+Ω

E12]
d A2(zs )

d zs
+ 1

4π
√
β

[(E 2
11(i k1 + s1)

√
β+8π(σ11 −σ0h11))E114π(i k1

+ s1)
√
β(−h2

11(k1 − i s1)2 +6h11ν
∗(i k1 + s1)v11 − v2

11 +8σ2
11)+8πh11

Ω(σ0h11 −σ11)]A(zs )2 exp[(2s1 − s2)z − iεµt ]

el em4 = (
1

2
β(E12 +2h12Ω) ln(X ))

d 2 A2(zs )

d z2
s

− (4π
√
β(σ0h12 +σ12) ln(X ))

d A2(zs )

d zs

+ [2h11

√
β(i ki + s1) ln(X )(−4πσ11 + (i k1 + s1)

√
β(2E11 +h11Ω)))]

A1(zs )2 exp[(2s1 − s2)z − iεµt ]

The expressions for the 4 by 4 matrix differential operator L(a)
n is given below

L(a)
n = (r own1,r own2,r own3,r own4)>, (n = 1,2), (A.6a)

where r owni (i = 1,2,3,4) is the i th row of the matrix L(a)
n and given by

r own1 = [−2iωn ,−σ0iωn +K ∗Ω(−kn + sn), (kn + i sn)(kn + i sn + i )(sn − i kn

−1)+ 2√
β
Ωσ0, ln(X )(kn + i sn)(−4iπσ0(kn + i sn)

√
βΩ)]

r own2 = [sn + i kn ,σ0(sn − i kn),3(kn + i sn)2ν∗− iω1,0] (A.6b)

r own3 = [0,−iω1,−(8πσ0(sn − i kn)+ 2√
β
Ω),−4π

√
β(kn + i sn) ln(X )]

r own4 = [0,
1

2
K ∗(sn + i kn),−(

2√
β
σ0 + 2

4π
Ω(sn − i kn)),1+ (kn + i sn)2 ln(X )β]

The expressions for the coefficients cn(n = 1,2,3) and dm(m = 1,2,3,4) are given below

c1 =−v11h(a)
11 + (−K ∗

2
E11 − v11σ0 −h11K ∗Ω)v (a)

11 + (3(i k1 + s1)2 −1)h11 +8π

σ0σ11 +6ν∗(i k1 + s1)v11 + Ω

4π
E11)σ(a)

11 − (4π
√
β(σ0h11 +σ11) ln(X ))E (a)

11 (A.7a)
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c2 = ((i k1 + s1 + s2)v12 + i h12(εµ+ω1))h∗
11 +h12(i k1 + s1 + s2)v∗

11)h(a)
11 +

(h12K ∗(i k1 + s1 + s2)E∗
11 + ((i k1 + s1 + s2)(E12K + v12σ0 +h12K ∗Ω)+ i

σ12(εµ+ω1))h∗
11 + (i k1 + s1 + s2)(h12σ0 +σ12)v∗

11 + ((i k1 + s1 + s2)v12 + i h12

(εµ+ω1))σ∗
11)v (a)

11 + 1

4π
√
β

[(E12(i k1 + s1 + s2)
√
β+8π(σ12 −σ0h12)E∗

114π(k1

+ i s1)(2k1 + i s2)(h12(i k1 + s1 + s2)+6ν∗v12)
√
β−2E12σ0 +4h12σ0Ω−2σ12Ω)

h∗
116h12ν

∗(k1 + i s1)(2k1 + i s2)− (i k1 + s2 + s2)v12)
√
βv∗

11 +2(E12 +4π(i k1 + s1

+ s2)
√
βσ12 −Ωh12σ

∗
11)]σ(a)

11 + [
√
β(k1 − i (s1 + s2)) ln(X )(h12(k1 − i (s1 + s2))√

βE∗
11 + (4iπσ12 + (k1 − i (s1 + s2))

√
β(E12 +h12Ω))h∗

11 +4iπh12σ
∗
11]E (a)

11 (A.7b)

d1 =−v12h(a)
12 − (

K ∗

2
E12 +σ0v12 +h12K ∗Ω)v (a)

12 + h12

4π
(4π− (1+3(2k1i s1)2)

+6(8πσ0σ12 +ν∗(2i k1 + s2)v12)+ΩE12]σ(a)
12 − (4π

√
β(σ0h12 +σ12) ln(X ))E (a)

12 (A.7c)

d2 =−2iµh12h(a)
12 − (iµσ12 + iµσ0h12)v (a)

12 − iµv12σ
(a)
12 (A.7d)

d3 =−2i [h11(2k1v11 −2i s1v11 +h11ω11]h(a)
12 +−[(i k1 + s1)(K ∗h11E11 +2v11(σ0

h11 +σ11 +2i h11σ11ω1]v (a)
12 + 1

4π
√
β

[(E 2
11(i k1 + s1)

√
β+8π(σ11 −σ0h11))E11

4π(i k1 + s1)
√
β(−h2

11(k1 − i s1)2 +6h11ν
∗(i k1 + s1)v11 − v2

11 +8σ2
11)+πh11Ω

(σ0h11 −σ11)]σ(a)
12 + [2h11

√
β(i ki + s1) ln(X )(−4πσ11 + (i k1 + s1)

√
β(2E11

+h11Ω))]E (a)
12 (A.7e)
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