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Abstract

Vertical External Cavity Surface Emitting Lasers (VECSELs) are modern power-
houses in terms of current technological improvements. The current state-of-the-art
in numerically modeling these lasers involves the coupling of Maxwell’s wave equa-
tions to the Semiconductor Bloch Equations (MSBE). We discuss previous work with
these equations, specifically strategies devised for ultra-short pulse generation. This
includes, optimizing the chip coating and QW structure designs, pumping levels, and
output coupling and absorber characteristics. We also briefly discuss some hysteresis.
We proceed to discuss the transverse Maxwell Semiconductor Bloch Equation (tMSBE)
model, it’s basic modifications and preliminary results, along with some desired goals
for the future. This includes generalizing to arbitrary cavity geometries and non-normal
incidences, modulating our gain region to study PT symmetry within a VECSEL, im-
plementing intensity and temperature dependence within the refractive indices of our
gain chip to study Kerr and thermal lensing effects with regards to self-mode-locking,
and general characterizations of higher order mode generation and pulse instabilities
through the manipulation of transverse pumping schemes. In addition, we hope to do
a full numerical study of the SBE with regards to appropriate numerical solvers as well
as to compile a manual for proper usage of the MSBE model.
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1 Background

1.1 Motivation

Over the past two decades, Vertical External Cavity Surface Emitting Lasers
(VECSELs) have proven to be highly versatile in producing ultrafast high
power pulses with compact and varying geometries [1,3–10]. For a more thor-
ough review of the progress, and accomplishments, of these lasers, see Rahini-
Imam [11] or Guina et al [12]. VECSELs, as ultrafast pulse generators, show
promise for their versatility in terms of wave-length, ease of manufacturing
and stability, and capability for producing pulses with high peak and aver-
age powers, variable repetition rates, and ultrafast pulse lengths. Rate based
models exist and are well studied for various cavity geometries [13]. How-
ever, these models rely on many fitted parameters, including a prescribed
gain curve, to give an accurate description of the resulting modelocked pulse.
This limits the predictive capabilities of the models as well as its ability to
accurately model the non-equilibrium gain effects. In many situations this is
not ideal, and a different approach must be used [14]. In order to properly
model them, one needs to look at the microscopic many-body effects of the
gain structure, [6]. The Maxwell Semiconductor Bloch Equation (MSBE)
model does just that by coupling wave propagation to a polarization source
term using the most advanced semiconductor model available. A generic full
cavity computational domain is shown in Figure 1 [1].

Figure 1: Computational domain with (a) gain chip and (b)SESAM separated by large air
gap [1]

In black is the material refractive index showing the various components
of the cavity with the underlying fundamental standing wave for the res-
onator cavity in blue. From left to right, we have our Distributed Bragg

4



Reflector (DBR) which consists of many pairs of selectively chosen material
layers whose refractive indices provide a gradual, broadband reflection of the
incoming field [15]. From there, were have our active region. Our quantum
wells, the red lines, are where we have gain in our system. This is where we
must compute our polarization source term, using our Semiconductor Bloch
Equations (SBE) to be discussed shortly. We then have an antireflective
(AR) coating to compensate for dispersion and allow the pulse to seamlessly
travel into and out of the gain region. From there we have a large air gap
which is by far the largest component of our computational domain. We then
have our absorber structure (SESAM), consisting of another AR coating, a
low density quantum well that acts as a passive modelocking device, and then
an output coupler that allows a small portion of the light to escape the cavity.

2 Underlying Model

The two primary components of the model are the electric field propagation
using Maxwell’s wave equation and the active region simulation using the
Semiconductor Bloch Equations [16], which describe the carriers, electrons
and holes, as well as the microscopic polarization states through a coupled
set of Optical Bloch Equations with added nonlinearities which arise from
many-body interactions. The propagation of the electric field within the
cavity is modeled using Maxwell’s wave equation, [17]

„

B2

Bz2
´
n2
b

c2
0

B2

Bt2



Epz, tq “ µ0
B2

Bt2
P pz, tq. (1)

wherein, our electric field is E, our source polarization is P and nb, c0, µ0

are the material refractive index, vacuum speed of light, and vacuum per-
mittivity respectively. This is used to propagate within individual material
components throughout the cavity, including the large air cavity. We assume
that all materials are linearly dispersive for simplicity, and tune our spatial
and temporal step sizes so that a single spatial step is the exact distance trav-
eled by light within the medium in a single time step. Through this process,
our pulse will merely translate from one time-space step to another, at least
within a single medium. However, when our pulse approaches an interface,
boundary conditions for Maxwell’s equations give us an appropriate trans-
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fer matrix that relates the incoming and outgoing electric fields. Note that
we assume our quantum wells, our polarization sources, are narrow relative
to cavity components and thus act only at the interfaces between particular
materials. Thus, inside a given medium, we do not have any induced polariza-
tion. For the interface between components j, j` 1 with forward (backward)
moving fields expressed by `p´q respectively and refractive indices nj, nj`1,
our electric field transfer matrix becomes

pnj ` nj`1q

„

E`j`1

E´j



“

„

2nj nj`1 ´ nj
nj ´ nj`1 2nj`1

 „

E`j
E´j`1



´ µ0c0
B

Bt
P pz, tq. (2)

for our vacuum permeability, µ0, where whenever we are crossing over a
quantum well, we will have a nonzero polarization [14]. In order to compute
the polarization response present when at a quantum well interface, we note
that our macroscopic polarization is a sum over momentum space for our
quantum polarizations,

P ptq “
ÿ

k

dcvpkptq. (3)

We model this microscopic polarization using the Semiconductor Bloch Equa-
tions (SBE), [16] a coupled system of Optical Bloch Equations with nonlinear
many body effects,

B

Bt
pk “ ´iωkpk ´ iΩkpn

e
k ` n

h
k ´ 1q ` Γdeph ` Λp

spont `
B

Bt
pk |scatt;

B

Bt
n
ephq
k “ i rΩkp

˚
k ´ Ω˚kpks ` Γscatt ` Λn

spont ` Γfill `
B

Bt
n
ephq
k |scatt;

(4)

Therein, n
ephq
k is the occupation number for electrons (holes) in state k.

Note the population inversion, nek ` nhk ´ 1. It is this quantity which most
readily indicates the growth of various modes through the burning of kinetic
holes in momentum states [14]. When this population inversion is positive
(negative) our system will exhibit gain (absorption). As the carriers are de-
pleted in a certain spectral region we get inversion bleaching which will no
longer exhibit gain (absorption). The polarization dephasing is modeled us-
ing a phenomenological decay rate derived from simulations using scattering
approximations on the Second Borne-Markov level [18].

Γdeph “ ´
1

τdeph
pk. (5)
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Although simulations for the scattering and dephasing terms have been run
on the Second Borne-Markov level [19], this is extremely computationally
demanding, requiring multi-dimensional matrix sums at each step. So much
so that it becomes intractable for optimizing cavity design and is useful only
in investigating new structures and confirming particularly interesting re-
sults. We instead use phenomenologically fit parameters for the dephasing
of the interband polarization. Similarly, the occupation numbers, n

ephq
k and

pumping are modeled using an exponential recovery to a background Fermi
distribution, f

ephq
k

Γscatt “ ´
1

τscatt

´

n
ephq
k ´ f

ephq
k

¯

. (6)

The kinetic hole filling is modeled through a similar process,

Γfill “ ´
1

τfill

´

n
ephq
k ´ F

ephq
k

¯

. (7)

where F
ephq
k are dynamically computed based on the current total density

and temperature of the system [1]. In general, a Fermi distribution describes
numbers of particles, which obey the Pauli exclusion principle, occupying
particular states and is described by

fpεq “
1

e
ε´µ
kBT ` 1

(8)

where ε, µ, T are our particle energies, chemical potential and temperature
and kB is Boltzmann’s constant. Given some particle density and tempera-
ture N and T we can compute our chemical potential

µ “
1

β
ln
´

e~
2Nβπ{mr ´ 1

¯

(9)

and thus we can define a background or dynamic Fermi distribution with just
those two parameters [1].

The electric field, Epz, tq couples into these equations through the renor-
malized Rabi frequency

Ωk “
dcvEpz, tq

~
`

1

~
ÿ

k‰q

V|k´q|pq (10)
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where dcv is a dipole transition element ~ is Planck’s constant, and the single
particle energy

~ωk “
~2~k2

2mr
` Eg ´

ÿ

q‰k

V|k´q|pn
e
q ` n

h
q q (11)

where mr and Eg are the reduced mass and band gap energy respectively.
Note the nonlinear coupling done by the renormalization factor where V|k´q|
is our screened potential matrix which describes the many-body Coulomb
interactions in the semiconductor crystal lattice. In most simulations, those
not containing the more fundamental scattering terms on the Second Borne-
Markov level, this is the only nonlinear component and by far the most tax-
ing component of the simulation. Additional terms include our spontaneous
emission, modeled by

Λ
ppnq
spont “ `p´qΛ

spont
k nekn

h
k (12)

with

Λspont
k “

n3
bgr

π2ε~4c3
0

|dcv|
2

˜

~2~k2

2mr
` Eg

¸3

(13)

for the background refractive index, nbgr and material permittivity, ε [14].
Alternatively, in some situations, rather than letting spontaneous emission
build up, one can introduce an initial pulse into the cavity to quicken the con-
vergence of the simulation. This highly nonlinear coupled system of ODEs
is a computational nightmare and it is where the predominant amount of
computational time is spent during our simulations. As we push into trans-
verse dimensions, discretizing our quantum wells in space, this becomes an
even greater issue and many numerical techniques are required to reduce the
computational demand of the simulations.

One implemented strategy is to only update the density dependent coulomb
potential, V|k´q| and kinetic hole filling distribution, F

ephq
k when there is a sig-

nificant amount of change in the electric field at the quantum wells. Similarly,
when updating this matrix, instead of computing each element, we compute
a few of the elements and interpolate between them to get the full matrix.
Without strategies like this, this system would not be feasible.
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Overall, many novel design techniques have been realized experimentally
through the study of this model including a novel gain chip design for shorter
pulses. Herein, we explore a small subset of those techniques, specifically
those by Kilen et al in 2017 [20].

2.1 Ultrafast pulse generation strategies

Having described the relevant background, we proceed to a summary of the
various strategies utilized to optimize pulse generation in optically pumped
VECSEL cavities, as described by Kilen et al [20]. For the simulations in this
paper, they use the phenomenological rate based scattering and dephasing
terms rather than the full Second Borne-Markov approximations and start
simulations from seed pulses rather than from spontaneous emissions. The
cavity is set up similarly to Figure 1, except instead of using the typical res-
onant periodic gain (RPG) structure as is typical with VECSEL gain chips,
they use the modified multiple quantum well (MQW) structure where all of
the quantum wells are piled into a single antinode of the standing wave of
the desired fundamental mode. The RPG structure positions the quantum
wells at successive antinodes of the standing wave, thus ensuring maximum
amplification of this mode. Piling all the QWs ona single antinode not only
minimizes the dispersion by shortening this region, it all provides peak gain
to a wider frequency band. This was shown to produce shorter, stronger
pulses [1].

A partial list of simulation parameters is included in Table 1, where we
indicate values for the SESAM (S) and gain chip (G) separately. All simula-
tions were run on a SGI UV2000 shared memory computer, with implemented
parallelization schemes, and could take upwards of 40hrs per simulation.
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Description Variable Value

Kinetic hole filling rate τ
SpGq
fill 100fs

Central wavelength ω0 980nm

SESAM Carrier Density nS 5.0e14 cm´2

Gain chip Carrier Density nG 3.25e16 cm´2

Dephasing time (Estimated) τ
SpGq
deph 50fs

SESAM recovery rate τSscat 2ps

τGscat Gain chip recovery rate 20ps

Round trip time RT 21ps

Background temperature Tbg 300K

DBR pairs - 30

DBR refractive indices n1, n2 1.9, 3.435

AR coating refractive index nAR 1.72

Figures 2 and 3 show the round trip behavior of the inversion, highlighting
the burning of a kinetic hole as a pulse comes in, then the recovery back to
a quasi-Fermi distribution.
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Figure 2: Inversion kin. hole burning
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Figure 3: Inversion recovery

The configuration given by Table 1 resulted in an optimal modelocked
pulse with a FWHM of 19fs and a peak intensity of 5.7MW {cm2. A narrowed
DBR was also used, with a lower density nG “ 2.9e16 cm´2 resulting in a pulse
FWHM of 46fs and a peak intensity of 1.7MW {cm2. The paper highlights
the numerical equivalent of a pump probe experiment for finding the spectral
gain, by using a low energy pulse passing in, then reflecting back out, through
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the gain chip and comparing the result to the input,

Gain “

ˇ

ˇ

ˇ

ˇ

ˇ

Êoutpωq

Êinpωq

ˇ

ˇ

ˇ

ˇ

ˇ

´ 1 (14)

for the Fourier transforms of the input and output pulse amplitudes. The
paper illustrates how the gain is broadened and the Group Delay Dispersion
(GDD) is flattened for the MQW over the RPG structure. The GDD is re-
sponsible for the spreading of the pulse and is flattened by optimizing over
AR coatings for a given cavity setup. The flattening of the GDD, as well as
the gain broadening, results in narrower pulses.

The paper also described an inherent hysteresis effect in the model that
has been seen experimentally [21]. They first achieved a stable mode-locked
pulse at a relatively high carrier density, nG “ 4.0e16cm´2 then gradually
decreased the density by 0.15e16cm´2{ns and compared the results to full
modelocking simulations at the various densities. They found that starting
from a modelocked state, the system was able to stay modelocked even for
densities below which no pulse could build up from noise, nG “ 3.17e16 cm´2.
Although, the equilibrium gain is lower than the absorption, the pulse was
able to obtain a different modelocked state. Having discussed some applica-
tions of this model, we can proceed to discuss our attempts at utilizing this
model for future work.

3 Current and future work

3.1 Implementing the basic transverse model

There are many interesting effects relevant to VECSELs that are not re-
alizable using a one dimensional model including higher order mode gen-
eration [22], self-modelocking [23, 24], and the ideas of PT symmetric gain
regions [25–27]. This motivates the implementation of a transverse profile
into the model. The primary complications with this model are the pulse
propagation and diffraction and the transverse discretization of the Semicon-
ductor Bloch Equations.
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To handle the pulse propagation, we note that our primary area of concern
is the massive air cavity. Within the very narrow gain chip and SESAM, our
pulse will not diffract dramatically and thus a method analogous to the one
dimensional model should be sufficient. This is definitely something that
should be investigated more rigorously, however due to the computationally
intensive nature of the propagation, we will initially restrict the model in this
way. Contrarily, within the air cavity, we cannot neglect the diffraction and
phase changes of our transverse profile as the reshaping will have dramatic
effects on the resulting modelocked pulse. In our linear model, this presents
an issue since we do not have a curved mirror to refocus the diffracting beam.
Thus, we introduce a curved mirror inside the cavity. Based on a desired beam
waist at our gain chip, w0, wavelength, λ, magnification, m and first distance
s1 we can compute our focal length, f and second distance s2 [28]. These
computations are done using

f “
mλ2s2

1 `mπ
2w4

0

λppλ2s2
1 ´ π

2m2w4
0 ` π

2w4
0q

1{2 ` λms1q
(15)

s2 “ f

¨

˚

˝

s1
f ´ 1

´

s1
f ´ 1

¯2

`
w4

0π
2

f21λ
2

` 1

˛

‹

‚

(16)

The required condition for stability of our resonator cavity is that

C “

ˇ

ˇ

ˇ

ˇ

2s1s2

f 2
´ 2s1 ` s2f ` 1

ˇ

ˇ

ˇ

ˇ

ă
1

2
[29] (17)

Because our cavity can become unstable near C “ 1
2 we choose s1 so that we

are far from this bound. Although we have performed preliminary studies on
this, a more thorough study could be performed to rigorously optimize these
cavity lengths for stability and pulse characteristics.

To propagate our pulse through the lens, we apply a phase mask, a complex
radially dependent phase derived from the paraxial wave equation, to our
profile u

ũ “ ue
´ik0r

2

2f (18)

for radius r and wavenumber k0 “ 2π{λ [29]. To propagate through free
space, we have to decide on a numerical propagation technique. Because we
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are in a linear medium where our field dies at the boundaries, we can use a
pseudo-spectral propagator to propagate our solution the entire span of the
space in a single step. The general scheme for propagating a solution u is
thus

ũ “ FFT´1
pPropagator ¨ FFT puqq (19)

where our propagator is derived as a Green’s function for the wave equation

Propagator “ e
iz
´?

k20´k
2
x´k0

¯

(20)

for our Fourier space variable, and current wavenumber, kx, and distance
z “ s1,2 [30].

With our propagator thus defined, and the resulting modifications included
in the C++ implementation, we have obtained our first modelocking results,
shown in Figure 4. The top middle and bottom plots show the evolution
of the total intensity, the peak intensity, and the FWHM in both time and
space, respectively.
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Figure 4: First modelocking sim.

The results show that our pulse stabilized after about 50ns, equivalent to
2500 Round trips with a peak intensity about 4.8MW {cm2 and FWHM of
191µm and 150fs for space and time, respectively.

From here, we need to determine the appropriate resolution in the trans-
verse dimension. The key consideration is that we ensure we have enough
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points to properly resolve our fundamental Gaussian, and higher order modes,
on both the gain chip and SESAM. Modeling a basic resonator cavity, we
studied the accumulated errors at various magnifications, with respect to the
number of points in our discretization. To ensure that we capture the full
pulse, we used a domain size of 8 ¨ FWHM of our gain chip. In full simu-
lations we zero-pad our domain so that the actual domain need not be this
large and we assume it to be 4 ¨ FWHM to fully capture the pulse. The
results are shown in Figures 5 and 6, for 1 round trip and 10000 round trips
respectively. Therein, we are looking at the errors in our numerically propa-
gated solutions compared to the analytic Gaussian solutions on the gain chip
(LHS) and SESAM (RHS) respectively.
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Figure 5: Errors after 1 Round-trip
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Figure 6: Errors after 10000 Round-trips

For Nx “ 1024, we thus have a minimal error, which cannot be reduced
by increasing the number of points. Because of the other errors inherent in
our simulation, a relative error of 10´8 is very reasonable and thus, for this
size domain we need a minimum of 256 or 512 points within our domain to
ensure acceptable errors. Due to the zero-padding of the domain this reduces
to 128 and 256. For efficient computations, we require that the number of
points be an integer multiple of the number of threads per node on our SGI
UV2000 shared memory computer and thus we use Nx “ 288 for all simula-
tions. When we have a weak magnification, m ď 4, we can also use Nx “ 144.
A thorough study of the effect magnification has on our pulses is potentially
interesting. In addition to the stability of our resonator, we also need to en-
sure that our final modelocked pulse is converged. Although there has been
some preliminary work in this regard, a thorough study of the convergence
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of our solutions still needs to be completed.

Potential complications that may arise concern when our cavity exhibits
higher order modes with fine transverse features. A complete set of orthog-
onal modes for our resonator cavity are described by the Hermite-Gaussians
[31].

The general form of these is given by Equation 21

upx, zq “ H

ˆ

?
2x

wpzq

˙

e
´ x2

wpzq2 ei
kx2

2Rpzqe
ikz`iφpzq

(21)

wheren Hpxq are the Hermite polynomials, Rpzq is the current radius of
our fundamental Gaussian solution, and φpzq is the accumulate Guoy phase
which distinguishes beam and pulse propagation from plane wave propaga-
tion [32].The order indicates the order andnumber of zero crossings of the
Hermite polynomial. A selected few of these modes are shown in Figure 7.
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Figure 7: A set of Hermite Gaussian modes

We have already seen a superposition of these modes within our simula-
tions when we used a large pump to mode size ratio, R ą 1.5, an example of
which is shown in Figure 8

We then have a new behavior where the relative phase of our modes flips
on successive round trips so that we get a two round trip periodic behavior,
with more energy concentrated towards the center versus the sides of the
pump profile and then flipping on the next round trip. We also note that
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Figure 8: Wide pumping output after 145ns

we do not have a single pulse but rather a pulse molecule. Figure 9 shows
the temporal profile of this molecule, a similar profile to results obtained in
the one dimensional model. Contrary to that model, Figure 10 shows that
the weaker pulse of the molecule exhibits much higher transverse oscillations
indicative of higher order modes. We make a quick note that these higher
order modes have only a couple of points beneath each crest and thus we
would not expect to be able to resolve modes of higher order than this one.

Figure 9: Side view of pulse molecule Figure 10: Front view of pulse molecule

It has been proposed that we could eliminate these modes by increasing
the recovery rate for our carriers back to the background distribution. In
addition, it has been suggested that we might be able to generate a complete
set of these modes by systematically utilizing two separate pump profiles and
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displacing them off-axis so that the peak gain is no longer centered over the
origin but rather over the peaks of the desired higher order mode [22, 23].
Comprehensive studies of both of these phenomena are underway.

As shown, we currently have the transverse model generating modelocked
pulses and are actively adding features to its capabilities. One goal is to
examine the effect of cavity geometry on the pulse, through the introduction
of varying cavity geometry and non-normal incidence on our gain chip and
SESAM.

3.2 Studying cavity geometries

There exist many different, and interesting, VECSEL cavity geometries worth
considering, a few of which are shown in Figure 11.

Figure 11: Various VECSEL cavity arrangements: V (a), Z(b), ring (c), and F(d) [2]

We can form even more complex geometries with multiple gain chips, or
SESAMs, and ones that have counter-propagating pulses inside of them. One
immediately interesting consequence of these non-linear cavities is the effect
angle of incidence has on the resulting pulse. For example, in the V-cavity
arrangement as shown, our pulse can be incident on our gain structure with
a significant angle. This corresponds to a delay between when the wings of
the pulse hit the structure. Specifically, for a given pulse width, w0, the delay
between the wings hitting the interface is computed as

∆t “
w0 tan θ

c
(22)
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where θ is our angle of incidence and c is the speed of light within the medium,
taken as a constant. For a 200µm wide beam at a modest angle of incidence
θ “ π{9 this corresponds to a delay of about 243fs. This can be much longer
than our temporal FWHM and thus the front end of the pulse will have com-
pletely left the gain region by the time the back end enters it. This could
result in much different pulses from what has been observed previously, both
in the stable and unstable regime. This angle also introduces an increase in
optical path length through the structure, and thus there will be increased
dispersion of the pulse leading to different, more realistic pulse formation.

The main questions of concern when modeling these cavities is how to
succinctly model the new geometry, how to account for the angle properly
during free space propagation, and within the structure itself, as well as
how to model the various incoming and outgoing fields within the structure.
Regarding the additional mirrors and propagation distances, there exists a
useful domain transformation using ABCD matrices. [29]. Generally, using
ray optics we can model how individual rays are affected by various optical
elements through the successive application of ABCD matrices. Given some
ray with position y and angle θ then the effect of a linear optical element
can be seen through the multiplication of the vector py θq by the appropriate
ABCD matrix. Two important matrices are for a curved mirror with focus,
f , given by Equation 23

„

1 0
´ 1
f 1



(23)

and for free-space propagation of a set distance, L, given by Equation 24,
„

1 L
0 1.



(24)

Given some ABCD matrix, we can transform this matrix into an analogous
cavity with two mirrors separated by free space, namely, as shown in Equation
25,

„

A B
C D



“

„

1 0
´ 1
f1

1

 „

1 L
0 1



.

„

1 0
´ 1
f2

1



(25)

This simplifies to

L “ B,
1

f1
“

B

1´ A
,

1

f2
“

B

1´D
(26)
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Thus we can generalize diverse cavity domains to a simple three component
cavity. What is even more appealing is that since our lens are merely a single
flop per transverse point and we have eliminated oone of the more costly
free-space propagations in our domain, propagation within this transformed
domain is even faster to compute than our original domain for the linear
cavity and does not change for more complex cavities. One caveat to this
is that we still need to have the temporally resolved field that is incident
on our quantum wells. As we saw previously, the angle of incidence on a
gain structure, or SESAM, can impose a heavy delay on our pulse. The
pseudo-spectral propagation method we are using readily extends to include
this angle. We can enforce the time delay by looking backwards at previous
steps of our pulse. Namely, using a modification to Equation 22, we can
look appropriately far back for each transverse point. These points will not
likely coincide with our exact temporal steps and so some interpolation is
necessary. The obvious drawback to this is that we now need to store a large
array of previous time steps for both the incoming and outgoing fields in
either direction. The actual time delays as a function of distance and angle,
are shown in Figure 12.

Figure 12: Time delay over relevant angles

Note that, even for the relatively small domain of 800µm we can have pi-
cosecond scale delays. In general our gain chips are shorter than 10µm with
materials whose refractive indices are generally smaller than n “ 3.5. Thus,
a simple calculation reveals that our pulse spends less than 240fs inside the
gain chip. Then for oblique angles, the pulse will interact with the quantum
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wells in a much more complex fashion with potentially very interesting results.

An additional complication that arises at oblique angles is that along with
a time delay, there will be an additional diffraction and phase accumulation
for various portions of the pulse. Modeling this realistically with our spectral
solver would require separate propagation distances for each point, resulting
in an extra Fourier transform pair for each transverse point. To avoid this,
we tested an alternate scheme, propagating the entire pulse the distance the
midpoint traveled and compared this to the sequential propagation, described
before.

Shown in Figure 13 is an initial beam propagated to a final distance, then
sliced to model the pulse incidence on the interface. The top two panels
show the initial and final pulse, from left to right, respectively. The bottom
two panels show the single propagation distance and sequential propagation
distances procedure as described. Figure 14 shows the amplitude and total
error between these two procedures, a relative error peaking around 0.1%,
which should be acceptable for our simulations.

Figure 13: Comparison of propagation tech-
niques

Figure 14: Error between propagation tech-
niques

Thus, we can propagate a single distance along each leg without accumu-
lating an excess of diffraction errors.

Another problem to overcome concerning the propagation within oblique
incident cavities concerns how the field propagates within the narrow layers of
the gain chip and SESAM structures. Since the fields do not interact except
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at the quantum well interfaces, we can treat them separately and superimpose
them at these interfaces. The key question is how to adequately propagate
them within the structure and how to transfer them across the interface. Our
approach is to model four separate fields at each point within the structure
as evidenced in Figure 15. The four fields are made up of fields from the left
(L) and right (R) path moving forward (+) and backward (-).

Figure 15: Field superposition inside gain chip (SESAM) structure

We ensure that for each structure, energy entering from one path, leaves
from the other. We thus have a general transfer matrix

»

—

—

–

EL`
j`1

EL´
j

ER`
j`1

ER´
j

fi

ffi

ffi

fl

“

»

—

—

–

τ ρ 0 0
0 τ ρ 0
0 0 τ ρ
ρ 0 0 τ

fi

ffi

ffi

fl

»

—

—

–

EL`
j

EL´
j`1

ER`
j

ER´
j`1

fi

ffi

ffi

fl

(27)

where ρ, τ are Fresnel reflection and transmission coefficients, respectively.
If we assume TE polarized light, we have

ρ “
cos θ ´

c

´

nj`1

nj

¯2

´ sin2 θ

cos θ `

c

´

nj`1

nj

¯2

´ sin2 θ

τ “ 1´ ρ

(28)

The immediate concern with this procedure is whether we are missing
significant transverse motion within these structures. In the worst possible
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case, we can test what would happen if we hit a low refractive index block,
n “ 2, longer than our longest structure, L “ 10µm at a highly oblique angle
θ “ π{6. The angle of refraction is given by Snells law, Equation 29

n1 sin θ1 “ n2 sin θ2. (29)

Using this, we find that the maximum possible transverse shift is ∆x “ 5µm.
This amounts to just a couple percent of our beam waist and less than 2
transverse grid points for even the most conservative domain discretizations.
In a more realistic case, such as a structure similar to Figure 1, we will have
a transverse shift less than 2.5µm. This is well below a single transverse
step size. Further, most of our field is reflected within the first half of the
DBR and thus only a small portion of the field will actually experience this
much shift. Most of the field will experience a far smaller shift. Thus, our
model should accurately model this reflection. We plan to compare this to a
full alternating direction implicit solver with coupled interface conditions to
compare the true shift and ensure that it is bounded as calculated.

With each of these components, along with the proper implementation of
a class structure in our full model, we thus have a general method for simu-
lations of a general class of cavities.

3.3 Spontaneous (Self) Modelocking

There is a well known phenomenon in the study of lasers known as sponta-
neous, or self, modelocking (SML) in which the behavior of the beam itself
causes modelocking rather than through the use of some active, or passive,
modelocking device [23]. This has been shown previously in the study of
VECSELs, [24, 33, 34]. The fundamental claim is that the Kerr-lens devel-
oped by the pulse’s nonlinear interaction with the chip medium creates a
focus as the pulse grows. By introducing an aperture into the cavity, we can
introduce a high loss while the pulse is weak. If we tune this properly, the
pulse peak can still grow, so that more of the pulse is focused within the
aperture and thus the loss lowers until the pulse completely depletes the gain
and the pulse can no longer maintain its growth. Thus, the loss takes over
and the pulse shrinks. Through many round trips, this process is claimed to
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stabilize into a sub-picosecond modelocked pulse [24].

These results are highly controversial and various groups claim that there
is not enough evidence of stable modelocking [23,35]. They observed the so-
called SML but also observed fluctuations over microsecond time scales citing
variations in temperature or pump power as possible causes. They argue that
the given proof is insufficient.

Our goal is to provide a theoretical and numerical argument either for
or against SML. In order to do this, the primary requirement is to enable
a transversally and intensity dependent refractive index within our cavity
components. This change will be modeled using Equation 30

n “ nbg ` n2I (30)

for our background refractive index, nbg, our nonlinear refractive index, n2

and our pulse intensity, I. We first would need to determine an appropriate
value for n2 or a different model for the refractive index of our material. As
of right now, our propagation within the gain chip and SESAM structures
is done through a careful tuning of our discretization steps with regards to
our optical path lengths. Thus, a significant change in refractive index corre-
sponds to a change in our discretization scheme. If this change is significant,
this may require updating our scheme at each step. To do this, would require
interpolating our field at these new points, introducing additional errors, as
well as potentially significant computational time, into our simulation. Al-
ternatively, we could begin with the finest reasonable grid resolution and use
a modified propagator within our nonlinear cavity components. This too is
feasible, though would require significant overhaul to the model. We aim to
investigate these different methods within a simpler Matlab model for com-
parison and to determine which would be the easiest to implement.

3.4 PT Symmetry

The study of Hamiltonians has historically been restricted to Hermitian op-
erators since Hermiticity ensures real eigenvalues. However, over the past
twenty years, systems observing both parity and time symmetry have been
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of great interest since they too can observe all real spectra and yet are non-
Hermitian [36]. The parity and time operators P ,T respectively acts on a
wavefunction ψ according to Equation 31

Pψpr, tq “ ψp´r, tq

Tψpr, tq “ ψ˚pr,´tq
(31)

for variables r, t for space and time, respectively [27]. An operator is said to
be PT-symmetric if

rPT,Hs “ 0. (32)

Although these systems can be difficult to realize in quantum mechani-
cal systems, they show great promise in various photonics devices [27, 37].
Specifically, these ideas were used to create a supersymmetric laser array
which operated at high power in a fundamental mode by creating a so-called
quantum well high loss superpartner to their laser array [25]. Further, Ahmed
et al numerically modeled such a system designed to represent a Vertical Cav-
ity Surface Emitting Laser (VCSEL), the internal cavity analog to a VEC-
SEL [26]. To do this, they used a spatially modulated complex refractive
index

Upxq “ nre cosp|x| ` φq ´ i sinp|x| ` φq (33)

for various φ along with a complex Ginsburg-Landau type equation

BtApr, tq “
`

p´ |A|2
˘

A` i∇2
KApr, tq ` iUprqApr, tq. (34)

Note that the period of modulation for their system was much lower than
their initial condition beam waist. They showed this to have excellent mode
focusing qualities for particular values of φ, nre, nim. We could improve upon
this result by utilizing our more sophisticated model for the gain and absorp-
tion within our system. There are three primary hurdles to doing this, of
increasing difficulty. First, we would need to implement a transversally mod-
ulated refractive index. Second, we need to modulate the gain and absorption
in our cavity a systematic, periodic fashion. This could be done through a
modulated density profile and should not be overly complicated. Third, and
most difficult, we need to create such a modification that is physically jus-
tifiable. Although it would be interesting academically to get a modelocked
pulse using this type of system for an arbitrary system, it would be much
more useful to design one which can be realized experimentally. Thus, what-
ever refractive index and pump profiles we choose must be chosen based on
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realistic pumping and crystal growth conditions. The particulars of this are
still in need of a lot of research. However, surpassing these three hurdles,
could provide incredibly useful insight into a new class of self-focusing effects
in VECSELs and lasers in general.

3.5 Additional Considerations

One final area of interest is in a numerical study concerning the Semiconduc-
tor Bloch Equations themselves. Although they are often used for numerical
modeling purposes, there is little literature on proper modeling practices for
various implementations. Specifically, the 4th Order Runge-Kutta is used
almost ubiquitously on these models. This multi-step numerical method is
given by Equation 35.

k1 “ hf ptn, ynq ,

k2 “ hf

ˆ

tn `
h

2
, yn `

k1

2

˙

,

k3 “ hf

ˆ

tn `
h

2
, yn `

k2

2

˙

,

k4 “ hf ptn ` h, yn ` k3q ,

yn`1 “ yn `
1

6
pk1 ` 2k2 ` 2k3 ` k4q.

tn`1 “ tn ` h

(35)

Although this is a powerful numerical method, this author could not find
any justification for its almost ubiquitous usage. Further, there is no work. to
this author’s knowledge, on numerically studying these equations at various
levels of approximation. The goal would be to determine the most appropriate
solvers for accuracy and computational time for the uncoupled equations, the
renormalized equations in the Hartree-Fock limit, and the two-band model
with scattering terms approximated on the second Born-Markov level. It
would also be useful to extend this to the multiband model but this would
require a more significant investment to fully understand and implement this
model. This is currently being worked on as part of a course requirement and
is anticipated to be continued afterwards.
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In addition to this, we also hope to create a stand-alone document which
contains all relevant information necessary for understanding, running, and
modifying the MSBE model so that future researchers can utilize in more
readily.

4 Conclusion

Through this paper, we highlighted an understanding of the previous and
ongoing efforts in modeling and optimizing the design of VECSELs through
the coupling of Maxwell’s wave equation to the Semiconductor Bloch Equa-
tions at various levels of approximations. We described relevant physical,
optical, and mathematical background as well as presented some particular
results from a recent publication concerning this model. We proceeded to dis-
cuss this author’s current and future efforts in utilizing a higher dimensional
transverse model to study higher order mode generation, pulse instabilities,
cavity geometry and oblique angle considerations, self-modelocking, and PT
symmetric systems, as well as to numerically study the Semiconductor Bloch
Equations themselves. Through this work the author hopes to make signif-
icant contributions to the field of numerically modeling optical systems in
pursuance of a doctoral degree in Applied Mathematics.
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Keller. Experimentally verified pulse formation model for high-power
femtosecond vecsels. Applied Physics B: Lasers and Optics, April 2013.

[10] Bauke W. Tilma, Mario Mangold, Christian A. Zaugg, Sandro M. Link,
Dominik Waldburger, Alexander Klenner, Aline S. Mayer, Emilio Gini,

27



Matthias Golling, and Ursula Keller. Recent advances in ultrafast semi-
conductor disk lasers. Light: Science & Applications, 4(310), July 2015.

[11] Arash Rahimi-Iman. Recent advances in vecsels. Journal of Optics, 18,
2016.
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