PART 10: EQUILIBRIUM FLUCTUATIONS OF SYMMETRIC
SIMPLE EXCLUSION

SUNDER SETHURAMAN

We motivate the study of equlibrium fluctuations of symmetric simple exclusion
through another proof of the t'/4 scaling limit of the current in the one dimensional
process. The equilibrium fluctuations capture the CLT behavior around the solution
of the hydrodynamic equation, which in equilibrium is constant. The limiting
equation is an infinite dimensional Ornstein-Uhlenbeck process.

1. ANOTHER PROOF OF CURRENT FLUCTUATIONS

As in Part 9, consider the current through the bond (z,z + 1), J; z+1(t), which
is the number of particles crossing the bond from left to right minus the number
crossing from right to left up to time ¢.

A moment’s thought gives that

Jo1,2(t) = Jowr1(t) = ne(z) —no(z),
the difference being equal to 0, 1 or —1. Then, formally7
J—IO ij 19c - x;c-l—l Znt
x>0 x>0

However, the display does not make sense as typically there are an infinite number
of particles in the system.
We may truncate however in the following way: Let

Gulx) = (1-5)1(0<z<n).
n
Write, in terms of a scaling parameter N, that

ZG (@/N)[Jo—1,2(t) = Jo,241(t)]

x>0

=J 10(t) + > [Gu(@/N) = Gn(x = 1/N)]Ju 1.4(t)
x>1
N+1

J_1,0(t +7Z=]x 1a(

At the same time, we have

z>0 x>0

Following our previous custom, since space is scaled by N, we will speed up time
by N2, and define the “fluctuation field”:

W(G) = s 3 Gl /Ny (@).
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Then, scaling the current by the fourth root of the time scaling, we have for all
n > 1 that

1 1 N+1

- S T (N2,
— 372 rz—1,x
N nN/ r=1

The idea now is that the first two terms on the right should be given in terms of
a limit fluctuation field, which we must define. However, the last term on the right
hand side should vanish as N 1 co and n 1 co. One can adjust the construction
of the process, to include counts N;:xﬂ(t) and N, .. (t) which keep track of the
numbers of particles crossing (x,z + 1) from left to right and vice versa, so that

J,170<N2t) = WtN(Gn) - WON(GTL)

Morirlt) = Towa® =5 [ )1 =mla+ 1) = o+ (1= nu(w)ds

1 t
= Jpzt1(t) — ;/ Ns(x) — ns(x + 1)ds
0
and

My air(8)? — % /O 1s(@)(1 = ns(z + 1)) + 75 (z + 1)(1 — ns(2))ds

are martingales. Since jumps are not simultaneous in the process, {M, ,11(t)} are
orthogonal martingales.

Exercise 1.1. Show E[M, ,41(t)My 4+1(t)] = 0 by decomposing on the possi-
ble crossing times, which are stopping times, of bonds (z,z + 1) and (y,y + 1)
which occur a.s. at distinct times, and the martingale property. That is, write
My oi1(t) = D (Mg g1 (Thg1) — My z41(7%)) and a similar formula for M, ,11(t)
where 0 = 79 < -+ < Ty < Tn()4+1 = t are the N(t) jumps on these bonds.
Then, we have

E[(Mzz41(Tkt1) — My g1 (7)) (My,y 1 (Tj41) — My y11(75))

equals zero if £ = j since jumps are not simultaneous. But, if k& < j, then since

My y41(7j41 At) is a martingale, the display also vanishes.

Lemma 1.2. Starting in equilibrium, v,, we have

1 N+1 )
i s B, [ (75 3 Je-020) ] = o
Proof. Write
1 ) 1 NALg N
nN ; Jo-12(NT) = — ; 5/0 n(z —1)(1—nx)) —n(z)(1 —nz—1))ds
1 N+1
TN ; My_14(N?t) (L1)
1 1 [N | N
- nN3/22/0 Us(o)—ﬁs(N)ds-i-m ; M, 1o (N2).

Here, we used that n(z — 1)(1 — n(z)) — n(x)(1 — n(z — 1)) = n(x — 1) — n(x).
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Now, from an H_; norm estimate, we have for all y that

B, [(/ONztns(y) — pdsﬂ < Cp(1 - p)N’t- NVt

Hence, the integral term in (1.1) is bounded by Cn=2N3N3t3/2 = Cn~2 which
vanishes as n 1 co.
For the martingale term in (1.1), use the orthogonality of martingales to get

N41 9
(o X2 M1 0] |
N41
2
S ’I’L2N2 Z EVp £ 1 a, N )
N+1
s O B / — e+ 1)) + e+ (1 n(a)ds
= O(n™?).
This finishes the proof. (]

To complete the argument, we need to understand the limit fluctuation fields.
This is the subject of the next sections.
2. INFINITE DIMENSIONAL ORNSTEIN-UHLENBECK PROCESS
Let us capture the evolution of W}¥(G) for a fixed G, smooth with compact
support. Write

wN@G) = WY (G)+ N? / t LWN(GYds + MY (G)
0

where, after the usual summation—by-parts

LWhMN@G) = ZANG (z/N)nnzs(z)

Nd/2

and MY (G) is a martingale such that
t
NY(G) = (MY(G)) —N2/ LY (G))? = 2v N (G) LYY (G)ds
0
is a martingale. The last integral in the display can be evaluated as

[ LY@ - N (@) LY (@)
0

B Wld /O > (VNG /N)Piyes(x) (1 nyes(@ +1))ds.

Now, as before with hydrodynamics, we have two steps:

Step 1: Show tightness of {V, : ¢ € [0,T]} in an appropriate space, and conti-
nuity of limit trajectories under limit points.

Step 2: Identify the limit points in terms of a unique “infinite dimensional
Ornstein-Uhlenbeck” process and a
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The space will be D([0,T],S’), containing distribution valued trajectories on the
Schwarz space S. In fact, we can restrict the domain functions to a specific subset
of S. Tightness will allow us to recover a limit “martingale” which is continuous,
and hence will be a type of “infinite dimenensional Brownian motion”.

Putting it together, we arrive at the following sketch: Y,V converges to Y; where

1
dY; = SAYidt ++/p(1— p)VdB,. (2.1)

2.1. Hermite polynomials. To make sense of the above equation (2.1), we define
a few spaces. Let {h,} be the Hermite polynomials on L?(R!), that is ho(u) =

7=1/2e=v*/2 and for n >1
n — n,_ — u2 dn 7u2
ho(u) = (2"n!)~Y2(=1)"n"1/2%e /2Ch7@ .

It is standard that {h, = h,, ---h.,}, where z = (z1,...,24) and z; > 1, are

orthonormal and complete on L?(RY). Each Hermite function is an eigenfunction

with respect to operator £ = |u|?— A, that is |u|?h, —Ah, = X\, h., with eigenvalues

A = 2?21(221‘ +1). Also, the recursions hold: zh,,(u) = (1/2)"/?hy,_1(u) + ((n +

1)/2)Y2h,, 11 (u) for n > 1. See Reed-Simon [8][Chapter V] for more discussion.
Any function f € L?(R?) can be expressed as

f="> {fh)he

where

Define for £ > 1, the Hilbert spaces Hj which are the completions of smooth
compactly supported functions with inner product

<f7g>k = <f7 Lkg>

In particular, L? = Ho D Hy D -+ D Hy, are those functions such that

D ()M < oo,

z

The duals of H;, are H_, relative to completion with respect to the innerproduct,
can be identified as those functions such that

S h)AF < o

z

We have the ordering Hg C H_1 C -+ C H_g-
We shall endow H_j, with the uniform weak topology: {Y; : ¢ > 1} in D([0,T], H_x)
converges to Y if for all f € Hy we have

lim sup [(¥i(t), f) = (Y (t)./)| = 0.
itoo g<t<T

We remark this follows our custom in hydrodynamics of proving tightness results
in the uniform topology.
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2.2. A precise statement of (2.1). We will consider the fluctuation field Y,
acting on functions in Hj, for a large enough k. Then, Y}V is thought of as an
element of H_g. Let Qn be the probability measure on D([0,T],H_j) governing
{Y;N : t € ]0,T]}, when the underlying exclusion process starts from equilibrium

Vp.

Theorem 2.1. For k > 4 + d, we have that Qn converges to Q) concentrated on
C([0,T],H-k) given by a generalized Ornstein Uhlenbeck process with mean 0 and
covariance

[Wt( )W(

Cu—wf?
27rt—s //H exp{ 2(t — s) }dudv

forall0<s<t, HGe€ H.

This generalized OU process is a Markov random field, and will be discussed in
more detail later.

3. APPLICATION: CURRENT FLUCTUATIONS

We return to our motivating example with respect to current fluctuations. By
Lemma 1.2, since N71/2J—1,0(N2t) does not depend on n, we have uniformly in
N > 1 that

{WN(GL) +WN(G,) :n> 1}
is a Cauchy sequence in L?(v,).
By Theorem 2.1, by approximating G,, by smooth compactly supported func-
tions, we have that for fixed n that

WN(Gn) = W (Grn) = Wi(Grn) — Wo(Gh).

Since {W;(G,,) —Wo(Gy) : n > 1} is Cauchy in L2, we denote its limit by W;(Hg) —
Wo(Hy), whose distribution is a mean-zero Gaussian.
In particular,

1
—=J_10(N?t) = Wy(Ho) — Wo(Ho).
TN 1,0(N7) +(Ho) — Wo(Ho)
By Lemma 1.2, one may identify the variance by computing
Var(N"Y2J_, o(N?) = lim lim B, [(WtN(Gn) - WgV(Gn))Q].
ntoo NToo
Exercise 3.1. Use duality, that is E,, [(n:(x) — p)(n0(y) —p)] = p(1—=p)P:(0,y —x),
to verify the variance equals \/2/mp(1 — p).

4. HOLLEY-STROOCK MARTINGALE PROBLEM

The main vehicle behind Theorem 2.1 is the following “martingale problem”
characterization of Q. Let U = (1/2)A be the nonnegative self-adjoint operator
defined on domain L?(R?) and let T} be the associated semigroup. Let B = p(1 —
p)V be the linear gradient operator. Let also F; be the sigma-field in D([0,T7], Hx)
generated by a process Wi (H) for s <t and H smooth with compact support.
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Theorem 4.1. For k > 2, suppose Q) is a probability measure governing Wy which
concentrates on C([0,T],Hy), and for each smooth, compactly supported H,

MU = Wy (H) - / W, (UH)d

and
N = (M) — | BH|at
are L'(Q), Fi martingales. Then, for all 0 < s < t, and subsets A C R?, Q a.s.,

Q[wiH) € Am}

/ {—Iy Wa(TisH)|? Lay.
\/2 = 5||BT H|2, i 2 [y |BT,HI|[2.dr

Also, Q is determined by its restriction to Fy.

We can now sketch the proof of Theorem 2.1. In our context, the restriction to
Fo is already known: In equililbrium v,, we have that W converges to a Gaussian
field with mean zero and covariance

Eq[Wo(H)Wo(G)] = p(1— p)(H,G) 2. (4.1)

Exercise 4.2. Show that the joint distribution of WV (Hy), ..., W (H,) is Gauss-
ian with covariance (4.1). One can do this by computing the moment generating
function.

Also, from the martingale property in Theorem 4.1 and that d/dtT; = T,U, we
can argue

EQWi(H)W,(G)] = Ego[(M" — MUT)YW(G)]
/ Eo[W.(UH)W,(G))du + Eo[W.(H)W,(G)]
= EQ[Wi(G)Ti-sWs(H)] = Eq[Wo(G)T,—sWo(H)].

In our context, the last expression can be directly found using “duality.” This
covariance is exactly what is given in Theorem 2.1.

Now, since Bff = |BH|| 2 MY is a continuous martingale with quadratic vari-
ation t, by Levy’s characterization, we have that B/ is a Brownian motion. Hence,
we have

t
Wi(H) = WO(H)+/ Ws(UH)ds + HBHHLthH
0
where B; as the infinite dimensional Brownian motion with covariance

E[BSBH] = (min{s,t}) / VG(u) VH(u)

du.
re VG2 [[VH| L2

In this way, we give a meaning to (2.1).

Exercise 4.3. Use polarization with the martingales MY¢ and MtU’H to show the
formula in the last display.

What remains in the proof of Theorem 2.1 is to show that QQn converges to a
@, supported on continuous trajectories, which satisfies the “martingale problem”
conditions in Theorem 4.1.
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5. PROOF OF STEPS 1,2

The proof of Step 2 is easy in the symmetric simple exclusion context. Suppose
that @ is a limit point of {Qx} supported on continuous trajectories. We show
that MY and NV are L'(Q) martingales. Consider the martingales MY (G)
and N (G) defined earlier. By the L! ergodic theorem and as limits of martingales
are martingales, their limits are MtU’H and NtU’H respectively, which are identified
as L1(Q) martingales.

We now address Step 1. Define the uniform modulus of continuity for a path in

D([0,T],H—x) and ¢ > 0:
ws(W) = sup ||Wy — Willn_,.-
otel0.T]

The uniform modulus of course bounds the Skorohod modulus as before in the
study of hydrodynamics.

Also, note that A C D([0,T], H_x) is relatively compact if uniformly over paths
Y € A and times ¢t € [0,T] we have ||Y;||3_, is bounded, and the modulus w;s(Y")
vanishes as ¢ | 0.

We have therefore the following tightness criterion. Let & > 4 + d.

Lemma 5.1. A family of probability measures {Qn} on D([0,T), H_x) is tight if
lim lim sup [|[Wi|l—x > Al = 0
Atoo Ntoo QN[ E[OPT] H t” k ]

and, for all e > 0,
lim lim Qn[ws(W) 2 ¢] = 0.
The proof now is divided into a few lemmas.
Lemma 5.2. There is a constant C(p,T) such that for all z,

limsupEQN[ sup [(Wy, h >‘]
Ntoo t€[0,7]

< Clp, T){(hzy h) + (Ahe, Ab)).

Proof. Prelimit, we have
(WN, h,) = MZJrWO (h2) Nd/z/ Z (Anh)(x/N)(nnzs(z) — p)ds (5.1)

where M7 = MY (h.).

We need to show each of these terms is bounded appropriately. The mean square
of the time 0 term is clearly bounded in the limit by p(1—p)||h.||2.. The martingale
term is bounded by Doob’s inequality:

Eq[sup|MiF] < CEq[IM7[’]
which is bounded by the mean of the quadratic variation of M7, namely
T ,
. aNd Z [VnhaEqy nnes()(1 = nnzs(2))ds < Cp(1 — p)T[|[Vha |7z

The last L? norm by integration by parts can be bounded in terms of ||h.||z> and
[ AR | L2
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The integral term can also be bounded

EQN[Slzp(/O Fi(s)ds)z} < TEQN[/ (F’f(s))st]

0
where I'f is the integrand. Inspection of the integrand shows that its mean-square
is bounded by a constant times ||Ah.||3.. O
Lemma 5.3. For k > 4+ d, we have

limsupEQN[SuP||Yt||2—k] <
Ntoo t

and

hm hmsupEQN sup Z (Wi, h >’Yz_k] = 0.
Too Ntoo |2|>¢

Proof. The first display is bounded by
S 0 Boy [supWi, o] < €3 rH (Il + Bk Sh)}. (52

By properties of h,, we have
(Dhzy Dhs) < (IO 2]+ 2|72
Then, noting the asymptotics of 7., we have the bound on (5.2) of

(1+ |z|
C
Z (1+ |z|)k
which is finite if £ > 4 + d.
A similar argument holds for the second term. O

Therefore, the first statement of Lemma 5.3 shows that the first condition in
Lemma 5.1 is satisfied. Moreover, tightness of {Qxn} will follow, given the second
statement of Lemma 5.3, if the following result holds.

Lemma 5.4. For all £, we have

hmhmsupQN[ sup Z(W Wi, h. )2y *k>e] = 0.
0 Ntoo |t—s| <& |z]<¢
t,s€[0,T] %=

Proof. Since |z| < ¢, with ¢ fixed, we need only prove
QN[ sup (Wy — W, ho)?y"0 > 6}

lt—s|<5
t,s€[0,T
vanishes as N 1 oo and § | 0 for each z.
Recall (5.1). We need to show the estimate with W. replaced by M?, and also
when replaced with the additive functional.
For the additive functional, by Chebychev and Schwarz inequalities, we may
bound

t Ard/2
Qx| s / Nzw<ANG) (/N =) — pldu] > ¢
s,t€1[0,T)
by
1) 2

€

o 3 (AnG) /W) e a) — ]
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Since, we are starting from v,, the last quantity is easily bounded by
3e | AG|[72p(1 = p)T

which vanishes as ¢ | 0.
The martingale estimate is handled by the following lemmas. O

We will take the following approach which will allow to bound the fourth moment
of Mf. Other arguments using Aldous’s stopping time argument, as in [6], are
available also.

Lemma 5.5. For all local functions F', we have that

t
Z;:t = exp {)\F(’f]t) — AF(ns) _ / e*)\F(’qu)Le,\F(nu)du}

S

is a martingale.

Proof. The lemma is a type of “Girsanov” formula. See [2][around p. 175] which
shows Zs; is a local martingale. Since we are dealing with the exclusion process,
where occupation numbers are bounded, one can show it is a martingale. ([

Exercise 5.6. Investigate more the proof of the above lemma.
Lemma 5.7. We have
Eox [(M7 — MZ)'] < C(jt—s|* + N~ 2|t — o).

Proof. First, we can approximate h, by a smooth compactly supported G in L*
say. Then, Z2, with F(n) = N=42%" G(z/N)(n(z) — p), is a martingale. By
explicit calculation,
1 —d/2
—AF(nu) T AF(u) _ AN G(y/N)—G(z/N
e~ A () [ AF (1) 75217@*95)[6 [G(y/N) (/)]fl]

z,Y

n(z).
Morevoer,

EqyZ2, = 1. (5.3)

Now, we may expand the left hand side and equate in powers of A\. We have
(5.3) is evaluated as

Eqy exp { \(ME (1) - M§(5))

2 t
it | by - 2 (G/N) — Gla/N) i ()du+ O} 1

It is not difficult now to obtain the desired statement, noting that Eg [(M$(t) —
M (s))?] < C|t — s| from computing the quadratic variation. O

Exercise 5.8. Make the computation in the proof of the above lemma to match
fourth powers of A\ to obtain the lemma statement.

Lemma 5.9. We have
lim lim QN[ sup (M7 — MZ h)> 7% > e} =0

540 Ntoo lt—sl<s
t,s€[0,T
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Proof. By the usual 3 € argument, Doob’s inequality, and stationarity, we can bound
the display by

c z\4
saban [(M5)*].
However, by the previous lemma, we have the right hand side is bounded above by

% - (0% + N~Y26)

which as N 1 oo and § | 0 vanishes. (]

6. NOTES

The proof given for current fluctuations follows [5]. The idea of truncation
goes back to [9]. Equilibrium fluctuations of particle systems is relatively well
understood [6], [10]. In symmetric simple exclusion, “nonequilibrium fluctuations”
are also known [7].

However, a main open problem is to understand “nonequilibrium” fluctuations of
the density field in more general particle systems, say without the duality property.
Until now, only results in dimension d = 1 are known [1], [3].

The theory of generalized Ornstein Uhlenbeck processes originates in [4].
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