LECTURE 1: PRELIMINARIES AND HYDRODYNAMICS OF
INDEPENDENT RANDOM WALKS

SUNDER SETHURAMAN

Before discussing a basic example, illustrating possibilities in the study of ‘hy-
drodynamics of stochastic particle systems’, we recall some basic notions in Markov
chains.

1. MARKOV CHAINS

1.1. Construction. A family of random variables {X,, : n > 0} taking values on
a countable state space E is called a ‘discrete time Markov chain’ if the ‘stationary
Markov property’ is satisfied:

P(Xn = xn|X0 =Ty -- 7Xm = an) = P(Xn = xn|X7rL = xm)
P(anm = xn|X0 = mm)

for all zg,...,xy, € E and n > m > 0. When n = 1 and m = 0, the last quantity
on the right-side represents a ‘transition probability’ of the Markov chain, denoted
p(x,y) = P(X1 = y|Xo = ). The n-step probability p™ (z,y) = P(X,, = y|Xo =
z) satisfies a recurrence, p"tV (z,y) = 3 o p™(z, 2)p(z, y).

We now construct a ‘continuous time Markov chain’ on E with ‘skeleton’ {X, :
n > 0} and transition probability vanishing on the diagonal, that is p(x,2) = 0
for all z € E. Let {\; : x € E} be a collection of positive numbers, and let
{W, : n > 0} be a collection of independent identically distributed exponential
random variables with rate 1, independent of the skeleton discrete time chain.
Define now the process {Z; : t > 0} as follows: Initially, Zy = Xy € E. After time
)\)_(i Wy, the process jumps to value X7, and after a subsequent time )\)_(1 Wy, the

process jumps to value X, and so on. Let T} = Z?:o )\}}Wi for kK > 0. Then,

v for0<t<Ty
X1 for Tp <t<Th
Zy = .

X, forT,_1<t<T,

for 0 <t < T, = limy400 Tp,. Sufficient conditions for T, = oo include the cases if
the state space E is finite, or if sup,cp Az < 0o. We will assume from now on that
the process is ‘regular’, that is T,, = oo, so that the process Z; is defined for all
time ¢t > 0.

One can show that the ‘continuous time’ chain {Z; : ¢t > 0} satisfies the stationary
Markov property, which in this context is equivalent to

P(Zy =yl Zsy = %0,y Zt,, = Tmy Zs =) = P(Zy=y|Zs =x)
P(Zt,S = y|Z() = l‘) (11)

for all z,y,x0,...,2m € E,0< 1ty < -+t < s <tand m > 0.
1
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Conversely, given a process {Z; : t > 0} satisfying (1.1) and also the ‘jump
property’ that there exists a sequence of strictly increasing stopping times {7}, :
n > 0} such that Ty > 0 = Ty and Z; is constant on intervals [T},,T,,+1) and
Zp- # Zr, for n > 0, one can determine a unique skeleton discrete time Markov
chain {X,, : n > 0} and positive jump parameters {\, : « € E} such that X,, = Zr,
p(x,y) = P(Zr,,., = y|Zr, = x), and T;, — T,,_1 are independent exponentials with
rates Ax, for n > 0. Chains with the same skeleton and jump parameters have
the same joint distributions. The condition ZT; # Zr, ensures p vanishes on the
diagonal.

1.2. Generators, Chapman-Komogorov equations. In the discrete time set-
ting, we can define the transition operator P = (p(z,y) : «,y € E), which is a
matrix when F is finite. Then, the nth powers give the nth step probabilities,
Pr(z,y) = P(X» = y[Xo = ).

Computing the ¢-time probabilities for the continuous time Markov chain Z; is
more complicated. Define the transition probability

Py(x,y) = P(Zi =y|Zo = x).
Then, by the Markov property we have
Pt—‘—s(xay) = Z Pt(xv Z)Ps(z7y)
zeFE

or in terms of operators P;s = P, Ps, the semigroup property.
Given regularity of the process, the transition functions are differentiable in time,
and satisfy the ‘first jump’ relation

Py(z,y) = P(Zs =y, To > t|Zg = x) + P(Z; = y, Ty < t|Zy = x)

t
= 1(z=y)e ' + / Age e Zp(m,z)Pt,s(z, Y),
0

zF#T
from which the backward equation
d
%Pt(‘ray) = Z)\xp(x,z)[Pt(z,y)—Pt(x,y)]
zelE
Py(z,y) = lz=y).

Similarly, from a decomposition of the jump time just before time ¢, one has the
forward equation

d
%Pt(rmy) = ;Pt(x,Z)Azp(Zyy)—Pt(x,y)M

Exercise 1.1. Review this derivation. To reduce notation, one can try in finite-
state space first.

Define the operator

_ [ Aap(z,y) fory#a
L(z,y) = { A, fory=ax.
Then, neatly expressed, the backward and forward equations become
d

d
@Pt:LPt and %Pt:PtL
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Also, limy ot~ [P; — I] = L and Pi(x,y) = 044 + tL(z,y) + o(t).

When the space E is finite, L is a ‘generator’ matrix, that is L(z,y) > O for x # y
and L(z,z) = =3 _, L(x,y), and by solving the ODE’s, one obtains P, = et
which can be computed in some cases. More generally, P; can be understood in
terms of the Hille-Yosida formulation.

Let f : E — R be a bounded function on the state space. In the discrete
time case, define Pf(z) = > pp(z,y)f(y), which is the conditional expectation
of f(X1) given Xo = z. Then, P"f(2) = > cp p™ (x,y)f(y) is the conditional
expectation of f(X,) given Xy = x, where p(™) (2, %) is the n-fold convolution, or
nth step transition probability.

In the continuous case, define P f(x) = >, cp Pi(z,y)f(y) which is the condi-
tional expectation of f(Z;) given Zy = x. In this framework, the generator L is
often expressed in terms of its action on f:

(L)) = > Lz ylfy) - f2)]

yekE

D Aap(z,y)lf (y) = (@)

yeE

1.3. Invariant measures. Let p be a probability measure on E. In the discrete
time situation, define pP(z) = 3 cppu(y)p(y, ). Hence, we see that pP" is the
distribution at time n when the initial state is distributed according to pu.

In the continuous model, define

pP(x) = > py)Pi(y,x), and pL(z) = py)L{y,»).

yeE yeE

We say that p is an ‘invariant measure’ for discrete time chains if uP = p,
and for continuous time chains if pP; = p for all ¢ > 0. We also say that p is a
‘reversible’ invariant measure in discrete time chains if p(z)p(z,y) = w(y)p(y, x)
for all z,y € E. In continuous time chains, p is ‘reversible’ when P, is self-adjoint
in L2(p), that is 37, ¢ p (@) f(2) P, 9)9(y) = Xpep 1(x)g(x) Pi(x,y)f(y), or in
terms of the inner product on L?(uw), (f, Prg), = (Pif, g), for all f,g € L*(p).

One can verify that in the continuous time setting that y being invariant is equiv-
alent to pL = 0, and p being reversible is equivalent to u(x)L(z,y) = pu(y)L(y, x)
forallz,y € E, or in terms of inner products (f, Lg),, = (Lf, g), for all f,g € L*(p).

Exercise 1.2. Review these equivalences.

In the finite state space case, invariant measures always exist, and if the skeleton
chain can reach every state from any state in finite time, that is p is irreducible,
the invariant measure is unique. However, in the countable state case there may be
no invariant measures.

Reversibility has the following interesting implication. Fix a time ¢ > 0, and
consider Ry = Z;_ for 0 < s < t. Suppose that initially Z; is distributed according
to an invariant measure p. Then, it can be seen that R is a continuous time
Markov chain with (in geneneral nonstationary) transition probability Q:(x,y) =
((y)/p(x))P(y, z). In particular, when p is reversible, Q:(z,y) = Pi(x,y) and
in this case the ‘forward in time’ and ‘backward in time’ chains have the same
distribution!
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We remark that it is sometimes easier to find directly a reversible measure and
therefore an invariant measure by checking the reversibility conditions.

1.4. Examples. We will content ourselves for the moment with two basic contin-
uous time examples, the two-state Markov chain, and random walk.

Example 1.3. Let E = {0,1} correspond to states ‘on’ and ‘off’, or sometimes
‘empty’ and ‘occupied’. Here, state 0 can transition to state 1 and vice versa. Let
Ao and A; be the corresponding jump rates. The skeleton chain probabilities are
p(0,1) = p(1,0) = 1. The generator matrix is

[ =x N
L[/\l _Al].

and correspondingly, it is an exercise in diagonalization to compute P, = e
to find the unique invariant measure.

tL and

Exercise 1.4. Compute the invariant measure and P;. Is it reversible?

Example 1.5. We define the Poisson process with parameter . Let £ = N =
{0,1,2,...}, the whole numbers. Let A, = «. The skeleton chain is deterministic
where transitions are to the nearest right site: p(z,2 + 1) = 1 for & > 0. Then,
with Zy = 0, the continuous time chain Z; counts the number steps made up to
time t > 0. The trajectories are step functions, which are right-continuous, with
left limits.

Exercise 1.6. Compute the backward/forward equation, and show that the tran-
sition probability is in ‘Poisson’ form P;(0,z) = Pi(y,y + ) = e *(at)® /z!.

Example 1.7. Let £ = T?V the d-dimensional torus where Ty = Z/NZ, or integers
modulo N. Let also A, = 1, and p be a finite-range, translation-invariant transition
probability: For all z,y € E, p(xz,y) = 0if |z —y| > R some R < oo, and
p(z,y) = p(0,y — z) =: p(y — x). We will also assume that p is irreducible. For
instance, the nearest-neighbor, symmetric case is one possibility.

Then, L(z,y) = p(x,y) for  # y and L(z,z) = — Zy¢m L(x,y). In particular,
the uniform distribution p(x) = N1 is the unique invariant measure. Moreover, p
is reversible exactly when p(z) = p(—z) for all z € E.

Now let R; be the number of jumps before time ¢. Since the jump rates are all
1, we see that R; is a Poisson process with rate 1. In particular, the transition
probability

e it .
PNy =) = Pi(v,y) = Ep™(w,y)] = Y ——p"(z,y).
n>0 ’

We now consider a sequence of chains Z; = Zt(N) on a sequence of torii va as
N > 1 increases. Define m = » _pxp(z) to be the mean displacement of the
position. Then, it is not difficult to extablish the following law of large numbers,

(N)
]\lfl%n ]Iy = mt in probability.
o

Here, m € T? where T is the unit circle.

Exercise 1.8. Show this LLN by say variance computations. Noting R; is Poisson
with variance t is useful. One can do it also by regeneration, and other methods.
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Also, if m = 0, let o be the matrix of covariances, o;; = > x;x;p(x) for
0 <i,j5 < d. We have the central limit theorem,

(N)

Xfﬁ = N(0,0t).

Exercise 1.9. There are a few ways to show this CLT. One way is to compute
the moment generating function or characteristic function, noting independence of

RgN) and the displacements.

Finally, when m = ) ap(xz) # 0, we say the walk is asymmetric, and when
m = 0 and p(-) is not symmetric, we say the walk is mean-zero asymmetric, and
when p(-) is symmetric, we say the walk is symmetric.

2. HYDRODYNAMICS OF INDEPENDENT RANDOM WALKS

We would like to understand the space-time evolution of the mass in a system of
particles with a conservation law. Perhaps the simplest model is that of unlabeled
non-interacting random walks on a d-dimensional torus with N locations. When
N is large, and one looks at the system from afar, after long times, one can more
discern the motion of the bulk of the mass rather than individual components.
The goal is to make precise the evolution of the mass in this scale in terms of a
continuum equation.

We will be working with a Markov chain on E = NTdN, where we recall N =
{0,1,2,...}, which governs the motion of K independent random walks on T4
moving as in Example 1.7. Since we are interested in the ‘mass’ of particles, we
will consider the occupation numbers at each location on the lattice T%,. That is,
let Z! be the position of the ith particle at time t. Define

n(z) = Zl(Zf:x).

i=1

We now observe that the process n, = {m:(z) : * € T%} is a Markov chain.
Indeed, given independence and the Markov property of the individual particle
movement, by splitting over all possibilities, the Markov property of 7; can be
deduced.

Exercise 2.1. Show this Markov property.

2.1. Invariant measures and distribution at time ¢ > 0. What are the invari-
ant measures for the process? Since the process 7;, corresponding to K particles,
is irreducible, there is a unique invariant measure. It is not so easy to character-
ize it immediately. We will first consider a certain ‘relaxation’ which helps in the
formulation.

Indeed, let us relax the assumption that there are K particles in the system. If
we do not specify the initial number of particles, then 7; is no longer irreducible,
since there is no birth or death possible: For instance, a system with 10 particles
cannot evolve into one with 20 random walks. Nevertheless, we may specify in nice
form several invariant measures for this ‘relaxed’ system.
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Recall the Poisson distribution with parameter a, g, (k) = e~“a* /k! for k > 0.
Its moment generating function is given by

k
E e)\kefocai _ ea(e)‘fl).
k!
k>0

For a nonnegative function pg : T¢ — R, define the product measure V/J)\g (yon NT#
by

Vol (@) = k) = oy (/o) (k).
When po(-) = « is constant, we denote VI])\(])(A) =vl.

The process {n; : t > 0} belongs to the space of right-continuous paths with left
limits in F = NTIiV, D(]0, 0); NT?V). We will denote by P, and E,, the probability
measure and expectation with respect to the evolution of the process when initially
7o is distributed according to p. On the other hand, E,, will refer to the expectation
with respect to p on E.

Now, starting from ué\é_), we observe that we may calculate the distribution at
later times t > 0.

Proposition 2.2. Under ]PVN( ) the distribution of 1, is the inhomogeneous product
PO
of Poisson measures der}iv Qw1 () Where Y i(x) = E[po(N~Y(a — ZN))] is the

expectation with respect to the position of a random walk Z) with rates p(-) starting
from the origin at time t.

That the later time ¢-distribution would still be a product measure is a feature
of the independence of the particles, and is not to be inferred for more general
interacting particle systems.

When pg = « is constant, we immediately arrive at the following characteriza-
tion.

N

Corollary 2.3. The measures v,

are invariant for the Markov chain n;.

Proof of Proposition 2.2. We need only compute the moment generating function

of n;.
Write
10 (y) i
m(x) = > Y Wzt =)
ye’]l‘?lv k=1
and, for 6 : T4 — R,
10 (y) i no(y) .
ST 0@mx) = >0 Y Y 0@zt =) = > >0z
zeTY, z€TY yeTd, k=1 y€eTy, k=1

where Z} * denotes the position at time ¢ of the kth particle initially at location y.
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Since particles move independently, and initially there are a Poisson number of
particles on each site of the lattice,

10(y)

e X 0em)] = [I By o0 o]
" z€T4 yerd, ) Pt
= II By (Elexpo(zy )D"“(y)
yeTd
= gr[d exp [po(y/N) (E[efwt20] — 1)]
yeln

where Z; = Z} is the position of a random walk on ’]I“Iiv starting at the origin.
Now,

E[ y+Zt Z PN I’* 9(1)

zeTY,

and

E[?WH)] —1 = 3" PN(z—y)('™ —1).

d
€T

Hence, after a calculation,

E, Yo0() [exp Z 8(37)7%(33)} = exp Z po(y/N) Z PN (@ = y)("@ — 1),

zeT yeTd zeTY,
Since
> PNa—ymly/N) = > PBY “Hz - 2))
yeTe, 2€T%,
= Blp(N "'z —2")] = ¢nla),
the proof is finished. O

To come back to our initial question, we now remark that the invariant measure
vY can be decomposed in terms of its restrictions to the sets {n € E : ZOEGT?\/ n(x) =
K} for K > 0, which are closed and irreducible for the motion. Then, each vpd g =

vl (] > wery, N(x) = K), is the unique invariant measure on the restriction, and

does not depend on «. In physics terminology, 2 is the ‘grand canonical’ measure
and vd 18 the ‘canonical’ one.

Since the mean of n(z) under v equals «, it makes sense to call a the ‘mass
density’ of the process. In this way, {vY : @ > 0} is a family of invariant measures
indexed by density a.

When py is not constant, the measures I/Z)\g () are examples of ‘local equilibrium’
measures, as near a continuity of point u € T¢ of py(-), they distribute particles
near |uN] like the invariant measure V’J)\g (u)- One may consider other non-product
‘local equilibrium’ and ‘nonequilibrium’ measures, but, as we have seen, these local
equilibrium measures allow for some computations.
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2.2. Hydrodynamics. If we start with a local equilibrium measure 1//]7\; ) then

initially, the means {po(z/N) : & € T%} are a discretization of the density ‘profile’
po defined on the continuous space T¢. At a later time ¢, the means have evolved
to {¢n.+(x) : © € T }. But, how to understand a macroscopic picture?

The answers depend on the particular time and space scales chosen in the prob-
lem. We will think of ']Tﬁl\, as embedded in T¢ where grid points on 'I[‘ﬁlv are separated
by distance N~!. In this way, a ‘macroscopic’ point u on T¢ corresponds to the
‘microscopic’ point [uN]. As we will see, time should now be appropriately speeded
up to see movement of the system. How fast this speed up should be will depend
on the structure of the underlying jump probability p(-).

When t is fixed, one can see that N~'Z}N converges weakly to 0. Hence, at a
continuity point u for po(-), we have limyoo ¥, ([uN]) = po(u). So, if we do not
speed up time at all, the system does not move.

2.3. Asymmetric motions. In the asymmetric setting, m = > zp(x) # 0, since
N~1ZN, — mt in probability, we have
N ZN,
Jmo 3T PNG) = Bm P -m < =1
|z/N—mt|<e

In this case, when the initial profile pg is continuous,
lim Yy ne([uN]) = polu—mt) = p(t,u).
N*Too

Therefore, if we speed up time by a factor of NV, we see that the density profile has
translated by mt. In this sense Nt is referred to as the ‘microscopic’ time, and ¢ as
the ‘macroscopic’ time. Moreover, the density p(t,u) satisfies

Op+m-Vp = 0. (2.1)

This makes sense as individual particles displace an order N microscopic locations
at microscopic time Nt.

2.4. Mean-zero motions. However, when m = 0, particles do not displace as
much, but follow the ‘square root’ law, when say the underlying jump rates are
finite-range. In other words, displacements are of order v/ N at time Nt, or alter-
natively of order N at times N2t. The latter version fits in nicely with our space
scaling of N1,

By the central limit theorem for random walks in this case, N~ Z}., = N(0, ot),
when again pg is continuous, we have

1\1[1%20 U v2e([Nu]) = J%lgo zgr:d PRay(2)po(N~H([Nu| - 2))
= J%}&E[po(u - N—lZJI\\,[Qt)} = /]Rd po(x)G(u — x)dz.

Here, po is the periodic extension of pg with period T?, and G; is the Gaussian
density with covariance to?. It follows that p(t,u) := [p. po(@)Gi(u — x)dz, as a
convolution with the pg, satisfies the heat equation

Ohp = Y. 07,00 .0
1<i,j<d
p0,0) = polu) (22)
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2.5. Conclusion. What we have done so far is to derive a macroscopic ‘hydrody-
namic limit’ for the mean values over z € T%. In the next lecture, we will view the
hydrodynamic limit as a full fledged law of large numbers of the empirical measure
of particles.

We call the equations (2.1) and (2.2) and their solutions p(t,u) as ‘hydrody-
namic’ equations and ‘hydrodynamic’ solutions for the space-time evolution of the
macroscopic density. For independent particles, to summarize, we have proved the
following:

Theorem 2.4. Suppose py : T — R, is continuous. Let v(N) = N if m # 0 and
v(N) = N? if m = 0. Then, starting from the sequence l/,])\g(_), the density average
YN o) ([Nu)) at location | Nu| and time v(N)t converges to p(t,u) which solves
equation (2.1) if m # 0 and equation (2.2) if m = 0.

3. NOTES

The material on Markov chains is a standard treatment based on the development
in 3], [10] and [4, Appendix 1].

Recent work on invariant measures and hydrodynamics of systems of independent
particles includes [2], [7], [6], [9]. See also [8] for a more general treatment. The
first rigorous work on hydrodynamics of independent particle systems, on which the
above development rests, is [1]; see also [4, Chapter 1] and [5] for larger discussions.
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