Waiting Time Phenomena of the Hele-Shaw and
the Stefan Problem

SUNHI CHOI ¢ INWON KIM

ABSTRACT. In this paper we investigate the waiting time phe-
nomena for the one-phase Hele-Shaw and Stefan problems. For
the Hele-Shaw problem we identify a general criterion on the
growth rate of the initial data, which determines the occurrence
of a waiting time. For the Stefan problem we show that the wait-
ing time phenomena depend on the balance between the initial
data and the geometry of the initial positive phase.

0. INTRODUCTION

Let us consider a compact set K ¢ R™ with smooth boundary 0K. Suppose that
a bounded domain Q contains K and let Qg = Q — K and Iy = 0Q (Figure 0.1).
Note that 0Qg = I, U 0K.

Let uy be the harmonic function in Qp with smooth fixed boundary data
uo = f > 0on K and up = 0 on Iy. The classical Hele-Shaw problem, in n = 2,
models an incompressible viscous fluid which occupies part of the space between
two parallel, narrowly placed plates ([18], [8].) In this case u denotes the initial
pressure of the fluid and f denotes the rate of injection from K into Q. Assuming
that there is no surface tension, the pressure of the fluid u(x, t) satisfies

-Au =0 in{u>0}nQ,
(HS) us — |Dul?=0 ond{u>0}nQ,
u(x,0) = up(x); u(x,t) = f forx € ok,
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where Q = (R™ — K) x (0, ©). Observe that the initial data g in (HS) is deter-
mined by the initial domain Q.

We define
I'(u) =0{u >0}, TIi(u)=0o{u(-,t)>0}-0K
respectively the free boundary of w and the free boundary of u at time t. We also

define
Qu) ={u >0}, Qi(u) = {u(-,t) >0}

respectively the positive phase of u and the positive phase of u at time t. When it
is obvious from the context, we will omit u in the notation of Q¢ (u) and I} (u).

Qo

>0

FIGURE 0.1.

1/L0=0

Note that if u is smooth up to the free boundary, then the free boundary
moves with normal velocity V. = u;/|Dul, and hence the second equation in
(HS) implies that V = [Du/. Also note that u is determined by Qg and f.

The classical Stefan problem accounts for phase transitions between solid and
fluid states, such as the melting of ice in contact with water ([17], [16].) Here we
assume that the temperature varies only in fluid and the temperature of the solid
is maintained at 0°C. Then the temperature distribution of the fluid u (x, t) with
nonnegative initial data ug satisfies

ur—Au =0 in {u > 0},
(ST) ur — |Dul?=0 on o{u > 0},
u(x,0) = ug(x).

We use the same notation for the free boundary and the positive phase of u. (Here
the free boundary of u is given as I (u) = 0{u(-,t) > 0}.) Note that in both
problems (HS)—(ST) the free boundary expands in time. We say that a solution of
(HS) or (ST) has a (initial) waiting time to > 0 at P € R" if P € Iy and P € I} (u)
for0 <t < ty.
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For m = 2 [15] studied the behavior of self-similar solutions of (HS) with I}
as 'wedges’ of the form

(0.1) {(r,0):10] = 6o}.

It is proven here that if 0y > 1/4, then the free boundary strictly expands and
smoothes out, and if 0y < 71/4, then there is a waiting time at the vertex of the
wedge (see Figure 0.2.)

0g > /4 Oy < T/4

Free boundary smoothes out instantly ~ There is a waiting time at the vertex

FIGURE 0.2.

In fact, a parallel result holds (see [11]) in R™ with Ij of the form

{xeR":%-en=c059}, en=(0,...,1) € R™.

in R™, n > 2 with the threshold angle 8y = ), with which the initial data has a
quadratic decay rate at the vertex, i.e.,

uo(reyn, 0) ~ v

For solutions of (HS) with Lipschitz initial domain Q in R", n = 2, it is
recently proved in [5] that if the Lipschitz constant of the domain is smaller than
a dimensional constant a, then the free boundary immediately smoothes out,
that is, ['(1) becomes analytic in space and time for a small amount of positive
time. In particular, for n = 2 we have a; = 1 = cot1/4, which corresponds
to the threshold angle 0y = /4 in the analysis of [15]. For n > 2 we have a,
smaller than cot 0, due to technical reasons. For the two-dimensional self-similar
solutions of (ST), with Iy given as in (0.1) and with uy = 1 in Qo(u), [12] shows
that parallel results holds with a threshold angle 6y = 1r/6.

An open and interesting question, positively answered from above results, is
whether there is a dichotomy on the free boundary behavior of (HS) and (ST) near
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t = 0, that is whether it is always one of the two cases: either the free boundary
immediately smooths out, or there is a waiting time at a point on the initial free
boundary. (We mention that the regularity of the free boundary may not last for
all time due to the collision of free boundary parts.)

In this paper we ask which information on the initial data determines the
occurrence of the waiting time at a given point on the initial free boundary for

both problems (HS) and (ST). Our goals in this paper are

(1) to extend the results of [15] on self-similar solutions in R? to solutions with
non-tangentially accessible initial domains in R", and

(2) to investigate the waiting time phenomena for solutions of (ST) with Lipschitz
initial domain in R™.

In regards to (1) the main idea for the proof is that the occurrence of waiting time

depends on the ’pushing force’ at the vertex, which is generated in the neighbor-

ing regions and accumulated with respect to the distance to the vertex. (See for

example (1.2).)

In regards to (2) we will prove that the waiting time phenomena for (ST)
depends on the balance between the initial heat 1 and the geometry of the initial
positive phase Qo of u (see Theorems 1.7-1.8). Roughly speaking, the waiting
time occurs when the initial heat 1 can change into the latent heat (harmonic
function) without changing the geometry of the domain too much. It is proven
in [12] that with a strong, discontinuous initial heat 1y = 1 in the positive phase
and with I given as in (0.1), we require the half-angle of the wedge 6y > 1/6 for
the free boundary to immediately expand and smooth out. With harmonic initial
data, Iy needs to be flatter to smooth out: we require that 6y > /4. This is
plausible since the initial heat for the first case is much stronger than in the second
case, and thus melts the ice more easily.

In Theorem 1.8 we will show that indeed the initial heat needs to be much
stronger than the harmonic initial data to make a difference in the waiting time
phenomena. More precisely, we prove that if the initial data has a degree of regular-
ity depending on the geometry of the initial positive phase, then the occurrence of
the waiting time for (ST) will coincide with the case of harmonic initial data. This
is because if ug is regular enough, then the harmonic measure associated with the
evolving positive phase does not change too much, while the initial heat changes
into ’almost’ latent heat. (For further discussion see Section 5.) In particular,
when I is given as in (0.1), it follows from Theorems 1.7-1.8 that any Hélder
continuous initial data uo will generate the same waiting time phenomena as in
the case of harmonic initial data, that is, there is a waiting time if 8y < 17/4 and
no waiting time if 8y > 17/4.

In contrast, in the case of the porous medium equation

(PME),, Uy — muAu — [Dul> =0, u=0,

the waiting time occurrence is solely determined by the decay rate of the initial
data ug (see [1], [2]), independently of the geometry of the initial positive phase.
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For our investigation we use the notion of viscosity solutions, which has been
recently introduced in [13]. An important property of viscosity solutions, fre-
quently used in this paper, is the comparison principle (see Theorem 2.7), which
enables us to compare our solutions with barriers that we construct in various
settings. The main tools we use in the paper include
(1) comparison principle of solutions for (HS) and (ST),

(2) estimates on harmonic measures in Lipschitz and NTA domains, and
(3) properties of caloric functions in Lipschitz domains.

1. STATEMENT OF THE MAIN RESULTS

In this section we summarize the results of this paper. Here we use viscosity solutions
(see Section 2 for definitions and properties) introduced in [13] as our notion of
solutions.

1.1. Hele-Shaw problem. For x € R™ we denote
By(x):={yeR": |y —x|<r}.

We let Q be a bounded domain in R™ such that 0 € 0Q and let K C By2(—ey) C
Q.

Definition 1.1. Q is called non-tangentially accessible (NTA) when there exists

a constant M > 1 such that:

1. Corkscrew condition. For any T € 0Q, v < 1, there exists y = y(¥,C) € Q
such that ¥ /M < |y — €| < ¥ and By/p(y) C Q.

2. QF satisfies the corkscrew condition.

3. Harnack chain condition. Let € > 0 and let x1, X2 € Q N B, /4(C) for some
CeoQandr < 1. Ifdist(x;,0Q) > € and |x1 — x2| < 2k, then there exists

a Harnack chain of length Mk from x to x; such that the diameter of each
ball is bounded below by

M~ min{dist(x1, 0Q), dist(x2,0Q)}.

M is called the NTA constant.

NTA domains include Lipschitz domains and (slowly rotating) spiral domains
(see Figure 1.1.)

Definition 1.2. Let Q be an NTA domain with NTA constant M and let 0 €
0Q, —en € Q. We denote by I; the component of Q N 0B,-i(0) which separates
0 from —ey, i.e., 0 and —ey, are contained in different components of Q — I; (see
Figure 1.1). We also denote by x; a point on I; such that B-i 52 (x;) C Q.

Note that by (i) and (iii) of the NTA conditions there exists such xy € Ix.
Throughout Section 1.1 we assume that Q is NTA with {x;}; as given in
Definition 1.1 and u is the viscosity solution of (HS) with Qp = Q — K, 0 € I.
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FIGURE 1.1. An example of NTA domain Q

In the next two theorems we extend the result of [15] and show that if Qg is NTA
then the threshold decay rate of ug for the waiting time phenomena of (HS) is
always quadratic.

Theorem 1.3. If there exists € > 0 such that |uo(xi)| < |x;1**¢ fori =1, 2,
..., then there exists a waiting time to > 0 for u(x,t) ar 0. In particular, to =
Ce''Bn, where C depends on the NTA constant and By is a dimensional constant
given in Lemma 3.2.

Remark. There are initial (non-N'TA) domains such that |ug(x)| < |x|?*¢
but u has no waiting time. For a given angle 0 let us define

Q= B1(0) N {xn <0} \ |J(@By-1(0) \ W(0o, —en)),

i>1

where
W0y, —eyn) = {x € R": (x,—ey,) = |x|cosOp}.

We choose 0y < 0,,, where 0,, is a dimensional constant such that if 8y = 0,
then the harmonic function associated with Q has a quadratic decay at x = 0.
Then for this range of 0y we have |uo(x)| < [x|*>*¢ for some € > 0.

Let Qg = Q — Bl/g(—%en); then u has no waiting time at 0 € Ij since

B1(0) N {x, <0} cQ; foranyt > 0.
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Theorem 1.4. The following statements are true:

. 2-¢n,

() If there exists a sequence nj — oo such that U(Xy;) = |Xn;| & then w has no
waiting time.

(b) Ifu(xi,0) is comparable to | x| for i =1, 2, ..., then w has no waiting time.
We next consider the borderline case where 1 has quadratic decay at 0 with

logarithmic perturbations. In [15] it is proved that if Ty is given as a ’curved wedge’

{(1’,9) 10| ~ % (1 - m)} near 0,

so that

22
(11) uy(z) N%{(_lnz)“}+ as z — 0,
then there is a waiting time at the vertex if & > 1, and there is no waiting time if
« < 1. The next theorem extends this result of [15].

Theorem 1.5. Assume that
(1.2) There exists m > 0 such that for every C € Iy there exist balls

B1 and B, contained in Qo and R™ — Qo such that rad(B;) =
rad(Bz) = m|2;| ﬂﬂdg = 831 N aBz.

Then the following statements hold:

(@) Ifuo(xi) < Ixil?(1/D)* forx > 1andi=1,2, ..., thenu has a waiting time.

(b) Ifuo(xi) = Ixilz(l/i)"‘for & <landi=1,2,..., then w has no waiting

time.
Remarks.

1. The case ug(x) ~ |x;il?(i) % arises, for example, when Q is given as in (1.1)
with n = 2. Roughly speaking, these are the cases when Qg is a logarith-
mic perturbation of a domain where the associated harmonic function decays
exactly quadratically at zero.

2. (1.5), a C?-bound for I scaled with respect to the distance to the vertex, is nec-
essary for technical reasons in our proof. It is not clear whether the statement

holds without (1.5).

Theorem 1.5 (a) is a special case of the following general statement. Roughly
speaking, ay corresponds to the ’vertex-pushing force’ generated outside of the
2 _neighborhood of the vertex.

Proposition 1.6. Let Q be NTA with (1.5). Ler ap = 1 and

k-1
(1.2) ax = [ (1 +a)2%ug(xy).
i=0

If limsup ax < oo, then there exists a waiting time.
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1.2. Stefan problem. Throughout Section 1.2 we denote u the viscosity so-
lution of (ST) with initial data uo(x) such that {ug(x) > 0} = Qg is a Lipchitz
domain in R". Let K be a compact set in Q with a smooth boundary and let
ho(x) be the harmonic function in Q¢ \ K with boundary data 0 on I = 0Q
and 1 on 0K. After a rotation and a translation, we may assume that 0 € I and
Ih = {x = (x',xn) : xn = f(x")} with a Lipschitz function f in a small neigh-
borhood of 0, with f(0) = 0. In this section we denote C as a positive constant
depending only on the Lipschitz constant of f and the dimension n. Let positive
constants &) < & and C satisfy

%r“z < ho(-rey) < Cr®,

for sufficiently small ¥ > 0. We call o; and &, respectively the minimal and
maximal decay rate of ho at 0.

Theorem 1.7. If the maximal decay rate of ho(x) at 0 is less than 2, then w has
no waiting time at 0.

Theorem 1.8. Let uy(x) := u(x,0) € CO(Qo) and let &y < 0» be the mini-
mal and maximal decay rate of ho at 0. If &1 > 2 and &y — &1 < 8/2, then u has a
waiting time at the origin.

Remark. w may not have a waiting time if &, — &; = §/2, in particular if ug
is discontinuous. A good example is the one studied in [12], where Q is given
as in (0.1) with n = 2 (therefore ot; = ;) and 1y is the characteristic function
of Q. In this case there is no waiting time if the wedge angle 6y is between 17/4
and 17/6 even though the decay rate of hy satisfies «; = ot > 2. In Section 5 we
construct another example where Qg is an oscillatory domain and uy € C % but
0 — o > 0/2.

2. VISCOSITY SOLUTIONS

In this section we introduce the notion of viscosity solutions for (HS) and (ST)
which we will use in this paper. Roughly speaking, viscosity sub and supersolu-
tions are defined by comparison with local (smooth) super and subsolutions. In
particular, classical solutions of either problems are also viscosity sub and superso-
lutions.

Definition 2.1. We say that a pair of functions U, Vg : D — [0,) are
(strictly) separated (denoted by ug < vo) in D € R™ if

(i) the support of ug, supp(ug) = {ug > 0} restricted in D is compact and
(i) in supp(ug) N D the functions are strictly ordered: uo(x) < vo(x).
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For a nonnegative real valued function u(x, t) defined in a cylindrical domain
D x (a,b), we define

Q(u) = {(x,t) :u(x,t) > 0}, Qr(u) = {x:ulx,t) > 0},
I'(u) =o{(x,t):u(x,t) =0}, Ti(u)=0{x:u(x,t)=0}.

Let Q = (R™ \ K) x (0, %) and let X be a cylindrical domain D x (a,b) C
R™ X R, where D is an open subset of R". The following definitions are introduced

in [13].

Definition 2.2. A nonnegative upper semicontinuous function u defined in =
is a viscosity subsolution of (HS) if

(a) foreacha < T < b the set Q(u) N {t < T} is bounded; and
(b) for every @ € C>1(2) such that u — @ has a local maximum in Q(u) N {t <
to} N X at (xo, Lo),

(1) —A@(xg,ty) <0 if u(xg, tg) > 0.
(i) (@¢— ID@I?)(x0,t0) < 0 if (x0,ty) € ['(u) if —A@(xp, ty) > 0.

Note that, because u is only upper lowercontinuous, there may be points of
I'(u) at which u is positive.

Definition 2.3. A nonnegative lower semicontinuous function v defined in
is a viscosity supersolution of (HS) if for every ¢ € C*!(Z) such that v — @ hasa
local minimum in 3 N {t < to} at (xo, to),

(a) —A(P(Xo, to) >0 if”U(Xo, to) > 0,
(b) if (x0,t0) €T (v), |ID@|(x0,to) = 0 and —Agp (xo, ) <0,

then (@ — [D@I?) (x0, o) = 0.

Definition 2.4. u is a viscosity subsolution of (HS) with initial data uo and
fixed boundary data f > 0 if
(a) u is a viscosity subsolution in Q,
(b) u=ugatt=0;u < fonodk,
() Q(u) n {t =0} =Q(up).

Definition 2.5. u is a viscosity supersolution of (HS) with initial data o and
fixed boundary data f if u is a viscosity supersolution in Q with u = ugatt =0
and u > f on 0K.

For a nonnegative real valued function u(x, t) defined in a cylindrical domain
D x (a,b),
u*(x,t) = lim sup u(g,s).
(§,s)eDx(a,b)—(x,t)

Definition 2.6. u is a viscosity solution of (HS) (with boundary data 1y and
f) if u is a viscosity supersolution and u* is a viscosity subsolution of (HS) (with
boundary data ug and f.)
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Viscosity solutions of (ST) are similarly defined (see [13] for definition). The
following properties of viscosity solutions are frequently used in our paper.

Theorem 2.7 (comparison principle, [14]). Let u, v be respectively viscosity
sub- and supersolutions (of (HS) or (ST)) in D x (0,T) C Q with initial data
Uy < Vo inD. Ifu <v ondD andu < v ondD N Q(u) for 0 <t < T, then
u(-,t) <v(-,t)inD fort € [0,T).

Theorem 2.8.

(@) For a given domain Qg in R", there are the maximal and minimal viscosity so-
lutions of (HS) in Q with boundary data 1 and initial data wo. If the minimal
viscosity solution does not have an initial waiting time, then it is the unique vis-
cosity solution of (HS) with given boundary dara.

(b) w is harmonic in Q(u). Indeed u(x,t) = he(x), where

hi(x) = inf{v € Pwithv =1 0on 0K, and v > 0 on I}},

where P is the set of superbarmonic functions in Qr which are lower semicontinu-
ous in Q.

(c) For a given initial data vy = 0 with its positive set Qo (V) bounded in R™ there
are the maximal and minimal viscosity solutions of (ST) in R™ x [0, 00). If'the
minimal viscosity solution does not have an initial waiting time, then it is the
unique viscosity solution of (ST) with given boundary data.

Remark. It is an open question that whether or not there is a unique viscosity
solution of (HS) or (ST) when there is a waiting time.

3. PROOFS OF THE MAIN RESULT: THE HELE-SHAW PROBLEM

In this section we prove the main results for Hele-Shaw problem. Let 0 € I
and K C Bij2(—en) € Q C Byo(0). Throughout the paper we denote Ay =
Bz—k (O) \Bz—k—l(O) (k = 1)

The key observation that will be used throughout this section is that there is a
waiting time at 0 € I if and only if there exists to > 0 such that I[;, N Ax # 0 for
every k > 1. In order to decide whether there exists such ¢ty > 0 or not, we will
use induction and estimate the change of the harmonic measure for each annulus
Ay in time. First we prove Theorem 1.3.

Definition 3.1. w(x,-,Q) is the unique probability measure on 0Q such that
w(x,E, Q) = w(x), where w is the harmonic function in Q which has boundary
value 1 on E and 0 elsewhere on its boundary.

First we state properties of NTA domains that we use in the proof.

Lemma 3.2 ([10, Lemma 4.1]). Let Q be NTA contained in B1o(0). There
exists a dimensional constant By > 0 such that for any € € 0Q, 0 < 2r < 1 and
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positive harmonic function W in Q N Byy (C), if W vanishes continuously on By, (T) N
0Q, then for x € QN B, (0),

_ Bn
ueo) = ¢ (N suptun -y e amr @ n @,

where C depends only on the NTA constant.

Lemma 3.3 ([10, Lemma 4.11]). Let Q be NTA contained in B1y(0). For Ty,
Ce€0Qandv <1, let Bs(T) C Byj2(To). If x € Q\ By (Co) and xo is a point in
the middle of By (Co) N Q, then

w(x,B(C),Q)
w(x,Br(Cp),Q)’

w(x0,Bs(T), Q) =

where C1 = Cy means that the ratio between Ci and Ca is bounded above and below
by a constant that depends on the NTA constant.

Proof of Theorem 1.3. Recall thatI; (i = 1) is the component of QyN0B,-i (0)
which separates 0 from —e;. Denote by M the NTA constant of Q. Let S; be the
component of Qg \ I;, which contains 0 on its boundary (see Figure 3.1).

Let a = coe!/Pn, where ¢y = co(M) will be determined later and By, is the
dimensional constant given in Lemma 3.2. We will show that there exists to > 0
such that for every i > 1,

i
3.1) Iy, C ( U Nj) U Ny,
-1

where N is the a2‘j-neighborhood of Ip N 3(Sj \ Sj+1) and Nitq is the a2 i-
neighborhood of Ty N 0(Si+1).

Let us choose tg such that ty = cja, where ¢; = ¢(M, ¢y) will be also deter-
mined later.

By a barrier argument, we can see that (3.1) holds when i = 1 for tg if ¢; is
chosen small enough. We will use an induction for the proof of (3.1). Assume
that (3.1) holds for i = k — 1. We will show that (3.1) also holds with the same t,
fori = k.

Since Qg is an NTA domain, if we let a < ¢(M) and if (3.1) holds for
i = k — 1, then we can see that Q, is contained in a NTA domain Q,_, such that
(3.1) is satisfied with I}, replaced by 0Q;_;, and for i = k — 1.

Let v be a harmonic function in Q) _, \ K with boundary value 1 on 9K and 0
on 0Q_; then u(x,to) < v(x). We will show that v(xy) < |xk |2 for some
€ > 0. (Recall that xy is a point on I such that By-i/p2 (xx) C Qo.)

Define I} ;| be the component of Q| N 0B,-:(0), which contains I; and let
S: k-1 be the component of @ | \ I}, which contains S; (see Figure 3.1.) For
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Qo Iy

FIGURE 3.1. Construction of the initial positive phase of the
barrier function in the proof of Theorem 1.3

simplicity we will omit the k-dependence on I;; ; and S;; | from now on. Let
Q; = Qo U S}, and let v; be the harmonic function in Q; with boundary value 1
on 0K and 0 on 0Q; \ 0K. Observe that vi_; — v; is a positive harmonic function
in Q;, with boundary value vi_; on 0Q; N Q;_; and 0 elsewhere on its boundary.

Claim 3.4. Assume that (3.1) holds for i = k — 1. Then for2 <i <k

Vi—1(xk)

<1+ Cabr,
vi(xk)

where C depends only on the NTA constant M.

Proof of Claim 3.4. Let 2 < i < k. Since S;_; \ S] is contained in the
2a2~ "=V _neighborhood of 0Q;_1, Lemma 3.2 implies that for ¥ € 9Q; N Q;_;

sup  Vi-1(x)

dist(y, aQu))B"
xeS;_\S;]

Ui—l(y) SC‘( 2—(i—1)
(3.2)

< CaPr sup  Vi—1(x)
X€ES;_|\S;

and

(3.3) sup{vi-1(x) : S |\ Si} < Cvioq(xi-1).
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Also we obtain
(3.4) Vi—1(xi—1) = vi(xi—1),

since Lemma 3.2 and Lemma 3.3 imply that, for 1 < j <i—1and y € 0B,-;(0)n
Q,
w (y,0By-j+ (0), Qi1

<1+ C2U Db,
w(y,0B,-1+1(0), Q1)

Since vi—1 — v; is a positive harmonic function in Q; with boundary value
Vi—1 on 0Q; N Q;_; and 0 elsewhere on its boundary, (3.2), (3.3) and (3.4) imply
that

Vi—1(Xk) — Vi(xk) < w(xXg, 0B,-1(0),B,-i(0) N Q) sup  vi—1(y)
aQﬂWQ,;l

< CaPrw(xy, 0B,-i(0), By-i(0) N Q) vi_1(xi_1)
~ CaPrw(xy, 0By-i(0), B, (0) N Qi) vilxi_1)

< CaPrvi(xy),

for some C > 0 depending on the NTA constant M. O
Claim 3.4 combined with
VXK _ g YRR
vixx) uo(xk)
yields that
v (xx)

< C1(1 + Gyabr)k,
uo(xx)

where C; and C; depend only on M.
Hence if we choose ¢y in the definition of a small enough such that C;afn <
11—05 , then

k
(3.5) v(xk) < Cup(xy) (1 + liof)

k ,
< Clxp|**¢ (1 + %e) < Clxx|**F,
for &' = & —log,(1 + 15€) > 0.
Now using (3.5) and the relation u(x, ty) < v(x), we prove (3.1) for i = k.

Let B be a ball in Qf such that

(1/M)(a/2)27% < rad(B) < dist(B, Sk) < (a/2)27k.
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Let (¢c(M)/a)B be the concentric ball with the radius of (¢(M)/a)rad(B), con-
taining B. Let @ be a radially symmetric solution of (HS) in = := (¢(M)/a)B x
[0,t9) with fixed boundary data C(27%)2*¢" on d((c(M)/a)B) and with initial
positive set (c(M)/a)B \ B. Then (3.5) and Lemma 3.2 imply that u < @ on the
parabolic boundary of . Hence by Theorem 2.7 u < @ in 3. Since

&'k
to:=c1a < cja2t’,

it follows from the comparison with u and @ that if we choose ¢; small enough,
then (3.1) holds for i = k. Now we can conclude. O

Proof of Theorem 1.4. We will prove that for both (a) and (b), for any t > 0
there is ko = ko(t) such that I; (1) N B, (0) = (. First let us assume (a). Due
to the corkscrew condition on Q, for sufficiently big n > 0, there exists ¥, such
that |ynl = [xnl| and Bix,|;m(Vn) C Qo. Moreover, due to Lemma 3.2 and the
Harnack inequality,

Ug(x) = Clxn > 5 in Bix,j2m (Vn)-

Now if one considers a radially symmetric solution @ of (HS) with K =
Bix,1/2m(Yn) and Q = Bix,;ym(¥n), @ < u by Theorem 2.7. Since |[D@| =
Clxn|'"¢ onT; (@) up to t = ty when I}, (9) = By|x,|(¥n), one obtains

2] xnl

to < C
|xcp [1-€

= C|ang.

Due to Theorem 2.7, Q; (@) C Q;(u) for each t > 0 and it follows that
T; (1) N Bjx,(0) =0 if t > to. Since ty — 0 as m — % we can conclude.

Now for the case (b), for any sufficiently small » > 0, due to Definition 1.1
condition 2, there is 1/M < m < 2 and v € Q such that B, (y) € Q and
By () N 0Q is nonempty. Let @ be a radially symmetric solution of (HS) with
Q = By (), K = Bmy/2(y) and f = 2. By comparing u to @ for each v > 0,
it follows that for any to > 0 there is kg > 0 such that for k > kg a fixed portion of
[o(u) in Ak expands in the direction of e, = (0,...,1) € R™ by distance C27k,
In particular if 0 € I}, (u), then for any ty > 0 there exists € > 0 such that

sup u(x, to) = |271127¢  for sufficiently large i.
xel;

Hence by (a), u(0,to +s) > 0 for any s > 0. Since t is arbitrary, we can
conclude. O

Proof of Proposition 1.6. Let ty > 0 be sufficiently small. Suppose that there
exist a; < m/10 (0 < i < k — 1) such that I}, N A; is contained in the a;27'-
neighborhood of Ty N A; for 0 < i < k — 1. By an argument similar to that in
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Claim 3.4,
k-1

u(xg, to) = C (1 +a)u(xk,0)
i=0
since we can take the dimensional constant B, in Claim 3.4 as 1 due to our extra
assumption on Q.
A barrier argument as in the proof of Theorem 1.3 yields that I}, N Ay is
contained in the ax2~*-neighborhood of Ty N Ay, where

k-1
[T+ apu(x,0)
ay = c =0

22k - Lp.

Observe that if we can show ax < m/10, then by induction there exists a
waiting time at 0. Since we can take ty > 0 sufficiently small, we can conclude
that if limsup @x < oo for the sequence ax = Hf;ol(l +a;)2%*u(xy,0), ap = 1,
then there exists a waiting time. -

Theorem 1.5(a) follows from Proposition 1.6. Next, we prove the second part of
Theorem 1.5.

Definition 3.5. For € € I, let H(T, t) := dist(T, I}).
Proof of of Theorem 1.5 (b).
1. Let ty > 0 and partition [0,t(] into 0 = 59 < §; < --- < Sp = ty. By a

simple barrier argument with a radially symmetric test function we obtain that

u(x,0)

H(G, )= C0h

S1y

for every € € Iy N A;. Hence by a similar argument as in Claim 3.4

k-1 ,
u(xg,s1) = [I (14—Cﬂ4§f3:» .51>.'u(xk,OL
i=0

2. Repeating our argument, we also obtain that for 1 < m < P

k-1m-1 L .
(.6  uCxksm) =[] [1] (1 MRS SJ)) Uk, 0),
i=0 j=0

and for any € € I N Ag

U(Xk, Sm) (Sme1 — Sm)
2-k :

n-1
(3.7) H(C,sp) = C >
m=0
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3. In terms of integration, (3.6) yields

k-1 ot
(3.8) u(xk, t) = uo(xp) [ | <1 + C22’J u(xi,s)ds>
i-1 0
k-1

> 272Kk > 2% g (xq)
i=1
k-1
> 22K Y i = 27K 2,

i=1

where the second and third inequality hold due to the assumption on the decay
rate of u. Observe that 2 — 1 < «, since & < 1. Hence if we define a sequence
by, by, ... such that b; = & and by, 1 = 2by, — 1, then there exists £ = £(x) such
that by < 0.

4. Now we are ready to show that there is no waiting time for u at the origin.
Let us fix typ > 0 and define

Jt .
bj=Ji, ji=0,...,4.

Then by inductively applying the estimate (3.8) replacing u (xx, t) by u(xx, b;)
and u(x;,0) by u(xi, bj_) for j = 1,2, ..., £ we have

0 | N
“ (Xk’ tz_0> = ulx, by) = 272 [bi - bm)zh]k’b‘/’ > 272k (%) _
i=1

In other words, u decays slower than quadratically at t = ty/2. Hence due to
Theorem 1.3, u(0,ty) > 0. Since £ is arbitrary, we can conclude. O

4. PROOFS OF THE MAIN RESULT: THE STEFAN PROBLEM

In this section we assume I to be locally Lipschitz along the direction e, =
(0,...,0,1) in a neighborhood of the vertex 0. More precisely, in a small neigh-
borhood of the origin we assume that Qg is given as {(x’, x») : xn > f(x’,0)},
where f is Lipschitz with Lipschitz constant L.

The following lemmas are important in our analysis in this section. In par-
ticular, Lemma 4.3 shows that the initial heat with fixed Lipschitz positive phase
changes to be (almost) harmonic over the amount of time t ~ d?, where d is the
distance between the given point in the positive phase and the free boundary. In
our free boundary problem (ST), this change will affect the expansion of the ini-
tial positive phase over time and vice versa. Lemma 4.1 gives us a control over the
change of the initial heat before it changes to be (almost) harmonic, that is, for
the time interval 0 < t < d?.
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Lemma 4.1 ([7]). Suppose uo(x) € Co(R™) N C5(R")ﬁr some 8 > 0 and
let u(x,t) solve the heat equation in R™ x [0, o) with initial data wy. Then there
exists a constant A depending only on n, & and the Holder constant of wy in B1(0)
such that

[uel (3, ) + (U | (X, 1) < AP
in B1(0) x (0,1) foranyi, j=1,2,..., n.

Let Q4 be the a-cube B, (0) X (—a, a) in R**1,

Lemma 4.2 ([3]). Let w be a caloric function in Q1 N D, where D N Q1 =
{xn > f(X',0)} where f is Lipschitz and (0,0) € 0D. Then there exists a constant

0 > 0 depending on n, the Lipschitz constant L of D, and the ratio v between the
supremum of w in Q1 and u(—en,0) such that Vu - en = 0 in D N Q.

Lemma 4.3 ([3]). Letu, D and v, L be as in Lemma 4.2. Then there exist &,
0 > 0 depending on m, v, L such that

‘I/L+’I/L1+£; u_u1+5

are subbarmonic and superharmonic, respectively, at each time in Qs N D.

Lemma 4.4 (Dahlberg, see [6]). Ler w1, Uy be two nonnegative harmonic func-
tions in a domain D of R™ of the form

D= {(x',xn) ER" I XR: x| <2, [xnl <2M, xn > f(x')},

with f a Lipschitz function with constant less than M and f(0) = 0. Assume further
that Wy = Uy = 0 along the graph of f. Then for

Dijp={Ix"| <1, Ixnl <M, xn > f(x")},
we have

ui (X, xn) w20, M) _
Ur (X', xn)  ur(O,M) ~ 7

0<(C <

with Cy, Cy depending only on M.

Lemma 4.5 (Caffarelli, see [4]). Let w be as in Lemma 4.4. Then there exists
¢ > 0 depending only on M such that, for 0 < d < c,

un(o,d) = aaTu(O,d) = 01
n

u(0,d) u(0,d)
Rt his

C d Sun(o,d) SCZT,

where Ci = Ci(M).
Let u and hy to be as in Section 1.2.

Lemma 4.6. Ifho(x) has less than quadyatic decay ar 0, then there is no waiting
time for u.
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Proof:

1. First we choose a small ty > 0. Below we will show that u(0,t) > 0 for
t > to. Since ty is arbitrary, we can then conclude. Also, without loss of generality,
we may assume that I is Lipschitz in B; along the direction e,.

2. Let w solve the heat equation in the domain
2= Qo x [0, 0],

with initial data u(x,0). Since X is Lipschitz in space and time, in a small neigh-
borhood By (0) X [to,ty + h%], h = h(ty) there is &, depending only on the
Lipschtz constant of Iy in By, such that wy := w — w!*¢ is superharmonic in .

3. Let us choose C = C(tg) large enough that Cw; = w at (—hen, to). Then
by continuity of w in time and by Lemma 4.4 applied at each t,

w >w; = Chy in By (0) X [tg, tg + €],

for small € > 0.
In particular, it follows that, for some k > 0,

w(=repy, t) = Cho(=rey,, t) = Cho(—-ren, 0) > Cr¥k
fort € [to, to + el.

4. Lastly, observe that w < u by the maximal principle of the heat equation.
Hence for sufficiently small > 0

u(=ren,,t) > Crr* fort e[ty to+ €].

Since Qo is Lipschitz, By (—ven) C Q.

Next we consider a radially symmetric subsolution @ (x, t) of (ST) in X :=
(R™\ Beyja(—ren)) X [to, to + €], whose initial and fixed boundary data are given
as

-A@p(x,ty) =0 inBey(=reyn) \ Berj2(=ren),

@(-,t) =0 on 0Bcy(—7en),
@(-,t) = Cr*% ondBcyp(—rey).

By comparing u and @ in 2, it follows that
u(0,to +7r*%) >0 for sufficiently small > 0.

Hence we conclude the proof. O

Proving the occurrence of the waiting time is more involved since we need to
observe the behavior of the solution during a time period 0 < t < t.
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Proof of Theorem 1.8.

1. Recall that we assume uy(x) € C%(Qq) and the minimal and maximal
decay rate a and b of hy satisfy 2 < o1 < &2 and o, — &1 < /2, where hy is the
harmonic function in Q) \ K, K a compact subset of Q@ with boundary value 0 on
0Q and 1 on 0K. Throughout the proof we will denote C as a positive constant
which only depends on 8, L and n.

2. The plan is to construct a supersolution ¥ of (ST) in a neighborhood of
the origin which has a waiting time at the origin and to compare 7 with u to

conclude our theorem. For this purpose first we will construct a supersolution i
of (HS) such that u < ¥ < h in a small neighborhood of 0 and for a small time.

3. Let ¥ > 0 be sufficiently small. First we construct a supersolution h(x, t)

of (HS) in B, (0) x [0, 1) such that

(i) Qo(u) N B, (0) € Qo(h) N B, (0) and Qo(u) N B, (0) C Qo(h);

(ii) T'(h) has a waiting time at (0, 0);
(iii) Br—PB1 < 6/2, where B1 and B, are the maximal and minimal rate of (X, 0);
(iv) T'(h) is Lipschitz in space-time.
Note that we cannot use a solution of (HS) with initial free boundary I} as a
barrier for u, most importantly since we do not know if it satisfies property (iv),
and hence we cannot apply Lemmas 4.2 and 4.3.

4. To construct such h satisfying (i)—(iv), first we choose a sufficiently small
a > 0 and define Q' to be the support of the following function:

U(x) := sup  u(y,0).
YEBa x| (X)

Since ho(x) has its minimal decay rate more than 2 near the origin, the harmonic
function in Q" \ K with boundary value 0 on 0Q" and 1 on 0K has a minimal
decay rate 2 + & for some €' > 0, if a > 0 is sufficiently small. (Its proof is the
same as that of Theorem 1.4.) Next for 0 < t < 1 we define

(4.1) Ul(x) := inf  U(y),

YEBa)x| (X)

where a(t) := 2a — (a/2)t|x|¢'/2. Next we let Q; = Q(U"), and let h!(x) be the
harmonic function in Q; \ K with boundary data 0 on 0Q; and 1 on K.

If we define h(x,t) := h(x), then (1), (ii), (iv) follow from its construction
and (iii) is also satisfied if a is sufficiently small, since 2 + &’ — «; as a — 0 due
to the proof of Theorem 1.4.

Now we show that h(x,t) is a supersolution of (HS) in B, (0) x [0, 1]. Note
that h(x,t) < |x|2*¢". Hence due to the exterior ball property of Q; N B, (0) and
by Lemma 4.5,

|Vxhl| < Clx'*¢" onT;(h) N B, (0),



544 SUNHI CHOI ¢ INWON KIM

where C depends on L, n and a.

On the other hand, the normal velocity of I} (h) is given as a|x|'*¢'/2 by
its construction. Therefore, for sufficiently small » > 0, it follows that h is a
supersolution of (HS) in B, (0) x [0, 1] with properties (i)—(iv).

5. Recall that B; < B, is given as respectively the minimal and maximal decay
rate of h(x,0) near the origin and B — 1 < 6/2 by our construction of h. We
will first prove the theorem for the case 2 < &) < &t < 2 + 8. Note that in this
case we have By < &, <2 + 6.

Let us fix 0 < £ < v and let x(t) be given as

x(t) = t6/2=B2/2

to
on [0, tg], where tq is chosen such that J o (t)dt = 1. Note that «x(t) is inte-
0

grable since 8 — B, > —2 by our hypothesis.
With the above choice of «x(t),

(4.2) hix,t) := a(t)h(x—ﬂen,ﬂ a(t)dt)

is also a supersolution of (HS) in B, (0) x [0,t]. Observe that h has a waiting
time at the vertex fe,,.

6. Now we construct a supersolution ¥ of (ST) such that u < ¥ for a small

time, and ¥ has a waiting time. Let v solve the heat equation in Q(h) with a
proper initial data vo(x) to be chosen. We would like to construct the initial data

Vo (x) whose support lies inside Qo(h) such that vy and v satisfy

(i) v(x,0) € CO(RM),
(i) u < v on the parabolic boundary of the following set:

O:={(x,t):|x —Le,| <t 0<t <ty
By our hypothesis on 1, we may assume that
(4.3) uo(x) < colx!°,
where ¢y = ¢o(9,L,n) is a sufficiently small constant which will be chosen later.

For simplicity we may assume C = 1. Let @ (x) = @(|x|) be a smooth function
suchthat 0 < @ <1, =1on |x| < % and @ =0, if |x| = 1. We then let

Vo(x) = JQ o (%) dy,
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where g(x) = alx|+{. Observe that, since £ < 7, the support of vy is contained
in Q(h) N o.

Note that ug < covg by properties of @ and g. Moreover, from a straightfor-
ward computation, it follows that vo(x) € CO(RM).

7. First we show that u < ¢;v on the lateral boundary of O, where ¢; = Ccy.
Let (v,s) be on the lateral boundary of O, i.e., s = a?|y — fey|?. By (4.3) and
Theorem 4.1

u(y,s) < Ceoly|°.
On the other hand, due to Theorem 4.1,
v(y,T) = Clyl° if0=<T=<|yl?andifd(y, Q) < (a/2)]yl.

We claim that for any m > 0 and 0 < s < a?m?,
(4.4) d(p,Qo) <am/2 if p €Ts(u) N 0By (0).

If (4.4) holds, then from above estimates it would follow that u(y,s) <
Ccov (y,s) if (v,s) € Q(u).

To show (4.4), first note that, by our hypothesis, for any m > 0 and p €

To(u) N 0By (0), Beam (p + amey) C QOC for C; depending on the Lipschitz
constant of Iy. For m > 0 let

t(m) = sup{t > 0:u(p + am/2ey,t) = 0}.
By a barrier argument we will show that
(4.5) t(m) > a*m?,
which proves (4.4).

Note that, due to Theorem 4.1, u(y,T) < Ccoly|° for 0 < T < |y|?, and
in particular

(4.6) u(-,T) < Ccom® on By (p + amey), for0 <1 < m?.

Let @ be a supersolution of (ST) in X := (R™ \ Bc,am (p + amey,)) X (0, m?)
whose initial and fixed boundary data are given as

-A@(x,0) =0  in Bym(p + amen) \ Bciam(p + arey),
@(,0)=0 on 0Bc,am/2(p + amey,),
@ (-, t) = Ccom® on 0B3pm(p + amey,).
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Due to (4.6), u is then less than @ on the lateral boundary of =. Moreover,
since ug € CO(R™), ug < C3@ for sufficiently large C3. Hence we can compare
u and C3@ in X and it follows that

t(m) = min[m?, Csam?~°] = a*m?,
for sufficiently small m.

8. Next we show that for some 0 < ¢, < 1, with ¢; depending only on L
and n, U(x,t) := cav(x,t) is a supersolution of (ST) in O for a proper choice of
«(t). SinceT(v) =T(h) and h is a supersolution of (ST) in O, we only need to
show that

|IDv(x,t)| < C|Dh(x,t)| onT(v).

Observe that, due to Theorem 4.1, v((—S + £)en,t) < Cs® for 0 < t < s2.
Thus we can apply Lemma 4.3 and obtain € > 0 depending only on L, a and
n such that v1 = v + v!*¢ is subharmonic in Bs(fey) for any z € [0 (V).
Moreover, by definition of v; we have

o

vi(x,a’s?) < Cs® ifd(x,Tpe(v)) < as.

On the other hand, since h increases in time,
h(=sep,t) = h(—sey,,0) > sh2,

where B, is the maximal decay rate of h(x,0). By definition of «(t) and by
previous estimates, for a given constant C; > 0 we can choose C; > 0 in the
definition of &(t) such that we have

Coh(x,t) = vi(x,t) at (x,t) = (—sen,a®s?), 0 < s < to.

Now due to Lemma 4.4, we have Ch > vy in O, and therefore Ch > v in O.
Since Ch > v and T'(v) = I'(h), we obtain C|Dh| > |Dv| on I'(v). Hence it
follows that there exists a positive constant ¢, = ¢2(6, L, n) such that ¥ := cov is
a supersolution of (ST) in O.

9. Now we choose ¢¢ in (4.3) small enough such that ¢; < ¢;. Then by
previous arguments it follows that u < ¥ on the parabolic boundary of ©. Now
Theorem 2.7 yields that u < ¥ in O, yielding that u(fe,,s) = 0 for 0 < s < ¢y,
where t; is independent of €. Lastly, we use the fact that £ is arbitrarily small to
conclude that u has a waiting time at 0.
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10. It remains to prove the theorem when 2 + 6 < «,. We claim that in
this case one can always have a bigger Lipschitz domain X which contains Q with
0 € 3, and the maximal and minimal decay rate &, and « of the corresponding
harmonic function satisfies that

2<ax)=ay<2+0.

Then we can proceed as in the previous step to conclude. Hence our last step
is to prove our claim.

11. Proof of the Claim. Suppose that 2 + 6 < ;. Since o, — &1 < 6/2 by
our hypothesis, it follows that &1, &z > 2 + §/2. Let € be a constant such that
0<é&<6/2and

0
=01+ —& 1< sup ulx) <r,
2 Ix|=r

Let §/2 < 8 < & and let

T

en) 1 BI(0)),
where
W(0,v) ={x e R":{(x,v) > |x|cos(0/2)}.

We also let v1(x) be the harmonic function in Q; \ K with boundary data 1 on
0K and 0 on 0Q;. Then

sup v1(x) = > forO<r <land§/2 <8 <4.
|x|=r

If sup |, vi(x) < 2%k for some k > 0, then let = = Q;. If not, then we
inductively construct X as follows. Let z; be a point in the middle of

TT
Ao W (2(2+ 5’ _e">

where A; = B,-i(0) \ By-i-1(0). Let iy > 0 be the smallest number such that
|4, 127012 < v (z;,) < 10|z, [**0/2, Let

Qo = (Q1 \ B-i,(0)) U Qo

and let v, be the corresponding harmonic function in Q, \ K with boundary value
1 on 0K and 0 on Q. Then for 271 < ¥ < 1

cr?*9 < sup vy (x) < Cr¥+o2,
|x|=7r
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Since Qo is a Lipschitz domain, for
xeQn Bzfil (0) =Qon Bz—il (0)
we have

va(zi) wix) - v2(zi))
u(zi,) u(z;,)

< C|X|0(1 |Zi1|2+5/2_0(2 _ C|X|0(1 |Zil|2—0(1+6 < C|X|2+E.

Va(x) = u(x) -

If v(x) > |x|?**9, then let = = Q,. If not, we repeat the above argument,
i.e., let i, be the smallest number such that i, > i; and v2(z;,) =~ |z4,12+9/2, and

let
1

Q3 =0 U (W (m,

—en) N Bz—iZ (O)) .

Let X be a region obtained inductively as above. At each steps Q; may not be
Lipschitz, but with a slight modification of Q; we can get a Lipschitz domain
without changing the minimal and maximal decay rates. o

5. A COUNTEREXAMPLE FOR THEOREM 1.8

As in Section 4, let ug = 0, Qo(u) = {uo > 0} be a Lipschitz domain and let
u be the viscosity solution of (ST) with initial data ug. The proofs of Theorems
1.7 and 1.8 suggest that the initial positive phase Qo changes into a new phase
while the initial data transforms into (almost) harmonic function, and the waiting
time phenomena occurs when this new phase, associated with the corresponding
harmonic initial data, has a waiting time at the vertex. A similar observation has
been also made in the example of [12] mentioned in the introduction.

Based on the above observation we will construct a counterexample for The-
orem 1.8, where the harmonic function hg associated with Qg has more than
quadratic decay at the origin and ug € C?(R") for some § > 0 but u has no
waiting time. The key idea is to construct Qg such that the change of the geome-
try of the positive phase caused by the initial heat 1 is big enough to change the
decay rate of the harmonic initial data in a drastic way.

Let a be sufficiently small, let A be sufficiently large. Define a sequence

1>t >81>t>58---,

Let Ey(x) = x + B, (0) n {y € R™" : yy, := (v,ey) < 0} be a half-ball with
center X and radius 7, and let

Qp = (Bl(O) nw (% —en)> U U Eaun (—%"en>

m=12,..
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(see Figure 5.1.) Here 11/10 is an arbitrarily chosen small number such that
the harmonic function associated with W (1t/10, —e;,) decays strictly faster than
quadratically. (Instead of 71/10 one may choose any angle 6y < 6;,.)

W(r/10, —ey)

FIGURE 5.1. A counterexample for Theorem 1.8: constructing
the initial domain

Since 0Q0 N {yn = —Sm/2} is a subset of a hyperplane, we may let 8, = 1 in
Lemma 3.2 and obtain

s s2
(5.1) ho(=smen) = ﬁho(_tmen) > t%:f(g ho(=tmen).

Also since ty+1 = Sm - (Sm/tm)?, if A is sufficiently large and if ¥ < 1, then

&

ho(=7ey) < 7v*€  for some € > 0.

Next let us consider a solution v (x, t) of the heat equation in Qg x [0, ®),
with initial data v (x, 0) € CO(RM), satisfying Qo = {v(x,0) > 0} and v(-rey,0)
> 79 for sufficiently small 7.

Due to Theorem 4.1,

(5.2) v(-ren,t)=Cr® forO<t<7? r<1.

On the other hand, by Lemma 4.3 there is € > 0 such that v —v!*¢ is positive
and superharmonic in |x| < cot!/? for a universal constant ¢y > 0. Hence by
Lemma 4.4 there is a universal constant C > 0 such that

v(-t'"2ey,,t)

(53) v(—sen,t) = Cm

h(sen,0) fors < cot'/?.
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By (5.1)—(5.2) we then obtain

2
(5.4) V(—Smen, t) = CzkoiTm fort € (£2,,2t2,).

m

Now consider a viscosity solution u of (ST) with initial data v (x,0). By the
maximum principle for the heat equation, u is bigger than v. In particular, one
can replace v by u in (5.4).

Now let & € Iy € {x,, = —s}. Then by (5.4) and a barrier argument with
radially symmetric subsolution of (ST) as in the proof of Lemma 4.5, we obtain
that

U(—=Smen, t) 12

(5.5) dist(&, T2 (1)) ~ C 2 > C2kog,.

m

(5.5) and the fact that t;, and s, are decreasing sequences which converge to
zero imply that, for any small £ > 0, there exists > 0 such that

Lu)ni{xeR":|x|<r}=0.

In other words, there is no waiting time for u.

Acknowledgement. The authors thank the referee for pointing out the result
of [12].
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