Local Regularization of
the One-phase Hele-Shaw Flow

SUNHI CHOI, DAVID JERISON ¢» INWON KIM

ABSTRACT. This article presents a local regularity theorem for
the one-phase Hele-Shaw flow. We prove that if the Lipschitz
constant of the initial free boundary in a unit ball is small, then
for small uniform positive time the solution is smooth. This
result improves on our earlier results in [4] because it is scale-
invariant. As a consequence we obtain existence, uniqueness
and regularity properties of global solutions with Lipschitz ini-
tial free boundary.

1. INTRODUCTION

For (x,t) € D xI, where D is a domain in R™ and I is a time interval, let u (x, t)
be a viscosity solution (defined in the next section) of the Hele-Shaw problem

Au(-,t) =0 in {u > 0},
(HS)
aa—? = |Dul* onodfu >0}

where Du denotes the gradient of u in the space variables x. We refer to

Qr(u) = {x:ulx,t) >0} cR™, Qu)={(x,t):u>0}cR"!
as the positive phase of u and to
L (u) = 0Q(u), TI'(u) =0Q(u)

as the free boundary of u.
To keep u from being trivial, we would need a fixed boundary data on a
portion of the spatial domain D, as well as an initial data at t = 0. For example
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we can choose D = R™ — K where K is a compact set, and we could put the fixed
boundary data f > 0 on 0K (see page 5 for further discussion of fixed boundary
data).

If u is smooth up to the free boundary, then the free boundary moves with
normal velocity V. = u;/|Du|, and hence the second equation in (HS) implies
that

where v is the outward spatial normal, with respect to Q¢ (1), on I} (1) (see Figure
1.1).

FIGURE 1.1. Initial setting of the problem

The classical Hele-Shaw problem models an incompressible viscous fluid which
occupies part of the space between two parallel, nearby plates, and u is the pres-
sure of the fluid. The short-time existence of classical solutions with initial surface
I of class C?>** was proved by Escher and Simonett [8]. When n = 2, Elliot
and Janovsky [7] showed the existence and uniqueness of weak solutions formu-
lated by a parabolic variational inequality in a Sobolev space. (See also Gustafsson
[9].) Using this variational notion of solutions, Sakai [16] showed that for n = 2,
I (u) for all time t > 0 is either analytic or has a cusp-type singularity caused by
collision of two free boundary components. For star-shaped initial free boundary,
the solution remains star-shaped, in particular collision-free. In this case global
existence of smooth solutions has been proved (see Daskalopoulous and Lee [6]).
Lastly we mention a recent work of Blank, Korten and Moore [1] on the Hele-
Shaw problem with initially built-in “mushy” region, which generates additional
singularities.

In this paper we prove a quantitative, geometric version of Sakai’s theorem in
general dimensions, using the notion of viscosizy solutions (see Definitions 2.1
2.4). Our notion of solutions coincides with the (one-sided) time derivative of the
weak solution formulated by variational inequalities: see [12]. Of independent
interest is an estimate on the free boundary speed, or, equivalently, the size of the
spatial gradient on the free boundary (part (c) of Theorems 1.1 and 1.2).
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Our first main theorem concerns global solutions starting from a Lipschitz
initial free boundary. (See Section 9 for the precise definition of global solutions.)
Lete, = (0,...,0,1) € R™ and

Qo={xeR":x, <gx'),x = (x',xn) € R" ! xR}

where g is Lipschitz continuous with Lipschitz constant L < Ly, a dimensional
constant. There is a positive harmonic function ug in Qg that vanishes on 9Qy,
and it is unique up to a constant multiple. Because there is only uniqueness up to
a constant multiple, we must normalize the solution at subsequent times ¢.

Theorem 1.1 (Theorem 9.2). There exists a unique, global solution u of (HS)
in R™ X [0, 00) with initial positive phase Qo(u) = Qo, u(x,0) = uo(x), normal-
ized at infinity by

u(-Rey,t)

lim wo_Re.) =1 foreach fixed t > 0.

Moreover the following properties hold.

(a) Fort > 0 the free boundary It (W) is smooth and is a Lipschitz graph with re-
spect to ey, with Lipschitz constant L;

(b) w is smooth in Q¢ (u) fort > 0;

(o) Ifx eLy(u) and x + deyn € Tt (u) withd = 0, then

-1 _ [Du(x +den, )| _ c

C = |[Du(x —deyu,t)| —

for a constant C > O depending only on dimension.

Part (a) says that the Lipschitz constant is preserved (or decreases) with time.
In fact, we show in Theorem 9.3 (c) thatif g(—x') = g(x’), thenu(—x', xn,t) =
u(x’,xn,t), and the Lipschitz constant decreases to zero locally uniformly as
[ — oo,

Ly can be taken to be any number L, < an, where a,, is the Lipschitz con-
stant that appeared in our earlier work [4]. For n = 2 we have a, = 1, for which
the initial harmonic function u(x, 0) vanishes on the boundary at a rate bounded
below by the square of the distance to the boundary. For a Lipschitz constant
L < a,, some points of the free boundary can stay fixed for small t > 0, and the
free boundary need not be smooth for those values of t. (See [10], [15].)

Theorem 1.1 is proved using Theorem 1.2, our main local theorem. We also
show that blow-up limits of local solutions are global solutions as in Theorem 1.1.
The local theorem says, roughly speaking, that u and I; (1) stay smooth as long as
there is no invasion of another component of Q(u), from the top portion of the

local neighborhood.
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Let Qg be, as above, the region below the graph of the Lipschitz function g
with Lipschitz constant L < Ly,. Assume further that g(0) = 0.

Theorem 1.2 (Corollary 5.6, Theorem 6.3 and Corollary 7.4). Suppose u is a
viscosity solution of (HS) with initial positive phase {1y > 0} NB,(0) = Qo N B, (0).
Further suppose W satisfies u(—en,0) = 1, and for small0 <s <t <T

(1.1) u(x,s) <10u(x,t), u(x,s) <(1+A{t-s5))ulx,t)
and
(1.2) U(—en, t) < Au(—ey,0) = A

where A is a positive constant.
Then there exists a constant ¢y > 0 depending only on dimension and A such that

the following holds: Suppose
(13) QT(u) N Bz(O) C (Qo + Coen).

[fren S QT/Z(M), then in BV(O)

(@) The free boundary Ty (w) is C' and is a Lipschitz graph with respect to ey, with
Lipschitz constant L' < Ly, and L' — L asv — 0.

(b) The spatial normal of Ty (W) is continuous in space and time.

(o) Ifx e Ty(u) N By (0) and x + deyn € Tt (1) N B, (0), then

1. |[Du(x + dey,t)] <c

€= |[Du(x —deyu, t)|

for a constant C > 0 depending only on dimension.

The role of the constant A in Theorem 1.2 is clarified in the body of the
paper, where a slightly stronger theorem is proved than is stated here. Our previ-
ous theorem in [4] gives smoothness for sufficiently small time, but depends on
global features of the initial configuration. That theorem also treated only con-
stant boundary data f(x,t) = c.

We point out that (1.1)—(1.2) are the essential hypotheses in Theorem 1.2.
Once both conditions are satisfied and ¢q is chosen, one can choose a smaller T
so that (1.3) holds and so that the free boundary does not move too far away by
the time T. Indeed the normalization u(—e;,0) = 1 and the second condition
in (1.1) implies that T < Ty(n, A)cy. On the other hand, due to (1.2) T can be
chosen to be bounded below by Ccy, where C = C(n, A). Thus under conditions
(1.1) and (1.2), one should think of T as comparable to ¢y.

Concerning the validity of the hypotheses (1.1), we show in Lemma 2.14 that
it is satisied for all times by suitably re-scaled solutions of (HS) in
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(R™ — K) x [0, c0) with a compact set K ¢ R™ and with the fixed boundary con-
dition u(x,t) = f(x,t) for x € 0K provided f(x,t) is smooth and is strictly
positive.

Hypothesis (1.2) is the last vestige of a global hypothesis. It is valid if T is
sufficiently small and in many typical situations (see Lemma 2.14). Because it
measures the change in size of u at a point well inside the region, it can only fail if
there is a change that swamps the effects of the initial conditions. We believe that
(1.2) only goes wrong when there are collisions.

The main idea of the proof is to compare solutions at each scale to solutions
on star-shaped Lipschitz domains, to which the estimates of [4] apply. This lo-
cal comparison is accomplished using a suitably localized Carleson-type estimate,
maximum principle type arguments and the comparison principle (Theorem 2.7)
between solutions.

In Section 2 we state several preliminary results including the definition and
properties of viscosity solutions of (HS) . In Section 3 we prove a Carleson-type
estimate (3.1). This property is used in Section 4 to show that level sets of u are
flat (Proposition 4.1). In Section 5 we prove the non-degeneracy of the solution
on the free boundary and the Lipschitz continuity of T'(1). In Sections 6 and 7
iteration methods developed in [4] are used to derive further spatial regularity of
the solution and the free boundary. The key steps in the iteration process are esti-
mates on the change of direction of Du over time (Lemma 6.1 and Lemma 7.1).
In Section 8 we prove regularity of I'(1) in time. In Section 9, as an application of
the main results obtained in previous sections, we prove existence, uniqueness and
regularity properties of global solutions of (HS) with Lipschitz initial free bound-
ary with appropriate conditions at infinity. At the same time, we show that the
blow-up limits of local solutions are global solutions of the type in Theorem 1.1.

2. PRELIMINARY RESULTS

We will recall the definition of wiscosity solutions for (HS) introduced in [13].
Roughly speaking, viscosity sub and supersolutions are defined by comparison
with local (smooth) super and subsolutions. In particular, classical solutions of
(HS) are also viscosity sub and supersolutions.

Let K be a compact subset of R and Q = (R™ — K) X (0, o). Also let = be a
cylindrical domain D X (a,b) € R"™ X R, where D is an open subset of R".

For a nonnegative real valued function u(x, t) defined in a cylindrical domain
D x (a,b),

Qu) = {(x,t) :ulx,t) >0}, Qi(u) ={x:ulx,t) >0},
I'(u) =o{(x,t) :u(x,t) =0}, Ii(u)=0{x:ulx,t)=0}.

Definition 2.1. A nonnegative upper semi-continuous function u defined in
3 is a viscosity subsolution of (HS) if
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(a) foreach a < T < b the set Q(u) N {t < T} is bounded; and

(b) for every ¢ € C>1(X) such that u — ¢ has a local maximum in Q(u) N
{t < to} N2 at (xo, ty),
() —Ad(xo,to) < 0 if ulxo, to) > 0.
(i) (¢pr — IDPI?) (x0,to) < 0 if (x0,t0) € T'(u) if —Ag(x0,to) > 0.

Note that because u is only lower semi-continuous there may be points of
['(u) at which u is positive.

Definition 2.2. A nonnegative lower semi-continuous function v defined in
S is a viscosity supersolution of (HS) if for every ¢ € C>!(X) such that v — ¢ has
a local minimum in 2 N {t < to} at (xo, to),
() —Ad(xo,to) = 0 if v (x0, o) > 0.
(1) If (zg,t9) € T(V), D |(x0,ty) = 0 and -A@(xp,ty) <0, then
(¢t — IDPI) (x0,t0) = 0.
Definition 2.3. u is a viscosity subsolution of (HS) with initial data u¢ and
fixed boundary data f > 0 if

(a) u is a viscosity subsolution in Q,
(b) u=upatt=0;u < fonodk;
(@ Qu) n{t =0} =Q(up);
Definition 2.4. u is a viscosity supersolution of (HS) with initial data ug and

fixed boundary data f if v is a viscosity supersolution in Q with v = v at t = 0
and v = f on 0K.

For a nonnegative real valued function u(x, t) defined in a cylindrical domain
D x (a,b),

u*(x,t) = lim sup u(g,s).
(§,s)eDx(a,b)—(x,t)
Definition 2.5. u is a viscosity solution of (HS) (with boundary data 1 and
f) if u is a viscosity supersolution and u* is a viscosity subsolution of (HS) (with
boundary data ug and f.)

Definition 2.6. We say that a pair of functions ug,vo : D — [0, ) are
(strictly) separated (denoted by uy < vo) in D € R™ if

(i) the support of ug, supp(ug) = {ug > 0} restricted to D is compact and
(ii) in supp(ug) N D the functions are strictly ordered:

Uy (x) < vo(x).

The following properties of viscosity solutions are frequently used in our pa-
per.

Theorem 2.7 (Comparison principle, [13]). Ler u, v be respectively viscosity
sub- and supersolutions in D x (0, T) C Q with initial data wy < vo in D. Ifu < v
on 0D and u < v 0naDﬁQ(u)f070 <t <T, thenu(-,t) <v(-,t)inD for
t €[0,T).
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Theorem 2.8 ([14]). Ler w be a viscosity solution of (HS). Then u(-,t) is
harmonic in Qr(W). Indeed u(x,t) = hi(x), where

he(x) = inf{v €?P withv =10n0dK and v > Oonl}}.
where P is the set of superharmonic functions in Q¢ which are lower semi-continuous
in Qt.
Moreover, T(u*) =T (u).
Next we state several properties of harmonic functions:

Lemma 2.9 (Dahlberg, see [5]). Let uy, uy be two nonnegative harmonic func-
tions in a domain D of R™ of the form

D = {(x’,xn) ER"™ X R:|x'| <2, |xnl <2M, x> f(x’)}

with f a Lipschitz function with constant less than M and f (0) = 0. Assume further
that wy = Uy = 0 along the graph of f. Then for

Dy ={Ix'| <1, lxnl <M, xp > f(x")}
we have

ui(x’, xn)  u2(0,M) <C
WX xn) (0, M)~

0<(C <

with Cy, Cy depending only on M.

Lemma 2.10 (Jerison and Kenig, see [10]). Lez D, wy andu, be asin Lemma 2.9.
Assume further that

u(0,M/2)

uy(0,M/2)

Then, uy (X', xn) [U2(X', xXn) is Holder continuous in D), for some coefficient «,
both & and the C* norm of wy /Wy depending only on M.

= 1.

Lemma 2.11 (Caffarelli, see [2]). Let u be as in Lemma 2.9. Then there exists
¢ > 0 depending only on M such that for 0 < d < ¢ (0/0x,)u(0,d) = 0 and

Clu(O a) u((‘)i, a)

= m(o 4) =<
where Ci = Ci(M).

Lemma 2.12 (Caffarelli, see [2]). Let w be harmonic in B1. Then there exists
g0 > 0 such that if

ulx +ee) =u(x) fore>¢g and x, x + ce € B;(0)

for a unit vector e € R™ then e - Du = 0 in B15(0).
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Lemma 2.13 ([11, Lemma 4.1]). Let Q be a Lipschitz domain contained in
Bi10(0). There exists a dimensional constant By, > O such that for any T € 0,
0 < 2v < 1 and positive harmonic function w in Q N By (C), if W vanishes continu-
ously on By, (T) N 0Q, then for x € Q N B, (T),

_C\Bn
u(x) <C ("‘TJ) sup{u(y) : ¥ € 3By (L) N Q}

where C depends only on the Lipchitz constants of Q.
We finish this section by showing that (1.1) is a generic assumption.

Lemma 2.14. Let u solve (HS) in (R™ — K) X [0, ) with C' boundary data
f > 0 on 0K and initial positive phase Q. Let us normalize such that u(—ey,0) =
1. Then (1.1)—(1.2) holds with

f(x1,T1)
T= t: TS <10 ¢,
Sup{ XiEKS,LOIISDTiSt f(XZ’TZ)
and with
A= Sup{ft(X,t) :xeK,0<t< T}.
Proof:

1. Let A be as given above. Then for any T > 0 we have f(x,t) =<
(1 + A¢) f(x,s) where [t —s| < €and 0 < t,s < T. By Theorem 2.7,
forany € > 0

ulx,t+ty) < (1+Ast)ulx,(l+&)t+ty) for0<t<1/A
for any 0 < ty. Differentiating in € > 0 yields
(Atu + tug) (x, t+tg) = t(Au +us)(x, t+ty) > 0.
Since ty is arbitrary, we conclude
Ur=>-Au for 0<t<T
This proves the second inequality in (1.1).

2. By definition of f, f € [a, 10a] with a > 0 for 0 < t < T. Since the pos-

itive phase Q¢ (1) expands in time, it is clear from the maximum principle

of harmonic functions that u(x,s) < 10u(x,t) if 0 <s <t < T. We have
thus verified (1.2). ]
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3. A CARLESON-TYPE ESTIMATE

Our first goal is to show the &-flat result, i.e. to show that the level sets of u stay
&-close to those of Lipschitz functions with small Lipschitz constants, at least for a
small amount of time. For this we will first prove that u is “almost” increasing in
the direction of —e;, in appropriate space-time scale. From this section, suppose
u is a solution of (HS) in B,(0) x [0, T] with initial positive phase Qo N B,(0).
Below we introduce some notations.
¢ For A ¢ R", denote

A+ se, = {x +sey: x € A}

o For P € B,(0) N (R™ — Qy), denote by t(P;u), the time the free boundary
of u reaches P, i.e.,

t(P;u) =sup{t > 0:u(P,t) = 0}.

The main result of this section, Proposition 3.4, will be derived from Lemma 3.3,
whose proof will follow from Lemmas 3.1 and 3.2.

Lemma 3.1. Ifxo € B;(0) and min{u(x,T) : x € Bg(x0)} = 0, then
T
J u(xo, t)dt < C(n)s*.
0
Proof Let
Yo = inf{r :min{u(x,0) : x € By (x¢)} = 0}.
and change coordinates so that xy = 0. We construct a radially symmetric barrier

as follows: let ¢p(x) be the harmonic function in B; (0) — B1;2(0) with ¢ = 0 on
aBl(O) and ¢ =1on aBl/z(O). Let

t
a(t) = Cu(0,t) and 7%(t) = C(n) Jo a(s)ds +7¢,

where C; > 0 is a dimensional constant to be chosen later. Then
hix,t) = a(t)Ppr(t) 'x).
is a subsolution of (HS), since
V=7r'(t) <|D¢p| =Cn)a(t)r ' (t) on I}(h) = 0By)(0).
Now we compare h with u in the domain

S = (R™ = By1)2(0)) x (0, T),
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Att = 0, h < u by definition of » and Harnack inequality for u. As long as
Qi (h) € Q¢(u), h(-,t) < u(-,t) on 0By(1)/2(0) due to the Harnack inequality
for u, if C; is chosen sufficiently small. Therefore h cannot cross u from below
for the first time in Q(h). On the other hand, as long as h(-,t) < u(-,t) on
OBrt)2(0), h(-,t) < u(-,t) due to Theorem 2.7. Thus we conclude that h < u
in 2, and in particular

Br(1)(0) € Qr(h) C Qr(u).

By our hypothesis ¥ (T) < s, which means

T T
J x(t)dt = J Ciu(0,t)dt < C(n)s>.
0 0

This yields our conclusion. O

Lemma 3.2. There is a dimensional constant ¢, > 0 such that if w satisfies (1.3)
with ¢, and 0 < v < ¢ is sufficiently small that w(veyn, T) > 0, then the following
property holds:

Forty =t(rey;u),

(3.1) Qr, N By-m(0) C (Qo +27™ey)

where m = 1 is any integer such thatv < vY <2°™,0 <y < 1 is a dimensional
constant.

Proof. We prove the lemma by induction for 1 < m < mg, where my is the
largest integer such that ¥ < 27" Suppose (3.1) holds for some m € N. To
simplify notations, denote

Dy = B;-»(0),
Dj = By-m.4/5(0),
D3 = By-m.3/5(0),

D4 = By-m-1(0),
and po = 27" le,.
Let h(x,t) = ht(x) be the harmonic function in (Qy + 27°>™e,,) N D; such
that
0 onTy +2Me,,
h'(x) =
{u(x, t) onodD;.

Due to the maximum principle for harmonic functions, u(-,t) < ht in D;. In
particular, for x €Tp N Dy and 0 < 5 < 275™,
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u(x + sey, t) < hl(x + sey)

k
275m ; 2-m
<C (2—111) h (X — Wen)
< C2’4km2mj u(x,t)dx
6D1

< (2 tkm <u(p0, t) +2m Lu(x, t) dx)

where S = 0D N {Iy + sen : 0 < s < 27°M} (C and k are (non-integer) posi-
tive dimensional constants, and the second inequality follows from Lemma 2.13.
Denote the last term of the above inequality by my, i.e.,

my = C2-%m (u(po, t) +2™m Lu(x, t) dx) .

It then follows from above arguments that
(3.2) u(x+sen, t) < my

forx e ,NnDyand 0 < s < 27", Next, let w; be the harmonic function in
Qo N Dy such that

max{u(x,t),ms} on oD N Q,
wi(x) =
my; on Iy N D>.

Then u(x,t) < w(x) in Qo N D,. By Lemma 2.9 applied to w¢(x) — m; and
u(x,t), and by Lemma 2.13,

max Uu(x,t) < max we(x)
XEQoﬁaD_g XEaD3

< Cm¢ +u(po,t)).
The inequality above and (3.2) imply

(3.3) max u(x,t) < C(m; + u(po,t))
XEaDg
< C(2—4’<m+mj u(x, t)dx + u(po,t)).
S
Now for x € Iy N Dy, construct a wedge Ay, with vertex Xo:

2*1’)’!,
Ax, = X0 + {(x’,xn) cLIx'| <xn < W},
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which is contained in D3 — Qq. Let v (x, t) solve (HS) with
v(x,t) = max u(x,t) on the fixed boundary 0D3,
XEaDg
ro(v) = AXQ!
Note that by Theorem 2.7 u < v for 0 < t < to. Hence for
d(x¢) := max {S s u(xo+sen, to) >0, xo +se, € D4},
we get

(3.4) d(xo) < d(xo,to;v) =infld : xo + de, €I}, (V)}

Lo «
< C <J maXXEaDgu(xyt) dt)

0 2-m-1
<C <2 4km+2mj J u(x,t)dxdt +J u(zpo,t) dt)

where
5=aDm{ro+sen:05552-5m},

the second inequality follows from Lemma 2.13 with a constant 3 < o < 1
depending on n, and the last inequality follows from (3.3).
On the other hand, if (3.1) holds for m, then Lemma 3.1 implies

to
J u(x,t)dt < C27'"for x € S.
0

It follows that ,
J Lu(x,t)dxdt <2 bm,
0

to

We proceed to find an upper bound ofJ (u(po,t))/(27™)dt: construct a
0

wedge

-m
10
in Qg, and a ball B inside Ay,. Let w solve (HS) with

Ax4):XO+{(X,,Xn)2— <xn<—L|x’|}

{w(x, t) = cu(po,t) on the fixed boundary 0B,

To(w) = Ay,.



Local Regularization of the One-phase Hele-Shaw Flow 2777

If ¢ is a sufficiently small dimensional constant, then due to Harnack inequality
for harmonic functions and Theorem 2.7

w=<u for 0=t <ty

Due to Lemma 2.13

to B
(3.5) (JO % dt) < d(0,to;u) = inf{d : de, € Ty, (W)} =7

for a dimensional constant B > 1. Let y = 1/(12p) and let m be the largest
integer such that ¥¥ < 27™0. Then if m < my, (3.4) and (3.5) imply

d(XQ) < C(274km713m+1,1/32m)a
< C(2713m _’_2711141)1/2

< szllm/ll

Here C is a dimensional constant, and the second inequality follows from r¥ =
y1/(2B) < 2-mo < 2-m Thusif m > my = m;(n), then

Oz(Xo) < 2—5(m+1).

For m < my, (3.1) holds if we let ¢j < 2751, O

Lemma 3.3. There is a dimensional constant ¢, > 0 such that if w satisfies (1.3)
with ¢y, and 0 < v < ¢ is sufficiently small that w(veyn, T) > 0, then the following
property holds:

to ¢
(3.6) J max u(x,t)dt <C ' u(—aen,t)dt
0 xE0B,(0) 0

wherety = t(reg;u), a=vY > v,y <1 and C are dimensional constants. Further
suppose W satisfies the first condition of (1.1), and for 0 < t <t

y-mi2 o Mzen ) iz
u(—en,0)

where My is the largest integer such that v < 27™. Then

max u(x,t) < Cu(—aeyu,t)
xX€0B,(0)

for 0 <t < ty/2 and a dimensional constant C.
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Proof. Let mg be the largest integer such that ¥ < 27", where y is given as
in Lemma 3.2. ForO <t <ty =t(rey,;u) and 1 < m < my, denote

Apn = maxJu(x,0) : x € 3By m(0) 1 (T + sen : 0 <5 < 275} ],
Note that, due to (3.3),

Arm+1 < max  u(x,t)
By-m .3/5(0)

sC(ZmJ u(x,t)dx + u(pm,t))

0B,-m (0)N{[H+se,:0<s<2-5m}

<CQ™MApm + U(pm, b))

where pm = —27™7le,, and C is a dimensional constant. Then by iteration on
m we obtain that

mo
Apmy < CMO272ME AL 4 ST oM 2mi=mN g (p,, 1),

m=1
Here, by the Harnack inequality, u(pm, t) is bounded as follows:
(3.7) UPm, t) < C° " u(pmg, t)

where Cj is a constant depending on n. Hence, if mg > m for a sufficiently large
constant M depending on n and Cj, then

(3.8) Aty <27 (Apy + U (P, 1))

where py,, = —27™0"1e,. Observe that

to to Lo
(3.9) J Apqpdt < J max u(x,t)dt < CJ J ulx,t)dtdx < C
0 0B1(0) JO

0 X€By)2(0)

where the last inequality follows from Lemma 3.1.
Next let

(3.10) a=2"M"154¥,

Then by (3.8) and (3.9)

Lo to to
(3.11) J max u(x,t)dt < 2 ms J Appdt + CJ u(—aen,t)dt
0 x€3B,(0) 0 0

to
<C(Q2 ™ 4 J u(—aey, t)dt).
0
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It follows that

to

04
(3.12) 260mDIY < < C ( maxxeon,(0) WX, ) dt)

0 a

to
< C(2‘m5+m0 + 2o J u(—aen,t)dt)*
0
to
< C2(-mi+moe 4 (oMo j u(—aen, t)dt)e
0

where the second inequality follows from Lemma 2.13 with < « < 1 depending
on 1, and the third inequality follows from (3.10) and (3.11). If my > m(n) >

1,
Cz(—m5+mo)o<+1 < p(=moy=1)/y

where C > 1 is a constant given in (3.12). Thus (3.12) implies
Lo
20mo=D/y < C(2’"OJ u(—aen, t)dt)®
0

and we get

t

(3.13) 20mirmo)ea ¢ (=mo=D1y < C (M0 J ' u(—aen,,t)dt)*.

0

By (3.11) and (3.13)

to N to
J max u(x,t)dt <C (2’"0 +J u(—aen,t) dt)
0

0 x€0B,(0)

to
< CJ u(—aen,t)dt.
0
To prove the second part of the lemma, we further assume u(x,s) < 10u(x,t)
for0<s<t<T,and

1 u(—en,t) ~ 2
_ < M = 2m0/2
10 = u(—e,,0) ~

for0 <t <ty = t(rep;u). Then by Harnack inequality for harmonic functions

Omax u(—aen, t) < 10u(—aen, ty) < C™M
<t<ty

where a = 27"~ and C is a dimensional constant. Hence by Lemma 2.13

~ B
t() mo
(),
0 a
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for a constant 0 < B < 1 depending on 1, which implies
l < CMopMog—1/BNT  okmopf
to

where k is a positive dimensional constant.
Since

to
10AS,1 = At0/2,1 for s > %, and At,l dt < C,
0
it follows that
to fo

—A < A dt < C.
20 to/2,1 to)2 t,1

Hence if t < ty/2, then
1 ~
Ay = 10Ag01 = C < C2kmopf
0

for positive dimensional constants C and k. Then by (3.8)

(3.14) Aty < C27™M5 (2KM0N 1 4 (P, 1))

and, due to Harnack inequality,

U(Pmy, 1) = C27Fmoy (—%" t> > 2 -kmo

for k = k(n) > 0. Since M = 2mi/2, if moy = m for a sufficiently large m
depending on n, then (3.14) implies

At»mo = Cu(pmol t)
and hence for a = 2701

maxu(x,t) < Cu(—aey,t). -
x€0B,(0)

Now we prove the main result of this section.

Proposition 3.4. There is a constant co > O depending only on dimension and
on A > 0 such that if w satisfies the first condition of (1.1), (1.2) and (1.3), and
0 < ¥ < co is sufficiently small that w(veyn, T /2) > 0, then the following property
holds:

For small t > 0 such that u(reyu,t) =0,

(3.15) maxu(x,t) < Cu(—aen,t)
XEaBa(O)

wherea =vY¥ > 71,0 <y <1 and C are dimensional constants.
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Proof. Let mg be the smallest integer such that
A<2mii2 apd 27MolY < ¢,

Then by Lemma 3.3, (3.15)) holds for a = 270 (¥ = 27™0/¥) and small ¢ such
that
min{t(rey;u), T}

t <
2

and hence the result follows. O

4. €&-FLATNESS OF LEVEL SETS OF © IN A BALL

In this section, we show the flatness property of u satisfying the hypothesis of
Proposition 3.4, i.e., satisfying the first condition of (1.1), (1.2) and (1.3). 0 <
r < ¢o will denote a sufficiently small constant such that u(re,, T/2) > 0.

To show the e-flatness of u (Proposition 4.1), we will construct a star-shaped
barrier w for u. The proof of the proposition will need more arguments than
that of Lemma 3.2 in [4] due to the fact that the Hélder continuity of © in time
(Corollary 2.3 in [4]) does not hold here.

We begin by introducing some notations.

¢ For nonzero vectors v1, v, in R™, we define &(v1,v;) to be the (smaller)
angle between vy and v,.
¢ We say that a function f has a cone of monotonicity

W(,v)=1{peR":x(p,v) <0}

or f is monotone for the cone W(0,v) in D C R™ if f is monotone increasing
along every direction p € W(0,v) in D.
o We say that f is e-monotone for the cone W(0,v)inD C R"if f(x +ep) =
f(x) in D along every unit vector p € W (60, V).
Consider a star-shaped domain Q" such that

(i) Q" N By(0) = Qp N By(0);

(ii) Q is star-shaped with respect to every x € K’ € Q' for a sufficiently large
ball K’.

Let vy be the harmonic function in Q" — K’ with data 1 on 0K’ and 0 on 9C),
and let v be the solution of (HS) with v(x,0) = vo(x) and v(x,t) = 1 on
0K'. It follows from comparison arguments (see [4, Lemma 3.3]) that v is star-
shaped with respect to K’. In particular, v (-, t) is monotone in B; (0) for the cone
W(0-¢, —ey) for 0 < t < t(ey;v), if K’ is sufliciently large depending on .
Here ¢ is a small constant to be chosen later.

Based on v, we will construct a supersolution w*" and a subsolution wsub of
(HS) such that in B, (0), w*® < u < ws“ and the level sets of w'® and w*" are
close to each other.
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We begin by constructing a concentric ball B, of B (0) as follows: Let ko, ki
and k; be sufficiently large numbers satisfying

ko

oFl Y R

where y is a constant given as in Lemma 3.2. ( ko, ki and k; will be determined
later in the proof.) Let k = ko + k1 + k; and let € = /% (ek = r). We denote

B, = ngo (0) c B;(0) = B;.
Since ¥Y = &k, Lemma 3.2 implies
Qp, N By C (Q + e7%e,) N B,

for ty = t(ren;u). Next define

H = ([p — eo*tkie, ) n %Bz

where %Bz = Bycko3(0). Observe that

radius(By) > dist(H,Iy) > max dist(x,Ip).

XEDO NBy

If k; is sufficiently large, Lemma 2.10 implies that for any positive harmonic
functions h and g in B, N Qy, vanishing on Iy, there exists a constant ¢ > 0 such
that

(4.1) 1—53£$1+€0nH.
cg

Let h(x,t) := ht(x) be the harmonic function in B; N Qg such that

0 on Ip,
(4.2) nt =
u(x,t) on 0B, N Q.

Then
ht(x) <u(x,t) in B,.

Since h := ht and g = vy are both positive harmonic functions in B, N Qg, which
vanish on I, h and g satisfies (4.1) with ¢ = ¢, i.e., there is a constant ¢; such
that

t

(4.3) l—ssh—sl+€ on H.
CtVo
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Hence we get
(4.4) (1 -98cvg <u(x,t) for x € H.

Similarly, let h(x,t) == ht(x) be a harmonic function in By N (Qg + £%ve,,)
such that

3 0 on Iy + &koe,,
(4.5) ht =
u(x,t) on 0By N (Qg + ekoe,,).
Then
(4.6) u(x,t) < ht(x) inB,.

Since &7k « gkotki = dist(H, I}), from a similar argument as for h!, we obtain a
constant ¢¢ such that

~

ht
(4.7) l—e<— <l+¢& onH.
CtVo
Therefore we have
(4.8) ulx,t) <ht(x) < (1+¢&)évy(x) forx e H.

Let w be the star-shaped solution of (HS) with

Qo(w) = Qo(v),
w(x,t) =(1-3&)c; onoK'.

In other words,
t
w(x,t) = (1-3¢&)cv <x, (1- 3E)J Cs d5> .
0

We now state our main proposition:

Proposition 4.1. Suppose W satisfies the first condition of (1.1), (1.2) and (1.3)
with co > 0 depending only on dimension and on A > 0. Suppose 0 < v < ¢
is sufficiently small thar uw(ven, T/2) > 0, then the following property holds: there
is an integer k > 0 depending on dimension such that if 0 < S < v and € satisfies
ek = s, then the level sets of u(-,t) stay se-close to those of W in Bys(0) for 0 <t <
t(sensw). In particular w is Se-monotone for the cone W(0 — &, —ey) in Bys(0) for
0<t<t(seyu).
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Proof. Without loss of generality, we may assume s = . We will perturb w
by order of ¢ to construct w*'P and ws®.
Let w be the star-shaped solution of (HS) with

{Qo(w) =Qo(v),

w(x,t) = (1+3¢€)¢¢ on oK',

namely,

t
w(x,t) = (1+3&)cv <x, (1+ SE)J Cs d5> .
0

Since = ek < kotki, Corollary 2.3 in [4] implies
vix,t)) < (1+¢&vo(x) forx e H

where t = t(rey;v) = t(ekey;v). Thusfor 0 < s <7, x € Hand t =
t(sen;w),

(4.9) w(x,t) = (1 -38)ctv(x,t(seq;v))
< (1-2¢&)ctvp(x)
< (1-98ulx,t),

where the last inequality follows from (4.4). Similarly if x € H and t = t(sep; W)
then

(4.10) w(x,t) = (1+3e)¢tv(x,t(sen;v))
> (14 3¢&)¢tvo(x)

> (1+&)ulx,t)

where the last inequality follows from (4.8).
Based on w we construct a supersolution w as in [4, Lemma 3.2], by

bending the free boundaries of W up above It (1) in %Bz - %Bz. Define

1 2
P(x) = TR (X1yy X1, —Xn + 2|x(%)
where x = (x1,...,xn) € R™. Since ¢ is the composition of reflection about

Xn = 1 and the conformal mapping sending x to x/(|x|?),

b=p(x+ey) —en
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is also conformal. Observe that ¢ fixes 0 and will bend the free boundary of w up
above I} (1) in %Bz - %Bz. Set St to be the strip between H and I; (1) and define

WP (x, 1) = (1+)w(p~ (x),1) inR:=(S) N %Bz_

Note that wsP (-, t) is harmonic in R and
[} (W) = ¢ ([ (w))

in %Bz. By a similar argument as in [4, Lemma 3.2], w® is a supersolution in
2
ng X [0, T1.

Now we compare w** and u in

S = (%Bsz> x [0, T1,

where T = min{to, t(re,; wP)}, to = t(re,; u).
First note that, due to (4.6), (4.10) and the fact

(4.11) max |p(x) — x| =~ ek « gkotki & dise(H, Ty (u)),

we have .
u(x,t) < w(x,t)on p(H) N 2B x [0, T1.

Secondly, observe that in %Bz - %Bz andfor0<t=<T

rw) c (U @) +sen)) x [0, 1]

s<eko

due to Lemma 3.2. On the other hand,

L(w*P) = pI(w)) ¢ |J M) +sen) = |J @To(u) + seyp).

s>g2ko s>g2ko

Hence it follows that
EZko

(4.12) Qu) + 2

en C QW) in (%Bz - %B2> % [0, T]

Due to (4.10), (4.12) and Lemma 2.10, we obtain

u(x,t) <wvP(x,t) on 0 (%Bz mR) x [0, T1.
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Therefore u < w*? on the parabolic boundary of X, and Theorem 2.7 yields
that

(4.13) u<w in 3.

Similarly we construct a subsolution w** as follows. Let ¢ be the com-
position of reflection about X, = 1 and the conformal mapping sending x to

x/(Ix — 2en?), then ¢ = P(x + ey) — ey, will bend the free boundary of w
down below I} (1) in %Bz - %Bz. Let us define

w(x,t) = (1 -)w(p 1(x),t)

Then ws® (-, t) is harmonic in R := %Bz N ¢(S;), where S; is defined similarly as
in S;. From an argument parallel to the one for showing (4.13), we get

wsb <y e (%Bz N R) x [0,T'1,

where T’ = min{to, t (ren; wsP)}.
Let B3 = By (0) = Byk(0). Thenin B, if 0 <t < T"and 0 < s < 7, the
level sets {x € B3 : u(x,t) = s} are located between

[x €Bs:w™(x,t) =s} and {x €Bs:w"(x,t) = s},
which are in the e7r-neighborhood of

{x € B3:w(x,t) = s} and {x €B;:w(x,t) = s},

respectively. Since w is monotone in B;(0) for the cone W(0—¢, —ey), to con-
clude it suffices to prove that the level sets {x € B3 : w(x,t) = s} are contained
in the r&-neighborhood of the level sets {x € B3 : W (x,t) = s} of w.

Recall that w and w are star-shaped solutions with the same initial domain,
and with different fixed boundary values (1 — €)c; and (1 + €)¢;, respectively. By
(4.4) and (4.8), ¢; and ¢; satisfy

G ht(x)
(4.14) 1 sc—ts(1+25)ht(x)

for x € H. Let xg = —ekotkie, e H, then

maxyepp, U(X,T) £Bko
u(—¢ckoe,, t)

ﬁ%mﬂs(1+c )h%mu
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for C > 0 and B > 0 depending on n, since h; = ht = u(x,t) on dB,n {h; > 0},
and since B
I;(h) =T;(h) + £%ey,in By,

with €% much smaller than gtk = d(x,T; (h)) for 0 < t < T'. Therefore if
ko is sufficiently large, (4.14) implies

G maxyepp, U(X, 1)
4.1 l1<—x<1 2
(4.15) = Ct =4t Uu(—ckoey,, t)
By Proposition 3.4,
max u(x,t) < Cu(—eke,,t)
XEaBz
and thus

~

lsﬁs1+Ce
Ct

for a dimensional constant C. Now the above inequality and [4, Lemma 3.3]
yields that the level sets of w and W are contained in the C¥&-neighborhood of
each other. O

5. NON-DEGENERACY AND LIPSCHITZ CONTINUITY

Our next goal is to improve Proposition 4.1 to conclude that u(-,t) is Lipschitz
in space in B, (0) for 0 < t < t(ren;u). For this purpose we first need to show
that u is non-degenerate on I'(1) in &-scale (Proposition 5.1).

Proposition 5.1. Ler w be a solution of (HS) with 0 € T in B,(0) x R*. In
addition, suppose that t(en;u) = 1, u satisfies (1.1) with A < 1 and u(-,t) is
g-monotone for 0 < € < &y for the cone W(0, —ey), 0 > Tt /4 in the region B;(ey)
fort € [0, 1], where &y is a dimensional constant and ty = t(ey). Then there exists
a dimensional C > 0 such that

(5.1) Bija(en) N (Qt + Sen) C Qurcert

fort(en/2;u) <t <t(ey;u) and0 <s <e.

The proof is parallel to that of Proposition 4.1 in [4], but we state the proof
below to illustrate the use of (1.1).

Proof. For Py € Byj2(en) N Q¢(u), denote t; = t(Py). The goal is to show
that u(P; + sey, (1 + Ce)ty) > 0 for some C(n) > 0. Let P, = Py + %en,R =
B1,2(P2) — Bij10(P2) and ¥ = R x [0, t1]. Define the function

w(x,t) = inf u(y —gey,t)
Bsq)(x)(x

where @ defined in R satisfies the following properties:
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(@) A(@~ @) =0 in R;
(b) @ = Ay on 0By10(P2);
() @ =1/+2 in 0By 2(P).

Here Q, > 0 is a dimensional constant chosen such that Lemma 9 in [2]
applies, Ay, is chosen sufficiently large that @ (P;) > 2. Note that also [D@p| < C
where C depends on Q, and Ay,.

Now we compare w and u in X. First due to the e-monotonicity of u (in
space) we can argue as in [4] to check that w = u on the parabolic boundary of
3. Observe that, formally speaking, w satisfies

Yt . (1-0()|Dw| on T(w)NE,
|[Dw|

due to the definition of w. It follows that for some constant C = C(n) > 0
wi(x,t) =1+ Ce)w(x, (1 + Ce)t) is a supersolution of (HS) in X.

(For a rigorous proof see the proof of Proposition 4.1 in [4].)
Note that t; < 1. Thus if u satisfies (1.1) with A < 1, then w < w;(x,t)
and therefore Theorem 2.7 yields

ulx,t) <w;(x,t)in 2.

On the other hand by (c) and the definition of w, w(x,t) < u(x + sep,t) at P
for 0 < s < ¢ and thus we can conclude. O

The following corollary and its proof correspond to in [4, Corollary 4.4].
Corollary 5.2. Let u, & be as given in Proposition 5.1 and let t = t(en;u).
Then there exists C(n) > 0 such that for x € T (u) N Bijz2(en),

sup ui(y,t) = Ce.
yEBZE(X)

In terms of our original u, the following holds:

Corollary 5.3. Let Py € Iy, (u) and d(Py,P1) = v, t; = t(Pi;u) > to.
Furthermore suppose that W is v &-monotone for 0 < &€ < &y for the cone W (0, ey),
0 > 11/4 in By (Py) X [to,t1]. Then there exits a dimensional constant C > 0 such
that

sup  u(y,t) = E.

.
VEByre (Py) ti—to

fbrt = ;.
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Remark. Corollary 5.3 states that the lower bound on the normal velocity,
or [Du| on I'(u), is proportional to the distance d it has moved in e, direction
from its initial position. Furthermore this lower bound is obtained uniformly in
the space neighborhood of size d, suggesting that the regularization of the free
boundary occurs in scale of d in space and t(dey; 1) in time.

Proof. Let
u(r(x—en) + Py, (t;—to)t + to)

and apply Corollary 5.2 to . O

The following lemma is a modification of Theorem 5.1 in [4]. The proof is
parallel to that in [4].
Lemma 5.4. Suppose u solves (HS) in B3(0) x [0,to], to = t(en; u) such that

(@) u(-,t) is e-monotone for a cone W(0, —ey) in By(en) for 0 <t < ty.
(b) u satisfres

(5.2) sup u(y,t) =Ce
YEBy (x)
Jor x €Ty (u) for 0 <t <t
Ift/2 — 0 < tan"Y(Ly) for a dimensional constant Ly, > 0 and 0 < € < T00°
then there is a constant 0 < A < 1 depending only on C and n such thar u(-,t) is
Ae-monotone for W(0', —ey) in By_cus(en) for €10 < t < to with 0 = 0 — &'/14,
Corollary 5.5. Letu be as in Proposition 5.1. Then I () is Lipschitz in space

with Lipschitz constant L < L' = L + Cel/' < [, in B,(0) x [%, 11, where C is a
dimensional constant.

Proof. Due to Corollary 5.3, (5.2) holds for u in B,(0) x [%, 1] with dimen-
sional constant C. By iterating Lemma 5.4 and Proposition 5.1, it follows that
u(-,t) is monotone in the cone W(0’, —e;,) in Bg(ey) for b <t < 1, where

§=2—Ceize A4 b =c+ CeVOZE AKIO
for C = C(n,A), a dimensional constant 0 < ¢ < 1, and
(5.3) 0 =0 - e/tixy AR/

Hence if a(r, A) is chosen sufficiently small such that the corresponding € in
Proposition 4.1 is sufficiently small, the lemma holds for 3 < ¢ < 1. O

Corollary 5.6. Let u, v and k as given in Proposition 4.1. Then for 0 <

s < v, w is Lipschitz in space with Lipschitz constant L < L' + s 1 i
Bs(0) x [0, t(sensu)].
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Proof. Forany 0 < a < v and x¢ € Iy N B,(0), let

n(x,t) = %u(a(x —X0), L)L), t(r) = t(xg + aey;u).

We then apply Proposition 4.1 and Corollary 5.5 with i to derive the lemma for
1to <t < to. Since 7 is arbitrary small, we get the Lipschitz property of Iy (1) in
B,(0) for0 <t < t(aen;u). O

Corollary 5.7. Let w and v be as given in Proposition 4.1. Then for 0 <t <
t(sep;u) with0 <s <,

1/C15_7)3C1

and
52 c s?
Crit(=sey,0) = tsemsu) = Gz g

where C1 = C1(n, A).

Proof. Due to Corollary 5.6 u is Lipschitz in space in B, (0) X [0, t (re,;u)]
with ¥ = v(n, A). Hence it follows that I} (1) is Lipschitz in B, (0) for 0 < t <
t(ren; u), and which implies

max U(x,t) < Cu(-reu,t)

0By (0)
where 0 < t < T and C is a dimensional constant. Furthermore, since u(—ey, t) <
Au(—en,0), By the Harnack inequality

max u(x,t) < Ctu(—sey,0)

3B5(0)
for0 <s<7r,0<t <t(sey;u) and C; = Ci(n, A). Then the results follow
from a similar argument as in [4, Theorem 2.1 and Corollary 2.2]. O

6. REGULARITY IN SPACE

In Sections 67 we modify the iteration argument used in Sections 9-10 of [4] to
yield further regularity of T'(u).

The main idea is that the nice properties of 1 in the positive phase propagates
to the free boundary over time. In particular in [4] u; < C|Dul? in the positive
phase, due to the fact that Q; (1) was a globally Lipschitz domain with Lipschitz
constant L < L. This property, ensures that the direction of the spatial gradient
Du(—en,t), which represents the direction of propagation of the flow in unit
scale, does not change too quickly in time (see Lemma 9.1 in [4]).

In our case u; is no longer bounded since Q¢ (1) may not be Lipschitz outside
of B1(0). Hence we need a new argument to control the change of Du/|Dul over
time.
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Lemma 6.1. Let u solve (HS) in B1(0) X (=1,1) with (1.1), 0 € Ty(u) and
t(en;u) = 1. Suppose
(@) u(-,t) is monotone for the cone W(en, 0y) in B1(0), with 0y > 1m/2 —
tan~ ' (Ly,).
(b) u(-,t) is monotone for the cone W(vy, 0p) in By-r:1(0) X (0,2454;) with
Sp=T1/2-0p> 472
Then for any integer £ > Lo where Ly depending only on 0y aand n, there exist
a unit vector Vp,1 € R" and 0 < ho(n) < 1 and 0 < vo(n) < 1 such that
u(-,t) is monotone increasing in Bzﬂ{hs(—27€71€n) X (0,1’0245{2) for the cone
ne€wWe,0p1) with
5{14_1 =< hoé().

Proof.
1. Let u and w be given as in Proposition 4.1. Then the following is true due
to Proposition 4.1:

6.1) lu—-wlx,t) <C2%w(-2"Yey,t) inByr1(0) x[0,t(2 epn;u)]

where C > 0 and 0 < & < 1 only depend on n.

Due to the hypothesis and (6.1), w2 (-, t) is 2(=e=Dl_monotone for the cone
W (en, 0¢) in By ¢:1(0) X [0, t(2en; w)], and thus due to Corollary 5.2 in [4],
w(-,t) is monotone for the cone W (v, 1, 0) with

0, = 0, — C27/M
where C only depends on 6y, 1 . Let 67 = /2 — 0),. Observe that, due to (1.1),
t(reg;u) >rt(ey;u) = g
In particular,
t2 e w) = (1 -2t 2 leysu) = 27071,

Note that due to Lemma 9.1 in [4] applied to w, there exist a unit vector
v €R", 0<71(n) <land 0 < hy =ho(n) < 1 such that

(6.2) o(Dwy,vy) < hod), in Byrs(~27ey) x [0,7127¢5].
Since 6p > £72, hod) < floég for sufficiently large €, where

T

0< hy= > + > <1.
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2. Take a unit vector p € R" such that
TT ~
x(p,vp) < 5 (2= ho)dy.

Due to (6.2), for 0 < € < 1 and 0 < t < 127¢8y, there exists ¢y > 0
depending on 1 such that

w(=2%,,t)

6.3) w(+27lep,t) = co27le(1 — ho)y =

w(-,t)
in B2—1'73(—2_£en) forO<t < 1’12_'5541. Now by (6.1),

u-+2p,t) = 1 -2 Hw(-+27lep, t)
> (co(1 = ho)edy — C2~ N w (=2, t) + w(-,t)
> (1-2"%)(cohoedy — 2C27 Y u(=2"Ye,, t) + u(-,t),

in Bz_e_a(—Z’een) for0 <t < T12’€54;, where the second inequality is due
to (6.3). In other words u(-,t) is 2-¢c-monotone in the fiirection of p in
Bz_zz_3(—2"€en) if ¢ is sufficiently large with respect to 1 — hy, « and € such
that

co(1 = hg)edy > co(1 — ho)el 2 > C27,

Thus if we choose € = €(6p,n) > 0 small enough, then Lemma 1 in [3]
implies that

p-Du(x,t) =0 inByis(—2"tey) x[0,1127¢5,],

for £ > €y (09, n), which proves our assertion. O

Below we state a modified version of Lemma 9.3 in [4]. The proof is par-
allel to that in [4]. Combined with Lemma 6.1, the following lemma says that,
for (xo,t9) € T'(u), Du/|Du| converges as we take smaller neighborhoods of
(x0, to). The rate of this convergence, in comparison with the size of the neigh-
borhood, determines the regularity of I'(1) in space.

Lemma 6.2. Let u solve (HS) in B1(0) X [-7,T], 0 < T < 1 with
(0,0) eT(u),t(ep;u) =1 and |Du| > mg on I'(u).
In addition, suppose there exists a unit vector v.e R™ and 0 < by < 1 such thar

x(Du,—ey) <6 in B1(0) X (—1,7T).
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with & smaller than a dimensional constant, and
x(Du(x,t),v) < byd in Byji6(—eyn) X (—7,T).

Then there exists a unit vector vi € R™ and a constant 0 < ¢ < 1 depending only on
n, mo and by such that

«(Du(x,t),v1) <81 in Bi2(0) x (—% g) ,

where 51 < 6 — cOT.

Now we go back to our original solution u. Let us fix Py € Iy N B, (0)
So € [t(Po+Sen), t(Po+2sen)], 0 <s<r and x¢ € I (1) N Bss(Py).

Change the coordinate and re-scale as follows:
(6.49) u(x,t) = %uz(sxﬂco, xXt+50), & = t(sey;u).

Next, we construct a blow-up family {u,} of u which satisfy the hypothesis
of Lemma 6.1 as follows:

wpir (x, ) =40t (270x, agt),

where &g = 1 and for £ = 1

oy = t2 len:1n).

Note that up (¢ = 1,2...) is a viscosity solution of (HS) in B;(0) x (-1, 1)
with the property t(en;upy ) = 1. Also recall that I'(u) is Lipschitz with Lips-
chitz constant L < L, and by Corollary 5.3

IDug(x,t)| =mo  for (x,t) € (B1(0) N Q¢(up)) x (—3,1).

with mg = mo(n).

Now we apply an iteration argument, starting with sufficiently large € if
necessary.  Suppose that uy(-,t) is monotone for the cone W(vy,6y) in
B>(0) x (—6y,6¢) where

5y=%—9y>€_2.

Then u satisfies the hypothesis of Lemma 6.1, and thus there exists a unit vec-
tor v and 0 < 79(n),ho(n) < 1 such that uy,(-,t) is monotone increasing
in B1/16(—en) X (—21’0(5y,27’05,g) for the cone W(99+1,V) with (5y+1 < ”l()(Sg.
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Now Lemma 6.2 applies to uy,; to yield the enlarged cone of monotonicity
W(vpi1,0p41) with

(6.5) % —0p41 = 8p41 = 8¢ —C1ody, ¢ =c(n)

for ug,; in B1j2(0) X [-790y,700¢]. Now we can repeat the process with ¢,
where k = k(n) such that 2% < 7.

From (6.5) we obtain
e
VAN # ’
which yields the differentiability of T'(1) in space at (0,0):

Theorem 6.3. Letw and v be as given in Proposition 4.1, and let T = t(ven; u).
Then T(u) is Cl in space in By (0) X [T, T]1. In particular, there exist constants
Lo, Co > 0 depending only on n such (xo,to) € I'(u),

I; (1) N Byo(xg) for |t —to] <277

is a Lipschitz graph with respect to direction (Du/|Dul) (=2lep, to), with Lipschitz
constant less then Co | € if € = {.

7. UPPER BOUND OF THE SPATIAL GRADIENT ON THE FREE BOUNDARY

To derive an upper bound of |Du|, we need stronger regularity than C Lof T(u)
in space. For this we need a refined version of Lemma 6.1 as below:

Lemma 7.1. Suppose u is as given in Lemma 6.1 with €72 < 59 < 0. Then
for € € N, £ > Ly where Ly depending only on n and 0y, there exist a unit vector
Voi1 € R" and 0 < vo, ho, k < 1 such that w(- ,t) is monotone increasing in

274 ~
Bz—{’—S/ﬁ <_ﬁ en) X (0,1’02 gﬂkég)
along every direction n € W (01, V1) with
5{;“ =< hoég.

Here vy = v9(00,n) and k, ho only depend on 0y and n.

Proof Proceeding as in the proof of Lemma 6.1, one can construct a star-

shaped solution w of (HS) with s = 2-\/0. Moreover. arguing as before, w (-, t)
is monotone for the cone W(ey, 0)) in

Bz—l’+1 (O) X [O, t(ziﬁen; w)]!
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where 0}, = 0y — (x/14)¥, C = C(n). Observe that 5, = Sp+C2- (1l < pp-t
for sufficiently small ¢, and by Proposition 10.5 in [4] applied to w

we(x,t) = [Dw 2 (=2 VE) ten, t) (1 + 0O))
in the region

{ 1
By (et H(=20VE) Ten) x [0,t(2 e w)]

where 0 < k < 1 and C > 0 depends only on n.
Due to Lemma 9.1 in [4] applied to w, there exists a unit vector vy € R™ and
0 < hy < 1 such that

a(Dw,vy) < hoSp in By g ey (~ IO Ten) x [0,7027 155 ].

A parallel argument as in the proof of Lemma 6.1 yields the conclusion. O

We can now apply an iteration argument as in section 6 to the family of
functions

al*l(x,t) = 4%)3@( 77 ,Bgt)

where 1 is defined in (6.4) and

Be=t (2\/;)37514)

Namely, {i%} is defined similarly as {u'} in Section 6, but replacing the scaling
factor 2¢ by 2 /. Then the corresponding & obtained for iy satisfies

Sp1 = 8¢ — 83L%,
and we obtain 8y ~ £7Y, where 1 < y < 2. Thus the following theorem is

obtained for 1:

Theorem 7.2. There exist constants £y > 0 and 1 <'y < 2 depending only on
N such that for a free boundary point (xo,to) € T'(t) N (B1(0) x [0, 1]), if € > £
then T (W) N By-e(x0, to) is a Lipschitz graph with Lipschitz constant less then £77 .

Then by Theorem 2.4 in [17] we obtain the upper bound of [D1t|:

Corollary 7.3. The spatial gradient DU (- ,t) exists in Q¢ (1) N B1(0) for 0 <
t <1 and
IDu(-,t)] <C inQi(u) nB1(0) forO <t <1,

where C is a dimensional constant.
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In terms of our original function u, we obtain the following statement:
Corollary 7.4. Let w, v and T as given in Theorem 6.3. Then for any Py €
Ih N B, (0), 0 <ty =t(Py+ sey) < T we have

Ch < [Du(-,t)|
"7 IDu(Py — sen, t)

. L
| <C, inQ¢(u) NBs(Py + sey) for 50 <t<t.

Here Cy and Cy are dimensional constants.

8. REGULARITY IN TIME

It remains to address the regularity of T'(1) in time. Here we will use the fact that,
due to the second condition in (1.1), eAfu is increasing in time, and therefore
one-sided limits u(x,t~) and u(x, t*) exists for all (x,t).

Proposition 8.1. Letu, v and T be as in Theorem 6.3. ThenT(u) is Lipschitz
continuous in time in By (0) X (0, T). More precisely, if (xo, to) € T'(w), then

_ . U _
V = lim ,S) = |Dul|(x,t
(X0,80) " (), §) Q) (x0uto) 5 <to IDul(y ) = 1Dullxty)
and
Vi o = lim L (y,5) = IDul(x, ).
YO Ty 5)eQu) — (xo,t0) 5>t | DU

Remark. Note that u may have jump discontinuities in time, and thus one
cannot ensure that free boundary velocity is continuous in time.

Proof.
1. For £ =1,2,... let us define

ul(x,t) = 2u(xo+2"x, to+27%t) in By (0) x [-2¢,2].

Without loss of generality we may assume that e, = (Du/|Dul)(xo, to).
Theorem 6.3 yields that

(8.1) a(Dulex) =0 asl — oo ifk +mn,

locally uniformly in R™.
Moreover, due to Theorem 7.2 and Theorem 2.4 in [17],

(8.2) (Du(- 1) — Du(xg — 2 ™e,, )] < in Q; (1) N By-m ()

€
m
for [t — to] < 27™.

2. Let us we define, for a given domain X € R"**1,

ds(x,t) = signed distance function to X.
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Formally speaking,
Ut

[Dul
in a small neighborhood of (xo, to). In particular dg ¢ is uniformly Lipschitz
in time with respect to €. Due to a barrier argument based on Corollary 7.3, one
can show that T'(u?) has bounded normal velocity. Therefore if we define

= |Du| onT(u)

u®(x,t) = lim sup ue(y,s)
l—c0,(y,5)—(x,t)
and
U (X, 1) = lim inf ue(y,s),
{—00,(y,5)—(x,t)

Then due to Arzela-Ascoli, dou~) and dou.,) are given by a local uniform limit
of respective subsequences of {dq )} pen-

3. Due to (8.1) and (8.2),
u®(x,t) =ai(t)(@x(t) —xn)+, and U(x,t) =Dbi(t)(b2(t) — xXn)+.

where a;(t), bi(t), i = 1,2 are functions of time. Moreover a,(t) and b, (t) are
increasing, a,(0) = b,(0) = 0 and Lipschitz continuous in time. Also observe

that, due to (1.1) (1 + 2 ¢ At)u? increases in time, and thus u® and U« increases
in time, and in particular a; (t) and b; (t) has one-sided limits.

4. We prove that a;(0—) = b;(0—). Suppose
la;(0-=) —b1(0-)] >8> 0.

By definition of a;(t), by (t), one can choose sufficiently large €1,¢> and xy, vy
so that

1)
(8.3) |a1(0-) = Dul(xp,s}) |, [b1(0-) = Dul(yy,s3)| < 7
with xy, vy € B;(0) and Sé — 0~ as £ — 0. On the other hand, due to (1.1),
u(—2""ey,,07) exists for any m, and thus if |S(1;—S(%| and |S2,|, |S{2,| are sufficiently
small depending on m with SLI,, SL% < 0, then
[u(=2"Mep,sp) —u(=2""epn,sp)| 8

(84) —m < Z

Now due to (8.1) and (8.2), if £ and m is chosen sufficiently large,

(8.5) IDu(-2""ey,s}) — Dul(xy, s < g
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and

-m 2 L 2 g
(8.6) |IDu(=2""en,s;) — Du*(y1,sp)| < 7

Putting (8.3)-(8.6) together, one obtains |a;(0—) — b;(0—)| < &, a contra-
diction.

5. Parallel argument holds for other cases to obtain

a1(0—) = b1 (0-) = |[Dul(xo, to—)
and
a1(0+) = b1 (0+) = [Dul(xo, to+).

Now it is straightforward from barrier arguments, using the fact that {ul} are
viscosity solutions of (HS) , to prove that

a5 (0—) = b5(0-) = [Dul(xo, to—)
and
a5 (0+) = b5(0+) = |[Dul(xo, to+), O

9. GLOBAL SOLUTIONS WITH INITIALLY LIPSCHITZ FREE BOUNDARIES

As an application of Theorem 1.2, we will show existence, uniqueness and regu-
larity and properties of global solutions of (HS) . Let

(9.1) Qo ={xn<gx'), x =(x",xn)}

where g is Lipschitz continuous with Lipschitz constant L < Ly, and g(0) = 0.
Then there is a unique harmonic function ug in Qg such that ug(—e,) = 1 and
ug = 0 on Ip.

Definition 9.1. A lower semi-continuous function u(x,t) in R™ x [0, ©) is
a global viscosity solution of (HS) with initial data uo if
(a) u(x,t) is a viscosity solution of (HS) in Bg(0) x (0, ) for any R > 0,
(b) u increases in time, and
(c) u locally uniformly converges to ug as t — 0.

Let u be a global viscosity solution with initial data u¢. To address uniqueness
and regularity properties of u, we normalize the solution by assuming that

(9.2) lim u(—Ren,t) _

A T Ren) 1 foreacht >=0.
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Lemma 9.2. Suppose u is a global solution of (HS) with (9.1). Then for any
&> 0and T > 0 there exists Ry > 0 such that if R > Ry

(9.3) d(x,To(u) N Br(0)) < eR foranyx €;(u), 0 <t <T.
Proof. Denote the following property by (P); r:
(P)¢r u < &R?>  ondBg(0) x [0, ]

where € > 0 is a sufficiently small dimensional constant. Note that by (9.2) and
the Harnack inequality, there exists Ry = Ro(t) > 0 such that

(9.4) u(x—Rey, t) <2u(x—Rey,, 0) < CeR* X

for x € Ihn BR(O) and R > Ry.

Now suppose that (9.3) is violated at t = t;. This means that for any € >
0 there are sequences Ry — oo with which (P)¢, g, fails. (Otherwise a barrier
argument using radially symmetric barriers will yield (9.3).) In other words, at
every Ry = 2KR (to) there exists xx € Bg, (0) such that u(xy, ty) > ER%. Since u
increases in time, we have

u(xy, t) = €R}  for t > ty.

Again from a barrier argument it follows that at t; = ty + 3/¢, the pos-
itive phase Q (1) contains Bsg, (xx) for any k. But then Bsg, (xk) contains
X = —Ryep. This and the Harnack inequality contradicts (9.4) if Rk is chosen
sufficiently large so that Ry > Ro(t;) and € > R, *. O

We now state our main theorem:

Theorem 9.3. There exists a unique global solution w of (HS) with initial data
Wo which satisfies (9.1). Moreover the following properties hold for w :

(@) Foranyt > 0, It (W) is a Lipschitz graph with respect to the direction ey, with
Lipschitz constant L in R™.

(b) T(u) N {t > 0} is smooth in space and time.

(c) Forany x € To(u) such that x + dey € I (u),

-1 _ |Du(x +den, )| _ c

9.5) € = Dutx—den.t)] -

for a dimensional constant C > 0.

In addition, if g(—-x') = g(x'), then u(x',xn,t) = u(=x",xn,t) and the
Lipschitz constant of the graph Tty (W) in any bounded neighborhood in space de-
creases in time. In particular, the Lipschitz constant of Ty (W) at time t(den;u) in
{x :|xn| < 27¢d} is less than min[L, C/(£Y)] with1 <y < 2.
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Before proving Theorem 9.3 we first apply the theorem to show that the local
solution u given in Theorem 1.2 has a unique blow-up profile at t = 0 if the
subsequence is chosen such that the blow-up limit of the initial data is locally
uniform. Let us define

Kk

uk(x,t):zaku<%,,8kt), ak=u<—e—",0)1, Bk:ﬁ'

k

where u is as given in Theorem 1.2. Note that by definition of viscosity solutions
forany x € R"

(9.6) lu(x,t) —u(x,0)| =0 ast— 0.

Also observe that, since Ly, is chosen such that u has less than quadratic decay
near the free boundary,

-1
3k=(k2u(—%,0>) -0 ask-—0.

Therefore, for any t > 0 and sufficiently small d

-0 ask — oo,

9.7) ’uk(_dken;t) 1' _ lu(=den, fit) — u(=en, 0)|

ur(—dkey,0) u(—dey,0)

Now the second equation in Corollary 5.7 applied to u yields that I} (ug) is at
most t¥ away from Io(ug) in Bi(0), where 0 < y < 1. Since I} (u) is Lipschitz
continuous in space, it follows from (9.7) with Lemma 2.13 that

_ __ Y
ur(—Ren,0)  ux(—dkey,0) =R T

'uk(—Ren,t) ug(—dkey,t) ty

if R < dk.

Hence for any € > 0 there exists R > 0 such that
9.8 lim — - —1| <&
08 ol lu(-Rep, 0)

Due to Theorem 1.2 (a), (c) and Corollary 5.7 it follows that {uy} is locally
uniformly Hélder continuous in space and I'(ug) is locally uniformly Lipschitz
continuous in space and Holder continuous in time. Hence by Ascoli-Arzela,
along a subsequence u(-,t) and do(u,) locally uniformly converge to u®(-,t)
and dq=. It follows that

(u®)*(x,t) = limsup u®(y,s)
0<s—t, y—x
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and
(U®) 4 (x,t) = liminf u®(y,s).
0<s—t, y—x
It follows from the stability properties of viscosity solutions that (1) is a global
solution of (HS) . (9.1) follows from (9.8) and the local uniforml convergence of
Ui to u®. Lastly u*™ increases in time due to the second condition of (1.1). Due
to Theorem 9.3 we have the following:

Theorem 9.4. u® is the unique global viscosity solution of (HS) with initial
positive phase
QfF = {u(-,0) >0}

satisfying (9.1).

Note that QF is a subsequential limit of {ug(-,0) > 0}, i.e., a subsequential
limit of the blow-up profile of Qg at the origin.

Proof of Theorem 9.3.

1. Let Qg be as given in (9.1). First to show the existence, we consider a se-
quence uy of star-shaped and Lipschitz initial positive phase QN which coincides
with Qg in BN2(0), and with fixed boundary data my on Ky = B;(—Ney) such
that un(—en,0) = 1. Then due to the main theorem in [4], {un}n is locally
uniformly Holder continuous in space and time, and thus converges locally uni-
formly to u along a subsequence. It then follows from the construction and the
uniform Hélder continuity of {un} in time that u satisfies (9.1) and (9.2). In
addition u is increasing in time and thus a global viscosity solution of (HS) .

2. Next we show the regularity of u. For given R > 0, let us define the
re-scaled function

ur(x,t) = C(R)R"u(Rx,C(R)t),

where C(R) = R/(u(—Ren,0)). Due to (9.2) it follows that, for any given T > 0
there exists Rg such that

T .
(99) MR(—en,t) S [1,2]f0r0£t§ m,lfR>R0.

Since u is increasing in time, so is UR.
Moreover due to (9.3), for given T > 0 there exists Ry > 0 such thatif R > Ry

(9.10) Qr/cr)(UR) N B1(0) C Qo + coen,
where ¢y is as given in Theorem 1.2.

Recall that Iy (ug) is Lipschitz continuous in R", with small Lipschitz con-
stant L < Ly. Due to (9.9) and (9.10), Theorem 1.2 and Corollary 5.6 apply
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to ug to yield that I; (ug) is smooth, (9.5) holds, and is a Lipschitz graph with
Lipschitz constant L + ¥* in B, (0) for

Ostsmin( t(ren;uR)>

T
C(R)’
for any ¥ < 7(26n), where 0 < « < 1 depends on n.

In terms of u, this means that It (1) is a Lipschitz graph with Lipschitz con-
stant L + 7% in B,r(0) for 0 < ¢t < min(T,t(*Re;u)).
Note that, due to Corollary 5.7 and the fact that L < Ly,

, (rR)* >
t(rRey;u) > CCu(—rRen,O) > c(rR)

where ¢ is a dimensional constant. Hence if we choose
¥y =R VI+2Dand R = T,

then it follows that I} () is a Lipschitz graph with Lipschitz constant L + R~%/2
in Bra« (0). Since R can be chosen arbitrarily large, we conclude.

3. Now we show the uniqueness of u. Suppose u and v are two global solu-
tions satisfying (9.2)-(9.3). For given R and x € R™, let Yg(x) = @ lopo@(x),
where @ (x) = (¢/R)x and ¢ = Y (x + e,) — ey, where

1
W) = g (e Xnon, =X +2|x1?),
where x = (x1,...,x,) € R™. Since ¢ is the composition of reflection about

Xn = 1 and the conformal mapping sending x to x/|x|?, ¥g is conformal. (Yg
fixes 0 and will bend T'(u) in the direction of e, by éR on 0Bg(0)). We compare
% and v in Br(0) x [0, T'], where

(x,t) = (1 +22)u((¥Yr) 1 (x), (1 +3&'/?)t)

Since 1 — € < [DYg| < 1 + € in Bg(0), @ is a supersolution of (HS) in Bz (0).
Due to (9.3),

Q) c Q(u) in (Be12g(0) — Br(0)) x [0, T]

if R is chosen sufliciently large with respect to € and T. Moreover for sufficiently
large R, (9.2) and the construction of i yield that

V(=Rep, t) < (1 — €?)ii(—Rey, t).
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Recall that both I'(v) and I'(u) are Lipschitz in space, due to our previous
argument. Therefore Lemma 2.10 yields that v < # in 0Br(0) as long as Q(v) C
Q(u) in B (0).

Now Theorem 2.7 yields

v <1 in Bg(0) x [0, T].

Since € can be chosen arbitrarily small and R — o as € — 0, we conclude that
v < u. Similarly u < v.

4. Finally the last statement of our theorem follows from the uniqueness of
global solutions, Theorem 7.2 and the fact that Du is always parallel to e, on the
line {|x’| = 0}. O
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