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REGULARITY FOR THE ONE-PHASE HELE-SHAW PROBLEM
FROM A LIPSCHITZ INITIAL SURFACE

By Sunsi CHol, Davip JEriSON and INwoN Kim

Abstract. In this paper we show that if the Lipschitz constant of the initial free boundary is small,
then for small positive time the solution is smooth and satisfies the Hele-Shaw equation in the
classical sense. A key ingredient in the proof which is of independent interest is an estimate up to
order of magnitude of the speed of the free boundary in terms of initial data.

0. Introduction. Consider a compact set K C R" with smooth boundary
OK. Suppose that a bounded domain Q contains K and let Qy = Q — K and
I'y = 0Q (Figure 1). Note that 0Qy = T'g U OK.

Let up be the harmonic function in ¢ with ug =f > 0 on K and zero on I'y.
Let u(x, t) solve the one phase Hele-Shaw problem:

—Au=0 in {u >0} NQ,
(HS) u— |Vul>=0 on d{u>0}nQ,
u(x,0) = up(x); u(x,t) =f for x € OK.

where Q = (R" — K) x (0, 00). We refer to I',(u) := 0{u(-,t) > 0} — 0K as the free
boundary of u at time 7 and to Q,(u) := {u(-,1) > 0} as the positive phase. Note
that if u is smooth up to the free boundary, then the free boundary moves with
normal velocity V = u,/|Vul, and hence the second equation in (HS) implies that
V = |Vu|. The classical Hele-Shaw problem models an incompressible viscous
fluid which occupies part of the space between two parallel, nearby plates. The
short-time existence of classical solutions when I'y is C*** was proved by Escher
and Simonett [ES]. When n = 2, Elliot and Janovsky [EJ] showed the existence
and uniqueness of weak solutions formulated by a parabolic variational inequality
in H'(Q). For our investigation we use the notion of viscosity solutions introduced
in [K1]. (See also Section 2.)

In this paper we investigate general Lipschitz domain Qj in R” with Lipschitz
constant M less than a dimensional constant a,. (In particular, a, = 1.) Our main
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uo=0

Figure 1.

result is that, for small time, u is a classical solution of (HS) and the free boundary
is smooth in space and time (Corollary 10.8 and 10.9). Suppose 0 € Iy and define,
for P € B;(0) N (R" — Q),

#(P) = sup{t > 0: u(P,1) =0}.

In other words #(P) is the time the free boundary reaches P. Define ¢ = 6(P) =
dist(P, Q). Choose any point z = z(P) in Q such that |P—z| = 26 and dist(z, 0Q) >
6/2. When n = 2 and T is a sector with (positive phase) angle between 7/2 and
27, Jerison and Kim [JeKi] proved that

(0.1) t(P) ~ 8(P)* ug(z(P)).

(Here a ~ b means that a/b is bounded above and below by positive constants.)
This result also easily extends to the case of radially symmetric cones in higher
dimensions.The cone must have a sufficiently wide opening that the initial har-
monic function ug tends to zero more slowly than 72 at the vertex, see the remark
below (In dimension 2, this is the significance of the restriction to angles larger
than the right angle.) In particular (0.1) implies that the average normal velocity
of the free boundary moving from P + z(P)/2 to P between t = 0 and ¢ = #(P) is
comparable to

0.2) uo(z(P))/6(P) == [Vuo(z(P))|.

A key step in the proof, which is of independent interest, is the extension
of (0.1) to Lipschitz initial domains, which yields an estimate up to order of
magnitude of the speed of the free boundary in terms of initial condition. We
show that (0.1) holds at the infinitesimal level, that is, the normal velocity
of the I', at P at + = #(P) is comparable to the average velocity |Vu(z(P))|
(Corollary 10.9).

Here is an outline of the paper: In Section 1 some preliminary results are
stated along with the definition and properties of viscosity solutions. A key tool
is the comparison principle for viscosity solutions (Theorem 1.8). In Section 2 we
prove a Carleson-type estimate, which yields (0.1) for Lipschitz initial domains.



REGULARITY FOR THE ONE-PHASE HELE-SHAW PROBLEM 529

We first prove the estimate for star-shaped initial domains, and compare our
solution with the ones on star-shaped initial domains to obtain the general case.
In fact, for star-shaped, Lipschitz, initial domains we prove that the positive phase
remains star-shaped and Lipschitz in space for all time. This allows us to carry
out all the estimates of subsequent sections of the paper in the special case of
star-shaped initial domains.

In Sections 3-5 we prove that the positive phase remains a Lipschitz domain
in space for small time if the Lipschitz constant is sufficiently small. Following
[C1] we show that u is monotone in a cones of spatial directions which implies
that all its level sets are Lipschitz graphs. The main idea is to prove first that
at each time the level surfaces of u are within € of Lipschitz graphs (known as
e-monotonicity of u#) This is accomplished by comparison with solutions with
star-shaped initial domains. We then follow the argument in [C1] for improving
the e-monotonicity to fully monotonicity of u. For this argument it is essential to
have the nondegeneracy of u on the free boundary at a scale corresponding to the
e above (see Section 4). In Section 6 we show that for n = 2 a relatively simple
reflection argument can be used to derive the monotonicity of « in space for small
time. When n = 2 we only require the Lipschitz constant to be smaller than one. In
Section 7, a lower bound of the speed on the free boundary is proven for positive
small times. The rest of the paper is concerned with proving the upper bound on
the speed of the free boundary. The nonuniformity of this bound makes this step
challenging. Due to the free boundary motion law V = |Vu|, upper bounds on
u; and |Vu| are closely related. In Section 8 we prove that u, < C|Vu|?, which
yields an upper bound for the time derivative in the positive phase, away from
the free boundary. In Sections 9 and 10 we apply an iteration process introduced
by Caffarelli ([ACS], [C1]) to show that this interior upper bound propagates to
the free boundary after a time delay. Moreover it is shown that the free boundary
becomes smooth for positive small times and the solution satisfies (HS) in the
classical sense.

Remark. The restriction on the Lischitz constant of Qg, M < a,, is necessary
first due to the fact that an waiting time may occur for the free boundary to move
if Ty has a sharp corner. This is precisely what we exclude in two dimensions
with the condition M < a; = 1 (see [KLV]). However for n > 2 our upper bound
on the Lipschitz constant is much smaller than what is needed to prevent the
waiting time phenomena, due to technical reasons. We expect our results to hold
for any Lipschitz initial domain without waiting time phenomena.

1. Preliminary results. For a nonnegative real valued function u(x,¢) de-
fined in a cylindrical domain D X (a, b), denote

Qu) = {(x,0): ulx,t) >0}, Qu)={x: u(x,r) > 0},
T(u) = 0{(x,0): u(x,t) =0}, Ti(u)=0{x: u(x,t)=0}.
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Let us recall the notion of viscosity solutions of (HS) defined in [K1]. Roughly
speaking, viscosity sub and supersolutions are defined by comparison with local
(smooth) super and subsolutions. In particular classical solutions of (HS) are also
viscosity sub and supersolutions of (HS). Let O = (R" — K) x (0, 00) and let
be a cylindrical domain D X (a,b) C R" x R, where D is an open subset of R”".

Definition 1.1. A nonnegative upper semicontinuous function u defined in
is a viscosity subsolution of (HS) if:
(a) for each a < T < b the set Q(u) N {t < T} is bounded; and
(b) for every ¢ € C?>!(Z) such that u — ¢ has a local maximum in Q(u) N {r <
l‘()} N X at (xg, fp),
(1) —Ap(xo, tp) < 0 if u(xg, ro) > 0.
(ii) (d)t — ’V(Mz)()m, l‘o) < 0if (X(), l‘o) S F(M) and —A¢(XO, to) > 0.

Note that because u is only upper semicontinuous there may be points of
T'(u) at which u is positive.

Definition 1.2. A nonnegative lower semicontinuous function v defined in
is a viscosity supersolution of (HS) if for every ¢ € C>!(X) such that v — ¢ has
a local minimum in £ N {r < #y} at (xo, o),

(i) —A¢(xo,10) > 0 if v(xo,20) > 0,

(ii) If (z0,20) € T'(v), |V |(x0,10) # 0 and —Ap(xo,tp) < 0, then

(¢ — | VB|)x0, 20) > 0.

Definition 1.3. u is a viscosity subsolution of (HS) with initial data ug and
fixed boundary data f > 0 if:

(a) u is a viscosity subsolution in Q,

(b) u is upper semicontinuous in Q, u=uy at t =0 and u < f on OK.

(c) Qu) N {r =0} = Q(up).

Definition 1.4. u is a viscosity supersolution of (HS) with initial data uy and
fixed boundary data f if v is a viscosity supersolution in @, lower semicontinuous
in Q with v =1y at t=0 and v > f on K.

For a nonnegative real valued function u(x, f) defined in a cylindrical domain
D x (a,b),

u*(x,1) = lim sup u(€, s).
(&,9)ED X (a,b)—(x,1)

Note that the lim sup permits times in the future of ¢, s > .

Definition 1.5. u is a viscosity solution of (HS) (with boundary data uy and
f) if u is a viscosity supersolution and u* is a viscosity subsolution of (HS) (with
boundary data ug and f.)
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Definition 1.6. We say that a pair of functions ug,wy: D — [0,00) are
(strictly) separated (denoted by ug < 1p) in D C R”" if:

(i) the support of ug, supp(ug) = {ug > 0} restricted in D is compact and

(i) in supp(ug) N D the functions are strictly ordered:

up(x) < 2p(x).

Definition 1.7. Q is a Lipschitz domain with Lipschitz constant M if there
are constants 0 < 7,R < oo such that the diameter of Q is less than R and for
any xo € 0Q we have, after rotation and translation,

QN B;(xp) = {(x,x,) € R x R: x, > f(x")} N Br(xp).

where f is Lipschitz with Lipschitz constant less than M.

The following properties of viscosity solutions are frequently used in our
paper.

THEOREM 1.8. (Comparison principle, [K2]) Let u, v be respectively viscosity
sub- and supersolutions in D x (0,T) C Q with initial data ug < vy in D. If u < v
on OD and u < v on OD N Qu) for 0 < t < T, then u(-,t) < v(-,t) in D for
te[0,7).

For x € R", B,(x) :={y € R": |y — x| < r}. For simplicity we will consider
the case f = 1 and K = B,(0) for some r > 0.

THEOREM 1.9. (a) For Qg with small Lipschitz constant M, there is a unique
viscosity solution u in Q with boundary data 1 and initial data uy.
(b) u is harmonic in Q(u). Indeed u(x, t) = h,(x), where

h(x) =inf{v € Pwithv=10n 0K and v > 0 on T}.

where P is the set of superharmonic functions in L), which are lowersemicontinuous
in Q.

Proof. Part (a) follows from Theorem 1.8, the proof of Theorem 3.3 of [K1]
and Lemma 3.6 of [JeKi].

Now to prove (b), let h(x, 1) = h;(x) be defined as above for + > 0. Then it
follows that A(-, ) is harmonic in Q,(u) (see Chapter 1.3 of [T] for example.)
Since u is superharmonic in Q(u) by definition, From definition of /4 it follows
that A(x,7) < u(x,f). On the other hand by Theorem 1.8 u*(x,t — €) < u(x,1)
for t > €, and thus u*(x,t — €) = 0 on I'y(u). Thus again by definition of & we
obtain u*(x,t — €) < h(x,t) for any small € > 0. Now it follows from the lower
semicontinuity of u that

ulx, 1) < lirr(l) u (x,t —e) < h(x,t) fort >0,
€e—

which leads to 42 =u for t > 0. O
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Next we state several properties of harmonic functions.

LemmA 1.10. (Dahlberg, [D]) Let uy,u> be two nonnegative harmonic func-
tions in a domain D of R" of the form

D={.,x) e R xR: || <2,

Xn| < 2M,x, > f(x')}

with f a Lipschitz function with constant less than M and f(0) = 0. Assume further
that uy = up = 0 along the graph of f. Then for

Dypy ={I¥] < L|xa| < M,x, > f(X)}

We have

, _
0< Cl S M](.X ,xn) . MZ(O,A_l) S C2
ur(x', x,)  u1(0, M)

with C1, Cy depending only on M.

LeEmMA 1.11. (Caffarelli, [C1]) Let u be as in Lemma 1.10. Then there exists
¢, Cy, Cy > 0 depending only on M such that for 0 < d < ¢ a%u(o, d) > 0and

u(0,d) < ou u(0,d)

< .
G— _8xn(0,d)_C2 7

LEmma 1.12. (Caffarelli, [C1]) Letu be harmonic in By. Then there exists ¢y >
0 such that if

u(x + ee) > u(x) for e > eg and x,x + ee € B1(0)
Jor a unit vector e € R" then e - Vu > 0 in By /5(0).
LemMma 1.13. ([JK], Lemma 4.1) Let Q be Lipschitz domain contained in

B10(0). There exists a dimensional constant 3, > 0 such that for any { € 09,

0 < 2r < 1 and positive harmonic function u in Q N By, ((), if u vanishes continu-
ously on By.(¢) N 0, then for x € QN B,((),

Bn
x —_—
u(x) < C (%) sup{u(y): y € 0B2() N}
where C depends only on the Lipschitz constants of .
2. A Carleson-type estimate. In this section we prove a Carleson type

estimate for (HS), that is, if u(x, t) is a solution of (HS) with Q being a Lipschitz
domain with a small Lipschitz constant, then u evaluated at P € €2 controls
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sup{u(x,1): x € B,t < tp} where B is a box with the center on Iy and containing
P in the middle of BN and ¢ is the time when the free boundary of u escapes B.
For x = (x', x,) € Ty, we let

H"(x,t) =inf{d: y=(,x, +d) € T\(u)}
where the coordinate (¥, x,,) is given so that near x
To={,x,): X' € R x, =f(x)}.

When the reference to the function is clear, we will denote H(x, ) = H"(x, 1).
For P € R" — Q,

t(P,u) = sup{t > 0: u(P,1)=0}.

When the reference to the function is clear we will denote #(P) := t(P, u).
We say a is comparable to b or a = b, if Ea < b < Ca with a dimensional

constant C.
We say a is comparable to b depending on the global properties of the initial
Lipschitz domain and write

g
a~b

1
if Ea < b < Ca for a positive constant C only depending on the dimension n

and the constants 7, R, M associated with the initial Lipschitz domain Q.
For a unit vector ¥ € R"” and 0 < 6 < /2, denote the cone with axis v and
central angle 6 by

W@O,v) :={x € R": (x,v) > |x|cosb}.

For n > 3 define a dimensional constant a, > 0 such that if A(x) is a
nonnegative harmonic function in W(6, —e,) with 7/2 — 6 < 2a, and h = 0 on
the boundary of W(6, —e,,), then the maximal and the minimal decay rate of 4 at
0 is between 5/6 and 7/6, i.e.,

(2.0) d"® < h(—de,) < d°/°

if d > 0 is sufficiently small. For n = 2, define a; = 1.

THEOREM 2.1. Suppose u solves (HS) with the initial domain Qy = Q—K C R”
where Q is a Lipschitz domain with constants 7, R and M such that M < a,,. Let
Py € Ty and 0 < 6y < h¥ where h > 0 is a constant depending only on ¥, R and
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Figure 2.

the dimension n. Let

T = sup{r: T, N Bs,(Po) # 0}
then for any Py € Qq such that |Py; — Py| = dist(P1,T) = do,

sup u(x,T) < Cu(Py,0)
x€Bs, (Po)

for C depending only on 7, R, M and the dimension n. (See Figure 2.)

COROLLARY 2.2. Under the same assumption as in Theorem 2.1, let P1 €
and P, € Q satisfy

by =~ ‘Pl — P()’ ~ dist(P1,Tg) =~ |P2 — P()‘ ~ dist(Py, ).

Then
g 63

H(Pr) ~ .

D= p1.0)
Remark. By Lemma 1.11,
P1,0
u 61 ) & 1Vupy, 0)|.

0

Roughly speaking, Corollary 2.2 says that the average speed of I" travelling from
Py to P is comparable to |Vu(Py,0)|, which is, in turn, an average of |Vu| in a
8-neighborhood of Py. Indeed the average speed of T is 6y /#(P2), and Lemma 1.11
implies u(P;,0)/69 ~ |Vu(P1,0)|. Hence, substituting into Corollary 2.2 gives

bo ¢
—— = |Vu(P1,0)|.
Py VPO

COROLLARY 2.3. Under the same assumption as in Theorem 2.1, u(x,t) is
Holder continuous in time. More precisely, for x € Qg and P, = x + ree, € I
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O<r<Pif0<s <rythen

u(x, t(Py + sey)) ( s )5”
VIV X T~ 2
w0 O

where 0 < (3, < 1 is a dimensional constant depending on M and C > 0 is a
constant depending only on 7, R, M and dimension n.

Proof of Theorem 2.1. We divide into two cases. First we prove the theorem
when ( is star-shaped, and then proceed to the general case.

Case 1. Let Q be a star-shaped region with respect to every x € K for
a sufficiently large ball K C Q. First, we show that the flow preserves star-
shapedness. This lemma will also be used in Section 3.

LeEMMA 2.4. Let Q contain K = B1(0) and star-shaped with respect to xo € K.
Let v(x,t) be the viscosity solution of (HS) with initial domain Q — K and fixed
boundary data 1 on OK. Then Q,(v) is star-shaped with respect to xy for t > 0

Proof. For given € > 0, let us define
o(x, 1) =1 +e)o((1+ 6)_1(x — Xxg) +x0, (1 +€)t).
Note that  is a supersolution of (HS) in
Q° = (R" — K9 x [0,00), K¢ := {x e R": (1+¢) '(x —x0) +x0 € K}.

We will apply the comparison principle (Theorem 1.8) for ¢* and 7 in Q°.
First observe that on 0K we have

Ui, <1 < §(x,0).

Secondly at t = 0 we have v* < ¥ by our hypothesis and the maximum
principle for harmonic functions. Therefore by the comparison principle (Theo-
rem 1.8), v* < ¥ in (R*—K¢) x [0, 00). It follows that (14+¢) ™' (x —xp)+x0 € Q:(v)
for every x € € (v), and hence €, (v) is star-shaped with respect to xqg for
t>0. O

Remark. If a domain is star-shaped with respect to every point in a ball inside
the domain, it follows that the domain is Lipschitz. In particular Lemma 2.4
implies that ,(v) is Lipschitz for every ¢t > 0.

Note that the s = H*(Py, t(Py + se,)) is the distance travelled by Py in time
t(Po + se;). In Lemma 2.5, we find an upper bound for H*(Qo, t(Po + sey)), i.e.,
the distance travelled by Qg in time #(Pgy + se,), in terms of s and dist(Py, Qo)
for any Qo € TI'o N B#(Py) — Bs(Pp). In Lemma 2.6, we compare up(P;) and
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H(Q (P +se))

/

Q,

t(Pytse, )

B(F)

0
Figure 3.

u(Py,t(Py + se,)) using the distance between their boundaries. Observe that,
by Theorem 1.9, u(-,t) is harmonic in €, with boundary data 0 on I; and 1
on OK.

LEMMA 2.5. There exist a dimensional constant C > 0, h = h(¥,R,n) > 0 and
a = aM,n) < 1 such that for any Py € Ty and Qy € Ty N Bx(Py) — Bs(Po),
0<s < hr,

2.1

H"(Qo, (P + sey)) <c (diSt(Po, QO))OC
s - s '

(See Figure 3.)

Proof. We prove the lemma in Case 1, i.e., when Q is a star-shaped region.
If Q is star-shaped, then by Lemma 2.4, I', remains Lipschitz.
Denote [ = dist(Py, Qo). Let T be the cone with vertex Py and central angle

1
arctanﬁ such that TP N B;(Py) C €. (see figure 3.) Also let B be a ball in
TP N B)(Py) such that

1/5 < rad(B™) ~ dist(B™, o(T™* N By(Py))) < L.

Let B = By(Qp) and let T be the cone with vertex Qy and central angle
1
arctan such that 72 N By /»(Qo) C Qf .
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Let v be the solution to (HS) with initial domain 77 N B;(Py) — B and fixed
boundary data ag on OB where

ag = inf{u(x,0): x € OB™}.

Also let w be the solution to (HS) with initial domain B2 — T2 N B;/5(Q) and
fixed boundary data C% C>ap on OB2 where C; and C, are dimensional constants
which will be determined later. We will use the time scaling Av(x, Af) to adjust
the size of v to be less than, but comparable to u on OB to get a lower bound
for the distance traveled by Py. Similarly, a time scaled version of w will give
an upper bound for the distance traveled by Qp.

By Harnack inequality, there is a dimensional constant C; such that

sup, prou(x, 1) < Crinf, _ppou(x, 7).

Furthermore u(x, t) is increasing in ¢. Therefore, one can choose a sequence 0 =
fo <t < --- <t =1tPg+ se,) such that for every x € OBP and r € [t;_1,1],
1<i<k

(2.2) Cilay < ux, 1) < Cilay.

We will define {P;}X, inductively by changing the initial free boundary and
the data on the fixed boundary at each step. First, replace I'g with (TP N By(Py))
and K with B, i.e., let TP N B;(Py) — B be the new domain. Denote O(TF° N
Bi(Py)) by T}, and let T} (1 < i < k) be the free boundary which has evolved
from l“;_l on the time interval [0, #; — #;_;] with fixed boundary data C‘flao on
OBP. For 1 < i < k, define

ri:=inf{r > 0: Pi_y +re, € T}}

and
P; .= P;_ +re,.

Then since the new domain 770N B;(Py)—B"" is contained in Qg and the fixed
boundary data C’flao < inf{u(x,1): (x,f) € OB x [t;_1,1]}, by the comparison
principle (Theorem 1.8), F,’c C €y (). In particular Py € Q, (1) and
(2.3) dist(Pg, Py) < H*(Py, 1) = s.

At each step we are just multiplying the fixed boundary data on OB by C;.
Hence it follows from the scaling property of (HS) that

(2.4) dist(Po, Py) = H"(Po, 1)
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Recall that 2(x, 7) is the solution to (HS) with initial domain 770 N B;(Py) — BF°
and fixed boundary data ap on OB".

On the other hand, since T, stays Lipschitz in B, by Carleson Lemma and
Harnack inequality, there exists a dimensional constant C; such that

(2.5) sup{u(x,t): x € BL} < Gyinf{u(x,1): x € B},

We define {Q;} similarly to {P;} by replacing the new initial domain with B¢ —
T% N B, 12(Qo) and giving fixed boundary data Ci*'Crap on OB at each step.
Then by (2.2) and (2.5), for t € [t;—1, ;] (1 < i < k),

sup{u(x,1): x € BL} < Ci* Caay.
Hence by the comparison principle (Theorem 1.8),
(2.0) H*(Qo, ) < dist(Qo, Ox)
By the same reasoning as in (2.4)
2.7 dist(Qo, Ox) = H" (Qo, 1)

for the same #;, as in (2.4) and w(x, ) solving (HS) with initial domain B% —
T N B /2(Q0) and fixed boundary data C%Czao on OB,
Let ¢ be the time satisfying

HY(Poy, 1) = s.
Then we obtain #/ > 1, since (2.3), (2.4) and #, = #(Py + se,,) imply that
HY(Py, t,/() < H*(Py, t) = H*(Py, t(Py + sey,)) = s.
Also by (2.6) and (2.7),

H"(Qo, t) < H"(Qo, 1) < H"(Qo, 1! _ HY(Qo, 1}
s - s - s HY(Po, 1]

(2.8)

where the second inequality comes from the fact that 7/ > 7,. By Theorem 3.10
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of [JeKil], there exist 81 = 31(M,n) < 1 and 3, = 32(M,n) > 1 such that

C,Crapt! B
HY(Qo.1])) ~ | (l—2k>

and

aol‘” B2
H”(Po,z,’g)zz( z2k) .

Since s = H(Py, 1), the right side of (2.8) satisfies the following:

HW(Q07 t;(l ~ (aot//!)ﬁlﬁZ
HY(Po,7) ~ \ P

B1=F>
N <HU(P(),[]/<’ > B2
- I
. 1_81
(dlSt(Po, Q0)> B2

N

where the last equality comes from the definition of /.

Hence we obtain the lemma with o =1 — gl < 1 depending on M and n. O
2

Let Py € T'y. Since I, stays Lipschitz in By(Py), Lemma 2.5 implies that
Q1 = Qupysen)() N Br(Po) satisfies the hypothesis of Lemma 2.6 with Qp =
Qo(u) N Bi(Po).

LEMMA 2.6. Let Q; :={(X',x,) € [ —r,r]": x, < fi(x)} (i =0, 1) where fy and
i are Lipschitz functions with a Lipschitz constant less than 1 such that fy(0) = 0O,
0 < £1(0) =s < r/10 and for every x' € [ — 2is, 2is]n 1

fo) < AW) < folx) +a'2's

for some 0 < a < 1. Ifu; (i = 0,1) is a positive harmonic function in €;, which
vanishes continuously on T; = {(x', x,): x, =fi(x)}, then

ur((=r/2)en)
uo((—r/2)en)

ui(—se,) < C up(—sey)

for C depending only on a and the dimension n.

Proof. Denote by w(x, E, Q) the harmonic measure of a set E C 9Q with pole
at x, that is, the value at x of the harmonic function in Q with boundary value 1
on E and 0 on 0Q \ E.
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Without loss of generality, we may assume that

uo((—r/2)en) = ur((—r/2)en) = 1.

Let ¢p be a harmonic function in € with boundary data 1 on {(x,x,): x, =
—r} and 0O elsewhere on its boundary, then by Dahlberg’s comparison theorem,
t(—sen) =~ up(—sep).

Denote By = [ — s,s]" and ¢Bg = [ — cs, ¢s]” for ¢ > 0. Let 7; be a harmonic
function in Q' := Qo U (€ N 2'By) such that ; = 1 on {(¥',x,): x, = —r} and
v; = 0 elsewhere on its boundary. Then u;(—se,) ~ w(—se,) for k such that
[ — r,r]" C 2¥B,. Hence it suffices to prove the following claim.

Claim. v(—se,) < (1 + C(aiﬁ"/z))vi_l(—se,,) where (3, > 0 is a dimensional
constant.

Proof of Claim. Recall Q' := QqU(Q;N2'By) and observe that w := 1; —1j_1 is
a positive harmonic function in D := 2By Q! such that w = 0 on 9DN2/"!B,
and w=1; — v5_1 #0 on OD — 2"~ By. Let
E; = {x € OD: dist(x, 0Q;) < 2'a'/*s} — 27 By

and
E> = {x € OD: dist(x, 9Q;) > 2'a'/*s} — 2By,

If x € Eq, then
29w < U@ < @D ru(=2'se,) & @0 (~2'se,)
for a dimensional constant 0 < 3, < 1. If x € E5, then
(210) w0 = 400 = 4-1(0) < i1 (x = a'2'sey) — 4-1(x) < Cal?yy (),
wherq the first inequality follows from the maximum principle in D and fy < f] <
fo+a'2's and the second inequality follows from the following gradient estimate
IV 1(x)| < C(1/(2'a’?s))v;_1(x) for x such that dist(x, OT}) > 2'a’/?s.

From (2.9) and (2.10), we obtain w(—se,) < Ca'Pn/ 24— 1(—sey,) since

w(—sepn, E1,D) ~ w(—se,, £z, D). O

To conclude Case 1, observe that

(2.11) H(Py,T) = oo,



REGULARITY FOR THE ONE-PHASE HELE-SHAW PROBLEM 541

since I’y stays Lipschitz in B7(Py). Then by combining Lemmas 2.5 and 2.6, we
obtain Theorem 2.1 in Case 1.

Case 2. Now it remains to prove the theorem for the general case in which
Q) may not be star-shaped. Let us consider the domain B7(Py) X [0, o] where £,
is a positive constant which will be chosen later. In this domain we will trap u
between two solutions @ and 2, both of which have star-shaped initial positive
phase, so that we can apply the result of Case 1.

The main step of the proof is to show that Lemma 2.5 holds for the general
case with a constant C in (2.1) depending on 7, R and n. Let

to = sup{t: T',(u) is contained in the 7/20-neighborhood of Ty(u)}.
Comparing u with radially symmetric supersolution yields that #y is bounded
from below by a positive constant depending on 7, 7 and R. Moreover, comparing
u with radially symmetric subsolution yields that if we pick a small constant %
depending only on n, 7 and R, then for Py € T'g(u) and 0 < s < 7h we obtain
t1 = t(Pg + se,, u) < ty.
Note that this lower bound on ;) is equivalent to the case s ~ A7 of Lemma 2.5. It
says roughly that when one point of the boundary moves a distance comparable
to 1 then so do all the others.
Let Qy be star-shaped with respect to every x € K for a sufficiently large
ball K in Q). Assume that
Qo(u) N Bsz4(Po) C Qo N Bs;/4(Po);
To(u) N By j2(Po) = 0Q0 N B;j2(Po):
Qo(u) N (Bsz/4(Po) — Bsza(Po)) + (7/10)e, C Q.

Let ii be a solution to (HS) with a initial positive phase Qq(ii) = Qo — K and
ii(x, ) = g(t) on the fixed boundary OK. Observe that, by definition of #,,

Q:(u) N (Bsz/4(Po) — Baz/a(Po)) + (F/40)e, C Qq, for 0 < 1 < 1.
Therefore if we choose g(#) such that
i(Py — (F/4)ep, 1) = C for 0 < 1 < 1,

where C is a dimensional constant, then by Harnack inequality applied to (-, f)
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we obtain
u(x, 1) < 1 < ii(x, 1) for (x,1) € (9Bx(Po) N Qw)) x [0, 10].

Hence by the comparison principle (Theorem 1.8) applied to u and @ in
B7(Py) x [0, 1], we obtain u < i in B7(Py) x [0, tp].

Next, we construct a solution 2 to (HS) with the fixed boundary K' C B3#(Py)
and the star-shaped initial positive phase such that

Lo(2) N B /2(Po) = To(u) N By 2(Po);
Qo(D) C Qp(u).

By Harnack inequality applied to u(:,?), there is a positive constant ¢ =
c(7,R,n) < 1 such that

c < u(x,t) in K’ x [0, to].
Let us choose the fixed boundary of 7 by ¢ as given above, so that 7 < u for

x € K. Observe that # < 1 = u for x € K. Therefore by the comparison principle
(Theorem 1.8) applied to u and 7 in R" — (K U K’) x [0, 1], we obtain

D < u in Bi(Pg) x [0, 10].
We remark that, by Harnack inequality applied to (., 1),
B(Py — (F/4)en, 1) % 1.
It follows from 2 < u < i that
H'(Po,11) < s < H'(Po, 1)
Also, since 7 £ iip in B7/4(Po) and
B(Po — (F[4)en, 1) ~ Py — (F/4)en )

for 0 <t < 1y, it follows that
(2.12) H"(Po,t;) < CH"(Po, 1)
for C depending on 7, R and n. Hence

s < H"(Py,t1) < Cs

for C depending on 7, R and n.
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If Qp € T'p N Br(Py), then by applying Lemma 2.5 for i,

H"(Qo,11) < H"(Qo,11) < Cs (M)“

for C depending on 7, R and n.
Now we are ready to prove Theorem 2.1. By (2.11), (2.12) and the fact that
D < u < i1, we obtain

(2.13) bo < H"(Po, T) < H"(Po, T) < CH(Py, T) < Céy.

Also by Lemma 2.5, there exists a domain Q' such that Qr(u) C ' and Q' N
B;7(Py) is a Lipschitz domain satisfying the hypothesis of Lemma 2.6 with Q¢ =
Qo(w) N Bx(Py) and Q; = Q' N Bx(Py). Since u(x,T) < w(x) for the harmonic
function w(x) on ' — K with data 1 on 0K and 0 on 9Q’, we obtain Theorem 2.1
by (2.13) and Lemma 2.6. O

Proof of Corollary 2.2. We will use barrier arguments with (spatially) radially
symmetric test functions. Here C denotes various positive constants which only
depends on 7, R,M and n.

Without the loss of generality, let P, = Py + se, and P; = Py — se,. Note
that there exists M depending on M such that By (P;) lies outside of Qg with
OBys(P2) N Ty # (). We consider h: a radially symmetric solution of (HS) in
Boys(P2) X [0, to] with initial positive phase Bpzs(P2)— Bys(P2), initial free bound-
ary OBy(P>) and fixed boundary data

h= sup up.
OBsp5(P2)

Note that by Lemma 1.11 & < Cs|Vuo(Py)| with C = C(M), and so T';(h), which
is the boundary of a ball B,(P2) with r(0) = Ms, has its speed —r/(f) comparable
to |Vup(Py)|. Let fo to be the time r(f) = Ms/2. Note that, by above argument,
o > CS/|VMO(P1)|.

By Theorem 2.1 and the harnack inequality for positive harmonic functions,
one can choose the constant C > 0 such that u < Ch on 0Byy;(P2) up to ¢ =
tp :=min [t1, fp] < t(P,), where t; is the smallest time I',(1) touches OBy, /z(Pz)-

Thus by comparison principle u < Ch(x, Ct) in Byp(P2) X [0, 12]. But now
it follows that I';(u) stays out of By />(P2) as long as I'c/(h) does, and thus
=1ty > CS/‘VM()(Pl)‘.

Thus it follows that #(P;) > Cs/|Vup(Py)|. To prove the upper bound on
t(P;) one proceed in a parallel way, this time constructing a subsolution of (HS)
based on an annulus inside of Q. O
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Proof of Corollary 2.3. Fix xo € . Let r =7, and let s < r. Let B; (i > 1)
be the box having a center at xy and having a side length of 2i*!r. Denote By = ()

and define
; 2kr\*
=000 (v (e[ (2) )

where C and 0 < a < 1 are the constants from Lemma 2.5. Let 7;(x) be the
harmonic function in Q; with boundary values 1 on 0K and 0 on 0Q; — OK.

Claim. For i =0,1,2,...

B .
Vi1 (o) — ti(x0) < C (;) 2-4(xo,0)

where ¢p(xp) denotes u(xp,0), 0 < f =1 —-a)y, < land 0 < v, < 1is a
dimensional constant.

We can observe that Corollary 2.3 follows from the claim since Lemma 2.5
implies that for a sufficiently large i,

Qu(pyrsen) © Qi and u(xo, Py, + sey)) < vi(x0).

Proof of Claim. (1) By Lemma 2.6
w(xo, OB;, Bi N Q1) < Cw(xg, 0B;, B; N Q).
(2) Let z be a point in the middle of B;1; Ny, then for y € (Bi; — B;) N 0L;

Uis1(y) < Cw(y, 0Byi (¥), Byi, (y) N Qi11)0i41(2)

<2ir « Tn
T) s ¢\ (1—a)m
<C iy Us1(2) < C <E) u(z,0)

i

2 (0%
where the second inequality follows from dist(y, 9Q;1) < C <_r> s and the
S

third inequality follows from Lemma 2.6.
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(3) vi+1(x) — vi(x) is a harmonic function in €; with boundary value z;;; on
(Biz1 — B;) N 0Q; and 0 elsewhere. Hence

Uir1 (X0) — vi(xo) < w(xo, OB N Qip1, Bi N Qiyp) sup Uir1(y)
YEBjp1 —B)NOL;

IN

s\ =)
Cuw(xg, 9B; N Qp, B; N ) (2T> u(z,0)
r

g
<cC (;) 27 u(xo, 0),
by (1) and (2). Hence the claim holds with 0 < 8= (1 — a)y, < 1. O

3. The c-monotonicity in space. We denote by a(e,f) the angle between
vectors e and f in R".

Definition 3.1. u is e-monotone in D for a cone W(#, e) if for ¢ > ¢ and for
x,y—€ceeD

u(x) >  sup  u(y— €e).
yeBe’ sin G(X)

Let u be our solution in R"*, n > 3, given in Theorem 2.1 with a Lipschitz
constant less than a, for initial data. Here we will show that the free boundary
remains e-monotone in space for small time.

LEMMA 3.2. Let u be as given in Theorem 2.1 with Lipschitz constant
M < a, and n > 3. Suppose 0 € Ty and let 0 = arctan (1/M) so that

(x+ W(, —e,) N B1(0) C Qp; (x+ W(B,e,)) NB1(0)N Q=0

for every x € T'o N B1(0). Then for any € > 0 there exists h > 0 depending on
€ and M such that u(-,t) is he-monotone for the cone W(0 — €, —e,) in B,(0) for
t € [0, t(hey)).

For the proof Lemma 3.2 we will use Lemma 2.4 and Lemma 3.3 below.
Consider a solution v with star-shaped initial positive phase Qq(v) with respect
to all points of K. It then follows that I'g(2) is locally Lipschitz with Lipschitz
constant M depending on the size of K, and from Lemma 2.4 that for small time
Q;(v) is also locally Lipschitz with Lipschitz constant M — §, where § depends
on the distance between I';(v) and I'g(2). But now our results in Sections 7 to
10 apply and we can conclude that (v) is indeed smooth in space and time. In
particular in the proof of Lemma 3.2 we will be able to compare our original
solution # with such functions v as smooth test functions. First we state important
properties of v which will be used in the proof of Lemma 3.2.
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LEmMMA 3.3. Let 0 € 0Q and let Q be a star-shaped region with respect to
every x € B (—2e,) C Qwith0 < r < 2. Fix0 < h < 1 and let W(0, —e,,) be
the maximal cone such that for any ( € T'o N B(0), ( + W(0, —ey,) is contained in
the smallest cone which has the vertex at ( and contains B,(—2e,). We also assume
that r is chosen large enough such that @ > arctan (1/ay).

Let v(x, t) be a solution of (HS) with the initial domain Q — B,(—2e,) and with
the fixed boundary data 1 on OB.(—2e,), then:

(1) there exists 6 > 0 depending on h such that v(-,t) is monotone in By(0) for
the cone W(0 — 6, —e,) for every t < t(he,). In particular, 6 tends to 0 as h goes
to 0.

(2) in By(0) x [0, t(hey)] the sets

{vx, 1) = a}, {v(x, ) = (A +e)a}, {vx, (1 +e)t) =a}
are contained in the Che-neighborhood of each other.

Proof. By Lemma 2.4, Q,(v) is star-shaped with respect to any point xo €
B,(—2e,,) and thus (1) is proved. In particular if we choose i = h(M) small enough
then Q is Lipschitz in space in D = B;(0) x [0, f(he,)] with Lipschitz constant
M < a,. We proceed to prove (2) with this choice of A.

Due to Lemma 1.11 it follows then that

v(x — Cheey, 1) > (1 + e)v(x, 1) in D N Q(u)

for a constant C > 0 depending only on 7, R,M of Lipschitz domain Q and
dimension n. Hence it follows that the sets {(x,7): v(x,f) = a} and {(x,1): v(x,1) =
(1 + €)a} are within distance Che.

Now it remains to show that the sets {(x,#): u(x,t) = a} and {(x,7): v(x,(1+
€)t) = a} are within distance Che of each other. For this we need some estimates
on v, in D. Since Q(u) is Lipschitz in space in D with Lipschitz constant M < a,,
our results from Sections 7 to 10 applies to u. In particular due to Corollary 10.9,
at each time ¢ = #(y) with x € I'y and y = x + de,, we have:

Ur

C 0) <
11V|(y,0) < o

(z.0) < G|V|(y,0),

in z € Bs(y) N Q(v) for constants C;,C, > 0 depending only on 7,R,M of
Lipschitz domain € and dimension #.

In particular every level set of ¥ moves with normal velocity V less than C g,
which is less than 2 if 0 < 6 < h. In particular the level sets {v(-,) = a} and
{v(-,(1 + e)t = a} are less than Che-away. O
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Proof of Lemma 3.2. Let 0 € I’y and let By = B1(0). We can construct a
domain ' such that:

(1) Q' NB; =QyNBy;

(ii) Q' is star-shaped with respect to every x € K’ C Q' for a sufficiently
large ball K.
Then for the harmonic function ¢y in Q' — K’ with data 1 on 9K’ and 0 on 0/, wy
is monotone in B; for the cone W(6 — ¢, —e,,). Also if we let v(x, f) be a solution
of (HS) with v(x,0) = ty(x), then by Lemma 2.4, we may assume that v(x, ) is
monotone in B; for the cone W(8 — 2¢, —e,,) for t < t(ey, v).

To prove the lemma, we will construct a supersolution w and a subsolution
wg of (HS) such that in some small ball B;(0),

wo<u<w

and the free boundaries of w and wg are close to I'(1+ce(v) and I'(j—cey(v)
respectively in B,(0). If we show that the level sets of w and wy are also between
two Lipschitz graphs within he-neighborhood of each other, then we can conclude.

Before we define w and wg, we construct concentric balls B3 C B, C Bj
satisfying the properties (3.1), (3.2) and (3.3) below.

Let B, be a concentric ball in B; with the radius of €. If kg is sufficiently
large, then by Lemma 1.13, a normalization of ¢y by a suitable constant multiple
yields that for any x € B, N Qy(v) = By N Qo(u)

up(x) <

000) <l+e

3.1 1—e<

Define

H; :=To(v) N By, Hy :=(To(v) — ™ e,) N B,y

and let S be the region between H; and H,.
Let vy be the harmonic function in B, NS which has boundary value ¢ on
H»> and 0 on elsewhere on its boundary. If k; is sufficiently large, then

(3.2) e W .
wp(x)

2
for any x € ( Uo<s<ckorki (Hy + se,)) N 0O <3B2>.

Finally, we let B3 be a concentric ball in B, with the radius of €
Let ty be the time when I',(2) hits the top of B3, i.e. I';(v) N B3 moves less than &
in the e,-direction up to the time fy. If k; is sufficiently large, then Corollary 2.3

ko+tki+ky ._ h
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and Lemma 2.6 imply that

v(x, 1) <

) <l+e

(3.3)

for any x € H, and t < #y. Also for large k, I';,(v) is located between I'o(v) and
To(v) + €0, in Bs.
2
Now we construct a supersolution w of (HS) in —=B; x [0, p]. To simplify its

construction, translate and rotate to assume that B has the center at e, € I'g(v)
and I'g(v) is Lipschitz in the direction of e,.

Define
1 2
(Zs(x) = W : ()C], cesXn—1, —Xp + 2‘)(’ )
where x = (x1,...,x,) € R". Since ¢ is the composition of the reflection about

. . X . .
x, = 1 and the conformal mapping sending x to W, harmonic functions are
X

preserved by ¢. The purpose of this conformal mapping is to bend the free
boundary up above I';(u).
Let y = ¢(x) and let X’ = (x1,...,x,_1). If
xp = 1+ m|xX|, then
/‘2

+(1+m?)Y|?

/ /‘ _ 2m|x
x|

|y — x| =

and

A =mHX P —m+mHX)?
Yn —Xn = |x|2 .

Hence for x = (¥,x,) such that [x'| < ¢ and x, = 1+ m|x’/| for some

_ _ 1
—M<m<M< —

7

1
‘yl - x/’ < ZTW(yn - xn)-

, then

. 1
Hence if we further assume geko <&

(3.4) o(x) € W(g, en) +x+ ke,
Also we can observe that

Y = <20x —e| - Y]
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and

‘yn - xn| < 2(|x,‘2 + ’xn - 1‘2)-

This implies

(3.5) |p(x) — x| < Clx — e, |*.

Now for each t € [0, 9], we define w(x, ) to be the harmonic function in
By — ¢(T'i(v)) — ¢(H,) with boundary data (1 + S€)zp o ¢! on ¢(H,) and 0
elsewhere on its boundary.

Since |V(¢) — I| < CeX in B, for the identity matrix I,

| — o < normal velocity of I';(v) at x <14+ Cko
— Ce €
~ normal velocity of ¢(I'/(v)) at ¢p(x) —

2
and for x € §Bz N (Uo<s(H + sey))

|Dv|(x, 1)
I—CESWSI'FCE

Hence for a sufficiently large C > 0, w(x, (1+Ce)t) is a supersolution of (HS)
in

2
D = ng N (Uo<s (¢(H2) + sep)) x [0, t(he,, w)].

Next, we show that u(x, 1) < w(x, (1 + Ce)t) on the parabolic boundary of D.
(3.5) implies that for x € H,

dist(x, ¢(x)) < Ce*o.

Hence if we let

ko« fothi ~ dise(H,, Hy)
then by (3.1), (3.2) and (3.3)
(3.6) u(x, 1) < (1+5€)p(d~ (x))

for x € ¢(H,) on the fixed boundary of w and for t < 1.
1 -
Also (3.4) implies that I';(w) — §Bz does not intersect €,(u) since B3 was

chosen so that T',(2) is located between T'o(v) and To(v) + €%0¢, in B, x [0, fo].
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Hence on D

uw*(x, 1) < w(x, (1 + Ce)r).
We construct the subsolution wy(x, (1 — Ce)f) in D similarly to w. Let
wo=(1—5e)pod!

on ¢(H,) where ¢ is the composition of the reflection about x, = 1 and the

conformal mapping sending x to This conformal mapping bends the

x—2e,|?’
free boundary down below T',(u). ’Then vg(l(x, (1 — Ce)t) < u(x,1).

In B3, T';(1) is between the free boundaries of wg(x, (1 — Ce)r) and w(x, (1 +
Ce)t), which are contained in the Ch2—neighborh00ds of I'ti—cey(v) and T'(14cey (),
respectively.

On the other hand, by (3.5) the level sets

{x € By(0): wo(x,(1 — Ce)t) =a}

and

{x € By(0): w(x,(1+ Ce)t) =a}
are between Ly — Chze,, and Ly + Chzen where
Lo = {x € By(0): v(x,(1 — Ce)t) =(1+ Ce)a}

and

Li = {x € By(0): v(x,(1 + Ce)t)=(1 — Ce)a}.

Lo and L, are Lipschitz graphs along the directions in the cone W(f — 2¢, —e,,).
Moreover, it follows from the proof of Lemma 2.4 that Ly and L, are contained
in the Che-neighborhood of each other. O

4. Scaled nondegeneracy of u in space variable. Based on the e-mono-
tonicity of u in space, our next goal is to show that for small time the free
boundary stays indeed Lipschitz in space. To show this we will follow the it-
eration argument used in [C2] improving flatness of the free boundary to Lips-
chitz, but this procedure requires the nondegeneracy of u on the free boundary,
that is, [Vu| > ¢ on I'(u). We cannot prove this nondegeneracy. Instead we
will show that if u is e-monotone in space then u is “nondegenerate at scale €”
(Corollary 4.4).

PROPOSITION 4.1. Let u be a solution of (HS) with O € T'y. In addition supppose
that u(-,t) is e-monotone for 0 < € < ¢, for the cone W(0, —ey), 0 > 7/4 in the
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¢ (I(v) )

H,

1/3B,

2/3B,

Figure 4.

region By(ey) for t € [0,2ty], where €, is a dimensional constant and ty = t(e,).
Then there exists a dimensional constant C > 0 such that

4.1) By 2(en) N (s + s€n) C Q14ceyr
forto/2 <t<tpand 0 <s <e

Proof. For Py € By /5(en) N (), denote 71 = #(Py). It suffices to show that
u(Py + sey,, (1 + Ce)ty) > 0.
Let Py = Py + tey, R = By /5(P2) — By 19(P2) and £ =R x [0,1,]. Define

w(x,t)= inf u(y— eey,t)

Bep(x

where ¢ defined in R satisfies the following properties:

() A(p™9) =0 in R;

(b) ¢ = A, on OBy ;19(P2);

(©) ¢ =1/V2 in 8By /5(P2).

Fix Q,, a sufficiently large dimensional constant. Then Lemma 9 of [C1] says
that w; is superharmonic in Q,(w) N R for 0 < ¢t < ¢#;. Choose A, (depending on
Q) sufficiently large that ¢(P;) > 2. Note also that [V¢| < C where C depends
on O, and A,,.

Now let us compare w and u in £ (see Figure 5). First observe that due to the
e-monotonicity of u (in space), if € < 1/10, then w = u = 0 on 8B1/10(P2) X [0, #1]
and Q(u) lies outside of By /5(P,) at t = 0. Moreover, because of the fact § > 7 /4
and (c), we have w > u on 0B, /2(P2) x [0,#,]. Hence w > u on the parabolic
boundary of X. Thus if we can show that for some constant C > 0

wi(x, 1) = w(x, (1 + Ce)r)
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Figure 5.

is a supersolution of (HS) in X, then by Theorem 1.8 for us(-, 1) := (1 —d)u(-, (1 —
&)t +06), § > 0 we have uf < wy in TN {r > (1 — &'}, and in particular
u < wj in Z. On the other hand, since @(P) > 2, w(x,t) < u(x + se,,t) at Py for
0 < 5 < € and thus we can conclude.

To confirm that wy is a supersolution, consider a C?! function P(x,t) such
that w; — v has a local minimum at (x°,7°) € T(w;) N T in Q(w;) N T with
(V| (x2, %) # 0. It would be enough to show that v, — |V4)|> > 0. For y° such
that

u(y°, (1 + Ce)t®) = w1 (%, 1),

the function

U
u(x + vep(x), (1 + Ce)t) — Y(x, 1), V=" —
|30 — x|

has a local minimum at (x%,7°) in Q(w;) N Z. On the other hand
i(x, 1) = u(x + vep(x), (1 + Ce)r)
satisfies
i, — |Vi]> > (1 + Ceu, — |Vul* (1 +€|V|)> >0
on I'(ét) (in the viscosity sense) if

C>3 sup [Vl
B (en)—S
2

For rigorous argument we consider u(x,t) — n(x,f), where ¥(x,f) =
w(ffl(x, 1) and f(x,1) = (x+vep(x), (1+ Ce)t). Then u — 1, has a local minimum
at f(x%,1%) in Qu) N X
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LeEMMA 4.2. (Lemma 2.5, [K2]) Let u be a continuous viscosity solution of
(HS) in S, (x1,t1) € T(u) N S and let ¢ be a C>'-function in a local neighborhood
of (x1,11) such that u — ¢ has a local maximum zero at (x1,t1) in Q(u) N {r<n}
and |V ¢|(x1,11) # 0. Then it follows that

(¢ — |V))x1,11) < 0.

Since |V|(xo, 7p) # 0, the supersolution version of Lemma 4.2 yields that

(b2 — Va1, %) > 0.

After a straightforward computation we obtain

(b — |V [))(x0.10) > 0

and thus wy is a viscosity supersolution of (HS) in X. O

COROLLARY 4.3. If (x,t) € I'(u), then there exist positive constants c| and c;
which depends on C given in (4.1) such that

4.2) u(-,t/(1+cre)) =0 in Be,er(x)

Proof. First suppose t = t(e,e,). Then due to Lemma 3.2 and Proposition 4.1
(4.1) will hold for & with ¢o/2 < t < ¢g, co depending on €, and M. For
convenience, we will assume ¢ = ¢o. (The full range cp/2 < t < ¢ follows
from the same argument). By rescaling ii(x,f) = a~'u(ax, at), we may assume
co = 1. If x € T'1(u), then by Proposition 4.1 one can choose c; > 0 such that
(x — 2een) € T'i/(14¢,9(). By e-monotonicity of u (Lemma 3.2) one can then
choose ¢, such that

u(y, 1/(1 +cre)) < u(x — 2eep, 1 /(1 +c1€)) =0

if y € Beye(). O

COROLLARY 4.4. Let u, €, ty be as in Lemma 4.1 with u(0,0) = 1. In addition
suppose that x € T';(u) N B, /z(en), %to + ¢ < t <ty and that there is a spatial ball B
of radius € such that BN Q, = {x}. Then there exists a dimensional constant C > 0
such that

sup u(y,t) > Ce.
y€B2€(x)

Proof. Let c; and ¢; be as given in (3.2). If u(-, 1) < Ce in Bye(x), then u < Ce
in Bo(x) x ((1 4+ c1e)”'t,7). Then one can compare u with a radially symmetric
supersolution of (HS) in By¢(x) X [(1+c¢ 16)~1¢, 1] to show that for x to be on I',(«)
our constant C cannot be too small. O
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5. Lipschitz in the space variable. In this section we show that the e-
monotonicity of # can be improved to the Lipschitz continuity of u via an iteration
argument. Here we assume that a,, is sufficiently small that (2.0) is satisfied. In
the next section we use a special argument for n = 2 to shos that we can take
a =1.

THEOREM 5.1. Let u be as given in Theorem 2.1. Moreover assume that 0 €
To(u), u(—e,,0) = 1 and u(-,t) is e-monotone for a cone W8, —e,,) in By(e,) for
0<t<te,) Ifr/2—0 < tan"! (a,) and 0 < € < 1/100 then there is a constant
0 < X < 1 depending only on 7, R, M of Lipschitz domain Q and dimension n such
that u(-, 1) is Ae-monotone for W(¢', —e,) in B,__1/4(ey) for €l/0 < 1 < t(ey) with
0 =0— /14

COROLLARY 5.2. Let u be given as in Theorem 5.1. Then there is a constant
€1 > 0depending only on 7, R, M of Lipschitz domain Q and dimension n such that
if0 < € < €, then u(-, ) is fully monotone in every direction of the cone W(6', —e,,)
in By j5(en) for t € [t(en), t(en)] where §' = 6 — O(e'/14).

Proof. By iterating Theorem 5.1, we obtain that u(-,f) is monotone in the
cone W(#', —e,) in B,(e,) for [b, t(e,)], where

a=1— /P TX N = /0T AK/6,
and

0 = 0 — /14w NK14, O

Now we turn to the proof of Theorem 5.1. We first prove the result for
to/2 < t < ty and then use a scaling argument to prove the lemma up to 7 = el/e,
The nondegeneracy of u obtained in Corollary 4.4 allows us to adapt the method
developed by Caffarelli [C1] and [C2]. The following lemma is due to Caffarelli.

LEmMA 5.3. ([C2]) Let u(x) be e-monotone for W(8, e) and let
U(x) = SupBC(x)(x)u(y)'
Assume that |V (| < 1 and

sinf) < sinﬁ—icosze—]VQ).

1
1+|VC!( 2¢

Then v is fully monotone for W(0, e).

Next we introduce a family of radius functions which is a slight modification
of those constructed in Lemma 3.2 of [K2].
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LEMMA 5.4. For a given constant Cy > 0 there exist constants k, C' > 0 such
that for sufficiently small r,h > 0 and for 0 < 1 < 1 there exists a C* function
p(x, 1) defined in

D= {Bl(e,,) — Bis (ieﬂ x (r/2,r)

such that:
@1 << 1+nhinD,
(b) pAp > Co|Vp|? holds in D,
(c) ¢ = 1 outside By 9(en) x (3r/5,71),
(d) ¢ > 1+ knh in By 3(en) x (3r/4,1),
@) V| < C'nhand 0 < (p); < C'nh/rin D.

PROPOSITION 5.5. Let u(-, t) be a solution of (HS) in B1(0) X [t(en, u), —t(en, u)]
with
(5.1) Ce'/® < t(ep,u) < 1.
where C > 0 is a constant depending only on 7, R, M of Lipschitz domain Q and
dimension n. Moreover suppose that u(-,t) is e-monotone for the cone W(0, —e,)
with /2 — 0 < tan~! (a,) for |t| < t(e,, u).

Then there exists a constant eg > 0 and 0 < \ < 1depending only on 7, R, M of

Lipschitz domain Q and dimension n such that if € < ey then u(-, t) is A’ -monotone
in

W@, e,),0 =0 — 0T

in By (ey) fort € [21(en, 1), t(en, w)].

Proof of Proposition 5.5. By definition of a,, if € < d < 1 then
(5.2) C1d"® < u(x — dey, 1) < Crd*/®
for (x,1) € I'(u) N B1(0) x [0, #(e,)]. Let 1y := t(e,, u) and consider

Z)(X, t) = sup M(y’ t) in B]/Q(en) X [t0/2’ tO]
yeBoega(x,t)

where o = [sinf — (1 — \)] for 1 —sin7/4 < A < 1. Here ¢ is the test function
constructed in Lemma 5.4 with r = 7y /4. As in Lemma 9 of [C1], the dimensional
constant Cy is chosen sufficiently large so that v is subharmonic.

Due to (5.1) and Lemma 5.4(e) |¢;| < Ce™ /8.

LEMMA 5.6. (see Definition 1.5.)

L") =Ty (v).
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Proof. The reason why we can show I',(¢*) = I';(v) when the corresponding
statement for u cannot yet be proved is that (by Lemma 5.3) o(:,7) is fully
monotone in a cone of directions.

It follows from a simple barrier argument that I";(u*) satisfies the following
no-jump condition, namely, for any x € T';(«*) there is #, < ¢ and x, € T, (*)
such that x, — x and ¢, — . Hence the same holds for

v'(x,t):= sup u*(y,0).
yeBo’eap(x.t)

Note that by Theorem 1.8 we have

(5.3) u(x, 1) < u*(x,1) < u(x,t+¢) for any € > 0.
Since ¢ increases in time it follows that

(5.4) v(x, 1) < v(x, 1) < v(x,t+¢€) for any € > 0.

Suppose that xop € T (v) and xo ¢ T, (v*). Then B(xp) C Q;,(v*) for some
r > 0. Hence x; € I';(v*) with x; = xo + he,,h > r. On the other hand, by
(5.3) and the full monotonicity of v(-,t), v*(x,¢) = 0 in By 10(x1) for t < tg. This
violates the property of I',(¢*). Next suppose that xo € I',,(¢*) and xo ¢ I, ().
Then v(x,tp) = 0 for |x — xo| < r for some r > 0. Hence by (5.4), v*(x,1) = 0 for
|x — xo| < r,t < tp. This again violates the no-jump condition of I',(v*). O

For any 6 > 0 and for any set S € R", let
Ni(s) ={y € R": d(y,T(v)) < s}
and
N(s) = {(x,0): x € Ni(s)}.
For 1y/2 < t < 19, let w(-,t) be the harmonic function defined in the domain
N,MeTy N Qu(v) N B (0),
with boundary data v on ON,(M &/ YN, (v) and zero elsewhere on the boundary.
Note that I';(v) is Lipschitz graph and moves continuously in time by Lemma
5.6. Lemma 5.6 implies w*(-,¢) = 0 on I';(w*) = I';(w) = I';(v) for each ¢ > 0.

From now on we write C as a positive constant depending only on 7, R, M
and n. Our plan is to compare 7s(x,t) = D(x,t — 6), where ¥ = v* + Ce¥/Tw* with
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ui(x, 1) := u(x — \eey, t) in the domain
== NMe') N (By jalen) X [t0/2. 10])
for arbitrarily small 6 > 0. We will first show that 75 < u; on the parabolic
boundary of X. Then we prove that 75 is a viscosity subsolution of (HS) in X.
Theorem 1.8 then yields that 75 < u; in X. Proposition 5.5 will then follow by

evaluating ¢ in the region B, 3(en) X [%t(e,,), t(ey)] using Lemma 5.4 (d) and by
sending § — 0 and using the lower semicontinuity of u to obtain

(5.5) ?<uin X.
Observe that along
Ly := ONMeYTY N Q) N (B a(en) X (t0/2,10])
we have, for /1 < I, < Asin6,

(5.6) sup u(y, 1) < sup u(y, 1) — C(lh — 1)|Vuy|(x, ).

B, () B, ()

Observe that due to (5.1) we can choose constants C; > C, > 0 depending
only on 7, R,M of Lipschitz domain Q and dimension n such that both level
sets {u = C;Me>/°},i = 1,2 lies between N,(Me) and N,(Me/7). Since u(-,1) is
fully monotone in W(0, —e,) Me-away from I';(u), we can apply Lemma 1.11 to
u — CMe>/° and obtain

uj
]Vm] > W on L].
Thus we obtain from (5.6)
L —1h
< s
(5.7 lelllg) u(y, 1) < {1 Coll } uy (x, ).

Hence if we choose 7 in the definition of ¢ such that
[sind — (1 — M1 +nh) < Asinf — Ce'/7,

we obtain v < (1 — Ce3/7)u1 on L.
Note that by definition of ¢ and by the e-monotonicity of u,

v < u; outside B4/9(en) X (31‘0/4, o).
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Thus by applying Dahlberg’s Lemma to ¢3/7w and u; — v on the region

Ly = N(M54/7) NQ(v)N (33/4(6,1) X (l0/2, o) — B4/9(€n) X (%to, l‘o)) .

we obtain Ce/Tw < u; — v on L,. Therefore 75 < u; on the parabolic boundary

of X, which is contained in the union of L; and L,.
Next we prove that 2, and therefore 7 is a subsolution of (HS) in . Suppose
that  — 1) has a local maximum at (x,#;) € I'(?) in
Q)N B, 2(en) X [1o /2,1t9]. Observe that due to Lemma 1.10 w < Cv. Therefore
v — (1 — Ce3/7)¢ has a local maximum at (x1, ;) € I'(2) in Q(v) N [70/2, 1]
By definition of v*, there is a point y; € I';, (u;) such that

y1 = (1) N Begoo(ay 1) (x1)
and
vx, 1) = ui (f(x, 1))
where f is defined as
fO, 1) = (x+veop(x,1),1); v=y —x1/|y1 — x|
Hence uj — zﬁ has a local maximum zero at (y1,#1) in Q(u;)N {s <11} where
G(y,s) = (1= CNY(f (3 5).

Due to the properties of ¢ one can easily verify that f is invertible and each
component of f~! is C>! in a neighborhood of (yi, ;). Therefore 7/ is C>! in
space-time in a neighborhood of (y, #1).

Note that by definition of 2, S/ Tw* — 1 also has a local maximum at (xy, 7).
Due to Corollary 4.4,

(5.8) |V|(y1,t1) > 63/7|Vw| > ¢/,
Hence |V4)| # 0 and we can apply Lemma 4.2 to yield
(5.9 Py — ‘quz <0.

A straightforward computation using (5.9), the definition of v/ and the upper
bounds of |V, || with r =1y > €'/ leads to

)

Y — CEOIVYE < (1+CETY |V at (x,11).
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Rearranging terms, we obtain
b — [V < CEVI(CE BT — |y < 0 at (xi,1)

if € is sufficiently small, where the last inequality is due to (5.8)
Now that we have shown that for all § > 0, 75 < u; in all of Z, Proposition
5.5 follows from (5.5). O

Proof of Theorem 5.1. Consider a point (xg, fp) in
T(u) N {B,_1/4(en) x (€', t(ep, u)}

and let

/2
up(x, 1) = hu(el/4x + X0, Tz‘ +1p).

where h = [u(xo — el/4en,to)]*1. By definition of a,, if ¢ < d < 1 then
(5.10) C1d"® < u(x — dey, ) < Crd/°

for (x,¢) € I'(u)NB1(0)x [0, t(e,, u)]. By construction of u;, we have u,(—e,,0) =1
and uy, is € = ¢3/4-monotone in the cone W(, e,) in B1(0) x [ —t(e,, up), t(e,, up)].

Note that u(—e,,t) = Cu(—e,,0) = C for —t(e,,u) < t < t(e,,u) by Theo-
rem 2.1. Hence it follows from (5.10) and the €¢’-monotonicity of uy, it follows
that

(5.11) 1 < up(—ey, 1) < C/477/24 = e V/12 = ¢~ /8

for —t(e,, up) <t < t(e,, up). (The first inequality holds because u;, increases in
time.)

Due to (5.11) and the ¢’-monotonicity of u; one can check from a barrier
argument with a radially symmetric barrier that (5.1) holds for uy, i.e.,

(5.12) C' < tep, up) < 1.

Hence Proposition 5.5 applies to uy(x, ¢). In terms of u, the proposition states
that u(x, ) is Ae-monotone for the cone W(#', —e,) in

19/32

Bel/2/2(x0) X [tO’ fp+e€ t(en’ u)]

with 6 = 6 — O(¢3/?8). Therefore u is Ae-monotone for the cone W(#', e,) in the
region

B, .1/4(0) x [€'/%, t(e,, w)]. O
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THEOREM 5.7. Let u be as given in Theorem 2.1. In addition suppose that there
is m > 0 such that at each x € Ty u(-,0) is monotone for the cone W(0,v), v = v(x)
in Bu(x). If 7/2 — 0 < ay,, then there is ty = to(m,M,n) > 0,0 < h < 1 and
0 > /2 — tan~! (2a,) such that for any x € Ty, I'/(u) is monotone for the cone
W@, v)in B,,/2(x) for t € [0, 1]

Proof. Fix xy € Ty and let v = —e, without loss of generality. Due to
Lemma 3.2, if M is sufficiently small then there are positive constants 0 < & < 1
and € < €; such that for m’ = hm, u(-,t) is m’e-monotone in the cone W(0, —e,)
in B, (xp) for t € [0, 7(xo + m'e,)], where 7/2 — 6 is sufficiently small and ¢, is
a unit vector depending on xy.

Define

(5.8) ii(x, 1) = hu(m'x + xo, h(m')*1)

where 1 = [u(xo—m’e,, 0)]~!. Then it follows from Corollary 5.2 that (-, t) is Lip-
schitz for the cone W(#', —e,), 0’ = 0 — O('/'*) in By j>(ey) with Tten i) <t <
t(en, @1). In terms of u this implies that u(-, ¢) is Lipschitz for the cone W(#', —e,,)
in By 5,y (x0) with t(xo +m'e,)/2 <t < t(xo +m'ey).

Now if we repeat step 1 with replacing xo with any yo € B, /2(xo) and u with
the scaling

i= h_lu(ax + Yo, hazt)

where 4 = [u(ax + y9,0)]~! and a is any positive constant between 0 and 7/, it
follows that u(-, ) is Lipschitz for the cone W(¢’, —e,) in B,, /2(x0) with 0 <7 <
t(xg + m'ey).

Finally observe that, by Corollary 2.2,

t(xo + m'e,, u) > to(m,L,n) > 0. O

Remark. (1) Our hypothesis in Theorem 5.7 holds if, for example, I'y is C 1

(2) If T'(u) is Lipschitz in space at each time, it is not hard to check that I';(u)
changes continuously in time in terms of the Hausdorff distance, and hence u is
continuous due to Theorem 1.9 (b). In particular u = u*.

6. Lipschitz in space, n = 2. For n = 2 a much simpler argument using
reflection yields the conclusion of Theorem 5.7 under the weaker hypothesis that
the Lipschitz constant M < ap = 1.

THEOREM 6.1. For Py € Ty, suppose that ug is monotone for the cone W(0, —e;),
/4 < 0 < /2 in Qo N By(Po) for small h = C(M)F. Then for 0 < 7 < a =
%(9 — 7 /4), u(-, 1) is monotone for the cone W(f — 1, —e3) in Q; N Ban/10(0) for
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Figure 6.
0 <t <ty where
6.1 to = to(7) = inf t(x + 7*he
(6.1) 0 = to(7) - ( 2)

with k(7,R,M) > 1.

Proof. The hypothesis on ug in the theorem follows from Lemma 1.11. After
rescaling by up(x,t) := u(hx, h*t), we may assume Pp =0 and A =1 and r > 2.
Consider a unit vector p € R?> which has angle # — 7 with —e,. To prove the
theorem we must show that u is monotone increasing in the direction of such
vector p in B, ;10(0) x [0, f0].

For a unit vector p in R? , define

L,={veR* v-p=0}.
Divide B;(0) into two parts B* U B~, where
Bf =B, (0)n{veR* v-p>0}; B~ =B(0)— B
Also let [, =7 UL, where

l; ={vel: v-e >0}, 1, ::lp—l;.

(see Figure 5.) Note that [,N9B1(0) is more than a-away from Iy, l;;ﬂBl(O) C Q
and [, N B1(0) C R? — Q.

Define w(-, 1) as the reflection of u(-,#) with respect to /,. We will show that
u <win X := B~ x[0, fy] by comparing these functions on the parabolic boundary
of Z.

Observe that in B~ x [0, #p], w is a viscosity solution of (HS) with w > u at
t=0and w = u on [,. Moreover by definition of 7y, for 0 < ¢ < u(-,1) =0 on

Sy :=B~ NAB1(0)N {x € R*: d(x,Qp) > T}.

Hence u =0 < w on S} x [0, t9].
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Therefore to apply Theorem 1.8, it remains to prove that u(-,7) < w(-,t) on
Sy :=0B~ — 8 for 0 <t < ty. Divide §; into two parts:

S$21 =8N {x: dx,Ty) < C()a} and S22 =852 — 21

where ¢ is a small constant depending only on 7, R, M which will be chosen later.
Then Theorem 2.1 combined with Lemma 1.10 and from a barrier argument with
a radially symmetric solution, it follows that for sufficiently small ¢y and for
k > 1 in the definition of 7y we have
u(x, 1) < ulx+2ap,0) if (x,1) € Sp1 x [0, fo].
Also note that
w(x, 1) = u(x — 2(p - x)p, 1) > u(x +4ap,0) in S x [0, 7]
since —p - x > 2a on S>1. Hence for 0 < ¢ <ty and for x € Sy
w(x, 1) — u(x,t) > u(x +4ap,0) — u(x,t) > u(x +2ap,t) — u(x + 2ap,0) > 0.
Finally to show that w < u in

S22=B" N 0B1(0)N {x € Q dx,Ty) > Coa}

we will apply Lemma 1.12. We only need to show that u is aep-monotone in-
creasing in the direction of p for ¢y = cpe; with a uniform constant € in the
domain D x (0,1y), where D = B>(0) N {x € Q,: d(x,Ty) > coa}. To check this,
note that if k is sufficiently big in the definition of fy, then for # < 1y

u(x + aeop, t) — u(x,t) > u(x+ aepp,0) — u(x, 1)

v

Caei7|Vu(x, 0)| — u(x, ) + u(x,0) > 0

(third inequality holds if k is big enough to apply Corollary 2.3).

The above argument implies that w > u in B~ x [0, #p] and thus u is monotone
increasing along p on [, N B{(0). The same argument follows for shifts of /, by
distance a/10 in the direction e, and —e,. Hence u is monotone increasing along
p in the domain

Z=U{l, +eer: |e] <a/10} x [0, 1],

which contains B, / 10(0) x [0, to]. O
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7. Lower bound on the speed of free boundary. From this section we only
consider ¢ € [0, #9], where [0, #9] is the time interval where I'; stays Lipschitz in
space.

THEOREM 7.1. Let Py € Ty, M = Lip(T'g N Bg;(Py)) < a,. Then there exists a
constant C > 0 depending only on ¥, R, M of Lipschitz domain Q and dimension n
such that for any 0 < e < 1

(7.1) u(x + lee,, (1 + Ce)t) > 0

if x € By(Py) N Q; and t(Py + ley) < t < t(Py + 2ley).

Proof. By Theorem 5.7 and Theorem 6.1, I'(1) is Lipschitz in space. Hence
Proposition 4.1 applies with arbitrarily small € > 0 and (7.1) follows. O

In particular, Theorem 7.1 implies that the normal speed of the free boundary
at Py+le, multiplied by C is bounded below by m, the average normal speed
of travel from Py to Py + le,, which, in turn, is comparable to |Vuy|(Py — le,) by
Corollary 2.2. This can be also reformulated as follows.

COROLLARY 7.2. For Py € Ty and t(Py + le,) < t < t(Py + 2le,), we have
|Vu(x, )] > C|Vuy(Py — ley)| for almost every x € T'y N B3(Po)

where Vu is taken as the nontangential limit from Q,(u) and C is a constant de-
pending only on 7, R, M and n.

Proof. The nontangential limit of Vu(-,t) from the positive set ,(u) exists
almost everywhere since €2,(u#) is a Lipschitz domain. Fix #(Py + le,) < t <
t(Py + 2le,) and x € TI'y(u). For any small 6 > 0O consider y = x + de,. Then
Theorem 7.1 applies with € = §/ and we obtain

() 16 < CitPo +ley),

By Corollary 2.2 we have

g 0
Vu(x — bey, | =~ ————
| w9l 1(y) — 1(x)
and Corollary 7.2 follows since
[ g
X |Vu(Py — ley)|. O

t(Po + ley)
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8. Interior upper bound on speed.
LEMMA 8.1. Let ® be a conformal mapping from R2 = {(x,y): y > 0} to

D :={(x,y): y > f(x)} with ®(c0) = 00, where f is a Lipschitz function on R with
Lipschitz constant less than 1. Let ds = |®'(x, 0)|dx = (1/h)dx, then

1/h3ds<c l/hds3
JydsJy N Jyds Js

for any interval J C OD.

Proof. Since |arg(®')?| < ¢y < 7/2, the theorems of Helson and Szego [HS]
and Hunt, Muckenhoupt and Wheeden [HMW] imply

i@ P (] |9]72 dx
8.1) ( T o) <€

Since dx = hds, (8.1) can be stated as

(8.2) /jhflds/Jlfds < C(/Jhds)z

where J = ®(I).
By the Cauchy Schwarz inequlaity,

(s ()

Now combine (8.2) and (8.3) to obtain

(/h3ds></ds> <C</hds). O

LEMMA 8.2. Let Qq be a Lipschitz domain with Lipschitz constant M < a,, and
containing a compact set K with a smooth boundary. Let T’ = 0Qp, Q = Qy — K
(0Q =T UOK) and let u be harmonic in Q with boundary values 1 on 0K and 0 on
T'. Then there are global constants 0 < c1, C| < oo such that the following holds:

(a) The nontangential limit

h(¢) = lirré |Vu(z)|,z € T¢ = {z € Q: dist(z, () < 2dist(z, 1)}

exists for almost every ( € I" with respect to surface measure do.
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(b) Fix zo € Q at a fixed distance from OK and T, then the harmonic measure
dw? for Q satisfies

Cy'hdo < dw™ < Cyhdo.
(¢) The nontangential maximal function

h*(¢) := sup |Vu(z)|
ZETC

belongs to L3, do) and LT, dw®). In particular,

0() = /r h(O)? du(C)

is well defined and is the harmonic function with nontangential boundary values
h? on T and 0 on OK.

d) [Vu@)* < Ci(v(2) + u(2)).

(e) v(z) < Cy ]Vu(z)\2 for every z € Q such that dist(z,T") < cy.

Proof. Parts (a) and (b) follow from Dahlberg’s theorem [D] and regularity
of the Dirichlet problem [Theorem 4.13, JK3]. Part (c) follows for sufficiently
small Lipschitz constant from Dahlberg [D2]. In the case n = 2, we showed in
Lemma 8.1 that for Lipschitz constant less than 1, dw is in the weight class
B3(do). The property that h € L*(dw?) is equivalent to h € L*(do) since dw ~
hdo. By Dahlberg’s theorem, #* € L3(do) [Corollary 3.2, JK3] and hence h €
L?*(dw). The existence of the nontangential limit of v is a Fatou-type theorem of
Hunt and Wheeden [Theorem 2.3”, JK3].

To prove part (d), let 6 = dist(z,I) and let

u(z)
Hy = / hdo ~ “Lo(Bs(2).
Bys(2)
Furthermore, dw® =~ Hilhda on Bys(z) [JK3, Lemma 2.7]. Therefore

1 H? u2)\ 2
u(z) = hzdeZ—/ h3d0271%(—) ~ |Vuz)|
© /F Hy JBys(2) 0(Bas(2))? ) [Vuc]

where the second inequality follows from Holder’s inequality.
To prove part (e) requires the localized estimate

1 3
4 3do < ( )
(8.4) >(B,) Brh do < hdo

U(Br) By
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proved in Lemma 8.1 for n = 2 and Lipschitz constant M < 1, and proved
in [HMW] for n > 3 and sufficiently small Lipschitz constant (see also Theo-
rem 8.2(b)).

Let

6 =dist(z,I') = |z — (| for some ¢ € T..

Let By = Byg(¢) and choose zx € By such that dist(z, I') ~ 62%. Denote Hy =
Jp,nrhdo, then

dw?® u(z)
dek(C) ~ @ for ( €' — By and z € By,

1
dw*(() = Fkhda(g‘) for ( € By NI

and
H; - u(zx)
(8.5) o(By) ~ 2k§
Hence
_ 27 A 02 ﬂ@d
u(z) /FIV”| dw ;/Bkﬂ—Bk (C)M(Zk) Hy 7

u(z)
< nd
< 2 o, A o

u(z) H,%
< 2w o B

k

u(zy)
<u@Yy ﬁ

k

where the second inequality follows from (8.4) and the third inequality follows
from (8.5).

For sufficiently small Lipschitz constant (M < 1 for n = 2), u vanishes more
slowly than quadratically. In other words, for some a > O,

dist(z, I)

2—a
— 2(2—a)k )
dist(zz, r)> u(z) u(z)

Cu(z) > (
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Thus

2
<>§: 33; < “5) Vu(). =

LEMMA 8.3. Let M < a,. Then there exists a constant C > 0 depending only
on 7, R, M and dimension n such that

t — t
U4 (z, 1) := lim sup uzt+e) —uizh < C|Vu(z, t)|2
€

e—0"

forz € Q, such that d(z,T;) < 1/C.

Proof. Throughout the proof we denote C as various positive constants de-
pending only on 7,R,M and n. Let z € Q,. By definition, there is a sequence
em >0, m=1,2,... such that

u(z, t+€,) — u(z, r)

U+ (z, 1) = lim

€m

By Corollary 2.2, we can choose 6,,(y) depending on ¢, and y such that

6
max u(-,1) L Im m(y)
Bosim(y»(y) €m
Define
u(z, t+ €,) — u(z,t
oty < M )~z t)
€m
Since Theorem 2.1 implies
max u(-,t+ em) ~ m(y)
Basi(y)(¥) €m
we obtain
bm(y)*

max wp(,1) <C |V 1))

Bosy(y»)(y) Em

where Z € €; N Bas,,(y(y) is at least 6,(y)-away from I'; and the approximation
follows from the remark below Corollary 2.2. Let

Gn(y) = {2 € Bag,(n(») N dist(z, T7) > m(0)}-
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Then for every z € Uyer, Gin(y),
wm(z, 1) < C|Vu(z, D> < C(u(z, 1) + u(z, 1) < C |v(z, 1) +max By

where the second inequality follows from Lemma 8.2(d).
On 0K, wy,(z, 1) = 0. Hence by maximum principle for harmonic functions,

win(,1) < CLoC, 1) +max (Su(y)' /7]
in Q; — Uyer,Gn(y). Let €, — 0, then max, 6,,(y) — 0 and for all z € Q,,
u(z,1) < Co(z, ).
Finally, Lemma 8.2(e) gives
un(z,1) < C|Vulz, t)\z.
for z close to T7;. O

9. Propagation of the gain to the free boundary. By Lemma 8.3 and
Theorem 2.1, u is Lipschitz continuous, in space and time respectively, away
from the free boundary. Over the next two sections we will show that this inte-
rior estimates propagate to the free boundary at later times. Ultimately the free
boundary will be regular enough that Vu exists up to the free boundary and the
free boundary equation V = |Vu| holds in the classical sense for + > 0. We
use the iteration process introduced by Caffarelli ([ACS], [C1]) with modifica-
tions necessitated by the lack of a uniform upper bound on |Vu| up to the free
boundary.

The proof of the following lemma is the same as that of Lemma 2.6 in [K2].

LEmMA 9.1. Let u solve (HS) in B1(0) x [ — r,r]. Assume that (0,0) € T'(u),
\Vu|(—%en, 0) = 1 and T'(u) is Lipschitz in space with Lipschitz constant M < a,.
In addition suppose that there exist constants 6 > 0and 0 <A < B, u:=B—A
such that

Uz
<B

aVu,—e,) <dandA < ———— <
—e, - Vu

in Bl/()(—%en) X (=6/pu, 6/ 1) with % < r. Then there exist a unit vector v € R"
and positive constants ry, by < 1 depending only on M, B and n such that

3
a(Vu(x,1),v) < boé in By /g <—Zen> X (—=rob/p, rod/ 11).
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Next we introduce a family of test functions.

LeEmMMA 9.2. (Lemma 3.2, [K2]) For a given constant Cy > 0 there exist con-
stants k, C' > 0 such that for sufficiently small r,h > 0 and for 0 < n < 1 there
exists a C? function ©n(x, 1) defined in

D:= {Bl(O) — By s <—ien)] X (=r,1)

such that:
@1< ¢, <1+rhinD,
(b) gy = Co| Vipy|* holds in D,
(¢) oy = 1 outside Bg9(0) x (—%V, r),
(d) @y > 1+ rknh in By ;5(0) x (—1r,7),
(@) [Vy| < C'nhand 0 < (py); < C'mh in D.

LEMMA 9.3. Let u satisfy the hypotheses of Lemma 9.1. In addition suppose
that

9.1) |Vu| > my > 0in Qu) N (B1(0) x (—r,r)).

Then there exist a unit vector vy € R" and a constant 0 < ¢ < 1 depending on
M, my and B such that

a(Vu(x, t),v1) < 61 in Qu) N (By2(0) x (=6/B,6/B))

62
where 61 < § — ¢—.
7

Before proving Lemma 9.3, we first show the following lemma.

LEMMA 9.4. Let uy, up be viscosity solutions of (HS) with |Vui| > mg in
B1(0) x (—r, r). Suppose I'(uy) is Lipschitz in space in B1(0) x (—r, r) with Lipschitz
constant M < a,, and (0,0) € I'(uy). In addition suppose

9.2) Ve(x,0) := sup ui(y,1) < up(x,1)in By(0) x (—r,r).
YEB(x)

Then for given k,0 > 0 there exists 0 < €g, hg,co < 1 depending only on my, M
and k such that if

3 3
(9.3) 126, 1) — ttaromex. 1) > Ko <—4en,z) in By s (—4en> X (~r.7)
for0 < e <eyand 0 < h < hy then

U(1+cora'h)e(xa t) S uZ(x’ t) ln BI/Z(O) X (_r/2’ r)’
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Proof. As before C represents positive constants depending only on M and
mg. Define

v(x, 1) = Ueapg(x,t)(xy 1),
where . is as defined in Lemma 9.2. Let w(x, 1) := w'(x) to satisfy

—AW'(x) =0 for (x,1) € DN Q(uy);
w=0 in {M2=O}U(aBl(0)X(_r’r));

w= ug(—%en, f) on 831/8(%&1) X (—r,r).

Note that by (9.2),(9.3) and the maximum principle of harmonic functions
. - 7
v+roew <upin D—D,D = |:Bg/9(0)>< (—81’,7'>:|QD.

On the other hand, by Lemma 1.10, w > Cu, in D’. Thus it follows that
D := (1 + Croe)v < up on the parabolic boundary of D'.

Next we prove that, for small € and h, ¥ is a viscosity subsolution of (HS)
in D’. Suppose that there is a C>!' function ¢ (x, ) such that # — ¢ has a local
maximum zero at (x1,1;) in Q(») N {t < 1} ND'. Since v is subharmonic, we
only have to consider the case (x1,#;) € I'(¢). By definition of v, there is a point
v1 € I',(u1) such that

yl = Qtl(ul) m Be(pg(xl,fl)(xl)
and
v(x, 1) > w1 (f(x,1)

where f is defined as

FOun) = (4 vepo(r )t v=
|y1 — x1|

Hence u; — v has a local maximum zero at (y;,#;) in Q(u;) N {s < 1}
where 1/;(y, $) = (1 — Ckoe)dp(f~(y,9)). By the properties of ¢, one can easily
verify that f is invertible and each component of f~! is C>! in a neighborhood
of (y1, ). Therefore 1/7 is C>! in space-time in a neighborhood of (yy, #1).

Moreover since u(-, 1) < @E(-,tl) in Q,l (u1) in a neighborhood of y; and
with u1(y1,11) = D(y1, 1),

IVO|(y1,11) > |Vur|(y1, 1) > mg > 0.
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Hence Lemma 4.2 applies and we obtain
G <|VYP at (yi,1).
Next a straightforward computation leads to
Y — Choe|Vip| < (1 — Croe)(1 + Choe)?|Vip|* at (x1,1).
Rearranging terms, we obtain
Y — |VU|? < 0€|VY|[(Ch — Cr)|Vip| + Ch+ O()] < 0 at (x1,11)

if e < h and h < Ckmy.

Thus 2 is a viscosity subsolution of (HS) and we can apply Theorem 1.8 to
D(x, 1) and uy(x + €ep, t) in D' for every € > 0 to yield that

D<upinD,

which yields our assertion by evaluating ¢, in D'. O

Proof of Lemma 9.3. We use the notation of Lemma 9.4. First observe that
Lemma 9.1 yields constants 0 < ro, by < 1/2 depending only on M, B and n such
that

a(Vu,v) < by in Bl/g <%en> X <—rog,ro%> .

for a unit vector v. (In other words, away from the boundary, u is monotone for
the cone W(r/2 — byb,v).)
Define

N = {x: alx,y) < bod},
where y is a unit vector on the touching line (if they touch) OW(6/2,—e,) N
OW(r /2 — bod — 0/2,v).
Let us consider p € W(0/2, —e,) — N and define o as
o=m/2—-0/2— a(p,v) > bb.

For each 1 € (—1’0%, rog), let

up(x,t) = u(x — p, ) and € = |p|sin /2.
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By definition of €, p + €£ € W(0, —e,,) for any unit vector £ € R” and thus
ve <uin B1(0) X (—r,r).

Moreover if p=p + (1 + 0)he and h < 11—0, then a(p,p) < 0/2+ %6 and thus

1
ap,v) < a@,p)+alp,v) < w/2 — by — 30

that is, p is in the interior cone of monotonicity W(w/2 — byd, v) away from the
boundary of the cone by %0. Hence a straighforward computation (see the proof
of Lemma 4.2 in [K2]) yields

u(x — p,t) < ulx, 1) — coeu(x, 1) in By g (—%en) X (—r,71).

Hence (9.2) and (9.3) is satisfied for our choice of u; and u; := u. Now
we can apply Lemma 9.3 and proceed as in the proof of Lemma 4.2 in [K2] to
conclude. O

10. Iteration. Our goal in this section is to prove the following theorem.

THEOREM 10.1. Let Py € Ty and choose sufficiently small r > 0 such that
t(Py+rey) <t < H(Py+2rey) < ty. Then, for x € T'y(u) N B3, (Py), Vu(x, t) exists
as the nontangential limit from Q,(u) and satisfies

(10.1) |Vu(x,1)| < C|Vup(Py — rey)|

where C is a constant depending only on ¥, R, M and n.

Recall that the other direction of (10.1) (that is, the lower bound of |Vu|) has
been proved in Corollary 7.2.

Let us fix

so € [t(Po + rey,), t(Py + 2re,)] and xo € I (1) N B3,.(Po).

For the rest of the section C denotes various positive constants depending
only on 7, R, M and n. Change the coordinates and rescale so that (xo, so) = (0, 0)
and r = 1/4. By Corollary 2.2

1/C < |Vu(—e,, —1)| :=mp < C.

Hence Theorem 10.1 is proved if we can show that

IVu(0,0)] < C.
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First we prove that I" is differentiable in space.

THeoreM 10.2. T'(u) is differentiable in space at (0, 0). In particular, there exist
constants ly, ¢ > 0 depending only on ¥, R, M and n such that To(u) N B, 1(0)isa

1
Lipschitz graph with Lipschitz constant less then e if L > ly.
mo

Proof. First, we construct a blow-up family {u;} of u which satisfy the hy-
pothesis of Lemma 9.3 as follows:

U1 (x, 1) = qqu(2~x, 47 aye),
where ap =1 and for [ > 1

2! if my < |Vul[(—27e,,0) < 1

(10.2) a N

—————— otherwi
Vul(—2Tey,0) otherwise

Note that u; (I = 1,2...) is a viscosity solutions of (HS) in B;(0) x (—1,1)
with the property my < |Vu|(—e,,0) < 1. Hence by Corollary 7.2, we obtain

|Vu(x, )| > Cmy for (x,1) € (B1(0) N Q(up)) x (—1/2,1).
Due to Lemma 8.3,

())er
0<
- |Vl/tl|

< C|Vu| < Cin By g (—%,,) x (=1, 1).

Hence by Lemma 9.3, for each [ > 0 u is monotone for the cone W(v1, 6))
in in

_oqbp gl
B,-1(0) x {—4 17’4 IT} ,
where §; = m/2 — 6, satisfies
(10.3) 131 = 6 — 67/ C.

By (10.3) we obtain §; ~ %, which yields the differentiability of I'(x) in space at
(0, 0). O

From the above argument,

5, () N Boy(Po) = {x4 = f(x')} N B2,(Py)
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is differentiable with the estimate
V&) = VIO < (—log ¥ =y~

The continuity mode of V¢ obtained above is not strong enough to finish the
proof of Theorem 10.1. More precisely, if we knew that §; obtained from (10.3)
satisfied

by ~ 7™ for some m > 1,

then Theorem 2.4 of Widman [W] would show that Vu exists up to the free
boundary I'(«) as the nontangential limit from Q(u) and |Vu| < Cu(—e,,0) for
some C depending on p. Since we only have §; ~ [~ we need to iterate a second
time with paying close attention to the range of u;. First we state a refined version
of Lemma 8.3.

LemMA 10.3. Let u be given as in Theorem 2.1. Suppose that T, (), t; > 0,
is differentiable at x| with the inward unit normal vector v. Furthermore suppose
that v - Vu(-, t)) has the nontangential limit ao from &y, (u) at x;. ThenT'N{t > 1, }
is differentiable at (x1,t,) and

u(x,t) = apl(x — x1) - v — aop(t — t))]+ + o(|x — x1| + |t — t1]) fort > 1;.

Proof. We change the coordinate to set ap = 1, (x1,#;) =(0,0), v = —e, and
Xp =X - e,. Consider the blow-up sequence

w'(x,1) =3"u(3"x,37"t) in B, (0) x (=2",2"), n=1,2,....

We consider

i(x, ) := limsup limsup u"(y, s)
(y,8)—(x,1) n—00

and

u(x, ) ;= liminf liminfu"(y,s).
(y.5)— () n—00

By the nondegeneracy of u and the stability property of viscosity solutions, i and
u are respectively a subsolution and a supersolution of (HS). Due to Theorem 5.7
and Theorem 6.1, # and u is monotone along directions in W(w/2,e,). Hence
i(x,t) = i(x,, t) and u(x,t) = u(x,,t). In particular # and u has its free boundary
as half-space at each time, respectively

{x, =a(t)} and {x, = B(H)}, «(0) = [(0) =0.
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By a barrier argument it follows that «(¢) and (3(¢) are continuous. From Lemma
1.11, Theorem 2.1 and Lemma 8.3, it follows that {#"} is uniformly Lipschitz in
space and time on

S={x: —2<x, < —1/2} x (—c,c¢)
for sufficiently small c. In particular,
i(x, r) = u(x, 1) = a(t) on {x: x, = —1} X (—c,c)

where a(t) is Lipschitz continuous in time with a(0) = 1. It follows from the
maximum principle of harmonic functions that #i(x,,0) < u(x,,0). Since i1 > u
by definition, it follows that i(x;,, 0) = u(x,, 0).

Next observe that

a(t) a(t)

(—x, + a(t)); and wy(x, 1) :=

1+ af?) 1+ 3(1)

(—xn + B(D)+

wi(x, 1) ;=

satisfies # < wy and wy < u in D := {x: x, > —1} x [0,¢) by applying
the maximum principle of harmonic functions at each time. Since # (u) and
wi(wy) has the same free boundary, it follows that w; and w, are respectively
viscosity sub- and supersolutions of (HS) in D with w; < w, on the parabolic
boundary of the domain. Therefore by Theorem 1.8, w; < w; for ¢ > 0 and thus
i=w;=wy=ufort>0in D.

So far we showed that {«"} locally uniformly converges to a viscosity solution
of (HS)

a(t)
1+ )

u(x, 1) = (=X + a(1))4

in D, where a(¢) is Lipschitz continuous, a(0) = 1 and a(0) = 0. Recall that u®
is Lipschitz continuous in time in {(x,7): —2 < x, < —1/2} for small ¢. Thus
from a simple barrier argument it follows that a(f) is also Lipschitz continuous
for small ¢, and (u°)" locally uniformly converges to

u®(x, 1) = (—x, + P°(1)), in R" x R

where b°(t) is continuous with 5°(0) = 0. Lastly, by comparing u* with barriers
of type (a(0)£e)(—x,+(a(0)x¢€)t),, it follows that bO() = t and we can conclude.
O
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Let k(x, y; t) be the Poisson kernel of Q, with pole x € Q, evaluated at y € T.
That is, if g is a harmonic function in D with boundary data f on 9D, then

g() = /8 Ky ) (),

where do(y) is the surface measure of OD.

LemMma 10.4.
i (1) = /F k(v 0)[Vu2(y, 1) doy(y).
t

where Vu(y, t) is defined almost everywhere on1'; as the nontangential limit from €.

Proof. Take any sequence ¢, > 0 which converges to zero as m — oo and
let
u(x,t+€,) — u(x,r)
for

Jm(x, 1) = x € L.

€m

The same reasoning as in the proof of Lemma 8.3 gives for y € I},

u(y, t+ ¢, *
1y = ") < U 14 e A Tuty, 0P < (Va0

m

where y' is a point in €; such that
dist(y/,Ty) = |y — y'| = dist(y, Ts1e,,)
and (Vu)* is the nontangential maximal function of Vu.
The right side of the above inequality is L'(dw*(y)) and Lemma 10.3 implies

that f,(-,¢) converges to |Vu|2(-,t) (given as the nontangential limit from €2;)
almost everywhere on I';. Hence by dominated convergence theorem,

Jin [ f0dr ) = [ VaPounde o) :

ProprosiTiON 10.5. Suppose 0 € T, t > 0 and u(-, t) satisfies a(Vu, —e;) < %,
[>1in

D=9, {(,x) e R": |¥] <271, x| <271},

Let 3 = |Vu|(—27"ep, 1), then there is a constant 0 < p < 1 depending only on
F,R,M and n such that

w(x, 1) = B*(1 + O ")) for x € By 1 5(—27"ey).
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Proof. By Lemma 10.4,
(10.4) s (1) = /r k(. y: 0| Vu2(y. 1) doy(y).
t

Thus our proposition follows from the following two lemmas in which we esti-
mate the integrand in (10.4) in the domain D; N I, and I}, — Dy
respectively. O

LEMmMmA 10.6.

Yul(x, 1)|?
/ ke, v; D\ Vu(y, D doi(y) < C%
D,

where C > 0 and 0 < p < 1 are constants depending only on ¥, R, M and n.

Proof. Define B; = Bziz_l\ﬂ(x), i=0,1,2,..., and let z; be a point in the
middle of Q, N (B; — Bi—1). Then for any y € (B; — B;—1) N 17,

k(x,y; 1) =~ w(x, OB;, B N Q)k(z;, y; 1).

Hence for xg € €,(u) a unit distance away from I';(u),
/ k(x, y; )| Vu(y, D> doy(y)
T—D;

~ Z/ W(X, aBiaBi m Ql)k(zi’y; t)lvu(y’ t)|2dat()’)
i rtm(Bi_Bifl)

< Y w(x, 0B, B; N Q)| Vu(z, )
u(zi, 1)

)2
2i—1\/i

~ Z w(x, OB;, B; N L)(

M(Zi’t)
~ Z u(x, t)m,

i
where the first inequality is due to the Reversed Holder Inequality (see Lemma 8.1
for n = 2 and [D2] for n > 3). Since u(z;,t) < Cu(x,?)(2v/)'** for some
ac(0,1),

u(zi, 1) c 5 2Usi(l4a)—2i
DU oy S o (x,r);z

i

C
202 2
< 71(1—51)/22 u(x, 1) < —l(]_a)/ZWu(x, nHl-. O
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LEMMA 10.7. Forx € By—1,5(27'en),
(/ k(v Va2 (v, 1) doy(y) = 31 + O P))
D[ﬂr[

for a constant 0 < p < 1 depending only on ¥,R, M and n.

Proof. We will divide Dj into little boxes {B;} (I < i < I""!) with bottom
F;:=B;iN{x, = —2_1} being a n — 1 dimensional square with a dimension of
21/ V1. Let I; := B;NT be the corresponding partition of the free boundary. Also
let

S,' = 8(3,‘ N Qt) — F;UI.

Define u,(x,1) := —e, - Vu(x,t). For each i , let 3; = u,((x], —271,7) where
(], —27Y is the middle point of F;. We first show that

(10.5) W [ wndoy = 51+ 0072,

1

To prove (10.5), we apply Green’s theorem to obtain

0= Au = % Vu-vdo,
BN, ABiNQy)

= / undat—(1+0(l*1))/und0,+/ Vu-vdo,.
F; I; S;

1 27Nt
Since a(Vu, —e,;) < 7 and f3; ~ —u((xl’z_, L ),
1 n—2
/le/dotgf-/ udH
S; l OF;
<1 H"2(JF;) - su u<£ o(Fy) - G
=7 i pFi > \/Z g is

where H"~? denotes the (n—2)-dimensional Hausdorff measure. Hence we obtain

C
_1 —_— . . .
/Iiundové (1+o0d1 ))/Fi Uup do; + i ou(Fi) - Bi

and this implies (10.5).
Next observe that by interior estimates of harmonic functions and by our
hypothesis a(Vu, —e,) < 17,

|uj| < Clug] < Cl7Muy| on {x, =27} NDy, for 1 <i<n—1,
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where C depends only on 7, R, M and n. Since u is harmonic in Q(u), it follows
that

|tnn| < C(n — 1D)|uy| /1.
As a consequence it follows that
(10.6) B = B+ 01~ ?).

Also observe that due to Corollary 3.3 in [JK2], for any € > O there exist v > 0
such that if d(x,T,) = 1, and I C B1(0) N T, satisfies |I| < -, then

107 1! /1 B,y 1) dody) < (1+ eI / k(x,y: 1) do ().
Let xo denote a fixed point in the middle of Qy and let

K(x,y; 1) := k(x, y; 1) [k(x0, y; 1).

Following the proofs in [JK2] one can check that 6 = v = €' for some dimensional
constant p;. Hence we obtain

/ k(x, y; |V (y, 1) doy(y)
D]ﬂl";

da+oa) /1 K(x,y; Dk(xo, y; u(y, 1) do(y)

Co(1+0( )Y /] Ky 033, 1) o)

Co(1+ 00N Y g /] w0 doy)

Co1+0a) S a1~ /1 iy 0 doy()T

Co(1+0U™) > ailLi| ]

Co1+00 )Y [ Kexyin} don

(1400 )F Y [ K yioktao.yi0) do(y)

= (1+ 0077532,



580 S. CHOL, D. JERISON, AND I. KIM

where a; = |[;] 7! f]i K(x,y;t)do(y). Here the second equality is due to

(10.8) k(x0,y; 1) = Co(1 + O™ Y)u,, a.e. for Cy = C(xp),

the third and the sixth are due to the C*-regularity of K in y-variable (see [JK1]),
the fourth is due to (10.7), the fifth is due to (10.5), the seventh is due to (10.6),
(10.8) and the C“-regularity of K in y-variable. To prove the eighth equality we
use the inequality

s’

1
/ k(x,y;tydo(y) < C
F,—Dl

the proof of which is parallel to that of Lemma 10.6. O

Proof of Theorem 10.1. From Proposition 10.5 and the first iteration

(10.9) %(x, 1) = |Vul (VD v, (1 + 01 )),0 < p < 1

in the region

1 /71 Qo
B%(zl\ﬂ)fl((z \/Z) Vn) X |:_E, E] )

where a; is defined as in (10.2) and v, is obtained from the first iteration.
Now based on (10.9), we iterate Lemma 9.3 the second time with the sequence
of functions

=41 _ x B
u (x,t)_ﬁlu(zl\/i’ 4ll)
in Bl(O) X [ — Ozl/ﬁl, Oq/ﬁl] where
21V1 if my < |Vul(=2'VD e, 0) < 1
/81 = 1
2V otherwise.

[Vul(—@2VD)~ ey, 0)

Namely, {ii'} is defined similarly as {#'} in (10.2), but replacing the scaling
factor 2/ by 2/v/I. Now to see if each i’ satisfies the hypotheses of Lemma 9.1
with r = o;/f; and p = py = I77', p' = min(p, 1/3), we only have to check if
ay/ B > 61/ . Note that due to Corollary 7.2

-1/ |Vu|(—2'VD v, 0)

-C
o/ IVul(—21,,0)
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m,
> =2

V1
> cr1/? > 61/

for sufficiently large I, since §; < I~! from our first iteration. Hence the iteration
is valid and we obtain

(10.10) 11 =6, — 6% /.

From (10.10) it follows that §; ~ [7",1 < m < 2. Now Theorem 10.1 follows
from our estimates and Theorem 2.4 of [W]. O

COROLLARY 10.8. Let u be as in Theorem 2.1. Then there exists ty depending
only on 7, R, M and n such that:

(a) T'(u) is differentiable in space and time for 0 < t < t,.

(b) uy, Vu exist in Q x (0, 1o].

(c) u satisfies the free boundary condition u; = |Vul|? in the classical sense.
(In other words u is the classical solution of (HS) for 0 < t < ty.)

Proof. Due to Theorem 10.1 and Lemma 8.3, |Vu| and u, are bounded from
above. Now (a) and (b) are obtained from the iteration process given above with
O, ~ 17" — 0 as [ — o0. (c) follows from Lemma 10.3. O

COROLLARY 10.9. Let u be given as in Theorem 2.1 with Py = 0. There are
positive constants ry, C1, Cy only depending on 7,R,M and n such that, for x €
B,(re,) N Ql(ren) with0 < r < ry,

(10.11) C1|Vul*(—rep, 0) < uy(x, 1) < Ca|Vul*(—re,, 0)
and
(10.12) C1|Vul(—re,, 0) < |Vul(x,1) < Co|Vu|(—re,,0).

Proof. (10.11) follows from Theorem 7.1, Lemma 8.3 and Theorem 10.1.
(10.12) is due to Corollary 7.2, and Theorem 10.1. O
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