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Regularity Near a Contact Point
for Flame Propagation

SUNHI CHOI

Department of Mathematics, University of Arizona,
Tucson, Arizona, USA

In this paper we study a free boundary problem, arising from a model for the
propagation of laminar flames. Consider a cylindrical region S in R", and the
following free boundary problem with Dirichlet data on 0S: u, = Au in {u > 0} N S,
|[Vu| =10n {u > 0}NS and u = 0 on 0S. We show that if there is a contact point
of the free boundary {u = 0, |Vu| = 1} with 0S, then the free boundary approaches
0S tangentially and it turns out to be a graph of C'*** function near the contact
point. In particular, the space normal is Holder continuous.

Keywords Combustion; Contact point; Free-boundary problem; Heat equation;
Regularity.

Mathematics Subject Classification 35KO05; 35K55; 80A25.

1. Introduction

In this paper we study a parabolic free boundary problem, which appears in
combustion theory in the analysis of the propagation of equidiffusional premixed
flames with high activation energy. The classical formulation is as follows. Let u, be
a continuous and nonnegative initial function defined in IR", whose positive set is
open and nonempty. We find a nonnegative continuous function u in IR" x (0, co)
such that

u, = Au in {u > 0}
|Vul =1 on 0{u > 0} P)
u(x, 0) = uy(x)

where Vu denotes the spatial gradient of u and {u > 0} denotes the inverse image

{(x, 1) : u(x, t) > 0}. In combustion theory for laminar flames, u = A(T. — T) where
T, is the flame temperature and A is a normalization factor (See [4, 5, 10]).
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There have been several approaches to construct a solution to (P). In [5],
Caffarelli and Vazquez proved uniform estimates for (P.) and obtained a
convergence of the approximating solutions u, of

atue = Aue - ﬁe(us)

(Po)
ue(x’ 0) = MOE(‘x)‘
Here .(2) = %ﬁ(i) and f: R — R is a C* function which is positive on (0, 1) and
0 otherwise, increasing on (0, 1/2), decreasing on (1/2, 1), and satisfies fol p=1/2.
The initial functions u,, are C*-smooth and nonnegative, i, uniformly approximate
uy, and their supports converge to {u, > 0}. Note that (P,) admits a unique classical
solution in IR” x (0, o0) and the maximum principle holds.

Assuming u, is bounded and Lipschitz continuous, it was proven (Theorem 7.1,
[5]) that u, converges along subsequences to a function u in C,lo’j/ . We call this
function a limit solution of (P). In its positivity set the limit solution u is a solution
of the heat equation. By [§], a limit solution is also a viscosity solution and hence the
comparison principle holds. Further assuming that i, is strictly mean concave in the
interior of its support, i.e., for a solution with shrinking support, the limit solution
u solves (P) in the sense of distributions [5], and the uniqueness follows from that
for viscosity solutions [8]. (Since the heat equation with initial data u, is also a
viscosity solution, Kim [8] proves the uniqueness for solutions satisfying {u > 0} N
{t = 0} = {u, > 0}.) For more general initial data u, € C*'(IR"), Weiss [11] showed
that each limit of u, is a solution of (P) in the sense of domain variation, and for
domain variation solutions (u, ), Andersson and Weiss [1] proved that one-sided
flatness of the free boundary implies regularity. In particular, the free boundary can
be decomposed into an open regular set with Holder continuous space normal, and
a closed singular set.

In this paper, we study a limit solution u in § x (0, c0), where S is the unit
cylinder in R” with the Dirichlet boundary condition imposed on 0§ x (0, c0). The
behavior and regularity of the free boundary of u will be investigated near its
contact point with 5. (The regularity of a solution near a contact point has been
studied before for elliptic problems [6] but the free boundary regularity remained
open. For obstacle-type elliptic/parabolic problems which has strong regularity and
scaling properties, the regularity of free boundary has been obtained in [2, 9] near a
contact point.)

The main results in this paper — Theorem 1.1 can be obtained in a local region
(for a solution u defined in a local region). Let S be the unit cylinder in R”, i.e.,
S =B,(0) x R c R" and let Q, be a parabolic cube in R"*' such that

Q, =B, (z) x (0,r5) CR"™" where z €3S, r, < 1.
Let u solve the following free boundary problem in O,

u, = Au in {u > 0}
[Vu| =1 on d{u > 0} N (S x (0, o0)) (PS)
u=0 on 4§ x (0, c0).
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Denote by Q,(u), the positive set of u at time 7, i.e.,

Q,(u) = {x:u(x, t) > 0}.

Denote by I',(u), the free boundary of u at time ¢ such that

I(u) =0Q,m)NS.

For (x,7) € § x (0, 00) and r> 0, Q,(x, f) is the parabolic cube with radius
r, and Q7 (x, t) is its negative part, i.e.,

0,(x,1) = B,(x) x (t = 14 17), Q7 (x.0) = B,(x) x (t = 1, 1).

For x € 0S5 let v, be the inward unit normal to S at x. For 0 < 6 < /2 let
A(x, 0) be a cone with vertex at x, opening angle 260, and with axis v,

Ax,0) ={x+y:y-v,>]|y|cosf}NS.

If u solves (PS) in S x (0, oo) with a bounded Lipschitz continuous initial data
uy, it can be shown as in [5] (or as in [11] for compactly supported u,) that u € C,l‘l/ .

ocal
(see Remark 2 for detailed explanation). In the main theorem below, we supposed

that u is C"'*(Q,,) instead of imposing any assumption on the initial data u,,.
Theorem 1.1. Let x be a contact point of I',(u) with 0S, ie, x € I',(u) N3JS and
suppose u € C"'(Q, ) with a norm A > 0.

(A) For any 0 < 0 < 7/2, there exists a small r > 0 such that
A(x, 0) N B.(x) C Q,(u).
(B) There exists o, = 6,(A, n) > 0 such that if
|Vu| <1+0, ondSNQ, (x,1) (1.1)

then for some r = r(p, A, n) > 0, any connected component of I',(u) N B,(x) is a
graph of C'***-function, and the normal v is Hélder continuous.
(C) If u is decreasing in time, then (1.1) holds for some p > 0.

Remark 1. In Theorem 1.1, the unit cylinder S can be replaced by a cylindrical
region S’ with C2-boundary.

Remark 2. The proof of C!!/>-regularity in [11] can be modified as below. Let u,
be a Lipschitz function in S with a compact support. Let L be the Lipschitz constant
of u, and let supp(u,) C B, (0)NS. For 6 € (0,1) and R > M + (2supu,/9d), let u,
be the solution of

Oug — Aup = =P (up) in BR(0) NS x (0, o0)
Up = U, atr=0

g =0 on 3(Bx(0) N S) x (0, 00).
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If one can show
sup |Vug|* < 6+ 14 4L? (1.2)
then by sending 6 — 0 and R — oo it will follow that
sup |Vu |* < 14 4L% (1.3)

For (1.2) it suffices to prove (i) |Vug| < 0 on édBg(0) N'S; (ii) |Vug| < 2L on SN
B (0) (see the proof of Proposition 3.1 of [11]). The proof of (i) is similar to that in
[11]. For (ii), define

w(x) = w(x', x,) = 2L — 2L|X|

for x = (¥, x,) € (B;(0)\B,,(0)) x R C S. Since w is superharmonic with w = 0 on
0B,(0) x R and w = L > supuy, on 0B, ,,(0) x R, a comparison yields that w > u,
which implies (ii). Now (1.3) — the Lipschitz continuity of u, in x implies Holder
continuity in ¢ with exponent 1/2 (see [5, 11]). Since u, converges uniformly to u
along a sequence, one obtains u € C"'/2,

For the proof of Theorem 1.1, we will construct sufficiently small parabolic
cubes near the contact point so that the free boundary of u becomes “flat” and “does
not intersect” 95, more precisely, u becomes a solution of (P) in those small cubes
with flat boundaries. Then by [1], the limit solution u is also a domain variation
solution, and hence we can apply the regularity results in [1]. Also in the proof,
we will use comparison principle for viscosity solutions, which was proved in [8].
We refer to Theorem 1.3 of [8] for the proof that every limit solution is a viscosity
solution.

2. Preliminary Lemmas

Below we state some properties of caloric and harmonic functions defined in
Lipschitz domains, a comparison principle for (P), existence of a radially symmetric
solution of (P), and a regularity result for solutions with flat boundaries.

Lemma 2.1 [3, Lemma 5]. Let Q) be a Lipschitz domain in R" x IR such that 0 €
0Q), ie.,

0,(00n Q= 0,00)N{(x,1) : x, < f(x'. )},

where we denote x = (x', x,) for x' € R""! and x, € R, f satisfies |f(x, 1) — f(y, 5)| <
L(|x — y| + |t — s]) for some L > 0, and f(0, 0) = 0. Let u be a positive caloric function
in 0,(0) N Q such that u =0 on 0Q, u(—e,,0) =m; >0 and sup ) u = m,. Then
there exist a > 0 and 6 > 0 depending only on n, L, =L such that

ny

w, =u+ u™ and w_=u—u't

are subharmonic and superharmonic, respectively, in Qs N Q N {t = 0}.
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Lemma 2.2 [7]. Let u; and u, be two nonnegative harmonic functions in a domain D
of R" of the form

D={(,x)eR""xR:|x| <2 |x,|<2L,x, < f(x)}

where f is a Lipschitz function with constant L and f(0) = 0. Assume further that u, =
u, = 0 along the graph of f, and

u, (0, L) _1
u,(0, L)

Then, uy(x', x,)/uy(x', x,,) is Holder continuous in D, for some coefficient o, both o
and the C* norm of u,/u, depending only on L. Here D, , denotes {|x'| <1, |x,| <

L, x, < f(x)}.

Lemma 2.3 [5, Proposition 1.1]. There exists a radially symmetric solution U(x, t) of
(P) in the form

Ulx, 1) = (Ty — ) 2 f(x (T, — )7'7%)
where f is a concave C'-function on [0, K] with f(K) =0 and f'(K) = —1.

Theorem 2.4 [8, Theorems 1.3 and 2.2]. Let u and v be, respectively, a sub- and
supersolutions of (P) with strictly separated initial data uy, < v,. Then the solution
remain ordered for all time

u(x, t) < v(x, t) foreveryt> 0.

The following theorem is a regularity result obtained for a domain variation
solution. (See [11] or [1] for the definition of a domain variation solution.)

Theorem 2.5 [1, Theorem 8.4]. Let (u, y) be a domain variation solution of (P) in
Q, = 0,(0,0) such that (0,0) € 0{u > 0}. There exists a constant ¢, > 0 such that
if u(x, 1) = y(x, 1) =0 when (x,1) € Q, and x, > op, and if |Vu| < 1+t in Q, for
some ¢ < o, and T < 6,07, then the free boundary d{u > 0} is in Q.4 the graph of a
C™**_function; in particular the space normal is Holder continuous in 0,4

3. Proof of Theorem
Let O, = B, (z) x (0,r7) C R"*" with z € 0S, and let u solve (PS) in Q, . Suppose
u e CH2(Q, ) with a norm A > 0.

Proof of (A). Denote by 15, the middle cylinder in S, that is

1
ES = B,,(0) x R CS.
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Let / be the harmonic function in S — %S such that

h=0 ondS
1
h=c¢, on GES (3.1)
oh
o =1 ondS

where ¢, > 0 is a dimensional constant and v is inward unit normal to 0S. Define a
set % as below

B =08 x (0, 0)\€
where (x, ) € € C 35S x (0, o0) if and only if u < Ch in (B,(x) N S) x (z, t) for some

r> 0,1t <t and C < 1. Throughout the proof, we fix a contact point (x,, T) € Q
such that

o

x, € Tp(u) N 8S (3.2)

and will prove the theorem near the point (x,, 7).

First observe that (x,, 7) € 9. (Otherwise, (x,, T) € € and one can construct
a supersolution w > u such that w =0 in B.(x,) X (t + (¢t — 7)/2, t) for sufficiently
small ¢ > 0 depending on C. This would contradict (3.2).)

Let v be a caloric function in SN B, (z) x (0, r3) such that

b, —Av=0 in(SNB,(2) x (0, r2)

v=0 on (95N B, (2)) x (0, 72)

v=1u on 0B, (z) x (0, r3) U {r = 0}.
Then by Lemma 2.1, there exist a = a(n, A) > 0 and 6 = d(n, A) > 0 such that (v+
v!*9) (-, 1) is subharmonic in B, /7(x,) for any t € ((1 — 6*)T, T). (Here recall that the

contact point (x,, 7) € Q, = B, (z) x (0, r3).) Then for x € B; 7(x,) and # € ((1 —
P)T, 1)

o

u(x, t) < v(x, t) < Cih(x) (3.3)
where the first inequality follows from the comparison, the second inequality
follows from the subharmonicity of v+ v'*¢ and Lemma 2.2 for some C, > 0. Since
(x9, T) € B, one can observe that (3.3) holds for

C, > 1

Now suppose that there is an angle 0 < 0 < n/2 and a positive sequence {r;}
converging to 0 such that r,,; < r,/20 and

A(xy, 0) N 0B, (x,) € Qp, VieN.



18:52 12 May 2011

Downl oaded By: [University of Arizona] At:

Free Boundary Problem 463

Construct time intervals 0 < ¢, <, <--- <, <t,,; < T such that

m

m+1

r2
T——L-<t,<T--=L.
577 10

Also we may assume r, is sufficiently small so that

2
2r, < OVT, T—62T§T—%§tl. (3.4)

We will construct a sequence of functions w; = C;h in B, (xg) x [t;1y, T] for 0 <
i <m such that w; > u in B,, (x,) X [t;y, 7] and dw,,/0v <1 on 08 x [t,., T].
Then it would yield that (x,, 7) is not in %.
First, let wy, = C,h then by (3.3) and (3.4),
wO == Clh Z u (3.5)

in By, (x) x [t;, T]. To construct w; for i > 1, let

z; € A(xg, 0) N 3B, (xo) N {u(-, T) = 0}

and let ¢ = <. Then we get
. r;cos 0
Bcri (Zi) - S’ dlSt(Bcri (Zi)’ as) = (36)
Observe that in B,, (z;) x [t;, T]
‘< r c;)sO (37)

since A is a C''/2 norm of u and u(z;, T) = 0. On the other hand, if C; > 1, then the
inequality in (3.6) implies that in B,, (z;)

cos 0
Ch > r"’gs . (3.8)

Now let
&i1(x, 1) = Ch(x) — u(x, 1)
then g, solves the heat equation in B,, (x,) — B,,, (z;) x [t;, T], and (3.5) implies that

81 =0 on {r=1}U0B,, (x).
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Also (3.7) and (3.8) imply that on 0B,, (z;) x [t;, T]

3r, cos 0
= r‘fgs > Cyh (3.9)

for a constant C, depending only on 6 and n. Since g, =0 on 95 x [t;, T],
Lemmas 2.1, 2.2 and (3.9) yield that there exists a constant 1 = (0, A, n) > 0 such
that in B, ;0(x,) x [T — r{/100, T]

g = Ah. (3.10)

Since 2r, < /10 and t, > T —r3/5 = T — r{/100, (3.10) implies that in B,, (x,) X
(15, T]

w 1= (Cl_;“)hzclh_gl = Uu. (311)

Let m be the integer satisfying C;, —mi <1 < C, — (m — 1)A and let w;, = (C, —
iA)h for 1 < i < m. Then by a similar reasoning as in the proof of (3.11), we obtain
u<w; forl <i<min B, (xy) X [t;,T]. In particular,

u=<uw,

in B,, (xy) X [t,., T]. Here we observe
ow,,/0v = (C; — mA)Oh/dv = C; —mi < 1
in B,  (xo) X [t,.4, T, which contradicts (xo, 7) € %.

Proof of (B). Let o, > 0 be a sufficiently small dimensional constant, which will
be chosen later. Let x, €I NdS and let |[Vu| <1+0, on dSNQ,(x,T) for
some p > 0.

1. First, we will find an upper bound of |Vu| inside a positive set of u near
(x9, T), and from which we will obtain u < (1 + 40,)h near (x,, T). Let w solve the
heat equation in @, (x,, 7) N S with

max{|Vul> — 1,0} on {t =T — p*} U (dB,(x,) N S)
0 on 0S.

(Here, we let |Vu| = 0 outside the positive set Q) of u.) Since |Vu| <144, on dSN
0, (xo, T), we get

max{|Vul> — 1,0} < w + 30,
on the parabolic boundary of SN Q7 (x,, 7). Since max{|Vu|* — 1, 0} is a subcaloric
function in QN Q, (x,, 7) with boundary value 0 on T, it follows by comparison

that

|Vul> =1 <w+306, in QN 0, (xg, 7). (3.12)
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On the other hand, Lemma 2.1 implies that there exists a = a(A, n) > 0 such
that w+ w'*™ is a positive subharmonic function in Q,,(xy, 7). Since w 4 w'*
vanishes on 05, there exists a small n = n(p, 7,, A, n) > 0 such that

w <0, inQ, (x,T). (3.13)
Then (3.12) and (3.13) imply
max |Vu| <1+4g, (3.14)
0; (x0.1)

which yields that in Q, (x,, 7)
u(x, 1) < (1 +40,)dist(x, 35) < (1 +40,)h(x). (3.15)

2. Let 0 <6, <=m/2 be a dimensional constant close to w/2, which will be
chosen later. With a choice of a sufficiently small ¢, = 0,(6,, A, n) > 0, we will show
that for any (x,7) € BN Q, 4(xy, 7), , contains a space cone with vertex x and
opening 20,, more precisely,

A(x, 0p) N B,4(x) € Q, for (x,1) € BN Oy, (x, T). (3.16)

In other words, we will prove that (A) of Theorem 1.1 holds uniformly for points
in BN Q,,(xg, 7).

For the proof of (3.16), let A = A(0,, A, n) be the constant given as in the proof
of (A), which satisfies (3.10) and (3.11) for 6 = 0,. Let ¢, > 0 be sufficiently small
so that 40, < . Suppose that (3.16) does not hold for some (x, 1) € BN Q, 4(x, 7).
Then there exists a point p € A(x, 0p) N B, 4(x) N {u(-, t) = 0}. Then by a similar
proof as in (3.11) and by (3.15), we get

< (1440, — Dh in Q. 1). (3.17)

Since 1 4 40, — 4 < 1, it contradicts (x, t) € %.

3. Let € = €(n) > 0 be a sufficiently small dimensional constant. Let 0 < ¢, =
0,/2 < 1 where ¢, is the small constant given as in Theorem 2.5. Choose 0, = 0,(¢)
sufficiently close to 7/2 so that

cos 0, < €. (3.18)

By Steps 1 and 2, there exists # depending on p, a,, §,, A and n such that (3.16)
holds in Q,,(xo, T). Now let

r=en/2 (3.19)
and let y € I';(u) N B,(x,), dist(y, dS) > 0. We will show that I';(«) is a graph of
C'**“_function in By(y) for some K much larger than dist(y, S). For simplicity,

we will denote

[ =T,(u), I'=T)={(x1:xel)}.
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Let d = |y — xy| < r, then by (3.16) and (3.18),

sup{dist(z, 6S) : z € I' N B,(y)} < 2d cos b,
<2€’d < 6,d. (3.20)

if € =e€(o,) is sufficiently small. Since dist(y, 0S) > 0, we can take a positive
constant s < d such that

sup{dist(z, 8S) : z € I'; N B,(¥)} = ays. (3.21)
We divide into the following two cases, then the regularity of I’y will follow from
Theorem 2.5 in Case 1, and we show that Case 2 cannot happen.

Case 1. Suppose that I does not intersect % in B,(y) x [T — s, T]. Then u
solves (P) in Q7 (v, T) since every contact point of I' is contained in %3. Denote
y=(',y,) € B;(0) x R=3_, and let v be the inward unit normal to dS such that
v =—y'/|y|. Let P, be the hyperplane in IR” with a normal vector v, and satisfying
dist(P,, 0S) = 40,s. Precisely,

P ={x:(x—y)-v=0}

where - is the inner product and y = y — (dist(y, dS) + 40,s)v is the projection of y
to 0B4, ,(0) x R. Then for (x, 1) € O (v, 7) N Q(u)

u(x, t) < (1 +40,)dist(x, 0S) < dist(x, P,)

where the first inequality follows from (3.14) since Q7 (y,T) C Q, (x, T). Let
g(x, 1) = dist(x, P,), then g solves (P) and its order parameter y, is the characteristic
function y;_,).,-)- Since the order parameter y of u is bounded above by z,, we
obtain u(x, t) = y(x,7) =0 when (x,7) € Q; (y,7) and (y —x)-v > |y — y|. We let
o, = 0,(0y, gy, A, n) > 0 be sufficiently small so that 45, < g;. Then

ly — 3| = dist(y, 0S) + 40,5 < gys + 40,5 < 20,5 = 0,5
where the first inequality follows from (3.21). Also by (3.14),
|Vu| <1+4do,<1+0) <1+07;

in Q; (y, T). Hence by Theorem 2.5, we obtain that I'; is the graph of a C'***-
function in Qg,(y, 7). Here observe that the radius s/4 is much larger than
dist(y, dS) and o, depends on A and » since 0, and ¢, are dimensional constants.

Case 2. Suppose that there exists a point

(2. 1) e TNBNB,(y) x [T — 5, T). (3.22)

Since (29, 1p) € BN Q,4(x, T), (3.16) holds for (zo, 7)) and a similar argument as in
(3.20) yields that

. 0
sup(dist(z, 0S) : z € T, N B, ,,.(20)} < % < eays. (3.23)
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On the other hand, the construction of s (see (3.21)) implies that there exists a point
{eT,NB,() (3.24)
such that
dist({, 0S) = ays.

Since { € B,(y) C B,,(zy), (3.23) implies that
sup{dist(z, 0S) : z € I, N B, 5 (0)} < €0ys. (3.29)
Now observe that, in the large ball B, ,,.({), the free boundary I, stays €cs-
close to dS. In other words, T, is e*-flat in a ball with radius comparable to s/e.
But since I'; contains {, and { is g,s-away from 085S, it implies that the free boundary
should move by more than g,s/2 on the time interval [z,, T], near the point (.
Here we recall that T — ¢, is sufficiently small, i.e., T — ¢, < s2. Then to derive a
contradiction, we show that it takes more time than 2s* for I,(u) to move by a,s/2
near {. More precisely, using the e’-flatness of T}, , we construct a radially symmetric
solution v in Q, (u) x [ty, T] such that v < u and v({, T) > 0, which would contradict

{ e ITp(u).
Let S’ be the concentric subcylinder of S such that dist(9S’, 0S) = €ays/2, i.e.,

S/ = Bl—eaos/Z(O) X ]R

First, we show that u(-, 7,) is bounded below by (1 —€)A(-) in §'N B, ;,({). Since
0, 1)) C Q,(xo, T), (3.15) implies

u(x,t) < (1 +40,)h(x)
in O /.(C, 1). Suppose that for some y € §"N B, (),

u(y, 1p) = (1 = €)h(y).
Then by a similar reasoning as in (3.17), there exists A = A(€, g4, n) > 0 such that

u<(l+4g,—A)h (3.26)

in Q, 4 (C, 19) N {x: dist(x, 0S) < €gys/10}. Here note that . is a dimensional
constant as well as € and g,. If we choose a sufficiently small ¢, such that 40, <
Z, then (3.26) would yield that S N B, ,5.({) does not intersect BN {r = #,}. This
would contradict (z,, t,) € % since z, € 0S N B,,({). Hence we conclude

u(-,19) > (I —€)h(-) in S NB, (). (3.27)

Now we construct a radially symmetric solution v on the time interval [¢,, 7]
such that v < u on [#,, T], and v({, T) > 0. Denote { = ({, {,) € B;(0) x R and let v



18:52 12 May 2011

Downl oaded By: [University of Arizona] At:

468 Choi

be the inward unit normal vector to 0§ such that v = —{/|{|. Let
G €0,S ,
R=4—0€, §€=C—<00s—70>v€55, (p=(+Rv

where (. is the projection of { to dS’. Let 3 be the ball with center at {; and with
radius R, i.e.,

3= BR(@R)

then we get

2CSNB, (D), (e, dist({,02) = <1 - g)oos.
In particular, (3.27) implies
u(-, 1) > (1 —e)h(-) in 3.

Let v be the radially symmetric solution of (P) with center at {;. Then by
Lemma 2.3,

o(x, 1) = (Ty = )2 ATy = )77 = L)

where T, > 0 is a constant, and f is a decreasing concave function on [0, K) with
f(K) =0 and f'(K) = —1. Let 7, € (0, 7)) be the time satisfying

(Ty—19)""’R=K (3.28)
then we get
{v(-, 7p) > 0} = 3.

Now let

T & O t—t,
v(x, 1) = (1 e)v( e + (is (1_6)2—}—‘50).

Then v solves
v,—Av=0 1in {v > 0}
V| =1 on d{v > 0}
for t > t,, and at the time 7 = 1,
(1) > 0} C S
c SN B(To.&‘/zé(C)
C {u(-, 1) > 0}
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where the last follows from (3.27). Also recall that u(-, t,) > (1 — €)h(:) in X, where
h(x) = h(x', x,) = h(]x'|) is a decreasing convex function on [1/2, 1] with A(1) =0
and |A#'(1)| = 1. Since v is radially symmetric with center at {,, and it is concave
with |Vo(-, 75)] = 1 on 0%, we obtain that in 3,

u(-s 1) = (1 =)h() = (1 = €)v(-, 1)

> (1- e)f)<'1__C§ + o ro> = (-, 1,). (3.29)

Hence by comparison, u > v for ¢ > t,.
On the other hand, observe that { € {v(-, #,) > 0} and

dist((, T, (v)) = dist((, 8S) — dist(3S, T, (8)) — dist(T,, (¥), T}, (v))

Let 7, + o be the time the free boundary of v reaches the point (, i.e., let
C € FtoJrac(v)'

Then since dist({, I (v)) = % > % the construction of v yields that

R R + (0'0S/2)
. 3.30
=) = Ty = (5 + (1 — ) D)1 (330
Hence
2.2
) O
o > (1 —E) (TO—’CO)<? — m)
0oS
> (1- 5)2(T0 - To)%
GoSR als?
=(—¢)? 2‘}(2 =(1- 5)2860[(2 > 25 (3.31)

where the first inequality follows from (3.30), the first equality follows from (3.28),
the second equality follows from R = g,s/4€ and the last inequality follows if € =
€(0y, K) > 0 is a sufficiently small dimensional constant. Since v is strictly decreasing
in time, (3.31) implies

v((, ty + 257) > 0.

Recall that by (3.24), { € I';(u), and by (3.22), T < t, + s*. Since v is decreasing in
time,

0<v(, ty+ 25%) < v, T) <u((, T) =0.

Hence we conclude that Case 2 cannot happen.
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Proof of (C). Suppose that u is decreasing in time. Let (x,, 7) € % and let 0, > 0
be a dimensional constant, which will be chosen later. By (A), there exists r > 0 such
that the cone A(x,, 0,) N B,(x,) is contained in Q. Since u is decreasing in time, for
t<T
A(xy, 0p) N B,(xg) C €,
and hence
SN B,(x,) C Q, (3.32)
where
8" = By, c050,(0) x R C 8.
Let w, and w, be caloric functions in S’ N B,(x,) x [T — r?, T] such that
0 on s
' {u on 3B, (x) U {r = T — 1)
and
2C,rcosf, on S
= {u on B,(x,) U {t = T — 1}
where C, is the constant given as in (3.3). Then by (3.3) and (3.32),
w, <u<w, <w, +2Crcosb, (3.33)
in SN B,(x,) x [T —rT].

On the other hand, by Lemma 2.1, there exists a = a(n, A) > 0 such that

wy +w; " is subharmonic and w, — w;*™ is superharmonic in §' N B, ,(x,) x [T —

(r/2)*,T]. For t € [T — (r/2)*, T], let g be the harmonic function in $' N B, ,(x,)
with
_ 0 on 08’
Vw0 on OB, »(xo)-
Let
€e=0,/10>0
then the almost harmonicity of w, implies that in §" N B, ,(x,)

(1-9g() =w (0 = (1+egl()

if r = r(e, A, n) > 0 is chosen sufficiently small. Since g, vanishes on 0S’, Lemma 2.2
yields that there exists 0 < 6 = (€, n) < 1 such that in §’' N By, (x,),

h, <g < (1+e€h,
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for a harmonic function 4, defined in §" — %S with boundary values 0 on 05’, and a
constant ¢, on 915. Here we let 0, = 0, (e, 6, n) be sufficiently close to /2 so that

dist(x,, S") = rcos 0, < €5°r/10. (3.34)

Combining the above inequalities, we get
(I=eh() =w (1) < (1+26)h,() (3.35)

in 8’ N By, (x,). Then by (3.33) and (3.35),
(1=e)h,() <u(,t) <w(-, 1) < (1 +2€)h,(-) +2C,rcosb, (3.36)

in ' N B, (x,) and for t € [T — (r/2)*, T).

Claim 1. If |Vh, | = 1+ 5€ on 0S' for some t, € [T — (r/2)*, T], then

or

Q, () N By, (xy) = SN By, (x;)-

For the proof of Claim 1, suppose |Vh, | > 1+ 5€¢ on 08’ for 1, € [T — (r/2)*, T].
Since w, is decreasing in time, (3.35) implies that in B, (x,) x [T — 2, t,],

(1 =e)h, () <w (0. (3.37)

Now we construct a subsolution v such that v <u and v(:, #)) > 0 in S N By, (x).
Then it would yield that S N B;,(x,) C Q, (u). Let ' be the subset of B, (xy) x [T —
%, t,] such that

Q/ n {l = T - }’2} = S/ n B(S,(xo), Q/ N {t = to} = S N B(;,.(XO)

and that 0} has a constant normal velocity. (Here S’ N B;,(x,) is not empty since
(3.34) implies rcos 0, < or.)
Let v solve
v,—Av=0 in
v=(1—€h, ondB;(x)U{r=T-r’}
v=20 on 0Q\{t =T — r*}.
Then by (3.33) and (3.37), v < u on 8By, (x,) U {r =T — r?}, and Q, (v) N B;,(x;) =
Q' Nn{t=1t}=SNB;(x,). Hence it suffices to show that v is a subsolution, i.e.,

|Vv| > 1 on 0{v > 0}. Since ()’ is Lipschitz in parabolic scaling, Lemmas 2.1 and 2.2
imply that in By, (xy) NS

oah() = (-, 1) = (1 + €)ah(:) (3.38)

for a constant o > 0 and for the harmonic function /4 defined in (3.1), which vanishes
on 0§ and |Vh| =1 on 0S. To find a lower bound of «, let k(x, 1) = (1 — €)h, (x).
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Then k is caloric in §' N By, (x,) x [T — r%, t,] and by comparison, k < v on [T —
r?, t,]. Let y be a point in the middle of S' N By, (x,) such that

dist(y, 08") = dist(y, 0By, (x,)) ~ &°r.
Then at (y, ),
(1 +4e)dist(y, 0S") < (1 — €)h, (y) = k(y, ) < v(y, 1)

where the first inequality follows from the convexity of %, and (1 —€)|Vh, | > 1+
4e on 0S'. Then by (3.34) and (3.38)

(1 + 3e)dist(y, 8S) < (1 + de)dist(y, 3S') < v(y, o) < (1 + €)ah(y).

If 6%r is sufficiently small, then h is well-approximated by a linear function in SN
By, (x,) and by computation,

(14 3e)dist(y, 0S) < (1 + e)ah(y) < (1 4 2¢€)adist(y, 0S)
which implies 1 4+ € < a. Then by (3.38), (1 + €)h < v(-, t;) and we obtain
1 + € S |VU(', to)l on 55 ﬁ B(;z,(xo).

By similar arguments, we also get |Vv| > 1 on d{v > 0}. Hence v is a subsolution
and we can conclude the proof of Claim 1.

Claim 2. For x € S' N\ By, (x,) and t € [T — (r/2)%, T)
u(x, 1) < wy(x, t) < (1+2€)h,(x) + 2C,rcosb,
and for some n > 0
|Vh,| <14 5€ on S forte [T —n,T].

Since x, € I'; N S, there exists 0 < 1 < r/2 such that B;,(x,) NS NI, (u) # @ for
t € [T —n, T]. Then by Claim 1, |Vh,| <1+ 5€ on 0S'. The first part of Claim 2
follows from (3.36).

Claim 3. For x € 0S N By,(xy) and t € [T — 1, T,
|Vu(x, )| <14+ 10e =1+ a,.

For the proof of Claim 3, we will construct a caloric function w; such that u <
w; in S N B, (x,) x [T — r?, T], and using Claim 2, we will show that |Vw,| < 1+ 10e
on 0S8 N By, (x,) x [T — n, T]. Let w; be a caloric function in S N B,(xy) x [T — 1%, T]
such that

0 ondS
w3 = 5
u on 0B, (x))U{r=T—r}.
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Then by comparison,
u < wy (3.39)

in SN B,(xy) x [T — r?, T). Also observe that for x € SN B;,(x,) and ¢ € [T — 5, T),

or

w;(x, 1) < wy(x, 1) < (1 +2€)h,(x) + 2C,rcos b, (3.40)

where the first inequality follows from (3.3), and the second inequality follows from
Claim 2.

On the other hand, by Lemmas 2.1 and 2.2, there exists o, > 0 depending on ¢
such that for x € SN By, (x,) and ¢ € [T — (r/2)?, T),

o, h(x) < wy(x, 1) < (14 €)a,h(x). (3.41)

Hence if v is the inward unit normal to 0S at x,, and if r € [T —#, T,

or or
o,h x0+7v Ws x0+?v,t

5
(1+ 26)h,<x0 n 7%) +2C,rcosf,

IA

IA

p
< (1+2€)(1 + 56)h<x0 + ?rv) +2C,rcos 0,

5
<q +8e)h<x0 + ?rv)

where the first inequality follows from (3.41), the second inequality follows from
(3.40), the third inequality follows from Claim 2 and the convexity of &, and the last
inequality follows if 6, is chosen sufficiently close to ©/2 so that cosf, < €5/10C;.
Hence we get

o, <1+ 8e
for t € [T — n, T], and by (3.39) and (3.41)
[Vul < |[Vus| < (1 +€)a, <14+ 10e =1+,

on 0S N Bs,(xy) x [T —n, T]. Then we can conclude that (C) of Theorem 3.25 holds
for p = min{dr, \/n} > 0.
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