Homework 5 Solutions

Sections 5.1 - 5.3

Section 5.1

1 3 6 7
6. Is | —2 | an eigenvector of [ 3 3 7 |7 If so, find the eigenvalue.
1 5 6 5

Solution. Note that

3 6 7 1 -2 1
3 3 7 -2 | = 4 ==-2| -2 |,
5 6 5 1 -2 1
1
SO yes, —2 | is an eigenvector with eigenvalue A = —2.
1

16. Find a basis for the eigenspace corresponding to the given eigenvalue:

3020

1 310

011 0| A=4

0 0 0 4

Solution. First we note that

3—4 0 2 0 0 -1 0 2 010 1 0 -2
1 3—14 1 0 0| 1 -1 1 01]0 01 -3
0 1 1-4 0 0 | 0 1 -3 0|0 0 0 O
0 0 0 4—410 0 0 0 010 0 0 O

Hence, the solution in parametric form will be given by

r, = 2.%‘3
o = 3.733
r3 is free
xy is free

which has a corresponding parametric vector form:

+ 24

O = W N
= O O O

Thus, a basis for the 4-eigenspace is

O = Wi
— o O o

o o o o

o O o o



Section 5.2

14. Find the characteristic polynomial of the following matrix, using either a cofactor expansion
or the special formula for 3 x 3 determinants:

5 —2 3
0 1 0
6 7 =2

Solution. Using cofactor expansion along the second row we see
5—-A =2 3

0 1-x 0 |=(1-x
6 7 —2-2)

5—X\ 3
6 —2 )\ :(1_)‘)((5_)‘)(_2_>‘)_18)7
which simplifies to —A3 4 422 4- 25\ — 28.

18. It can be shown that the algebraic multiplicity of an eigenvalue A is always greater than or
equal to the dimension of the eigenspace corresponding to A. Find h in the matrix A below
such that the eigenspace for A = 5 is two-dimensional:

5 -2 6 -1

0 3 h O

0 0 5 4

0O 0 0 1

Solution. We see that

5-5 =2 6 -1 |0 0 -2 6 —-110 0 -2 6 -1
0 3-5 h 0 0] | 0 -2 h 010 0 0 h—-6 1
0 0 5-5 4 ol | o 0 0 410 0 0 0 4
0 0 0 1-510 0 0 0 —-410 0 0 0 0

Clearly the row echelon form will have two free variables if and only if h = 6, meaning the
dimension of the eigenspace corresponding to A = 5 will be two if and only if h = 6 (since each
free variable will correspond to an eigenvector).

Section 5.3

14. Diagonalize the following matrix, if possible.

4 0 =2
2 5 4
0 0 5

The eigenvalues of this matrix are: A = 5,4.

Solution. First, we will determine the eigenspace corresponding to the eigenvalue A = 5 (since
this eigenvalue has multiplicity 2, if the eigenspace is not 2-dimensional we will know that the
matrix is not diagonalizable!). We have:

4-5 0 -2 |0 -1 0 =210 1 0 2]0
2 5—5 4 0 | = 2 0 4/0])]~---~]100 0|0
0 0 5—-51|0 0 0 010 0 0 0|0

o o oo



32.

Thus we see that zo and z3 are free variables which will give us the following basis for the
5-eigenspace:

0 -2
1], 0
0 1
Now, for the eigenspace corresponding to A = 4,
4—4 0 =210 00 -2]0 1 3 0/0
2 5—4 4 0O ]l=(21 4|0 |~-~| 00 1]0
0 0 5—410 00 110 0 0 010

Here x5 is our only free variable which gives us a basis for the 4-eigenspace:
1
T2
1
0

Therefore, we can write A = PDP~! where

0o -2 -1 5 0 0
p=|1 0 1 |, D=[050
0 1 0 00 4

Construct a nondiagonal 2 x 2 matrix that is diagonalizable but not invertible.

Solution.  Simply create a 2 x 2 matrix with two distinct eigenvalues (which ensures the
matrix is diagonalizable) where one of the eigenvalues is zero (which ensures the matrix is not
invertible). Some simple examples would be

(50) (as) (04)

where a and b are any nonzero real numbers.



