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@ Let U be an indeterminate.
e M a Zp[U]-module finitely generated as a Zp-module.

Consider the Zp-module morphism
Z,[U] — Endz, (M).
The image of Z,[U] in Endz,(M) is a finite Z,-algebra; call it A.
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Ordinary Parts

@ Let U be an indeterminate.
e M a Zp[U]-module finitely generated as a Zp-module.

Consider the Zp-module morphism
Zp|U] — Endz,(M).

The image of Z,[U] in Endz,(M) is a finite Z,-algebra; call it A.

e A= ]]Ai where each A; is local.

@ Project U onto these local factors of A.

e Let A°d denote the product of local factors of A in which the
image of U is a unit.
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Ordinary Parts

@ Let U be an indeterminate.
e M a Zp[U]-module finitely generated as a Zp-module.

Consider the Zp-module morphism
Z,[U] — Endz, (M).
The image of Z,[U] in Endz,(M) is a finite Z,-algebra; call it A.

e A= ]]Ai where each A; is local.

@ Project U onto these local factors of A.

e Let A°d denote the product of local factors of A in which the
image of U is a unit.

Definition
The ordinary part of M is defined to be
Mord - M Ra Aord‘
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Ordinary Projector

The ordinary projector on Hy(gp", x; O) is e = limp_0 T,?!-

o If f € My(gp", x; O) is an eigenform of T, with eigenvalue
cp then

flo = foif [cplp =1,
710 ifclp < 1.

o f e Mi(gp", x;O) is ordinary if f|o = f.
o My(ap",x: 0) = {fle : f € My(ap", x: O)}
o H(gp’,x: O) = {eH : H € Hi(ap", x; O)}

The spaces S,‘("d and hzrd are defined similarly.
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@ Let A be a subring of C with Z[x] C A.
e K = Frac(A).
@ My o(N,x;A) ={f € My(N,x;K):an(f) € AV n>1}.
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@ Let A be a subring of C with Z[x] C A.
e K = Frac(A).
@ My o(N,x;A) ={f € My(N,x;K):an(f) € AV n>1}.

Proposition

For every k > 0 we have
Homo(HY(qp", x; ©),0) = M5(ap", x; 0),
Homo(M38(ap", x: 0),0) = H(ap", x; 0).

1%

And an equivalent result holds for cusp forms and their
corresponding Hecke algebras.
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Let kK > 2 and w be the Teichmiiller character, then

ranko ’Hfd(qp’, yw ™k O) = rankop Mzrd(qp’, w ™k 0)
= rankoMgrd(qpr,xw_z;O).

The equivalent result also holds for ordinary cusp forms.
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@ Ordinary A-adic Forms
@ Universal Ordinary Hecke Algebra
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A-adic Forms

Let us fix some notation:
@ Dirichlet Characters

e x — level Np
o ¢ — conductor p (If [¢| = p"~1, x¢ maps the image of
uely=1+pZ,in (Z/p'Z)* to ¢.)

@ v, — p-adic cyclotomic character (g(¢) = ¢vel8)

Vg € Gal(Q/Q) and for all p-power roots of unity, ¢.)
N = Zp[[X]] — lwasawa algebra.

K — finite field extension of Frac(A).

I — integral closure of A in K.

k — character mapping Uy — A with u — 1+ X, i.e.,

K(u%) = (14 X)* = Z <fn>xm e N<.

m=0
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A-adic Forms

A A-adic form F of level N and character x is a formal
g-expansion

F= Zan(Fq e /lq1],

such that for all speC|aI|zat|ons vi:l— @p extending
I/k’Ci/\—>Qp x> Cuk—1,
where kK > 1 and ¢ € u;_l with r > 1, the specialized g-expansion

f, =v(F) = v(an(F))a" € Qp[lql]
n=0
is the image under a fixed embedding Q — (QTP of the g-expansion
of a classical modular form of weight k, level Np" and character

Xv = XW—kXC-

v
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A-adic Forms

Let F be a A-adic form.

@ If the g-expansion of F is in I[[q]], F is called an l-adic form.

e If all the specializations f, = F((uX — 1) are cusp forms, F is
cuspidal.

Let
M(N, ) =EPMN,x, 1) SN, I)=ESN,x, /)

denote the spaces of all /-adic forms and cusp forms, respectively.
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A-adic Forms

A-adic Hecke Operator

We would like to describe a Hecke operator which acts on M(N, /)
and S(N, 1).
For notation, let (n) := w(n)~1n.

If F € M(N,I), then the coefficients of the formal g-expansion for
ThF are given by

am(TaF)(X) = Y K((B))(X)X(D)b ampi2 (F)(X).

b|(m,n)
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A-adic Eisenstein Series

Recall, the classical Eisenstein series is given by:

L(1 — k, > .,
Eon(z) = LR 50 ()" € MuWo)

n=1

where o _1,(n) = Zdlnx(d)dk_l.

Note that Ej , has level N, but A-adic forms interpolate modular
forms of weight divisible by Np.
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A-adic Eisenstein Series

The p-stabilization of E , is given by

Elgﬁz(z) = Eix(2) = x(P)P* ' Exx(p2),
which has q-expansion

1 —k,x)
EP)(z) = —— "X Zak 1 (M,
h _
where O'I((P_)LX(H) _ Z X(d)dk 1
d|n
(d,p)=1

and LP)(s,x) = (1 — x(p)p~%)L(s, x),

and is of level divisible by Np.
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p-adic L-Functions

@ 1964 — Kubota & Leopoldt

e Analytic p-adic L-functions

e p-adic interpolation of special values of Dirichlet L-functions.
@ 1972 — Iwasawa

e Arithmetic p-adic L-functions
e Stems from the arithmetic of cyclotomic fields.

Definition
The Kubota-Leopoldt p-adic L-function, L,(s, ) is a
continuous function for s € Z,\{1} satisfying

Lp(1— k,x) = (1 — xw ™ (p)p* ")L(L — k, xw™)

for k > 1.
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p-adic L-Functions

For notation, set

[ x(u)(1=X)—1 if xis of type Uy,
Hh(X) = { 1 otherwise.

Iwasawa showed the existence of a unique power series G, (X) € /

such that
Gy(u° —1)

Hy(us —1)
Also, if p is a character of type U; then

LP(]‘ - S, X) =

Gyp(X) = Gy(p(u)(1 + X) = 1).

R. Scott Williams Hida Theory



A-adic Eisenstein Series
A-adic Forms Ordinary A-adic Forms
Universal Ordinary Hecke Algebra

A-adic Eisenstein Series

If x # 1, then there is a A-adic form

Ev = Anx(X)q" € I[[q]]
n=0

which specializes to E{*), with ) = yw*x¢ under the

homomorphism of / to @p induced by vy ¢ for k > 1 and ¢ € iy
for r > 1.

If x =1 then &, still exists, but is, strictly speaking, not a A-adic
form since its constant term will have denominator X.
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A-adic Eisenstein Series

Nonconstant Terms (A, (X), n > 0)
edeZy, (d,p)=1 = (d)el
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A-adic Eisenstein Series

Nonconstant Terms (A, (X), n > 0)
edeZy, (d,p)=1 = (d)el
o Ag(X) := 51+ Xx)s(()
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A-adic Eisenstein Series

Nonconstant Terms (A, (X), n > 0)
edeZy, (d,p)=1 = (d)el
0 Ay(X) = (14 X))
® Ag(Cut —1) = SR = 2P = K d)d (d)

R. Scott Williams Hida Theory



A-adic Eisenstein Series
A-adic Forms Ordinary A-adic Forms
Universal Ordinary Hecke Algebra

A-adic Eisenstein Series

Nonconstant Terms (A, (X), n > 0)
edeZy, (d,p)=1 = (d)el
o Ag(X) := 51+ Xx)s(()
o Ag(Guk — 1) = S — XelDU k() dk1x(d)
o Any(X) = 3 x(d)Ad(X)

d|n
(d,p)=1
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A-adic Eisenstein Series

Nonconstant Terms (A, (X), n > 0)
edeZy, (d,p)=1 = (d)el
o Ag(X) := 51+ Xx)s(()
o Ag(Guk — 1) = S — XelDU k() dk1x(d)
o Any(X) = 3 x(d)Ad(X)

d|n
(d,p)=1
o Any(Cuf —1)= > p(d)d* =0 (n).
d|n
(d,p)=1
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A-adic Eisenstein Series

The p-stabilization of E , is given by

Elgﬁz(z) = Eix(2) = x(P)P* ' Exx(p2),
which has q-expansion

1 —k,x)
EP)(z) = —— "X Zak 1 (M,
h _
where O'I((P_)LX(H) _ Z X(d)dk 1
d|n
(d,p)=1

and LP)(s,x) = (1 — x(p)p~%)L(s, x),

and is of level divisible by Np.
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A-adic Eisenstein Series

Proof. (cont.)
Constant Terms (Ag (X))
o Aoy (X) Gx(X).

T 2H (X))
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A-adic Eisenstein Series

Proof. (cont.)

Constant Terms (Ag (X))

o Aoy (X) = 5500

@ Suppose x # 1 (x = 1 is similar).
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A-adic Eisenstein Series

Proof. (cont.)

Constant Terms (Ag (X))

o Aoy (X) = 5500

@ Suppose x # 1 (x = 1 is similar).
o Hy(X)=1
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A-adic Eisenstein Series

Proof. (cont.)

Constant Terms (Ag (X))

o Aoy (X) = 5500

@ Suppose x # 1 (x = 1 is similar).
o Hy(X)=1= Ag,(X)el
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A-adic Eisenstein Series

Proof. (cont.)

Constant Terms (Ag (X))

o Aoy (X) = 5500

@ Suppose x # 1 (x = 1 is similar).
o Hy(X)=1= Ag,(X)el

P L G(Cuk—1) Gy (uF—1)
Aox(Cu™ —1) = 2I->I<X(Cuk —1)  2Hy (uk-1)
Lp(1 - k xx¢)
- 2
= 5 O
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A-adic Eisenstein Series

The p-stabilization of E , is given by

Elgﬁz(z) = Eix(2) = x(P)P* ' Exx(p2),
which has q-expansion

1 —k,x)
EP)(z) = —— "X Zak 1 (M,
h _
where O'I((P_)LX(H) _ Z X(d)dk 1
d|n
(d,p)=1

and LP)(s,x) = (1 — x(p)p~%)L(s, x),

and is of level divisible by Np.

R. Scott Williams Hida Theory



A-adic Eisenstein Series
A-adic Forms Ordinary A-adic Forms
Universal Ordinary Hecke Algebra

Ordinary A-adic Forms

Using the same ideas as we discussed for modular forms we may
define the spaces of ordinary A-adic modular forms and ordinary
A-adic cusp forms,

MOYN, 1) and SN, 1),
each of which have a decomposition

Mord(N7 I) — 69'/\/tord(l\/7><7 I),

X

and

Sord N, I @Sord N X, 1

R. Scott Williams Hida Theory



A-adic Eisenstein Series
A-adic Forms Ordinary A-adic Forms
Universal Ordinary Hecke Algebra

Ordinary A-adic Forms

F e M°9(N, 1) is:
@ a newform if each specialization £, is N-new.
e an eigenform if each specialization f, is a classical eigenform.

@ primitive if it is an eigenform, a newform, and normalized
such that a;(F) = 1.

e ordinary if a,(f,) is a p-adic unit for each specialization.
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Ordinary A-adic Forms

Theorem (Hida, Wiles)
Let p be an odd prime.

© There are finitely many primitive, ordinary A-adic forms F of
tame level N.

@ Each classical, p-stabilized, primitive, ordinary form is a
member of some primitive ordinary A-adic form F.
© The form F from @ is unique up to Galois conjugacy.

@ Given a normalized, ordinary, A-adic eigenform F, one may
associate a Galois representation pr to it, with several natural
properties.
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Ordinary A-adic Forms

Theorem (Wiles)

The space of ordinary A-adic modular forms (resp. ordinary A-adic
cusp forms) of character x is free of finite rank over A; i.e.,
M(N, x, 1) and S°I(N, x, 1) are free of finite rank over A.

R. Scott Williams Hida Theory
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Universal Ordinary Hecke Algebra

Definition

The universal ordinary Hecke algebra H°™(N; \) is the
subalgebra of Endy(M°9(N,A)) generated by all of the Hecke
operators T, over A.

R. Scott Williams Hida Theory
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Universal Ordinary Hecke Algebra

Definition
The universal ordinary Hecke algebra H°™(N; \) is the
subalgebra of Endy(M°9(N,A)) generated by all of the Hecke

operators T, over A.

We define a pairing

(-,-) : HOY(N; A) x MOI(N, A) — A
(H,F) = ai(HF) € A.

We also define the space

m°4(N, A) = {f € M°4(N,K) : an(F) € A for n > 1},

where K is the quotient field of A.
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Universal Ordinary Hecke Algebra

For any extension A of A, the above pairing induces the
isomorphisms

Hom 4(Hod(N; A), A) = mod(N, A),

Hom(m®d(N, A), A) = HO4(N; A),

Hom(ho(N; A), A) 2 Se4(N, A),
(

Homa(S°(N, A), A) = hed(N; A).

In particular, HO9(N; A) and h°4(N; A) are free of finite rank over
A.

<
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Ordinary A-adic Galois Representations

Theorem 1 (Hida, Wiles)

Let F be a normalized /-adic eigenform of level N in S°¢(N, x, 1),
and let \ denote the corresponding /-algebra homomorphism

A hod(N, x, 1) — I. Then there exists a unique Galois
representation pr : Gg = Gal(Q/Q) — GLa(K) such that

@ pr is continuous and absolutely irreducible,
@ pr is unramified outside Np,
© for each prime g 1 Np, we have

det(1 — pr(Frobg)T) =1— XN(Ty)T + (x/-wp_l)(q) T2,

where Frobg is the Frobenius element at q.

R. Scott Williams Hida Theory



Pseudo-Representations

Ordinary A-adic Galois Representations

Ordinary A-adic Galois Representations

Let us briefly explain what we mean by the reduction of pr modulo
P.
For any prime ideal P of I, let Q(//P) denote the field of fractions

of I/P.

Definition

A Galois representation pgp into GLa(Q(//P)) is called a residual
representation of pr at P if pgp is continuous under the m-adic
topology of Q(//P), it is semi-simple, and it satisfies the following
properties:

© prp is unramified outside Np,
@ For any prime g t Np,

det(1—pFp(Frobg) T) = 1= X(Tq)(P) T +((xxv, ") (@) (P) T2

v
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Ordinary A-adic Galois Representations

e f — normalized eigenform in Si(Fo(Np"),v; K¥)

@ Kr — the number field generated by {a,(f)}%2;

@ )\s — the corresponding algebra homomorphism
hk(ro(Npr), ’QD; Kf) — Kr

We have the following theorem due to Eichler-Shimura for k = 2,
Deligne for k > 2, and finally Deligne-Serre for k = 1.
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Ordinary A-adic Galois Representations

Theorem

For each maximal ideal p of Ok, lying over P, there exists a
unique 2-dimensional Galois representation pr , : Gg — GLa(Kr )
such that

@ pr,, is continuous and absolutely irreducible,
@ pr,, is unramified outside Np,
© for each prime g 1 Np, we have

det(1 — pr o(Frobg) T) =1 — A\e(Ty) T +9(q)g* 1 T2

| \

Corollary 2

There exists a unique, odd Galois representation
PPy : Gg — GL2(Q(//P)), and hence into GLa(//P), with the
same properties as in the above Theorem.

v
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Ordinary A-adic Galois Representations

We will use the following lemma to show that Deligne's
representation is the same as the reduction of the representation
from Theorem 1.

Let G be a group, K be a field of characteristic 0 and let p; and
p2 be two finite dimensional linear representations of G over K. If
p1 and py are semi-simple and Tr(p1(g)) = Tr(p2(g)) for all

g € G, then p1 and py are isomorphic over K.
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Ordinary A-adic Galois Representations

We can now show that the residual representation pfp attached to
pF is the same as Deligne’s representation, pr(p.

Note that we have (n) = w(n)~*n = u*({") where s(n) = I‘I’fg(ézg).
Then we see

k((M)(Cuk — 1) = k(e (Cuk —1) = (¢Cuk)sUm)
<5(<">)(u5(<">))k

Cs((n))w—k n)nk

Il
<
)
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Ordinary A-adic Galois Representations

Recall the trace polynomials from of these representations are
given by

det(L — 7 p(Frobg) T) = 1 — N(T)(P)T + (i )(@)(P) T
and
det(1 — pr o(Frobg) T) = 1 — Af(To) T +9(q)g* ' T2,

respectively.
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Ordinary A-adic Galois Representations

Recall the trace polynomials from of these representations are
given by
det(1 — pFp(Frobg) T) =1 = X(Tg)(P) T + ((x#w, 1 )(9))(P) T2,
and
det(1 — pr o(Frobg) T) = 1 — M\e(Ty) T +4(q)qg" 1 T2,

respectively.
Hence, if P|p = ker(vk,¢), then

ATg)(P) = aq(F)(P) = aq(F(P)) = a4(f,) = A (Tq)

= )\f(Tq)’ (1)

and

(kv N(@)(P) = (xw ™ x)(@)d" T = xu(@)d* ™ (2)
as desired.
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Pseudo-Representations

@ B is a commutative topological ring with unity.
@ 2 is invertible in B.

e If B is an integral domain, let Q(B) denote its field of
fractions.

Definition
Let G be a profinite group with an identity e, and a special
element ¢ of order 2. A pseudo-representation 7: G — B is a
triple m = {A, D, X} of continuous maps

A:G— B,

D: G — B, and,

X:GxG—= B, |

R. Scott Williams Hida Theory




Pseudo-Representations

Ordinary A-adic Galois Representations

Pseudo-Representations

Definition (cont.)
satisfying the following axioms:
Q A(o7) = A(0)A(7) + X(o, 7),
D(o71) = D(0)D(1) + X(7,0),
X(o7,7) = A(0)X(7,7) + D(7)X(7,7),
X(o,7y) = A(v)X(0,7) + D(7)X(,7),
A(e) = D(e) = A(c) = 1,D(c) = -1,
X(o,e) = X(e,0) = X(o,¢c) = X(¢,0) =0,
0 X(o,7)X(v,m) = X(o,m)X (7, 7).
When we need to specify m we denote A, D, X by A, D, X;:.
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Pseudo-Representations

Definition

The trace and determinant of a pseudo-representation 7 are
defined to be

e Tr(m)(o) := A(o) + D(o),
@ Det(m)(0) := A(o)D(c) — X(o,0).

With these definitions we now have the following two identities.

_ Tr(m)(o) + Tr(7)(co)
5 )

A(o)

and
_ Tr(m)(o) — Tr(w)(ca).

D(o) 5
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Pseudo-Representations

Suppose {P,}7° ; is a sequence of height 1 prime ideals of /. For
each n > 1, suppose mp, is a pseudo-representation of G into
I/Pp. Suppose that the mp, are compatible on a dense subset ¥ of
G., i.e., there exist two functions T and D on X, with values in /,
such that for any n > 1

Tr(mp,)(0) = T(o) (mod Pp),
Det(mp,)(c) = D(o) (mod P),

for all o € X.

R. Scott Williams Hida Theory
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Pseudo-Representations

Theorem (cont.)

Let a, =i, Pi. Then there exists a pseudo-representation 7 of
G into /, such that for all 0 € ¥ and n > 1,

Tr(7)(0) = T(o) (mod a,),
Det(7)(0) = D(0) (mod a,),
and hence for every o € ¥,

Tr(m)(o) = T(o), Det(m)(c)= D(0).
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Pseudo-Representations

Theorem 3 (Wiles)
Suppose that {P,}7°, is an infinite set of distinct prime ideals of /

of height one. Let //P, denote the integral closure of //P, in
Q(//Py,). Suppose that, for each n, we are given a continuous, odd
representation N

pn : Gg = GLo(1/Py),

which is unramified outside Np. Suppose that for each prime
q 1 Np, there exists elements agq and €q, in /, such that

Trace py(Frobg) = a4 (mod P,), and
Det pn(Frobg) = €q (mod Pp).
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Pseudo-Representations

Theorem 3 (cont.)

Then there exists a continuous, odd representation
p: Gg — GL2(K),
with

Trace p(Frobg) = agq,
Det p(Frobg) = €q,

for g1 Np. Also, p is irreducible if p, is irreducible for some n.
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Pseudo-Representations

Proof of Theorem 1

Consider the set of arithmetic primes {P,}°°; and let p, denote
the representation associated to F(P,) as in Corollary 2. For every
prime g 1 Np we take

ag = A\(Tg) € | and €q = (X’Wp_l) (q) el

By the computations in Equations (1) and (2), for every q { Np, aq
and ¢4 satisfy the conditions of Theorem 3. Hence, there exists a
representation p, such that for each prime q { Np

det(1 — p(Frobg)T) =1 —X(Tq)T + (X/wp_l) (q)T2.

This p is our desired pE. O

v
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