Linear algebra HW 5 - Solutions

Section 9.3

Study the definition of a linear transformation. State it from mem-
ory.

A linear transformation is a function 7" : V. — W between vector
spaces such that T(au + fv) = oT'(u) + T (v) for all scalars o and 3
and all vectors v and v.

Find the matrix for the linear transformation which rotates every
vector in R? through an angle of 7 /4.

Let T be such a linear transformation, we look at the action of 17" on

the standard basis vectors e; and ey. By trig, T(e;) = (COS(9)> and

| sin(6)
T(es) = (_Cslsr(lx)) The matrix of T is

(ot~

Find the matrix for the linear transformation which rotates every
vector in R? through an angle of /6 and then reflects across the z axis
followed by a reflection across the y axis.

The matrix for the linear transformation which reflects across the -

1 —1
axis is 0 —1 and the matrix for reflection across the y-axis is 0 ?)

(in both cases just look at the effect on the standard basis vectors). The



matrix for the composition of all 3 transformations is
—1 0\ (1 0 [cos(r/6) —sin(r/6)\ [—V3/2 1/2
0 1/\0 —1) \sin(n/6) cos(m/6) )  \ —1/2 —/3/2

Find the matrix for the linear transformation which reflects every

vector in R? across the y axis and then rotates every vector through an
angle of 7/6.

(5% G )-CE )
Find the matrix for proj,(v) where u = (1, -2, 3).

Look at the action on the standard basis vectors.

1
| er- (1,-2,3) .1
R e N R () K T

e e (L-23) a0 o] 12
Iro e = — _ _
PRI = 0 ) (1, —2,3) 7\,
voj,(eg) = — B WL =23) g g g 3 —12
N (R T R ) R I

The matrix for proj,(v) is thus

11 3
14 7T 14
BT
7 7 7
30 3 o
14 7 14



Show that the function T, defined by T}, (v) := v — proj,(v) is also

a linear transformation.

Let a be any scalar and v, w be any vectors.

T.(v+w) = v+ w — proj, (v + )—U+w—wu
w) +

o) + () o

=T, (v) + T, (w)

=vV+w—

uUu=1v— pI'Oju(U) +w— pro.]u(w)

Similarly

If u= (1,2,3)T, as in Example 17.5.20 and T, is given in the
above problem, find the matrix, A, which satisfies A,x = T,(x).

We could just compute T),(e1), Ty, (e2), T, (e3) and be done. But if want
to avoid doing more work than necessary, we can observe that the matrix
of the sum of two linear transformations is the sum of the matrices of
the transformations. Thus

1 1 3 1 1 _3
1 0 0 141 72 143 1 1 14 72 314
Av=10 1 0] = U (£ 1+37 T
001 107 1 - —F5 l-1
13 _1 _3
14 7 1
[T 9 3
_ 7 7 7
s s 5
14 7 14

Write the solution set of the following system as the span of vectors



and find a basis for the solution space of the following system.

1 -1 2\ [z 0
1 -21]|y]=]o0
3 45/ \z 0

This is equivalent to finding a basis for the kernel of the matrix. Com-

puting the rref of the augmented matrix we find that

1 -1 210 10310
1 —21]0]~[011]0
3 —451]0 0000
—3z
Thus x = —3z and y = —z, so all solutions are of the form | —z | =
z
-3 -3
z | —1 |. The solution set is Span | —1
1 1

Using Problem 22 find the general solution to the following linear
system.

1 -1 2 T 1
1 -2 1 yl| =12
3 —4 5 z 4

By using the rref of the augemented matrix we find that

—

| 0
| —1
|

1 —
1 —
3 —4

(\)
Ot = DN

| 1
2| ~
| 4

o O =
o = O
O = W

0
0
Choosing z = 0 we find (one of many) solutions, | —1]. The general
0



solution to the system is the set of all vectors of the form
0 -3
—1 ] +Span | —1
0 1

Write the solution set of the following system as the span of vectors
and find a basis for the solution space of the following system.

0 —1 2 T 0
1 -2 1 yl =10
1 —4 5 z 0
Compute the rref of the augmented matrix:
0 —1 | 0 10 -31]0
1 =2 | 0] ~|01 =210
1 —4 | 0 00 0 | O

Thus the kernel is Span

_ N W (G2 BT )

Using Problem 24 find the general solution to the following linear

system.

0 —1 2 T
1 -2 1 y| =1|-1
1 —4 5 z 1

Again, use the rref to find a specific solution:

0-12] 1 10 -3 ] -3
1 -2 1] -1]~]01 =2 -1
1 -4 5] 1 00 0 | 0



-3

Taking z = 0 we have a particular solution: | —1 | and the general
0
solution system is
-3 3
—1 | + Span | 2
0 1

Show that if A is an m X n matrix, then ker(A) is a subspace.

Let u,v € ker(A) and let a be any scalar. By assumption, Au =
Av = 0. So A(u + v) = 0 which implies u + v € ker(A). Similarly,
A(au) = aAu = 0.



