Linear algebra HW 4 - Solutions

Section 8.6

Determine which matrices are in row reduced echelon form.

1 20 )
a) (0 1 7) Not in rref.

1 000

b) [0 0 1 2] In rref.
00 0
110005

c) {00120 4] In rref.
00 01 3

Row reduce the following matrices to obtain the row reduced ech-
elon form. List the pivot columns in the original matrix.

1203 100 3
a) {2 1 2 2] hasrref [0 1 0 0 |. Columns 1, 2, and 3 of the
1103 001 =2
original matrix are pivot columns.
12 3 1 00
2 1 =2 010 ..
b) 30 0 has rref 00 1l Columns 1, 2, and 3 of the original
32 1 000

matrix are pivot columns.



1 213 1000
¢c) [-3 21 0) hasrref {0 1 £ 0. Columns 1, 2, and 4 of the
3 211 0001
original matrix are pivot columns.

6] Find the rank of the following matrices. If the rank is r, identify
r columns in the original matrix which have the property that every
other column may be written as a linear combination of these. Also find
a basis for the row and column spaces of the matrices.

1 20 1 00

3 2 1 010
a)210hasrref001

0 21 00O

1 00 1 00

4 1 1 010
b)210hasrref001

0 20 0 00

010 2 122 01020171
C) 0321216 8 has rref 001301 2

011 5 02 3 0O 0O0OO0OT1T11

021 7 03 4 000O0O0OO0OO O

0102010 0102010

03260514 001001 2
Dlo112022[Mmt |y 000000

02140 3 2 000O0OO0OO O



0102112 0102010
) 0326151 has rref 0010010
0112021 000010¢O0
0214031 000O0O0O0T1

Suppose A is an m X n matrix. Explain why the rank of A is always
no larger than min(m,n).

Because the number of linearly independent rows in the rref is the
same as the number of linearly independent columns in the rref. There
cannot be more linearly independent columns than the total number of
columns in the matrix, and likewise for rows. Thus the rank is limited by
whichever number is smaller (note: this doesn’t mean that Rank(A) =
min(m,n), only that Rank(A) < min(m,n)).

Let H denote Span ((;) , <i> : (;)) Find the dimension of H

and determine a basis.

We write the matrix consisting of the vectors generating the span, and
then row reduce that matrix.

1 21 120
2 4 3 0 01

There are two linearly independent columns, so dim(H) = 2. Columns
1 and 3 of the rref generate column 2, and this relationship is preserved

under row operations, so
1 1
7={() ()

is a basis for H.



Let M = {u = (uy, ug, u3,uy) € Rt ug = uy = 0}. Is M a sub-
space? Explain.

Let u,v € M and let a be any scalar.

Uy 0
au = Atz [ _ | ¥ eM
aus 0
AUy AUy
and
0 0 0
uto= |+ =]"""|enm
I 0 0| 0
Uy U4 Ugq + V4

So M is a subspace.
Let M = {u = (u1,us,us, us) € R* 1 ug > w1 }. Is M a subspace?
Explain.

No, M is not a subspace. Consider the vector (1,2,3,4)T € M. If M
were a subspace then —(1,2,3,4)T = (—1, -2, -3, —4)T would also have
to be in M. But —3 %? —1.

Let w € R* and let M = {u = (u1,uz,u3,uy) ER* :w-u = 0}.
Is M a subspace? Explain.

Let u,v € M and let a be any scalar. We check both properties of
being a subspace:

w- (au) =a(w-u) =a(0) =0

w-(u+v)=w-u+w-v=0+0=0
So au and u + v are both in M. Therefore M is a subspace.
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14|Let M = {u = (uy, uz, u3,ug) € R*: u; > 0 for each ¢ = 1,2,3,4}.
Is M a subspace? Explain.

No. Like with a previous problem, if u = (1,2, 3,4) then u € M. But
—u=(-1,-2,-3,-4) ¢ M.

Suppose {z1,...,z} is a set of vectors from F". Show that 0 is
in Span(z1,...,xg).

This is trivial, just take all of the scalars multiples to be 0.

k
0= Z 0x;
i=1

Here are three vectors. Determine whether they are linearly in-
dependent or linearly dependent.

4 2 3
21,12]),10
0 1 1
It can be checked that
4 2 3 1 00
220l ~1010
011 0 01

The cols of the rref are linearly independent, so the original columns were
linearly independent.

Here are three vectors. Determine whether they are linearly in-



dependent or linearly dependent.

1 4 3
21,15],11
3 1 0
It can be checked that
1 4 3 1 00
25 1] ~1010
310 0 01

The cols of the rref are linearly independent, so the original columns were
linearly independent.

Here are four vectors. Determine whether they span R3. Are these
vectors linearly independent?

1 4 3 2
21, 13].,(1],]4
3 3 0 6

There cannot be 4 linearly independent vectors in R?, so we know the

answer to the second part is “no” before doing any work. We compute
the rref of the matrix of columns,

—1

w o =
JURIGCININ
o = w
S
Z
oo
o= o
o oW

1
0
The dimension of the span of a set of vectors is equal to the rank of

the matrix formed from those vectors. In this case the span is only
2-dimensional, so it cannot span R3.



Here are four vectors. Determine whether they span R?. Are these
vectors linearly independent?

1 4 3 2
21, 13].(2],]4
3 3 0 6

There cannot be 4 linearly independent vectors in R?, so we know the

answer to the second part is “no” before doing any work. It can be
checked that

1 4 3 2 1 00 2
2324l ~(10100
3306 0010
from which it follows that the dimension of the span is 3, so the vectors

span all of R3.

Determine whether the following vectors are a basis for R3. If
they are, explain why they are and if they are not, give a reason and tell
whether they span R3.

1\ /4\ [/1\ /2
ol 13],12],[4
3/ \3/ \o/ \o

There cannot be 4 linearly independent vectors in R3, so they cannot be

a basis. It can be checked that

1412 1000
03241 ~(0100
3300 001 2

from which it follows that the dimension of the span is 3, so the vectors
span all of R3.



Determine whether the following vectors are a basis for R3. If
they are, explain why they are and if they are not, give a reason and tell
whether they span R3.

1 0 1
of.(1],[2
3 0 0

The matrix of the vectors has I3 for it’s rref, so they are linearly inde-

pendent. The dimension of the span is 3, so they span R3. So they are
a basis.

If you have 5 vectors in % and the vectors are linearly indepen-
dent, can it always be concluded they span F° ? Explain.

Yes. If they did not span all of F° then it would be possible to extend
it to a basis of F° (since any linearly independent set can be extended
to a basis). But this would produce a basis for a 5-dimensional vector
space with more than 5 elements, which is impossible.

If you have 6 vectors in IF° | is it possible they are linearly inde-
pendent? Explain.

No. If they were linearly independent then their span would be 6
dimensional. But a 5-dimensional vector space cannot contain a 6-
dimensional subspace. (If you want to be a little more rigorous you could
replace the last line with “it would be possible to extend the set to a basis
of F° with 6 or more elements, which is impossible since dim(FF?) = 5).

If b # 0, can the solution set of Az = b be a plane through the
origin? Explain.

No. A0 = 0 and b is not zero, so the solution set can’t be a plane



through the origin. (As we know from a later section, it is however a
plane through the origin shifted by some vector).

Suppose a system of equations has fewer equations than variables
and you have found a solution to this system of equations. Is it possible
that your solution is the only one? Explain.

No. If A is matrix of coefficients for the system of equations, then the
columns of A are linearly dependent (since there is one column for each
variable and one row for each equation). This implies that ker(A) # {0}.
If there is a solution to the system Az = b, then A(z + v) = b for every
vector v € ker(A).

Suppose a system of linear equations has a 2 x 4 augmented ma-
trix and the last column is a pivot column. Could the system of linear
equations be consistent? Explain.

No. If you want a low-tech explanation just consider that this means
there is a row which is 0 except for the right most entry which is 1, which
says 0 = 1 (remember, this is an augmented matrix). For a higher tech
explanation, we can say that the 4th column is not in the span of the
first 3 columns, which in turn means the system of equations cannot be
satisfied.

Suppose the coefficient matrix of a system of n equations with n
variables has the property that every column is a pivot column. Does it
follow that the system of equations must have a solution? If so, must the
solution be unique? Explain.

Yes and yes. If every column is a pivot column then Rank(A) = n.
This is equivalent to saying that A is invertible, so Az = b has a solution
for any choice of b, namely z = A~'b. Since A is invertible, Av = Au =
u = v, so the solutions are unique.



Suppose there is a unique solution to a system of linear equations.
What must be true of the pivot columns in the augmented matrix.

Let A be the coefficient matrix of the system, then the solution to
Az = b is unique (provided it exists) if and only if ker(A) = {0}. By the
rank nullity theorem, Rank(A) 4 dim(ker(A)) = n (where A is an m x n
matrix), so for a unique solution Rank(A) = n. This means that every
column is a pivot column.

Suppose A is an m X n matrix in which m < n. Suppose also
that the rank of A equals m. Show that A maps F" onto ™. Hint: The
vectors ey, ..., e, occur as columns in the row reduced echelon form for

A.

Observe that the image of A (recall that Im (A) = {Av|v € F"}, in
other words the set of all of the vectors which multiplication by A can
produce) is a subspace of F" since if Au; = v; and Auy = vy then
A(uy + ug) = v1 + vy and A(au;) = aAuy = awy. The image is the same
as the row space of A, and the dimension of the row space is always
Rank(A). Therefore dim(Im (A)) = Rank(A) = m, so Im (A) = F™.

Suppose A is an m X n matrix in which m > n. Suppose also that
the rank of A equals n. Show that A is one to one. Hint: If not, there
exists a vector, x such that Az = 0, and this implies at least one column
of A is a linear combination of the others. Show this would require the
column rank to be less than n.

We will prove this in a slightly different way. A is one to one if and
only if ker(A) = {0}. We can find a basis for the kernel of A by solving
the equation Ax = 0, which is the same thing as computing the rref of
the augmented matrix of A with an extra column of zeros. Under row
operations the column of zeros remains zero, so the rref of the augmented

10



matrix is (61 €y ... €, 0). There are no free variables in the rref, so
ker(A) = {0} as required.

Explain why an n X n matrix, A is both one to one and onto if
and only if its rank is n.

Observe that for an n x n matrix, having rank n is equivalent to being
invertible. If A is invertible then it is clearly one to one since if Av = Au
then A7'Av = A~ Aw implies © = v. Onto is also obvious, since if v is
any vector then A1y is a vector which is mapped onto v: A(A™lv) = v.

By the rank nullity theorem, Rank(A) + dim(ker(A)) = n. Since
A is one to one, it has trivial kernel, ker(A) = {0}. This means that
Rank(A) = n.!

!An astute reader may have noticed that we didn’t use the assumption that A is onto. This was
unnecessary since for n X n matrices, a matrix is onto if and only if it is one to one (think about why
this is true).
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