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Introduction

This is an introduction to linear algebra. The main part of the book features row op-
erations and everything is done in terms of the row reduced echelon form and specific
algorithms. At the end, the more abstract notions of vector spaces and linear transfor-
mations on vector spaces are presented. However, this is intended to be a first course
in linear algebra for students who are sophomores or juniors who have had a course
in one variable calculus and a reasonable background in college algebra. I have given
complete proofs of all the fundamental ideas but some topics such as Markov matrices
are not complete in this book but receive a plausible introduction. The book contains a
complete treatment of determinants and a simple proof of the Cayley Hamilton theorem
although these are optional topics. The Jordan form is presented as an appendix. I see
this theorem as the beginning of more advanced topics in linear algebra and not really
part of a beginning linear algebra course. There are extensions of many of the topics of
this book in my on line book [9]. T have also not emphasized that linear algebra can be
carried out with any field although I have done everything in terms of either the real
numbers or the complex numbers. It seems to me this is a reasonable specialization for
a first course in linear algebra.
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2.0.1 Outcomes

A. Understand the symbol, F™ in the case where F equals the real numbers, R or the
complex numbers, C.

B. Know how to do algebra with vectors in F", including vector addition and scalar
multiplication.

C. Understand the geometric significance of an element of F™ when possible.

The notation, C™ refers to the collection of ordered lists of n complex numbers. Since
every real number is also a complex number, this simply generalizes the usual notion
of R™, the collection of all ordered lists of n real numbers. In order to avoid worrying
about whether it is real or complex numbers which are being referred to, the symbol F
will be used. If it is not clear, always pick C.

Definition 2.0.1 Define F" = {(x1,--- ,2,) 12; €F forj=1,--- ,n}.

(xla"' 73371) = (yh'" 7yn)

if and only if for all j =1,--- ,n, z; =y;. When (x1,--- ,x,) € F", it is conventional
to denote (1, ,&y) by the single bold face letter, x. The numbers, x; are called the
coordinates. The set

{(0,---,0,¢,0,---,0): t € F}

for t in the i*" slot is called the i'" coordinate awis. The point 0 = (0,--- ,0) is called
the origin. Elements in F™ are called vectors.

Thus (1,2,44) € F3 and (2,1,44) € F3 but (1,2,44) # (2,1,4i) because, even though
the same numbers are involved, they don’t match up. In particular, the first entries are
not equal.

The geometric significance of R™ for n < 3 has been encountered already in calculus
or in pre-calculus. Here is a short review. First consider the case when n = 1. Then
from the definition, R! = R. Recall that R is identified with the points of a line. Look
at the number line again. Observe that this amounts to identifying a point on this line
with a real number. In other words a real number determines where you are on this line.
Now suppose n = 2 and consider two lines which intersect each other at right angles as
shown in the following picture.
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6+

Notice how you can identify a point shown in the plane with the ordered pair, (2,6).
You go to the right a distance of 2 and then up a distance of 6. Similarly, you can identify
another point in the plane with the ordered pair (—8,3). Go to the left a distance of 8
and then up a distance of 3. The reason you go to the left is that there is a — sign on the
eight. From this reasoning, every ordered pair determines a unique point in the plane.
Conversely, taking a point in the plane, you could draw two lines through the point,
one vertical and the other horizontal and determine unique points, £; on the horizontal
line in the above picture and xo on the vertical line in the above picture, such that
the point of interest is identified with the ordered pair, (z1,x2). In short, points in the
plane can be identified with ordered pairs similar to the way that points on the real
line are identified with real numbers. Now suppose n = 3. As just explained, the first
two coordinates determine a point in a plane. Letting the third component determine
how far up or down you go, depending on whether this number is positive or negative,
this determines a point in space. Thus, (1,4, —5) would mean to determine the point
in the plane that goes with (1,4) and then to go below this plane a distance of 5 to
obtain a unique point in space. You see that the ordered triples correspond to points in
space just as the ordered pairs correspond to points in a plane and single real numbers
correspond to points on a line.

You can’t stop here and say that you are only interested in n < 3. What if you were
interested in the motion of two objects? You would need three coordinates to describe
where the first object is and you would need another three coordinates to describe
where the other object is located. Therefore, you would need to be considering R®. If
the two objects moved around, you would need a time coordinate as well. As another
example, consider a hot object which is cooling and suppose you want the temperature
of this object. How many coordinates would be needed? You would need one for the
temperature, three for the position of the point in the object and one more for the
time. Thus you would need to be considering R°. Many other examples can be given.
Sometimes n is very large. This is often the case in applications to business when they
are trying to maximize profit subject to constraints. It also occurs in numerical analysis
when people try to solve hard problems on a computer.

There are other ways to identify points in space with three numbers but the one
presented is the most basic. In this case, the coordinates are known as Cartesian
coordinates after Descartes! who invented this idea in the first half of the seventeenth
century. I will often not bother to draw a distinction between the point in space and
its Cartesian coordinates.

The geometric significance of C™ for n > 1 is not available because each copy of C
corresponds to the plane or R2.

IRené Descartes 1596-1650 is often credited with inventing analytic geometry although it seems
the ideas were actually known much earlier. He was interested in many different subjects, physiology,
chemistry, and physics being some of them. He also wrote a large book in which he tried to explain
the book of Genesis scientifically. Descartes ended up dying in Sweden.



2.1. ALGEBRA INFV 11

2.1 Algebra in F”

There are two algebraic operations done with elements of F”. One is addition and the
other is multiplication by numbers, called scalars. In the case of C™ the scalars are
complex numbers while in the case of R™ the only allowed scalars are real numbers.
Thus, the scalars always come from F in either case.

Definition 2.1.1 Ifx € F" and a € F, also called a scalar, then ax € F" is defined by
ax =a(x1, - ,Tn) = (az1, - ,ax,) . (2.1)
This is known as scalar multiplication. If x,y € F" then x +y € F" and is defined by

)(<F}/:(x17 ,xn)+(y1’... ’yn)
=(x14+vy1, ,Tn+Yn) (2.2)

F™ is often called n dimensional space. With this definition, the algebraic properties
satisfy the conclusions of the following theorem.

Theorem 2.1.2 For v,w € F" and «, 8 scalars, (real numbers), the following hold.

Viw=w+v, (2.3)

the commutative law of addition,
(v+w)+z=v+(w+1z), (2.4)

the associative law for addition,
v+0=v, (2.5)

the existence of an additive identity,
v+ (—v) =0, (2.6)

the existence of an additive inverse, Also

a(v+w)=avtaw, (2.7)
(a+ B) v =av+pv, (2.8)
a(pv) =af(v), (2.9)
lv=wv. (2.10)

In the above 0 = (0,--- ,0).

You should verify these properties all hold. For example, consider 2.7

a(v+w)=a(vy+wy, v, +wy,)
= (a(vi+wi), o (vy +wn))
= (a1 + awsy, - -+, av, + awy,)
= (avy, -+ ,avy,) + (qwy, -+, awy,)
= Qv + aw.

As usual subtraction is defined as x —y = x+ (—y).
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2.2 Geometric Meaning Of Vectors

The geometric meaning is especially significant in the case of R™ for n = 2,3. Here is a
short discussion of this topic.

Definition 2.2.1 Let x = (z1, - ,&y,) be the coordinates of a point in R™. Imagine an
arrow with its tail at 0 = (0,--- ,0) and its point at X as shown in the following picture
in the case of R3.

($1,$27$3) =X

Then this arrow is called the position vector of the point, x. Given two points, P, Q
whose coordinates are (p1,--- ,pn) and (q1,- - ,qn) Tespectively, one can also determine
the position vector from P to Q defined as follows.

—
PQ=(q1—p1, - sqn —Dn)

Thus every point determines a vector and conversely, every such vector (arrow)
which has its tail at 0 determines a point of R™, namely the point of R™ which coincides
with the point of the vector. Also two different points determine a position vector going
from one to the other as just explained.

Imagine taking the above position vector and moving it around, always keeping it
pointing in the same direction as shown in the following picture.

(xla .TQ,J:?,) =X

e

After moving it around, it is regarded as the same vector because it points in the same
direction and has the same length.2Thus each of the arrows in the above picture is re-

garded as the same vector. The components of this vector are the numbers, 1, - - , .
You should think of these numbers as directions for obtaining an arrow. Starting at some
point, (ai,az, - ,a,) in R™, you move to the point (a; + 1, ,a,) and from there
to the point (a1 + x1,as + x2,a3 - -+ , a,) and then to (a; + x1,as + x2,a3 + 3, -+ ,ap)
and continue this way until you obtain the point (a1 + 1, a2 + z2, -+ ,a, + ). The
arrow having its tail at (a1, a9, - ,a,) and its point at (a1 + x1,a2 + T2, -+ ,an + Tp)
looks just like the arrow which has its tail at 0 and its point at (z1, - ,2,) so it is

regarded as the same vector.

2.3 Geometric Meaning Of Vector Addition

It was explained earlier that an element of R™ is an n tuple of numbers and it was also
shown that this can be used to determine a point in three dimensional space in the case
where n = 3 and in two dimensional space, in the case where n = 2. This point was
specified relative to some coordinate axes.

2T will discuss how to define length later. For now, it is only necessary to observe that the length
should be defined in such a way that it does not change when such motion takes place.
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Consider the case where n = 3 for now. If you draw an arrow from the point in
three dimensional space determined by (0,0, 0) to the point (a, b, ¢) with its tail sitting
at the point (0,0,0) and its point at the point (a, b, ¢) , this arrow is called the position
vector of the point determined by u = (a, b, ¢). One way to get to this point is to start
at (0,0,0) and move in the direction of the z; axis to (a,0,0) and then in the direction of
the x5 axis to (a,b,0) and finally in the direction of the x3 axis to (a,b,c). It is evident
that the same arrow (vector) would result if you began at the point, v = (d, e, f), moved
in the direction of the z; axis to (d + a,e, f), then in the direction of the x5 axis to
(d+a,e+Db, f), and finally in the x3 direction to (d + a,e + b, f + ¢) only this time, the
arrow would have its tail sitting at the point determined by v = (d, e, f) and its point at
(d+a,e+b, f+c). It is said to be the same arrow (vector) because it will point in the
same direction and have the same length. It is like you took an actual arrow, the sort
of thing you shoot with a bow, and moved it from one location to another keeping it
pointing the same direction. This is illustrated in the following picture in which v +u
is illustrated. Note the parallelogram determined in the picture by the vectors u and v.

Thus the geometric significance of (d,e, f) + (a,b,¢) = (d+a,e+ b, f + ¢) is this.
You start with the position vector of the point (d,e, f) and at its point, you place the
vector determined by (a, b, ¢) with its tail at (d, e, f). Then the point of this last vector
will be (d + a,e+b, f + ¢). This is the geometric significance of vector addition. Also,
as shown in the picture, u + v is the directed diagonal of the parallelogram determined
by the two vectors u and v. A similar interpretation holds in R”,n > 3 but I can’t
draw a picture in this case.

Since the convention is that identical arrows pointing in the same direction represent
the same vector, the geometric significance of vector addition is as follows in any number
of dimensions.

Procedure 2.3.1 Let u and v be two vectors. Slide v so that the tail of v is on the
point of u. Then draw the arrow which goes from the tail of u to the point of the slid
vector, v. This arrow represents the vector u+ v.

u—+v

—
Note that P+PQ = Q.
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2.4 Distance Between Points In R” Length Of A Vec-
tor

How is distance between two points in R™ defined?

Definition 2.4.1 Letx =(x1, - ,x,) andy = (y1, - ,yn) be two points in R™. Then
|x — y| to indicates the distance between these points and is defined as

n 1/2
distance between x andy = |x—y| = <Z |z), — ykl2> .
k=1

This is called the distance formula. Thus |x| = |x —0|. The symbol, B (a,r) is
defined by
B(a,r)={xeR":|x—a|<r}.

This is called an open ball of radius r centered at a. It means all points in R™ which
are closer to a than r. The length of a vector x is the distance between x and 0.

First of all note this is a generalization of the notion of distance in R. There the
distance between two points, x and y was given by the absolute value of their difference.
Thus |z — y| is equal to the distance between these two points on R. Now |z —y| =

1/2
((x — y)2) where the square root is always the positive square root. Thus it is

the same formula as the above definition except there is only one term in the sum.
Geometrically, this is the right way to define distance which is seen from the Pythagorean
theorem. Often people use two lines to denote this distance, ||x — y||. However, I want
to emphasize this is really just like the absolute value. Also, the notation I am using is
fairly standard.

Consider the following picture in the case that n = 2.

(yl, y2)

(x1,2) e (y1, 2)

There are two points in the plane whose Cartesian coordinates are (x1,z2) and
(y1, y2) respectively. Then the solid line joining these two points is the hypotenuse of a
right triangle which is half of the rectangle shown in dotted lines. What is its length?
Note the lengths of the sides of this triangle are |y; — z1| and |y2 — x2| . Therefore, the
Pythagorean theorem implies the length of the hypotenuse equals

1/2 1/2
<|y1 —z1)? + |y — $2|2> = ((y1 — 1)+ (g2 — 1’2)2)

which is just the formula for the distance given above. In other words, this distance
defined above is the same as the distance of plane geometry in which the Pythagorean
theorem holds.

Now suppose n = 3 and let (x1, 2, x3) and (y1,y2,¥3) be two points in R?. Consider
the following picture in which one of the solid lines joins the two points and a dotted
line joins the points (z1,z2,x3) and (y1,y2,x3) .
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Y1, Y2, Y3)

© % (Y1, Y2, 3)

(z1,@2,23)® = 7 7 7 (yl,l‘z,.ms)

By the Pythagorean theorem, the length of the dotted line joining (x1,z2,x3) and
(y1, Y2, x3) equals

((y1 —a1)” + (g2 — x2)2)1/2

while the length of the line joining (y1,y2,x3) to (y1, Y2, ys) is just |ys — z3| . Therefore,
by the Pythagorean theorem again, the length of the line joining the points (z1, z2, z3)

and (y1,y2,ys3) equals

{ {((yl —a1)” + (g2 — $2)2)1/1 2 + (y3 — $3)2}

= ((y1 —21)” + (y2 — 22)% + (y3 — 953)2)1/27

1/2

which is again just the distance formula above.

This completes the argument that the above definition is reasonable. Of course you
cannot continue drawing pictures in ever higher dimensions but there is no problem
with the formula for distance in any number of dimensions. Here is an example.

Example 2.4.2 Find the distance between the points in R*,
a=(1,2,-4,6)

and

b=(2,3,-1,0)
Use the distance formula and write
la—bl>=(1-2)°+(2-3)2+ (=4 —(=1))* + (6 — 0)* = 47

Therefore, |a — b| = \/47.

All this amounts to defining the distance between two points as the length of a
straight line joining these two points. However, there is nothing sacred about using
straight lines. One could define the distance to be the length of some other sort of line
joining these points. It won’t be done in this book but sometimes this sort of thing is
done.

Another convention which is usually followed, especially in R? and R? is to denote
the first component of a point in R? by « and the second component by y. In R3 it is
customary to denote the first and second components as just described while the third
component is called z.

Example 2.4.3 Describe the points which are at the same distance between (1,2,3)
and (0,1,2).
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Let (x,y, z) be such a point. Then

V17 + =27+ (-3 = e+ (y— 1)+ (-2
Squaring both sides
-1+ -2 +-3 =2+ - 1)°+(:—2)°
and so
2?2 —2r4+ 14+ —dy+ 22 —6z=a 49> —2y+5+22 -4z

which implies
—2r+4+14 -4y —62= -2y +5—4z
and so
22 4 2y + 2z = 9. (2.11)

Since these steps are reversible, the set of points which is at the same distance from the
two given points consists of the points, (z,y, z) such that 2.11] holds.

There are certain properties of the distance which are obvious. Two of them which
follow directly from the definition are

x—y|=ly—x[,

|x —y| > 0 and equals 0 only if y = x.

The third fundamental property of distance is known as the triangle inequality. Recall
that in any triangle the sum of the lengths of two sides is always at least as large as the
third side. I will show you a proof of this later. This is usually stated as

Ix+y| < x| +]yl.

Here is a picture which illustrates the statement of this inequality in terms of geometry.

X+Yy

2.5 Geometric Meaning Of Scalar Multiplication

As discussed earlier, x = (z1, z2, x3) determines a vector. You draw the line from 0 to
x placing the point of the vector on x. What is the length of this vector? The length
of this vector is defined to equal |x| as in Definition [2.4.1. Thus the length of x equals
V2% + 23 + z3. When you multiply x by a scalar, a, you get (azi, aze,axs) and the
length of this vector is defined as

\/((am1)2 + (az2)® + (ax3)2) = |a|\/2? + 23 + 23.

Thus the following holds.
x| = |af [x].

In other words, multiplication by a scalar magnifies the length of the vector. What
about the direction? You should convince yourself by drawing a picture that if « is
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negative, it causes the resulting vector to point in the opposite direction while if o > 0
it preserves the direction the vector points.

You can think of vectors as quantities which have direction and magnitude, little
arrows. Thus any two little arrows which have the same length and point in the same
direction are considered to be the same vector even if their tails are at different points.

You can always slide such an arrow and place its tail at the origin. If the resulting
point of the vector is (a,b,c), it is clear the length of the little arrow is va? + b2 + ¢2.
Geometrically, the way you add two geometric vectors is to place the tail of one on
the point of the other and then to form the vector which results by starting with
the tail of the first and ending with this point as illustrated in the following picture.
Also when (a,b,c) is referred to as a vector, you mean any of the arrows which have
the same direction and magnitude as the position vector of this point. Geometrically,

for u = (uy, ug,u3),au is any of the little arrows which have the same direction and
magnitude as (au, qus, aug) .

The following example is art which illustrates these definitions and conventions.

Exercise 2.5.1 Here is a picture of two vectors, u and v.

£

Sketch a picture of u+v,u —v, and u+2v.
First here is a picture of u+ v. You first draw u and then at the point of u you

place the tail of v as shown. Then u + v is the vector which results which is drawn in
the following pretty picture.

u+v
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Next consider u — v. This means u+ (—v). From the above geometric description
of vector addition, —v is the vector which has the same length but which points in the
opposite direction to v. Here is a picture.

A —V

u+ (—v)

Finally consider the vector u+2v. Here is a picture of this one also.

2v

u+2v
2.6 Exercises
1. Verify all the properties 2.342.10.
2. Compute 5(1,2+3¢,3,-2) +6 (2 —1,1,-2,7).

3. Draw a picture of the points in R? which are determined by the following ordered

pairs.

(a) (1,2)
(b) (=2,-2)
(©) (=2,3)
(d) (2,-5)

4. Does it make sense to write (1,2) + (2,3,1)? Explain.

5. Draw a picture of the points in R? which are determined by the following ordered
triples.

(a) (1,2,0)
(b) (_27_2’ 1)
(C) (72,37 *2)

2.7 Vectors And Physics

Suppose you push on something. What is important? There are really two things
which are important, how hard you push and the direction you push. This illustrates
the concept of force.

Definition 2.7.1 Force is a vector. The magnitude of this vector is a measure of how
hard it is pushing. It is measured in units such as Newtons or pounds or tons. Its
direction is the direction in which the push is taking place.
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Vectors are used to model force and other physical vectors like velocity. What
was just described would be called a force vector. It has two essential ingredients, its
magnitude and its direction. Geometrically think of vectors as directed line segments
or arrows as shown in the following picture in which all the directed line segments are
considered to be the same vector because they have the same direction, the direction in
which the arrows point, and the same magnitude (length).

Because of this fact that only direction and magnitude are important, it is always

possible to put a vector in a certain particularly simple form. Let pq be a directed line
segment or vector. Then it follows that pq consists of the points of the form

p+t(q—p)

where t € [0,1]. Subtract p from all these points to obtain the directed line segment
consisting of the points

The point in R™, q — p, will represent the vector.
Geometrically, the arrow, pq, was slid so it points in the same direction and the
base is at the origin, 0. For example, see the following picture.

/

In this way vectors can be identified with points of R™.

Definition 2.7.2 Letx = (21, -+ ,x,) € R™. The position vector of this point is the
vector whose point is at x and whose tail is at the origin, (0,---,0). If x = (21, -+ ,x,)
is called a vector, the vector which is meant is this position vector just described. Another
term associated with this is standard position. A vector is in standard position if the
tail is placed at the origin.

It is customary to identify the point in R™ with its position vector.
The magnitude of a vector determined by a directed line segment pq is just the
distance between the point p and the point q. By the distance formula this equals

n 1/2
(Z (ax —pk)2> =|p—d

k=1

and for v any vector in R" the magnitude of v equals (3", v,%)l/Q = |v|.

Example 2.7.3 Consider the vector, v =(1,2,3) in R™. Find |v|.
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First, the vector is the directed line segment (arrow) which has its base at 0 = (0, 0, 0)
and its point at (1,2,3). Therefore,

|v| =12 +22 432 =+14.

What is the geometric significance of scalar multiplication? If a represents the vector,
v in the sense that when it is slid to place its tail at the origin, the element of R™ at its
point is a, what is rv?

" 1/2 " 1/2
rvl = (Z (mz‘)2> = <Z’"2 (a,»)2>
k=1

k=1

) n 1/2

1

_ () (z ) .
k=1

Thus the magnitude of rv equals |r| times the magnitude of v. If r is positive, then the
vector represented by rv has the same direction as the vector, v because multiplying
by the scalar, r, only has the effect of scaling all the distances. Thus the unit distance
along any coordinate axis now has length r and in this rescaled system the vector is
represented by a. If r < 0 similar considerations apply except in this case all the a; also
change sign. From now on, a will be referred to as a vector instead of an element of
R™ representing a vector as just described. The following picture illustrates the effect

of scalar multiplication.
\/ 2/ —2v

Note there are n special vectors which point along the coordinate axes. These are
e; =(0,---,0,1,0,---,0)

where the 1 is in the it" slot and there are zeros in all the other spaces. See the picture
in the case of R3.

z
€3 A
e (=) Y
T
The direction of e; is referred to as the i*" direction. Given a vector, v = (ai,--- ,a,),

a;e; is the i*" component of the vector. Thus
a;€; = (Oa 707aia05"' ’0)

and so this vector gives something possibly nonzero only in the " direction. Also,
knowledge of the i*" component of the vector is equivalent to knowledge of the vector
because it gives the entry in the i’ slot and for v = (a1, -+, an),

n
VvV = E a;€e;.
k=1
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What does addition of vectors mean physically? Suppose two forces are applied to
some object. Each of these would be represented by a force vector and the two forces
acting together would yield an overall force acting on the object which would also be
a force vector known as the resultant. Suppose the two vectors are a =3 ;_, a;e; and
b =>"7_, bie;. Then the vector, a involves a component in the i*" direction, a;e; while
the component in the i*" direction of b is b;e;. Then it seems physically reasonable that
the resultant vector should have a component in the i*” direction equal to (a; + b;) e;.
This is exactly what is obtained when the vectors, a and b are added.

at+b=(a;+by, - ,an+by).
= (alerz)el

=1

Thus the addition of vectors according to the rules of addition in R™ which were
presented earlier, yields the appropriate vector which duplicates the cumulative effect
of all the vectors in the sum.

What is the geometric significance of vector addition? Suppose u, v are vectors,

u:(u17"' ,Un),V:(Ul,“' 71)71)

Thenu+v =(u; +v1, -, up + v,) . How can one obtain this geometrically? Consider
the directed line segment, Ou and then, starting at the end of this directed line segment,
follow the directed line segment u (u+ v) to its end, u + v. In other words, place the
vector u in standard position with its base at the origin and then slide the vector v till
its base coincides with the point of u. The point of this slid vector, determines u + v.
To illustrate, see the following picture

u u+v

v

Note the vector u + v is the diagonal of a parallelogram determined from the two
vectors u and v and that identifying u + v with the directed diagonal of the paral-
lelogram determined by the vectors u and v amounts to the same thing as the above
procedure.

An item of notation should be mentioned here. In the case of R™ where n < 3, it is
standard notation to use i for ey, j for e;, and k for e3. Now here are some applications
of vector addition to some problems.

Example 2.7.4 There are three ropes attached to a car and three people pull on these
ropes. The first exerts a force of 2i+3j—2k Newtons, the second exerts a force of
3i+5j + k Newtons and the third exerts a force of 51 — j+2k. Newtons. Find the total
force in the direction of i.

To find the total force add the vectors as described above. This gives 10i+7j + k
Newtons. Therefore, the force in the i direction is 10 Newtons.
As mentioned earlier, the Newton is a unit of force like pounds.

Example 2.7.5 An airplane flies North Fast at 100 miles per hour. Write this as a
vector.



22 FY

A picture of this situation follows.

The vector has length 100. Now using that vector as the hypotenuse of a right
triangle having equal sides, the sides should be each of length 100/v/2. Therefore, the
vector would be 100/+/2i + 100/+/2j.

This example also motivates the concept of velocity.

Definition 2.7.6 The speed of an object is a measure of how fast it is going. It is
measured in units of length per unit time. For example, miles per hour, kilometers per
minute, feet per second. The velocity is a vector having the speed as the magnitude but
also specifying the direction.

Thus the velocity vector in the above example is 100/v/2i 4 100/+/2j.

Example 2.7.7 The velocity of an airplane is 100i + j + k measured in kilometers per
hour and at a certain instant of time its position is (1,2,1). Here imagine a Cartesian
coordinate system in which the third component is altitude and the first and second
components are measured on a line from West to East and a line from South to North.
Find the position of this airplane one minute later.

Consider the vector (1,2,1), is the initial position vector of the airplane. As it moves,
the position vector changes. After one minute the airplane has moved in the i direction

a distance of 100 x &5 = 2 kilometer. In the j direction it has moved 4 kilometer

3
during this same time, while it moves % kilometer in the k direction. Therefore, the

new displacement vector for the airplane is

5 1 1 8 121 121

(1,271)+ a9 2n’ on = a2 an ) oan

360" 60 3760 " 60
Example 2.7.8 A certain river is one half mile wide with a current flowing at 4 miles
per hour from Fast to West. A man swims directly toward the opposite shore from the

South bank of the river at a speed of 3 miles per hour. How far down the river does he
find himself when he has swam across? How far does he end up swimming?

Consider the following picture.

—_

You should write these vectors in terms of components. The velocity of the swimmer
in still water would be 3j while the velocity of the river would be —4i. Therefore, the
velocity of the swimmer is —4i + 3j. Since the component of velocity in the direction
across the river is 3, it follows the trip takes 1/6 hour or 10 minutes. The speed at
which he travels is v/42 + 32 = 5 miles per hour and so he travels 5 x 1 = 3 miles. Now

6 6
to find the distance downstream he finds himself, note that if x is this distance, z and
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1/2 are two legs of a right triangle whose hypotenuse equals 5/6 miles. Therefore, by
the Pythagorean theorem the distance downstream is

J6/6) — (1/2)? = ; miles.

2.8 Exercises

1.

10.

The wind blows from West to East at a speed of 50 kilometers per hour and an
airplane which travels at 300 Kilometers per hour in still air is heading North
West. What is the velocity of the airplane relative to the ground? What is the
component of this velocity in the direction North?

. In the situation of Problem (1l how many degrees to the West of North should the

airplane head in order to fly exactly North. What will be the speed of the airplane
relative to the ground?

In the situation of [2 suppose the airplane uses 34 gallons of fuel every hour at that
air speed and that it needs to fly North a distance of 600 miles. Will the airplane
have enough fuel to arrive at its destination given that it has 63 gallons of fuel?

An airplane is flying due north at 150 miles per hour. A wind is pushing the
airplane due east at 40 miles per hour. After 1 hour, the plane starts flying 30°
East of North. Assuming the plane starts at (0,0), where is it after 2 hours? Let
North be the direction of the positive y axis and let East be the direction of the
positive x axis.

City A is located at the origin while city B is located at (100,200) where distances
are in miles. An airplane flies at 300 miles per hour in still air. This airplane
wants to fly from city A to city B but the wind is blowing in the direction of the
positive y axis at a speed of 20 miles per hour. Find a unit vector such that if the
plane heads in this direction, it will end up at city B having flown the shortest
possible distance. How long will it take to get there?

A certain river is one half mile wide with a current flowing at 2 miles per hour from
East to West. A man swims directly toward the opposite shore from the South
bank of the river at a speed of 3 miles per hour. How far down the river does he
find himself when he has swam across? How far does he end up swimming?

A certain river is one half mile wide with a current flowing at 2 miles per hour
from East to West. A man can swim at 3 miles per hour in still water. In what
direction should he swim in order to travel directly across the river? What would
the answer to this problem be if the river flowed at 3 miles per hour and the man
could swim only at the rate of 2 miles per hour?

Three forces are applied to a point which does not move. Two of the forces are
2i + j + 3k Newtons and i — 3j + 2k Newtons. Find the third force.

The total force acting on an object is to be 2i + j + k Newtons. A force of
—i+4 j + k Newtons is being applied. What other force should be applied to
achieve the desired total force?

A bird flies from its nest 5 km. in the direction 60° north of east where it stops to
rest on a tree. It then flies 10 km. in the direction due southeast and lands atop
a telephone pole. Place an zy coordinate system so that the origin is the bird’s
nest, and the positive z axis points east and the positive y axis points north.
Find the displacement vector from the nest to the telephone pole.
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11. A car is stuck in the mud. There is a cable stretched tightly from this car to a tree

which is 20 feet long. A person grasps the cable in the middle and pulls with a
force of 100 pounds perpendicular to the stretched cable. The center of the cable
moves two feet and remains still. What is the tension in the cable? The tension
in the cable is the force exerted on this point by the part of the cable nearer the
car as well as the force exerted on this point by the part of the cable nearer the
tree.

2.9 Exercises With Answers

1. The wind blows from West to East at a speed of 30 kilometers per hour and an

airplane which travels at 300 Kilometers per hour in still air is heading North
West. What is the velocity of the airplane relative to the ground? What is the
component of this velocity in the direction North?

Let the positive y axis point in the direction North and let the positive = axis point
in the direction East. The velocity of the wind is 30i. The plane moves in the
direction i + j. A unit vector in this direction is % (i+j). Therefore, the velocity

of the plane relative to the ground is 301+% (i+j) = 150v/2j + (30 + 150v/2) i.

The component of velocity in the direction North is 150v/2.

. In the situation of Problem 1/ how many degrees to the West of North should the

airplane head in order to fly exactly North. What will be the speed of the airplane
relative to the ground?

In this case the unit vector will be — sin (0) i 4 cos (0) j. Therefore, the velocity of
the plane will be
300 (—sin (8) i+ cos (0) j)

and this is supposed to satisfy
300 (—sin (0) i + cos (0) j) + 30i = 0i+7j.

Therefore, you need to have sinf = 1/10, which means § = .10017 radians.
Therefore, the degrees should be @ = 5.7296 degrees. In this case the velocity

vector of the plane relative to the ground is 300 (%) j-

. In the situation of 2/ suppose the airplane uses 34 gallons of fuel every hour at that

air speed and that it needs to fly North a distance of 600 miles. Will the airplane
have enough fuel to arrive at its destination given that it has 63 gallons of fuel?

The airplane needs to fly 600 miles at a speed of 300 (*{—9709) . Therefore, it takes

600

Taoo (Y] = 2.0101 hours to get there. Therefore, the plane will need to use
o

about 68 gallons of gas. It won’t make it.

. A certain river is one half mile wide with a current flowing at 3 miles per hour from

East to West. A man swims directly toward the opposite shore from the South
bank of the river at a speed of 2 miles per hour. How far down the river does he
find himself when he has swam across? How far does he end up swimming?

The velocity of the man relative to the earth is then —3i+2j. Since the component
of j equals 2 it follows he takes 1/8 of an hour to get across. During this time he
is swept downstream at the rate of 3 miles per hour and so he ends up 3/8 of a

mile down stream. He has gone (%)2 + (%)2 = .625 miles in all.
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5. Three forces are applied to a point which does not move. Two of the forces are
2i — j + 3k Newtons and i — 3j — 2k Newtons. Find the third force.

Call it ai + bj+ ck Then youneed a+24+1=0,b—1—-3=0,and c+3—-2=0.
Therefore, the force is —3i + 4j — k.
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Systems Of Equations

3.0.1 Outcomes

A. Relate the types of solution sets of a system of two or three variables to the
intersections of lines in a plane or the intersection of planes in three space.

B. Determine whether a system of linear equations has no solution, a unique solution
or an infinite number of solutions from its echelon form.

C. Solve a system of equations using Gauss elimination.

D. Model a physical system with linear equations and then solve.

3.1 Systems Of Equations, Geometric Interpretations

As you know, equations like 22 4+ 3y = 6 can be graphed as straight lines in R?. To
find the solution to two such equations, you could graph the two straight lines and the
ordered pairs identifying the point (or points) of intersection would give the = and y
values of the solution to the two equations because such an ordered pair satisfies both
equations. The following picture illustrates what can occur with two equations involving
two variables.

6ne solution two parallel lines infinitely
no solutions many solutions

A A

In the first example of the above picture, there is a unique point of intersection.
In the second, there are no points of intersection. The other thing which can occur is
that the two lines are really the same line. For example, x +y = 1 and 2x + 2y = 2
are relations which when graphed yield the same line. In this case there are infinitely
many points in the simultaneous solution of these two equations, every ordered pair
which is on the graph of the line. It is always this way when considering linear systems
of equations. There is either no solution, exactly one or infinitely many although the

reasons for this are not completely comprehended by considering a simple picture in
two dimensions, R2.

Example 3.1.1 Find the solution to the system x +y =3, y —x = 5.

27
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You can verify the solution is (z,y) = (—1,4). You can see this geometrically by
graphing the equations of the two lines. If you do so correctly, you should obtain a graph
which looks something like the following in which the point of intersection represents
the solution of the two equations.

(l',y) = (_174) —

Example 3.1.2 You can also imagine other situations such as the case of three inter-
secting lines having no common point of intersection or three intersecting lines which
do intersect at a single point as illustrated in the following picture.

Y Y

In the case of the first picture above, there would be no solution to the three equations
whose graphs are the given lines. In the case of the second picture there is a solution
to the three equations whose graphs are the given lines.

The points, (x,y, z) satisfying an equation in three variables like 2z + 4y — 5z = 8
form a plane ' and geometrically, when you solve systems of equations involving three
variables, you are taking intersections of planes. Consider the following picture involving
two planes.

1Don’t worry about why this is at this time. It is not important. The following discussion is
intended to show you that geometric considerations like this don’t take you anywhere. It is the algebraic
procedures which are important and lead to important applications.
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Notice how these two planes intersect in a line. It could also happen the two planes
could fail to intersect.

Now imagine a third plane. One thing that could happen is this third plane could
have an intersection with one of the first planes which results in a line which fails to
intersect the first line as illustrated in the following picture.

New Plane

e

Thus there is no point which lies in all three planes. The picture illustrates the
situation in which the line of intersection of the new plane with one of the original
planes forms a line parallel to the line of intersection of the first two planes. However,
in three dimensions, it is possible for two lines to fail to intersect even though they are
not parallel. Such lines are called skew lines. You might consider whether there exist
two skew lines, each of which is the intersection of a pair of planes selected from a set
of exactly three planes such that there is no point of intersection between the three
planes. You can also see that if you tilt one of the planes you could obtain every pair
of planes having a nonempty intersection in a line and yet there may be no point in the
intersection of all three.

It could happen also that the three planes could intersect in a single point as shown
in the following picture.

New Plane

In this case, the three planes have a single point of intersection. The three planes
could also intersect in a line.
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Thus in the case of three equations having three variables, the planes determined
by these equations could intersect in a single point, a line, or even fail to intersect at
all. You see that in three dimensions there are many possibilities. If you want to waste
some time, you can try to imagine all the things which could happen but this will not
help for more variables than 3 which is where many of the important applications lie.

Relations like o + y — 2z + 4w = 8 are often called hyper-planes.? However, it
is impossible to draw pictures of such things.The only rational and useful way to deal
with this subject is through the use of algebra not art. Mathematics exists partly to
free us from having to always draw pictures in order to draw conclusions.

3.2 Systems Of Equations, Algebraic Procedures

3.2.1 Elementary Operations
Consider the following example.
Example 3.2.1 Find x and y such that
z4+y=7and2zx—y=_8. (3.1)
The set of ordered pairs, (x,y) which solve both equations is called the solution set.

You can verify that (x,y) = (5,2) is a solution to the above system. The interesting
question is this: If you were not given this information to verify, how could you determine
the solution? You can do this by using the following basic operations on the equations,
none of which change the set of solutions of the system of equations.

Definition 3.2.2 Elementary operations are those operations consisting of the fol-
lowing.

1. Interchange the order in which the equations are listed.
2. Multiply any equation by a nonzero number.

3. Replace any equation with itself added to a multiple of another equation.

2The evocative semi word, “hyper” conveys absolutely no meaning but is traditional usage which
makes the terminology sound more impressive than something like long wide flat thing.Later we will
discuss some terms which are not just evocative but yield real understanding.
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Example 3.2.3 To illustrate the third of these operations on this particular system,
consider the following.

r+y=7

20 —y =8

The system has the same solution set as the system

r+y="7
—3y=—-6"

To obtain the second system, take the second equation of the first system and add -2
times the first equation to obtain
—3y = —6.

Now, this clearly shows that y = 2 and so it follows from the other equation that
r+2=7andsox=>5.

Of course a linear system may involve many equations and many variables. The
solution set is still the collection of solutions to the equations. In every case, the above
operations of Definition [3.2.2 do not change the set of solutions to the system of linear
equations.

Theorem 3.2.4 Suppose you have two equations, involving the variables,
(1'13 e 7xn)

Ei=fi,Eo=f (3.2)

where E1 and Fy are expressions involving the variables and fi and fo are constants.
(In the above example there are only two variables, x and y and E1 = x + y while
Ey =2x —vy.) Then the system Ey = f1, Ey = fo has the same solution set as

Ei = fi, BEx+aE) = fa+afi. (3.3)

Also the system Fy = f1, Es = fo has the same solutions as the system, Eo = fo, B4 =
f1. The system E1 = f1, Es = fo has the same solution as the system E1 = f1,aFEs = afs
provided a # 0.

Proof: If (z1,---,x,) solves By = f1,Es = fy then it solves the first equation
in By = f1, Es 4+ aFy = fo 4+ afi. Also, it satisfies aF, = af; and so, since it also
solves Es = fy it must solve Es + aFE; = fo + af;. Therefore, if (xq,---,z,) solves

Ey = f1, By = f5 it must also solve Fs +aF1 = fo +afi. On the other hand, if it solves
the system E; = f1 and Es + aFy = fo + af1, then aFq, = af; and so you can subtract
these equal quantities from both sides of Fs+aF7 = fa+afi to obtain Fy = fo showing
that it satisfies Fy = f1, Fs = fo.

The second assertion of the theorem which says that the system E; = f1, Ey = fo
has the same solution as the system, Fy = fo, E1 = f; is seen to be true because it
involves nothing more than listing the two equations in a different order. They are the
same equations.

The third assertion of the theorem which says 1 = f1, Fo = f2 has the same solution

as the system Fy = f1,aF> = afs provided a # 0 is verified as follows: If (z1, -, zy,)
is a solution of Fy = f, E5 = fs, then it is a solution to E; = f1,aFs = afs because
the second system only involves multiplying the equation, Fs = fo by a. If (21, ,2,)

is a solution of F; = f1,aFs = afs, then upon multiplying aFs = afs by the number,
1/a, you find that Fy = fs.

Stated simply, the above theorem shows that the elementary operations do not
change the solution set of a system of equations.
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Here is an example in which there are three equations and three variables. You want
to find values for x,y, z such that each of the given equations are satisfied when these
values are plugged in to the equations.

Example 3.2.5 Find the solutions to the system,

rz+ 3y +62=25
2z 4+ 7y + 14z = 58 (3.4)
2y+5z=19

To solve this system replace the second equation by (—2) times the first equation
added to the second. This yields the system

r+ 3y + 62 =25
y+2z=28 (3.5)
2y+52=19

Now take (—2) times the second and add to the third. More precisely, replace the third
equation with (—2) times the second added to the third. This yields the system

z+ 3y +62=25
y+22=38 (3.6)
z=3

At this point, you can tell what the solution is. This system has the same solution as
the original system and in the above, z = 3. Then using this in the second equation, it
follows y+6 = 8 and so y = 2. Now using this in the top equation yields z 46+ 18 = 25
and so x = 1. This process is called back substitution.

Alternatively, in 3.6/ you could have continued as follows. Add (—2) times the bottom
equation to the middle and then add (—6) times the bottom to the top. This yields

r+3y="7
y=2
z=3

Now add (—3) times the second to the top. This yields

r=1
y=2,
z=3

a system which has the same solution set as the original system. This avoided back
substitution and led to the same solution set.

3.2.2 Gauss Elimination

A less cumbersome way to represent a linear system is to write it as an augmented
matrix. For example the linear system, 3.4 can be written as

1 3 6 |25
2 7 14 |58
0 2 5 |19
It has exactly the same information as the original system but here it is understood
1 3 6
there is an x column, 2 ], ay column, 7 | and a z column, 14 | . The rows

0 2 )
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correspond to the equations in the system. Thus the top row in the augmented matrix
corresponds to the equation,
x+ 3y + 6z = 25.

Now when you replace an equation with a multiple of another equation added to itself,
you are just taking a row of this augmented matrix and replacing it with a multiple of
another row added to it. Thus the first step in solving 3.4 would be to take (—2) times
the first row of the augmented matrix above and add it to the second row,

1 3 6 |25

01 2 |8

0 2 5 |19

Note how this corresponds to[3.5. Next take (—2) times the second row and add to the

third,
1 3 6
01 2 |8
0 01 |3

This augmented matrix corresponds to the system

r+ 3y + 62 =25

y+22=28
z=3

which is the same as [3.6. By back substitution you obtain the solution x = 1,y = 6,
and z = 3.
In general a linear system is of the form
a11Ty + -+ 1Ty = by
: , (3.7)
am1%1 + -+ G ®n = bm
where the z; are variables and the a;; and b; are constants. This system can be repre-
sented by the augmented matrix,
aiy 0 @ | b
| . (3.8)
Am1 - Qmn | bin
Changes to the system of equations in 3.7 as a result of an elementary operations
translate into changes of the augmented matrix resulting from a row operation. Note

that Theorem [3.2.4 implies that the row operations deliver an augmented matrix for a
system of equations which has the same solution set as the original system.

Definition 3.2.6 The row operations consist of the following
1. Switch two rows.
2. Multiply a row by a nonzero number.
3. Replace a row by a multiple of another row added to it.

Gauss elimination is a systematic procedure to simplify an augmented matrix to
a reduced form. In the following definition, the term “leading entry” refers to the first
nonzero entry of a row when scanning the row from left to right.
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Definition 3.2.7 An augmented matriz is in echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of
any rows above it.

Definition 3.2.8 An augmented matriz is in row reduced echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of
any rows above it.

3. All entries in a column above and below a leading entry are zero.

4. Fach leading entry is a 1, the only nonzero entry in its column.

Example 3.2.9 Here are some augmented matrices which are in row reduced echelon
form.

1
1005 8]0 0010

0101 0
0012710

oo 10
00000 |1 0001
000001 0 000 | 0

Example 3.2.10 Here are augmented matrices in echelon form which are not in row
reduced echelon form but which are in echelon form.

10658 | 2 L35 | 4
020 | 7
00227 3
oo 30
0000GO0 |1 000 1
00000/ 0 000 0

Example 3.2.11 Here are some augmented matrices which are not in echelon form.

00010
1 23| 3 12 | 3 ?gglg
010\2,24|—6,750|1
000 | 1 40 | 7 001 |0
00010

Definition 3.2.12 A pivot position in a matriz is the location of a leading entry in
an echelon form resulting from the application of row operations to the matriz. A pivot
column is a column that contains a pivot position.

For example consider the following.

Example 3.2.13 Suppose

12 3 | 4
A=|3 2 1 | 6
4 4 4 | 10

Where are the pivot positions and pivot columns?
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Replace the second row by —3 times the first added to the second. This yields

1 2 3 | 4
0 -4 -8 | —6
4 4 4 | 10

This is not in reduced echelon form so replace the bottom row by —4 times the top row
added to the bottom. This yields

1 2 3 | 4
0 -4 -8 | —6
0 -4 -8 | -6

This is still not in reduced echelon form. Replace the bottom row by —1 times the
middle row added to the bottom. This yields

1 2 3 | 4
0 -4 -8 | -6
00 0 | 0

which is in echelon form, although not in reduced echelon form. Therefore, the pivot
positions in the original matrix are the locations corresponding to the first row and first
column and the second row and second columns as shown in the following:

1] 2 3 | 4
3 [2] 1] 6
4 4 4] 10

Thus the pivot columns in the matrix are the first two columns.
The following is the algorithm for obtaining a matrix which is in row reduced echelon
form.

Algorithm 3.2.14

This algorithm tells how to start with a matrix and do row operations on it in such
a way as to end up with a matrix in row reduced echelon form.

1. Find the first nonzero column from the left. This is the first pivot column. The
position at the top of the first pivot column is the first pivot position. Switch rows
if necessary to place a nonzero number in the first pivot position.

2. Use row operations to zero out the entries below the first pivot position.

3. Ignore the row containing the most recent pivot position identified and the rows
above it. Repeat steps 1 and 2 to the remaining sub-matrix, the rectangular
array of numbers obtained from the original matrix by deleting the rows you just
ignored. Repeat the process until there are no more rows to modify. The matrix
will then be in echelon form.

4. Moving from right to left, use the nonzero elements in the pivot positions to zero
out the elements in the pivot columns which are above the pivots.

5. Divide each nonzero row by the value of the leading entry. The result will be a
matrix in row reduced echelon form.

This row reduction procedure applies to both augmented matrices and non aug-
mented matrices. There is nothing special about the augmented column with respect
to the row reduction procedure.
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Example 3.2.15 Here is a matriz.

en R e B N e )
SO O~ O
OO = =N
N O N =W
— O N W N

Do row reductions till you obtain a matriz in echelon form. Then complete the process
by producing one in row reduced echelon form.

The pivot column is the second. Hence the pivot position is the one in the first row
and second column. Switch the first two rows to obtain a nonzero entry in this pivot
position.

011 4 3
00 2 3 2
001 2 2
00 0 0O
00 0 21

Step two is not necessary because all the entries below the first pivot position in the
resulting matrix are zero. Now ignore the top row and the columns to the left of this
first pivot position. Thus you apply the same operations to the smaller matrix,

OO =N
N O N W
= O NN

The next pivot column is the third corresponding to the first in this smaller matrix
and the second pivot position is therefore, the one which is in the second row and third
column. In this case it is not necessary to switch any rows to place a nonzero entry in
this position because there is already a nonzero entry there. Multiply the third row of
the original matrix by —2 and then add the second row to it. This yields

011 4 3
0 0 2 3 2
0 00 -1 =2
0 0 0 O 0
0 00 2 1

The next matrix the steps in the algorithm are applied to is

-1 -2
0 0
2 1

The first pivot column is the first column in this case and no switching of rows is
necessary because there is a nonzero entry in the first pivot position. Therefore, the
algorithm yields for the next step

011 4 3
0 0 2 3 2
0 00 -1 -2
0 00 O 0
0 00 0 -3
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Now the algorithm will be applied to the matrix,

(%)

There is only one column and it is nonzero so this single column is the pivot column.
Therefore, the algorithm yields the following matrix for the echelon form.

011 4 3
00 2 3 2
0 00 -1 -2
0 00 0 =3
0 0 0 O 0

To complete placing the matrix in reduced echelon form, multiply the third row by 3
and add —2 times the fourth row to it. This yields

011 4 3
00 2 3 2
000 =3 0
0 00 0 -3
0 00 0 O

Next multiply the second row by 3 and take 2 times the fourth row and add to it. Then
add the fourth row to the first.

011 4 0
006 9 0
0 00 =3 O
000 0 =3
0 00 0 O

Next work on the fourth column in the same way.

33 0 0
0 06 0 O
0 00 -3 0
000 0 =3
000 0 O

Take —1/2 times the second row and add to the first.

030 0 O
0 06 0 O
0 00 -3 0
000 0 =3
000 0 O

Finally, divide by the value of the leading entries in the nonzero rows.

01 00O
0 01 0O
0 00 1O
0 0 0 01
0 00 0O

The above algorithm is the way a computer would obtain a reduced echelon form
for a given matrix. It is not necessary for you to pretend you are a computer but if
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you like to do so, the algorithm described above will work. The main idea is to do row
operations in such a way as to end up with a matrix in echelon form or row reduced
echelon form because when this has been done, the resulting augmented matrix will
allow you to describe the solutions to the linear system of equations in a meaningful
way.

Example 3.2.16 Give the complete solution to the system of equations, bx+10y—T7Tz =
—2,2x+4y —3z= -1, and 3x + 6y + 5z = 9.

The augmented matrix for this system is

2 4 -3 | -1
5 10 -7 | -2
36 5 | 9

Multiply the second row by 2, the first row by 5, and then take (—1) times the first row
and add to the second. Then multiply the first row by 1/5. This yields

2 4 -3 | -1
00 1 | 1
36 5 | 9

Now, combining some row operations, take (—3) times the first row and add this to 2

times the last row and replace the last row with this. This yields.
2 4 -3 | -1
o0 1 | 1

00 1 | 21

One more row operation, taking (—1) times the second row and adding to the bottom
yields.

2 4

00 1 | 1

00 0 | 20
This is impossible because the last row indicates the need for a solution to the equation

0z + 0y + 0z =20

and there is no such thing because 0 # 20. This shows there is no solution to the three
given equations. When this happens, the system is called inconsistent. In this case it
is very easy to describe the solution set. The system has no solution.

Here is another example based on the use of row operations.

Example 3.2.17 Give the complete solution to the system of equations, 3x—y—5z = 9,
y— 10z =0, and —2z +y = —6.

The augmented matrix of this system is

3 -1 -5 | 9
0 1 -10 | ©
2 1 0 | -6

Replace the last row with 2 times the top row added to 3 times the bottom row. This
gives

3 -1 =5 | 9

0 1 -10 | ©

0 1 -10 | ©
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The entry, 3 in this sequence of row operations is called the pivot. It is used to create
zeros in the other places of the column. Next take —1 times the middle row and add to
the bottom. Here the 1 in the second row is the pivot.

3 -1 =5 | 9
0 1 -10 | ©
00 0 | o0

Take the middle row and add to the top and then divide the top row which results by
3.

10 -5 | 3

01 —-10 | O

00 0 | O

This is in reduced echelon form. The equations corresponding to this reduced echelon
form are y = 10z and x = 3 + 5z. Apparently z can equal any number. Lets call this
number, t. 3Therefore, the solution set of this system is x = 3 + 5¢,y = 10, and z = ¢
where ¢ is completely arbitrary. The system has an infinite set of solutions which are
given in the above simple way. This is what it is all about, finding the solutions to the
system.

There is some terminology connected to this which is useful. Recall how each column
corresponds to a variable in the original system of equations. The variables correspond-
ing to a pivot column are called basic variables . The other variables are called free
variables. In Example(3.2.17 there was one free variable, z, and two basic variables, x
and y. In describing the solution to the system of equations, the free variables are as-
signed a parameter. In Example(3.2.17/ this parameter was t. Sometimes there are many
free variables and in these cases, you need to use many parameters. Here is another
example.

Example 3.2.18 Find the solution to the system

r+2y—z+w=3
r+y—z+w=1
r+3y—z+w=>5

The augmented matrix is

12 -1 1] 3
11 -11 ] 1
13 -111]5

Take —1 times the first row and add to the second. Then take —1 times the first row
and add to the third. This yields

1 2 —-11 | 3
0 -1 0 0 | -2
01 0 0| 2

Now add the second row to the bottom row
1 2 -1 1] 3
0O -1 0 0 | -2 (3.9)
0 O 0 0 | O

This matrix is in echelon form and you see the basic variables are x and y while the
free variables are z and w. Assign s to z and ¢ to w. Then the second row yields the

3In this context t is called a parameter.
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equation, y = 2 while the top equation yields the equation,  + 2y — s + ¢t = 3 and so
since y = 2, this gives x +4 — s +¢ = 3 showing that xt = -1+ s —t,y =2,z = s, and
w = t. It is customary to write this in the form

T —14+s—1t

Y . 2

. = s . (3.10)
w t

This is another example of a system which has an infinite solution set but this time
the solution set depends on two parameters, not one. Most people find it less confusing
in the case of an infinite solution set to first place the augmented matrix in row reduced
echelon form rather than just echelon form before seeking to write down the description
of the solution. In the above, this means we don’t stop with the echelon form [3.9.
Instead we first place it in reduced echelon form as follows.

10 -1 1 | -1
01 0 0] 2
00 0 0] O
Then the solution is y = 2 from the second row and x = —1+ z — w from the first. Thus

letting z = s and w = ¢, the solution is given in [3.10.

The number of free variables is always equal to the number of different parameters
used to describe the solution. If there are no free variables, then either there is no
solution as in the case where row operations yield an echelon form like

or there is a unique solution as in the case where row operations yield an echelon form
like

There are a lot of cases to consider but it is not necessary to make a major production
of this. Do row operations till you obtain a matrix in echelon form or reduced echelon
form and determine whether there is a solution. If there is, see if there are free variables.
In this case, there will be infinitely many solutions. Find them by assigning different
parameters to the free variables and obtain the solution. If there are no free variables,
then there will be a unique solution which is easily determined once the augmented
matrix is in echelon or row reduced echelon form. In every case, the process yields a
straightforward way to describe the solutions to the linear system. As indicated above,
you are probably less likely to become confused if you place the augmented matrix in
row reduced echelon form rather than just echelon form.
In summary,
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Definition 3.2.19 A system of linear equations is a list of equations,

1121 + a12%2 + -+ a1 Ty = by
a21%1 + a2 + - -+ + A2 Ty, = by

Am1T1 + Q2T + - + CmnTp = b,

where a;; are numbers, and b; is a number. The above is a system of m equations in the
n variables, 1,2+ ,T,. Nothing is said about the relative size of m and n. Written
more simply in terms of summation notation, the above can be written in the form

n
§ aijzj:fj72:172a35"'am
J=1

It is desired to find (x1,--- ,x,) solving each of the equations listed.

As illustrated above, such a system of linear equations may have a unique solution,
no solution, or infinitely many solutions and these are the only three cases which can
occur for any linear system. Furthermore, you do exactly the same things to solve
any linear system. You write the augmented matrix and do row operations until you
get a simpler system in which it is possible to see the solution, usually obtaining a
matrix in echelon or reduced echelon form. All is based on the observation that the row
operations do not change the solution set. You can have more equations than variables,
fewer equations than variables, etc. It doesn’t matter. You always set up the augmented
matrix and go to work on it.

Definition 3.2.20 A system of linear equations is called consistent if there exists a
solution. It is called inconsistent if there is no solution.

These are reasonable words to describe the situations of having or not having a
solution. If you think of each equation as a condition which must be satisfied by the
variables, consistent would mean there is some choice of variables which can satisfy all
the conditions. Inconsistent would mean there is no choice of the variables which can
satisfy each of the conditions.

3.3 Exercises

1. Find the point, (z1,y1) which lies on both lines,  + 3y = 1 and 4z —y = 3.
2. Solve Problem [1lgraphically. That is, graph each line and see where they intersect.

Find the point of intersection of the two lines 3x +y = 3 and = + 2y = 1.

=~ w

Solve Problem 3/ graphically. That is, graph each line and see where they intersect.

5. Do the three lines, x + 2y = 1,22 —y = 1, and 4z + 3y = 3 have a common point
of intersection? If so, find the point and if not, tell why they don’t have such a
common point of intersection.

6. Do the three planes, t4+y—32=2,2x+y+2 =1, and 3x + 2y — 22 = 0 have a
common point of intersection? If so, find one and if not, tell why there is no such
point.

7. You have a system of k equations in two variables, k > 2. Explain the geometric
significance of
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10.

11.

12.

13.

14.

15.
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(a) No solution.
(b) A unique solution.

(¢) An infinite number of solutions.

Here is an augmented matrix in which * denotes an arbitrary number and B
denotes a nonzero number. Determine whether the given augmented matrix is
consistent. If consistent, is the solution unique?

oo B *

* X X X

o O O

=3 EEET
O ¥ ¥ ¥
B x © %

Here is an augmented matrix in which * denotes an arbitrary number and B
denotes a nonzero number. Determine whether the given augmented matrix is
consistent. If consistent, is the solution unique?

| =
| =
| =

oo R
[ D
B o+ *

Here is an augmented matrix in which * denotes an arbitrary number and B
denotes a nonzero number. Determine whether the given augmented matrix is
consistent. If consistent, is the solution unique?

B« x % x|
0O M 0 x 0 | =
0 0 0 WM x | =«
0 0 0 0 W | =«

Here is an augmented matrix in which * denotes an arbitrary number and B
denotes a nonzero number. Determine whether the given augmented matrix is
consistent. If consistent, is the solution unique?

|
0
0
0

oo B+
O O ¥ ¥
O O ¥ ¥
* Wl o *
WMo x %

Suppose a system of equations has fewer equations than variables. Must such a
system be consistent? If so, explain why and if not, give an example which is not
consistent.

If a system of equations has more equations than variables, can it have a solution?
If so, give an example and if not, tell why not.

2 h | 4
3.6 | 7

is the augmented matrix of an inconsistent matrix.

1 h | 3
2 4 | 6

is the augmented matrix of a consistent matrix.

Find h such that

Find h such that
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16.

17.

18.

19.

20.

21.

22.

23.
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11 ] 4
3 h | 12

is the augmented matrix of a consistent matrix.

Find h such that

Choose h and k such that the augmented matrix shown has one solution. Then
choose h and k such that the system has no solutions. Finally, choose h and k
such that the system has infinitely many solutions.

1 h | 2
2 4 | k)
Choose h and k such that the augmented matrix shown has one solution. Then

choose h and k such that the system has no solutions. Finally, choose h and k
such that the system has infinitely many solutions.

12 | 2
2 h | k)

Determine if the system is consistent. If so, is the solution unique?

r+2y+z—w=2
r—y+z+w=1
20 +y—2z=1
dr+2y+2=5

Determine if the system is consistent. If so, is the solution unique?

r+2y+z—w=2

r—y+z+w=0
2e+y—2=1
dr+2y+2=3

Find the general solution of the system whose augmented matrix is
1 2 0 | 2
1 3 4 | 2
10 2 | 1

Find the general solution of the system whose augmented matrix is
1 2 0 | 2
2 01 | 1
3 21 | 3

Find the general solution of the system whose augmented matrix is

110 ] 1
104 ] 2)

Find the general solution of the system whose augmented matrix is

—_ = O
_= O O N
[N}

O N =
OO ==
N~ N
DN W



44

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
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Find the general solution of the system whose augmented matrix is

_ o O =

N = O
N OO N
N O~
N~ N~

Give the complete solution to the system of equations, 7z + 14y + 15z = 22,
2z 4+ 4y + 3z =5, and 3z + 6y + 10z = 13.

Give the complete solution to the system of equations, 3x —y+4z =6, y+8z = 0,
and -2z +y = —4.

Give the complete solution to the system of equations, 9z — 2y 4+ 4z = —17,
13z — 3y + 62 = —25, and —2z — z = 3.

Give the complete solution to the system of equations, 65x + 84y + 16z = 546,
81lx + 105y + 20z = 682, and 84x + 110y + 21z = 713.

Give the complete solution to the system of equations, 8z + 2y + 3z = —3,8z +
3y+3z=-1,and 4z +y + 3z = —9.

Give the complete solution to the system of equations, —8x 42y + 5z = 18, -8z +
3y +5z=13, and -4z 4+ y + 5z = 19.

Give the complete solution to the system of equations, 3x —y—22z = 3, y—4z = 0,
and —2x +y = —2.

Give the complete solution to the system of equations, —9z + 15y = 66, —11z +
18y =79 ,—x+y =4, and z = 3.

Give the complete solution to the system of equations, —19x+ 8y = —108, —71x+
30y = —404, 22 4+y=—-12, 4z 4+ z = 14.

Consider the system —5z + 2y — z = 0 and —5x — 2y — z = 0. Both equations
equal zero and so —Hx 4 2y — 2z = —5x — 2y — z which is equivalent to y = 0. Thus
z and z can equal anything. But when x = 1, 2 = —4, and y = 0 are plugged in
to the equations, it doesn’t work. Why?

Four times the weight of Gaston is 150 pounds more than the weight of Ichabod.
Four times the weight of Ichabod is 660 pounds less than seventeen times the
weight of Gaston. Four times the weight of Gaston plus the weight of Siegfried
equals 290 pounds. Brunhilde would balance all three of the others. Find the
weights of the four people.

The steady state temperature, u in a plate solves Laplace’s equation, Au = 0.
One way to approximate the solution which is often used is to divide the plate
into a square mesh and require the temperature at each node to equal the average
of the temperature at the four adjacent nodes. This procedure is justified by the
mean value property of harmonic functions. In the following picture, the numbers
represent the observed temperature at the indicated nodes. Your task is to find
the temperature at the interior nodes, indicated by x,y, z, and w. One of the
equations is z = 1 (10 4+ 0+ w + z).
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Matrices

4.0.1 Outcomes

A. Perform the basic matrix operations of matrix addition, scalar multiplication,
transposition and matrix multiplication. Identify when these operations are not
defined. Represent the basic operations in terms of double subscript notation.

B. Recall and prove algebraic properties for matrix addition, scalar multiplication,
transposition, and matrix multiplication. Apply these properties to manipulate
an algebraic expression involving matrices.

C. Recall the cancelation laws for matrix multiplication. Demonstrate when cance-
lation laws do not apply.

D. Evaluate the inverse of a matrix using row operations.
E. Solve a linear system using matrix algebra.

F. Recall and prove identities involving matrix inverses.

4.1 Matrix Arithmetic

4.1.1 Addition And Scalar Multiplication Of Matrices

You have now solved systems of equations by writing them in terms of an augmented
matrix and then doing row operations on this augmented matrix. It turns out such
rectangular arrays of numbers are important from many other different points of view.
Numbers are also called scalars. In these notes numbers will always be either real or
complex numbers. I will refer to the set of numbers as F sometimes when it is not
important to worry about whether the number is real or complex. Thus F can be either
the real numbers, R or the complex numbers, C.

A matrix is a rectangular array of numbers. Several of them are referred to as
matrices. For example, here is a matrix.

1 2 3 4
5 2 8 7
6 -9 1 2

The size or dimension of a matrix is defined as m x n where m is the number of rows

and n is the number of columns. The above matrix is a 3 x 4 matrix because there

are three rows and four columns. The first row is (1 2 3 4), the second row is (528 7)
1

and so forth. The first column is 5 | . When specifying the size of a matrix, you
6

47
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always list the number of rows before the number of columns. Also, you can remember
the columns are like columns in a Greek temple. They stand upright while the rows
just lay there like rows made by a tractor in a plowed field. Elements of the matrix are
identified according to position in the matrix. For example, 8 is in position 2, 3 because
it is in the second row and the third column. You might remember that you always
list the rows before the columns by using the phrase Rowman Catholic. The symbol,
(a;;) refers to a matrix. The entry in the i*" row and the j'" column of this matrix is
denoted by a;;. Using this notation on the above matrix, ass = 8,a32 = —9,a12 = 2,
etc.

There are various operations which are done on matrices. Matrices can be added
multiplied by a scalar, and multiplied by other matrices. To illustrate scalar multiplica~
tion, consider the following example in which a matrix is being multiplied by the scalar,

1 2 3 4 3 6 9 12
315 2 8 7 |=|1 6 24 21
6 -9 1 2 18 =27 3 6

The new matrix is obtained by multiplying every entry of the original matrix by the
given scalar. If A is an m x n matrix, —A is defined to equal (—1) A.

Two matrices must be the same size to be added. The sum of two matrices is a
matrix which is obtained by adding the corresponding entries. Thus

1 2 -1 4 0 6
3 4 |+ 2 8 = 5 12
5 2 —4 11 -2

Two matrices are equal exactly when they are the same size and the corresponding

entries are identical. Thus
0 0 0 0
0 0 | ( 0 O)
0 0

because they are different sizes. As noted above, you write (c¢;;) for the matrix C' whose
ijth entry is cij. In doing arithmetic with matrices you must define what happens in
terms of the c;; sometimes called the entries of the matrix or the components of the
matrix.

The above discussion stated for general matrices is given in the following definition.

Definition 4.1.1 (Scalar Multiplication) If A = (a;5) and k is a scalar, then kA =
(kaij) .

2 0 14 0
Example 4.1.2 7(1 _4>—< 7 —28)'

Definition 4.1.3 (Addition) If A = (a;;) and B = (b;;) are two m x n matrices. Then
A+ B = C where
C= (Cij)

fO’I" Cij = Qjj + b”

1 2 3 n 5 2 3\ _ 6 4 6
1 0 4 -6 2 1)\ -5 2 5
To save on notation, we will often use A;; to refer to the ij'" entry of the matrix,

A.

Example 4.1.4
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Definition 4.1.5 (The zero matriz) The m X n zero matrizc is the m x n matriz having
every entry equal to zero. It is denoted by 0.

Example 4.1.6 The 2 x 3 zero matriz is ( 8 g 8 )

Note there are 2 x 3 zero matrices, 3 X 4 zero matrices, etc. In fact there is a zero
matrix for every size.

Definition 4.1.7 (Equality of matrices) Let A and B be two matrices. Then A = B
means that the two matrices are of the same size and for A = (a;;) and B = (b;j),
a;; =bij foralll <i<mand1l <j<n.

The following properties of matrices can be easily verified. You should do so.
e Commutative Law Of Addition.

A+B=DB+A, (4.1)

e Associative Law for Addition.

(A+B)+C=A+(B+0), (4.2)

e Fxistence of an Additive Identity

A+0=A4, (4.3)

e Existence of an Additive Inverse

Also for «, 8 scalars, the following additional properties hold.
e Distributive law over Matrix Addition.

a(A+ B)=aA+aB, (4.5)

e Distributive law over Scalar Addition

(a+B)A=ad+pA, (4.6)

e Associative law for Scalar Multiplication
a(BA) =af(4), (4.7)

e Rule for Multiplication by 1.
1A = A. (4.8)

As an example, consider the Commutative Law of Addition. Let A + B = C' and
B+ A=D.Whyis D=C"?

Cij = Aij + Bij = Bij + Aij = D”

Therefore, C = D because the ij'" entries are the same. Note that the conclusion
follows from the commutative law of addition of numbers.
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4.1.2 Multiplication Of Matrices

Definition 4.1.8 Matrices which are n X 1 or 1 x n are called vectors and are often
denoted by a bold letter. Thus the n x 1 matrix

L1

Tn,

is also called a column vector. The 1 x n matriz
(z1---2n)

is called a row vector.

Although the following description of matrix multiplication may seem strange, it is
in fact the most important and useful of the matrix operations. To begin with consider
the case where a matrix is multiplied by a column vector. First consider a special case.

(123) ; 5
4 5 6 9

One way to remember this is as follows. Slide the vector, placing it on top the two rows
as shown and then do the indicated operation.

7 8 9

1 2 3 _><7><1+8><2+9><3>_(50>

7 8 9 = :

15 6 Tx4+8x5+9x%x6 122

multiply the numbers on the top by the numbers on the bottom and add them up to

get a single number for each row of the matrix as shown above.
In more general terms,

1
a1 a12 613 7 [ 01171 + a1222 + a13x3
a1 Q22 G23 3 2171 + a22T2 + Q2373

Another way to think of this is

ai1 a12 a13
X1 + Xro + I3
a21 a22 a23

Thus you take x; times the first column, add to x5 times the second column, and finally
3 times the third column. In general, here is the definition of how to multiply an
(m x n) matrix times a (n X 1) matrix.

Definition 4.1.9 Let A = A;; be an m x n matriz and let v be an n x 1 matriz,

U1

Un

Then Av is an m x 1 matriz and the i'" component of this matriz is

(Av), = Ajivi + Appva + - - + Ajpup, = ZAijvj.
j=1
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Thus "
2j=1 A1jvj
Av =
Z?:l Amjv;
In other words, if

A= (alv"' aan)

where the a; are the columns,
n
Av = E Vieagk
k=1

This follows from 4.9 and the observation that the j*"* column of A is

Agj
Amj
50 4.9 reduces to
AH A12 Aln
Ag Az Aop
V1 . + vg . + -+, .
Aml Am2 Amn

Note also that multiplication by an m X n matriz takes an n X 1 matriz, and produces
an m X 1 matriz.

Here is another example.

Example 4.1.10 Compute

1 2 1 3 ;
0 2 1 -2 0
21 4 1 1

First of all this is of the form (3 x 4) (4 x 1) and so the result should be a (3 x 1).
Note how the inside numbers cancel. To get the element in the second row and first
and only column, compute

4
Z A2kVk = G21V1 + A22V2 + A23V3 + G244
k=1

= 0x14+2x241x04+(-2)x1=2.

You should do the rest of the problem and verify

1 21 3 ; 8
0 2 1 -2 0 | = 2
21 4 1 1 )

The next task is to multiply an m X n matrix times an n X p matrix. Before doing
so, the following may be helpful.



52 MATRICES

For A and B matrices, in order to form the product, AB the number of columns of
A must equal the number of rows of B.

these must match!
—_—

(mx n)(nxp )=mxp

Note the two outside numbers give the size of the product. Remember:

If the two middle numbers don’t match, you can’t multiply the matrices]|

Definition 4.1.11 When the number of columns of A equals the number of rows of
B the two matrices are said to be conformable and the product, AB is obtained as
follows. Let A be an m X n matriz and let B be an n X p matriz. Then B is of the form

B:(bl’... ’bp)

where by is an n X 1 matrix or column vector. Then the m X p matriz, AB is defined

as follows:
AB = (Aby,--- , Ab,) (4.10)

where Aby, is an m x 1 matriz or column vector which gives the k" column of AB.

Example 4.1.12 Multiply the following.
(0200 s
0 2 1 1
The first thing you need to check before doing anything else is whether it is possible
to do the multiplication. The first matrix is a 2 x 3 and the second matrix is a 3 x 3.
Therefore, is it possible to multiply these matrices. According to the above discussion

it should be a 2 x 3 matrix of the form

First column Second column Third column

2

(121)(1](121>3<121>
0 2 1 9 0 2 1 1 0 2 1 )

You know how to multiply a matrix times a vector and so you do so to obtain each of
the three columns. Thus

(121) é;? _(193)
0 2 1 o011 -2 7 3

Example 4.1.13 Multiply the following.

120 1 2 1
0 31 ( 0 2 1 >
-2 1 1

First check if it is possible. This is of the form (3 x 3) (2 x 3). The inside numbers
do not match and so you can’t do this multiplication. This means that anything you
write will be absolute nonsense because it is impossible to multiply these matrices in
this order. Aren’t they the same two matrices considered in the previous example? Yes
they are. It is just that here they are in a different order. This shows something you
must always remember about matrix multiplication.

Order Matters!

— O

Matrix Multiplication Is Not Commutative!

This is very different than multiplication of numbers!
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4.1.3 The ij** Entry Of A Product

It is important to describe matrix multiplication in terms of entries of the matrices.
What is the ijt" entry of AB? It would be the i*" entry of the j** column of AB. Thus
it would be the ' entry of Ab;. Now

Blj
b; = :
B,

and from the above definition, the i** entry is
> AirBy;. (4.11)
k=1

In terms of pictures of the matrix, you are doing

A A - A, Bin Bia -+ By
A Az oo Agy By1 By -+ By,
Aml Am2 e Amn Bnl Bn2 e Bnp

Then as explained above, the j* column is of the form

Ay A - A, By
Agr Az -+ Ay By
Aml Am2 e Amn an

which is a m x 1 matrix or column vector which equals

A11 A12 Aln
Agl AQQ A2n

. Blj+ . B2]++ : an~
Aml Am2 Amn

The second entry of this m x 1 matrix is

Ao1Bij+ AxoBoj + -+ -+ A Bpj = i Aoy By
Similarly, the i*” entry of this m x 1 matrix is

AinBij+ AigBoj+ -+ AinBpj = Z Aix By

This shows the following definition for matrix multiplication in terms of the ij*" entries
of the product coincides with Definition 4.1.11.

Definition 4.1.14 Let A = (A;;) be an m x n matriz and let B = (B;;) be an n X p
matriz. Then AB is an m X p matrix and

(AB);; =Y AixBy;. (4.12)
k=1
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Another way to write this is

ng
(AB)y; = ((An A -+ Ain) :
B,

Note that to get (AB)ij you involve the it" row of A and the j** column of B.

2 31
7T 6 2 )°
First check to see if this is possible. It is of the form (3 x 2) (2 x 3) and since the

inside numbers match, the two matrices are conformable and it is possible to do the
multiplication. The result should be a 3 x 3 matrix. The answer is of the form

1 2 1 1 2
GGy ) )
2 6 2 2 6
where the commas separate the columns in the resulting product. Thus the above
product equals

(@2l )

1
Example 4.1.15 Multiply if possible | 3
2

S =N

16 15 5
13 15 5 ,
46 42 14

a 3 x 3 matrix as desired. In terms of the ij*" entries and the above definition, the entry
in the third row and second column of the product should equal

E azrbre = azibia + azaban
J

= 2x346x6=42.

You should try a few more such examples to verify the above definition in terms of the

ijt" entries works for other entries.

1 2 2 3 1
Example 4.1.16 Multiply if possible | 3 1 7T 6 2
2 6 0 00

This is not possible because it is of the form (3 x 2) (3 x 3) and the middle numbers
don’t match. In other words the two matrices are not conformable in the indicated
order.

Example 4.1.17 Multiply if possible

O NN

3 1 1 2
6 2 3 1
0 0 2 6
This is possible because in this case it is of the form (3 x 3) (3 x 2) and the middle

numbers do match so the matrices are conformable. When the multiplication is done it
equals

13 13
29 32
0 0

Check this and be sure you come up with the same answer.
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1
Example 4.1.18 Multiply if possible | 2 ( 1 2 10 )
1

In this case you are trying to do (3 x 1) (1 x 4). The inside numbers match so you
can do it. Verify

1 1 210

2 (1 210)=[21420

1 1 210

4.1.4 Properties Of Matrix Multiplication

As pointed out above, sometimes it is possible to multiply matrices in one order but
not in the other order. What if it makes sense to multiply them in either order? Will
the two products be equal then?

1 2 0 1 0 1 L2
Example 4.1.19 Compare<3 4)(1 O>and<1 O)(B 4).
The first product is
1 2 0 1 _ 2 1
3 4 1 0) 4 3)°
0 1 1 2\ (3 4
1 0 34 ) \1 2 )"

You see these are not equal. Again you cannot conclude that AB = BA for matrix

multiplication even when multiplication is defined in both orders. However, there are
some properties which do hold.

The second product is

Proposition 4.1.20 If all multiplications and additions make sense, the following hold
for matrices, A, B,C and a,b scalars.

A(aB +bC) = a(AB) + b (AC) (4.13)
(B+C)A=BA+CA (4.14)
A(BC) = (AB)C (4.15)

Proof: Using Definition 4.1.14,

(A(@B+0bC)),; = > Ay (aB+bC),,
k
= Z Alk (aBkj + bij)
k

= a Z AikBkj +b Z Aikckj
k k

= a(AB),; +b(AC),
= (a(AB)+b(AC)),,.

Thus A (B + C) = AB + AC as claimed. Formula [4.14is entirely similar.
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Formula [4.15! is the associative law of multiplication. Using Definition 4.1.14,

(A(BO))ij = ZAik (Bc)kj

k
> A > BuCi
k !
Z(AB)u Clj

l
((AB) Q) -

This proves 4.15.

4.1.5 The Transpose

Another important operation on matrices is that of taking the transpose. The following
example shows what is meant by this operation, denoted by placing a T" as an exponent

on the matrix. .

. _(132>
2 6 4 1 6

What happened? The first column became the first row and the second column became
the second row. Thus the 3 x 2 matrix became a 2 x 3 matrix. The number 3 was in the
second row and the first column and it ended up in the first row and second column.
Here is the definition.

Definition 4.1.21 Let A be an m x n matriz. Then AT denotes the n X m matriz
which is defined as follows.

%

(12—6>T ;2
3 5 4 4

(A7), = Aji

Example 4.1.22

The transpose of a matrix has the following important properties.
Lemma 4.1.23 Let A be an m X n matriz and let B be a n X p matriz. Then
(AB)" = BT AT (4.16)
and if a and B are scalars,
(aA+ BB)" = aA” + gB" (4.17)

Proof: From the definition,
T
(7)), = 1B,
= ZAjkBki
k

5 (B7),, (47),,

= (kBTAT) g

)

The proof of Formula [4.17! is left as an exercise and this proves the lemma.
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Definition 4.1.24 An n x n matriz, A is said to be symmetric if A= AT. It is said
to be skew symmetric if A= —AT.

Example 4.1.25 Let

2 1 3
A=11 5 -3
3 -3 7
Then A is symmetric.
Example 4.1.26 Let
0 1 3
A= -1 0 2
-3 -2 0

Then A is skew symmetric.

4.1.6 The Identity And Inverses

There is a special matrix called I and referred to as the identity matrix. It is always a
square matrix, meaning the number of rows equals the number of columns and it has
the property that there are ones down the main diagonal and zeroes elsewhere. Here
are some identity matrices of various sizes.

1 0
(1>7((1) ‘f) 01
0 0

The first is the 1 x 1 identity matrix, the second is the 2 x 2 identity matrix, the third is
the 3 x 3 identity matrix, and the fourth is the 4 x 4 identity matrix. By extension, you
can likely see what the n x n identity matrix would be. It is so important that there is
a special symbol to denote the ij*"* entry of the identity matrix

0
0,
1

S O O
o o = O
o= OO
_— o O O

Lij = by

where d;; is the Kroneker symbol defined by

s vifi=
T 0ifi £y

It is called the identity matrix because it is a multiplicative identity in the following
sense.

Lemma 4.1.27 Suppose A is an m X n matriz and I, is the n X n identity matriz.
Then AL, = A. If I, is the m x m identity matriz, it also follows that I,,A = A.

Proof:
(AL)y; = > Awb
and so AI, = A. The other case is left as an exercise for you.

Definition 4.1.28 An n x n matriz, A has an inverse, A~ if and only if AA™1 =
A7YA = 1. Such a matriz is called invertible.
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It is very important to observe that the inverse of a matrix, if it exists, is unique.
Another way to think of this is that if it acts like the inverse, then it is the inverse.

Theorem 4.1.29 Suppose A~! exists and AB = BA = 1. Then B = A~".

Proof:
A" =A""T=A"(AB)= (A"'A)B=1B = B.

Unlike ordinary multiplication of numbers, it can happen that A # 0 but A may fail
to have an inverse. This is illustrated in the following example.

11

Example 4.1.30 Let A = ( 11

) . Does A have an inverse?

One might think A would have an inverse because it does not equal zero. However,
11 -1\ [0
1 1 1 ~\ 0
and if A~! existed, this could not happen because you could write
0 _a4-1 0 _2-1 -1 —
(o) =+ ((3)) = (7))
a1 -1\ -1\ [ -1
— (474) ( =)= (),

a contradiction. Thus the answer is that A does not have an inverse.

Example 4.1.31 Let A = ( } ; ) . Show < _21 _11 ) is the inverse of A.

To check this, multiply
11 2 -1\ (1
1 2 -1 1 ~\ 0
2 -1 1 1\ (1
-1 1 12/ 7\0

showing that this matrix is indeed the inverse of A.

= O
N—

and

_= O
N———

4.1.7 Finding The Inverse Of A Matrix

In the last example, how would you find A~'? You wish to find a matrix, < i N )

(-G w

This requires the solution of the systems of equations,

such that

r+y=1Lxz+2y=0

and
z+w=0,z4+2w=1.
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Writing the augmented matrix for these two systems gives

(L313) (a1

(1310 (w19

for the second. Lets solve the first system. Take (—1) times the first row and add to

the second to get
11 | 1
01 | -1

Now take (—1) times the second row and add to the first to get

10 | 2
01 | —-1)°

Putting in the variables, this says ¢ = 2 and y = —1.

for the first system and

Now solve the second system, [4.19 to find z and w. Take (—1) times the first row
and add to the second to get
11 1] 0
( 01 |1 >

Now take (—1) times the second row and add to the first to get

10 | -1
o1 | 1 )

Putting in the variables, this says z = —1 and w = 1. Therefore, the inverse is

2 -1
-1 1 '
Didn’t the above seem rather repetitive? Note that exactly the same row operations
were used in both systems. In each case, the end result was something of the form (I|v)

where [ is the identity and v gave a column of the inverse. In the above, ( z ) , the

first column of the inverse was obtained first and then the second column ( Z) ) .

To simplify this procedure, you could have written

11 ] 10
12 ] 01

and row reduced till you obtained

10| 2 -1
01 | -1 1
and read off the inverse as the 2 x 2 matrix on the right side.

This is the reason for the following simple procedure for finding the inverse of a
matrix. This procedure is called the Gauss-Jordan procedure.
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Procedure 4.1.32 Suppose A is an n x n matriz. To find A~ if it exists, form the
augmented n X 2n matriz,

(A[T)
and then, if possible do row operations until you obtain an n x 2n matriz of the form
(I|B). (4.20)

When this has been done, B = A™'. If it is impossible to row reduce to a matriz of the
form (I|B), then A has no inverse.

1 2 2
Example 4.1.33 Let A= 1 0 2 . Find A~ if it exists.
3 1 -1
Set up the augmented matrix, (A|l)
12 2 | 100
10 2 | 010
31 -1 ] 00 1

Next take (—1) times the first row and add to the second followed by (—3) times the
first row added to the last. This yields

1 2 2 | 1 00
0 -2 0 | -1 10
0 -5 =7 ] =3 0 1
Then take 5 times the second row and add to -2 times the last row.
1 2 2 | 1 0 0
0 -10 0 | =5 5 0

0 0 14 | 1 5 -2
Next take the last row and add to (—7) times the top row. This yields

-7 14 0 | -6 5 -2
0 —-10 0 | =5 5 0
0 0 14 | 1 5 -2

Now take (—7/5) times the second row and add to the top.

-7 0 0 | 1 -2 -2
0 —-10 0 | =5 5 0
0 0 14 | 1 5 -2

Finally divide the top row by -7, the second row by -10 and the bottom row by 14 which
yields

12 2
100 [ -7 7 7
1 1
010 | 5 -5 0
1 5 1
001 | i u -7
Therefore, the inverse is
_1 2 2
77 7
1 1
2 —z 0
1 5  _1
4 14 7
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Example 4.1.34 Let A = . Find A= if it exists.

N = =
N O N
=N N

Write the augmented matrix, (A|I

~—

and proceed to do row operations attempting to obtain (I|A*1) . Take (—1) times the
top row and add to the second. Then take (—2) times the top row and add to the
bottom.

1
1
2

N O N
=N N
O O =
o~ O
_ o O

1 2 2] 1 00
0 -2 0] -1 10
0 -2 0| -2 01
Next add (—1) times the second row to the bottom row.
1 2 2] 1 0 0
0 -2 0] -1 1 0
0 0 0| -1 -1 1

At this point, you can see there will be no inverse because you have obtained a row
of zeros in the left half of the augmented matrix, (A|l). Thus there will be no way to
obtain I on the left.

1 0 1
Example 4.1.35 Let A= 1 -1 1 . Find A7 if it exists.
11 -1

Form the augmented matrix,
10 1 |1 0
1 -1 1 | 0 0
11 -1 | 001

0
1
Now do row operations until the n X n matrix on the left becomes the identity matrix.

This yields after some computations,

10

I
—
[«sT ST

0
010 |
00 1

(SIS

N

1
2

Checking the answer is easy. Just multiply the matrices and see if it works.

o L 1
1 0 1 22 1 0 0
1 -1 1 1 -1 0 |=(010
11 -1 1 -1 -3 0 0 1

Always check your answer because if you are like some of us, you will usually have made
a mistake.
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Example 4.1.36 In this example, it is shown how to use the inverse of a matrix to
find the solution to a system of equations. Consider the following system of equations.
Use the inverse of a suitable matrix to give the solutions to this system.

r+z=1
T—y+z2=3
r+y—z=2

The system of equations can be written in terms of matrices as

1 0 1 T 1
1 -1 1 y = 3 1. (4.21)
1 1 -1 z 2

More simply, this is of the form Ax = b. Suppose you find the inverse of the matrix,
A1, Then you could multiply both sides of this equation by A~! to obtain

x=(A"'A)x=A""(Ax) = A" 'b.

This gives the solution as x = A~'b. Note that once you have found the inverse, you
can easily get the solution for different right hand sides without any effort. It is always
just A='b. In the given example, the inverse of the matrix is

1 1
0 35 3
1 <1 0
1 1
L =5 —3

This was shown in Example4.1.35. Therefore, from what was just explained the solution
to the given system is

1 1 5
Y = 1 -1 0 3 = —2
1 1 3
z L =3 —3 2 —3
What if the right side of [4.21/ had been
0
1 |2
3
What would be the solution to
1 0 1 x 0
1 -1 1 y | =1 |?
1 1 -1 Z 3
By the above discussion, it is just
1 1
Y = 1 -1 0 1 = -1
1 1
z I -5 —3 3 -2

This illustrates why once you have found the inverse of a given matrix, you can use it
to solve many different systems easily.
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4.2 Exercises

1. Here are some matrices:

1
i ()
1
oo (!

63

2 3 3 -1 2
17>7B_<—3 2 1)’
2

1

Joo=(5 %) e=(5)

Find if possible —3A4,3B — A, AC,CB, AE, EA. If it is not possible explain why.

2. Here are some matrices:

A

1
c - (4

1
3
1

2
2 -5 2
21 ’B_<—3 2 1

2 -1 1
0)’D_< 4 -3

).
)o=(3),

Find if possible —3A4,3B — A, AC,CA, AE, EA, BE, DE. If it is not possible ex-

plain why.

3. Here are some matrices:

A:

— o

2
2 -5 2
21 ’B_<—3 2 1

).

- (3 )om (3 4)- ()

Find if possible —3A7,3B —

not possible explain why.

4. Here are some matrices:

A =

o |

1 2
5 0

AT AC,CA, AE,ETB,BE,DE,EET,ETE. If it is

Jor=(3)F=(5)

Find the following if possible and explain why it is not possible if this is the case.
AD,DA,DT"B,DTBE,ETD,DE".

1 1
-2 -1
1 2

Find if possible.

5 Let A =

1 —
732(2 1 -2

-1 2>,andC:
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6.

10.

11.
12.

13.

14.
15.
16.

17.
18.
19.
20.
21.

22.

MATRICES

(f) BC

Suppose A and B are square matrices of the same size. Which of the following
are correct?

) (A—B)* = A2 —2AB + B2

) (AB)? = A2B?

(c) (A+B)> = A2+ 2AB + B?

(d) (A+B)> =A%+ AB+ BA+ B?
)
)
)

-1 -1 . . .
Let A= ( 3 3 > Find 2 x 2 matrices, B such that AB = 0.

Let x =(—1,—1,1) and y = (0,1,2) . Find xTy and xy7 if possible.

Let A = :1% i ,B = 113 i . Is it possible to choose k such that AB =
BA? If so, what should k equal?

1 2 1 2 . .
Let A = 3 4 ,B = Nk Is it possible to choose k such that AB =

BA? If so, what should k equal?
In [4.1] - 14.8 describe —A and 0.

Let A be an n x n matrix. Show A equals the sum of a symmetric and a skew
symmetric matrix. Hint: Show that % (AT + A) is symmetric and then consider
using this as one of the matrices.

Show every skew symmetric matrix has all zeros down the main diagonal. The
main diagonal consists of every entry of the matrix which is of the form a;;. It
runs from the upper left down to the lower right.

Using only the properties 4.1 - 4.8 show —A is unique.
Using only the properties 4.1/ - [4.8 show 0 is unique.

Using only the properties 4.1 - [4.8 show 0A = 0. Here the 0 on the left is the
scalar 0 and the 0 on the right is the zero for m x n matrices.

Using only the properties 4.1/ - [4.8 and previous problems show (—1) A = —A.
Prove [4.17.

Prove that I,,,A = A where A is an m X n matrix.

Give an example of matrices, A, B, C' such that B # C, A # 0, and yet AB = AC.

Suppose AB = AC and A is an invertible n X n matrix. Does it follow that
B = C? Explain why or why not. What if A were a non invertible n x n matrix?

Find your own examples:

(a) 2 x 2 matrices, A and B such that A # 0, B # 0 with AB # BA.
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(b) 2 x 2 matrices, A and B such that A # 0, B # 0, but AB = 0.
(¢) 2 x 2 matrices, A, D, and C such that A #0,C # D, but AC = AD.

Explain why if AB = AC and A~! exists, then B = C.
Give an example of a matrix, A such that A2 =T and yet A # I and A # —1I.

Give an example of matrices, A, B such that neither A nor B equals zero and yet
AB = 0.

Give another example other than the one given in this section of two square
matrices, A and B such that AB # BA.

().

Find A~! if possible. If A~! does not exist, determine why.

A:(g;)

Find A~! if possible. If A~! does not exist, determine why.

A—<§ (1))

Find A~" if possible. If A~' does not exist, determine why.

(21

Find A~! if possible. If A~! does not exist, determine why.

Let

Let

Let

Let

o

Let A be a 2 x 2 matrix which has an inverse. Say A = < Z ) . Find a formula
for A~ in terms of a, b, c, d.
Let

A:

[ NS
O =N
DN =~ W

Find A~! if possible. If A~! does not exist, determine why.
Let

A:

[ NS

0 3
3 4
0 2
Find A~! if possible. If A~! does not exist, determine why.
Let
1 2 3
A= 2 1 4
4 5 10

—_

Find A~! if possible. If A~! does not exist, determine why.
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1 2 0 2
11 2 0
4= 2 1 -3 2
1 2 1 2

Find A~! if possible. If A~! does not exist, determine why.

r1 — o + 2x3 T
. 2 . . .
Write T3 + o1 in the form A | 2 where A is an appropriate
3x3 3
3xq4 + 322 + 11 T4
matrix.
x1 + 3x9 + 213 X1
. 2 . . .
Write T3 + o1 in the form A | 2 where A is an appropriate
6503 I3
T4+ 3x9 + 21 Ty
matrix.
T1+ 22+ 23 1
. 2 . . .
Write T3+ I+ T2 in the form A [ “? | where 4 is an appropriate ma-
xr3 — T1 €3
3I4 + X1 T4
trix.
Using the inverse of the matrix, find the solution to the systems

1 0 3 x 1 1 0 3 T 2
2 3 4 y = 2 1, 2 3 4 y | =11
1 0 2 z 3 1 0 2 z 0
1 0 3 x 1 1 0 3 T 3
2 3 4 y = 0], 2 3 4 y | =1 -1
1 0 2 z 1 1 0 2 z -2
Now give the solution in terms of a,b, and ¢ to
1 0 3 T a
2 3 4 y | =
1 0 2 z
Using the inverse of the matrix, find the solution to the systems
1 0 3 x 1 1 0 3 x 2
2 3 4 y = 21,1 2 3 4 y | =11
1 0 2 z 3 1 0 2 z 0
1 0 3 x 1 1 0 3 T 3
2 3 4 y = 0,12 3 4 y | =] -1
1 0 2 z 1 1 0 2 Z -2
Now give the solution in terms of a,b, and ¢ to
x a

10 3
2 3 4 y | =
10 2 P
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Using the inverse of the matrix, find the solution to the system

1 1 1
o oy % N ?
3 3 —3 3 U I
-1 0 0 1 z c
3 1 9
-2 -1 1 1 w d

Show that if A is an n x n invertible matrix and x is a n x 1 matrix such that
Ax = Db for b an n x 1 matrix, then x = A~ !b.

Prove that if A~1 exists and Ax = 0 then x = 0.

Show that if A~! exists for an n x n matrix, then it is unique. That is, if BA =1
and AB =1, then B= A~

Show that if A is an invertible n x n matrix, then so is AT and (AT) = (A*I)T .

Show (AB)_1 = B~'A~! by verifying that AB (B~'A™!) = Iand B~'A™! (AB) =
1. Hint: Use Problem 44

Show that (ABC)™' = C~1B~1A~! by verifying that (ABC) (C'B7'A7Y) =1
and (C~'B~'A™') (ABC) = I. Hint: Use Problem 44

If A is invertible, show (AT)f1 = (Afl)T. Hint: Use Problem /44.
If A is invertible, show (AQ)_1 = (A_1)2 . Hint: Use Problem 44.

If A is invertible, show (A_l)_1 = A. Hint: Use Problem [44.
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Vector Products

5.0.1 Outcomes

1.

2.

Evaluate a dot product from the angle formula or the coordinate formula.
Interpret the dot product geometrically.

Evaluate the following using the dot product:

(a) the angle between two vectors
(b) the magnitude of a vector

(¢) the work done by a constant force on an object

Evaluate a cross product from the angle formula or the coordinate formula.
Interpret the cross product geometrically.

Evaluate the following using the cross product:

(a) the area of a parallelogram
(b) the area of a triangle

(¢) physical quantities such as the torque and angular velocity.

Find the volume of a parallelepiped using the box product.

Recall, apply and derive the algebraic properties of the dot and cross products.

5.1 The Dot Product

There are two ways of multiplying vectors which are of great importance in applications.
The first of these is called the dot product, also called the scalar product and
sometimes the inner product.

Definition 5.1.1 Let a,b be two vectors in R™ define a-b as

n
a-b EZ akbk.
k=1

With this definition, there are several important properties satisfied by the dot
product. In the statement of these properties, o and § will denote scalars and a, b, c
will denote vectors.

69
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Proposition 5.1.2 The dot product satisfies the following properties.

a-b=b-a (5.1)

a-a >0 and equals zero if and only ifa =10 (5.2)
(ea+pb)-c=a(a-c)+p(b-c) (5.3)
c-(ca+ pb)=a(c-a)+[(c-b) (5.4)
la*=a-a (5.5)

You should verify these properties. Also be sure you understand that 5.4 follows from
the first three and is therefore redundant. It is listed here for the sake of convenience.

Example 5.1.3 Find (1,2,0,—1)-(0,1,2,3).
This equals 0 +2 4+ 0+ -3 = —1.
Example 5.1.4 Find the magnitude of a =(2,1,4,2). That is, find |a|.

This is 1/(2,1,4,2) - (2,1,4,2) = 5.
The dot product satisfies a fundamental inequality known as the Cauchy Schwarz
inequality.

Theorem 5.1.5 The dot product satisfies the inequality
ja-b| < [al [b]. (5.6)

Furthermore equality is obtained if and only if one of a or b is a scalar multiple of the
other.

Proof: First note that if b = 0 both sides of [5.6/ equal zero and so the inequality
holds in this case. Therefore, it will be assumed in what follows that b # 0.
Define a function of t € R

f@)=(a+tb) (a+tb).
Then by 5.2, f(¢) > 0 for all ¢t € R. Also from 5.3/5.45.1), and 5.5

ft)=a-(a+tb)+tb-(a+tb)
=a-a+t(a-b)+tb-a+t’b-b
= |a]® + 2t (a-b) + |b|* 2.

Now this means the graph, y = f (¢) is a polynomial which opens up and either its
vertex touches the ¢ axis or else the entire graph is above the x axis. In the first case,
there exists some ¢ where f(¢) = 0 and this requires a + tb = 0 so one vector is a
multiple of the other. Then clearly equality holds in [5.6. In the case where b is not a
multiple of a, it follows f (¢) > 0 for all ¢ which says f (¢) has no real zeros and so from
the quadratic formula,

(2(a-b))* — 4[a* b <0

which is equivalent to |(a- b)| < |a||b|. This proves the theorem.

You should note that the entire argument was based only on the properties of the
dot product listed in 5.1 - 5.50 This means that whenever something satisfies these
properties, the Cauchy Schwartz inequality holds. There are many other instances of
these properties besides vectors in R™.

The Cauchy Schwartz inequality allows a proof of the triangle inequality for dis-
tances in R™ in much the same way as the triangle inequality for the absolute value.
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Theorem 5.1.6 (Triangle inequality) For a,b € R"
a4 < Jal + bl (5.7

and equality holds if and only if one of the vectors is a nonnegative scalar multiple of
the other. Also

la] = [b]| < |a — b (5.8)
Proof: By properties of the dot product and the Cauchy Schwartz inequality,

la+b|*>=(a+b)-(a+b)
=(a-a)+(a-b)+(b-a)+(b-b)
= la]* +2(a-b) + |b|”
< la]* +2Ja-b| + [b|”
< [a* +2a| b| + [b|”
= (Ja| + |b|)*.

Taking square roots of both sides you obtain [5.7.

It remains to consider when equality occurs. If either vector equals zero, then that
vector equals zero times the other vector and the claim about when equality occurs is
verified. Therefore, it can be assumed both vectors are nonzero. To get equality in the
second inequality above, Theorem [5.1.5 implies one of the vectors must be a multiple
of the other. Say b = aa. If @ < 0 then equality cannot occur in the first inequality
because in this case

(a-b) =ala®> <0< |a||a®* = |a- b

Therefore, a > 0.
To get the other form of the triangle inequality,

a=a—b+b
SO
|la| = |a—b+ bl
<la—b[+[b].
Therefore,
|a| — [b| < |a — Db (5.9)
Similarly,
|b] — |Ja] < |b—a|] =]a—Db|. (5.10)

It follows from (5.9 and [5.10] that [5.8 holds. This is because ||a] — |b|| equals the left
side of either 5.9 or [5.10/ and either way, ||a| — |b|| < |a — b|. This proves the theorem.

5.2 The Geometric Significance Of The Dot Product

5.2.1 The Angle Between Two Vectors

Given two vectors, a and b, the included angle is the angle between these two vectors
which is less than or equal to 180 degrees. The dot product can be used to determine
the included angle between two vectors. To see how to do this, consider the following
picture.
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By the law of cosines,
la—b|* = |a|* + |b|> — 2]a| |b| cos 6.
Also from the properties of the dot product,

la—b[*=(a—b)-(a—b)
=la]*+ b —2a-b

and so comparing the above two formulas,
a-b = |a||b|cosf. (5.11)

In words, the dot product of two vectors equals the product of the magnitude of the
two vectors multiplied by the cosine of the included angle. Note this gives a geometric
description of the dot product which does not depend explicitly on the coordinates of
the vectors.

Example 5.2.1 Find the angle between the vectors 2i +j — k and 3i + 4j + k.

The dot product of these two vectors equals 6 +4 — 1 = 9 and the norms are

Vi+1+1=+v6and vVI+16+1 = 1/26. Therefore, from [5.11 the cosine of the in-

cluded angle equals

9
cosf NG .72058
Now the cosine is known, the angle can be determines by solving the equation, cosf = .
720 58. This will involve using a calculator or a table of trigonometric functions. The
answer is § = .766 16 radians or in terms of degrees, § = .76616 x % = 43.898°.
Recall how this last computation is done. Set up a proportion, == = % because
360° corresponds to 27w radians. However, in calculus, you should get used to thinking
in terms of radians and not degrees. This is because all the important calculus formulas

are defined in terms of radians.

Example 5.2.2 Let u,v be two vectors whose magnitudes are equal to 8 and 4 respec-
tively and such that if they are placed in standard position with their tails at the origin,
the angle between u and the positive x axis equals 30° and the angle between v and the
positive x axis is -30°. Find u-v.

From the geometric description of the dot product in[5.11
u-v=3x4xcos(60°)=3x4x1/2=86.

Observation 5.2.3 Two vectors are said to be perpendicular if the included angle
is /2 radians (90°). You can tell if two nonzero vectors are perpendicular by simply
taking their dot product. If the answer is zero, this means they are perpendicular because
cosf = 0.
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Example 5.2.4 Determine whether the two vectors, 2i + j — k and 1i + 3j + 5k are
perpendicular.

When you take this dot product you get 2 +3 — 5 = 0 and so these two are indeed
perpendicular.

Definition 5.2.5 When two lines intersect, the angle between the two lines is the
smaller of the two angles determined.

Example 5.2.6 Find the angle between the two lines, (1,2,0)+t (1,2,3) and (0,4, —3)+
t(-1,2,-3).

These two lines intersect, when t = 0 in the first and t = —1 in the second. It is
only a matter of finding the angle between the direction vectors. One angle determined
is given by

-6 -3
0=—=—. 5.12
ST T (5.12)
We don’t want this angle because it is obtuse. The angle desired is the acute angle
given by

o="=.
COS -

It is obtained by using replacing one of the direction vectors with —1 times it.

5.2.2 Work And Projections

Our first application will be to the concept of work. The physical concept of work does
not in any way correspond to the notion of work employed in ordinary conversation. For
example, if you were to slide a 150 pound weight off a table which is three feet high and
shuffle along the floor for 50 yards, sweating profusely and exerting all your strength
to keep the weight from falling on your feet, keeping the height always three feet and
then deposit this weight on another three foot high table, the physical concept of work
would indicate that the force exerted by your arms did no work during this project even
though the muscles in your hands and arms would likely be very tired. The reason for
such an unusual definition is that even though your arms exerted considerable force on
the weight, enough to keep it from falling, the direction of motion was at right angles
to the force they exerted. The only part of a force which does work in the sense of
physics is the component of the force in the direction of motion (This is made more
precise below.). The work is defined to be the magnitude of the component of this force
times the distance over which it acts in the case where this component of force points
in the direction of motion and (—1) times the magnitude of this component times the
distance in case the force tends to impede the motion. Thus the work done by a force
on an object as the object moves from one point to another is a measure of the extent
to which the force contributes to the motion. This is illustrated in the following picture
in the case where the given force contributes to the motion.

F P2
0
P1

F,
Fy

In this picture the force, F is applied to an object which moves on the straight line
from p; to p2. There are two vectors shown, F|| and F | and the picture is intended to
indicate that when you add these two vectors you get F while F| acts in the direction
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of motion and F | acts perpendicular to the direction of motion. Only F|; contributes
to the work done by F on the object as it moves from p; to pz. F| is called the
component of the force in the direction of motion. From trigonometry, you see the
magnitude of F)| should equal |F||cosf|. Thus, since F|| points in the direction of the
vector from p; to ps, the total work done should equal

|F| ’P1P2| cosf = |F||p2 — p1|cos 8

If the included angle had been obtuse, then the work done by the force, F on the object
would have been negative because in this case, the force tends to impede the motion
from p; to p2 but in this case, cos# would also be negative and so it is still the case
that the work done would be given by the above formula. Thus from the geometric
description of the dot product given above, the work equals

|F||p2 — p1|cosd = F- (p2—p;) -
This explains the following definition.

Definition 5.2.7 Let F be a force acting on an object which mowves from the point, py
to the point pa. Then the work done on the object by the given force equals F- (p2 — p1) .

The concept of writing a given vector, F in terms of two vectors, one which is parallel
to a given vector, D and the other which is perpendicular can also be explained with
no reliance on trigonometry, completely in terms of the algebraic properties of the dot
product. As before, this is mathematically more significant than any approach involving
geometry or trigonometry because it extends to more interesting situations. This is done
next.

Theorem 5.2.8 Let F and D be nonzero vectors. Then there exist unique vectors F,
and F | such that
F:FHJrFL (5.13)

where F|| is a scalar multiple of D, also referred to as
prOjD (F) )
and F | -D = 0. The vector projp, (F) is called the projection of F onto D.

Proof: Suppose 5.13/ and F|| = aD. Taking the dot product of both sides with D
and using F; - D = 0, this yields

F-D=oaDf

which requires o = F-D/|D|*. Thus there can be no more than one vector, F. It
follows F | must equal F —F)|. This verifies there can be no more than one choice for
both F| and F .

Now let F.D
FH = D 3 D
D
and let F.D
F, =F-F;=F-——D
D]
Then F|| = a D where a = ‘1“;:')?2. It only remains to verify F, - D = 0. But
F-D
F, -D=F-D-——-D-D
D]

This proves the theorem.



5.2. THE GEOMETRIC SIGNIFICANCE OF THE DOT PRODUCT 75

Example 5.2.9 Let F = 2i4+7j — 3k Newtons. Find the work done by this force in
moving from the point (1,2,3) to the point (—9,—3,4) along the straight line segment
joining these points where distances are measured in meters.

According to the definition, this work is

(2i47j — 3k) - (—10i — 5j + k) = —20 + (—35) + (—3)

= —58 Newton meters.

Note that if the force had been given in pounds and the distance had been given in
feet, the units on the work would have been foot pounds. In general, work has units
equal to units of a force times units of a length. Instead of writing Newton meter, people
write joule because a joule is by definition a Newton meter. That word is pronounced
“jewel” and it is the unit of work in the metric system of units. Also be sure you observe
that the work done by the force can be negative as in the above example. In fact, work
can be either positive, negative, or zero. You just have to do the computations to find
out.

Example 5.2.10 Find proj, (v) ifu=2i+3j—4k and v=1i-2j+k.

From the above discussion in Theorem [5.2.8, this is just

(i—2j +Kk) - (2i + 3j — 4k) (2i + 3§ — 4K)

1419116

_8 16. 24, 32
= 0243 —dk) = — 2§ 225 2%

gy (A+3i— 4l =—ggi—o5i+ o9

Example 5.2.11 Suppose a, and b are vectors and b, = b — proj, (b). What is the
magnitude of b1 in terms of the included angle?

Ib.|* = (b - proj, (b)) - (b — proj, (b))

= <b—b.§a> . (b—b.;ia>
al ||

21 (b-a)’

= |b| (1 a? |b|2>

= b (1 —cos®0) = Ib|? sin? (6)

where 6 is the included angle between a and b which is less than 7 radians. Therefore,
taking square roots,
by | = |b|siné.

5.2.3 The Dot Product And Distance In C"

It is necessary to give a generalization of the dot product for vectors in C". This
definition reduces to the usual one in the case the components of the vector are real.

Definition 5.2.12 Let x,y € C". Thus x = (x1,--+ ,zp) where each 2, € C and a
similar formula holding for y. Then the dot product of these two vectors is defined to
be
Xy Eijjjlem+~~o+xny7.
J
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Notice how you put the conjugate on the entries of the vector, y. It makes no
difference if the vectors happen to be real vectors but with complex vectors you must
do it this way. The reason for this is that when you take the dot product of a vector
with itself, you want to get the square of the length of the vector, a positive number.
Placing the conjugate on the components of y in the above definition assures this will

take place. Thus
XX :ijfj: Z|xj|2 > 0.
J J

If you didn’t place a conjugate as in the above definition, things wouldn’t work out
correctly. For example,
(140 +22=4+2

and this is not a positive number.

The following properties of the dot product follow immediately from the definition
and you should verify each of them.

Properties of the dot product:

l.u-v=v-u
2. If a,b are numbers and u, v,z are vectors then (au+bv)-z=a(u-2)+b(v-z).

3. u-u >0 and it equals 0 if and only if u = 0.

Note this implies (x-ay) = @ (x - y) because

(xay) =(ay-x)=a(y -x) =a(xy)
The norm is defined in the usual way.

Definition 5.2.13 For x € C",

" 1/2
x| = (Z |xk|2> = (x-x)"/?
k=1

Here is a fundamental inequality called the Cauchy Schwarz inequality which is
stated here in C™. First here is a simple lemma.

Lemma 5.2.14 If z € C there exists 0 € C such that 0z = |z| and |0] = 1.

o

Proof: Let § =1 if z = 0 and otherwise, let # = —. Recall that for z =z +iy,z =

0

x —iy and zz = |2|*.

I will give a proof of this important inequality which depends only on the above list
of properties of the dot product. It will be slightly different than the earlier proof.
Theorem 5.2.15 (Cauchy Schwarz)The following inequality holds for x andy € C™.

- y) < (xo%)" 2 (y )" (5.14)
Equality holds in this inequality if and only if one vector is a multiple of the other.

Proof: Let 6 € C such that |#] = 1 and

0(x-y) =[xy
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Consider p (t) = (x + Oty,x + tdy) where ¢t € R. Then from the above list of properties
of the dot product,

0 < pt)=x-x)+t0(x-y)+t(y-x)+*(y-y)
(x-x)+t0(x-y)+t0(x-y) +t*(y-y)

(x-%) +2tRe (0 (x-y)) +t*(y-y)
(x-x)+2t|(x-y)|+ 1 (y-y) (5.15)

and this must hold for all ¢ € R. Therefore, if (y-y) = 0 it must be the case that
|(x - y)| = 0 also since otherwise the above inequality would be violated. Therefore, in
this case,

xy)l < (x-%)2 (y - y) 2

On the other hand, if (y - y) # 0, then p (¢) > 0 for all ¢ means the graph of y = p (¢) is
a parabola which opens up and it either has exactly one real zero in the case its vertex
touches the ¢ axis or it has no real zeros. From the quadratic formula this happens
exactly when

4(x-y) —4(x-x)(y-y) <0

which is equivalent to 5.14.

It is clear from a computation that if one vector is a scalar multiple of the other that
equality holds in 5.14. Conversely, suppose equality does hold. Then this is equivalent
to saying 4 |(x - y)|*—4 (x - x) (y - y) = 0 and so from the quadratic formula, there exists
one real zero to p (t) = 0. Call it . Then

— — — 2
p(to) = (x + Otoy,x + tofly) = |x + bty|” =
and so x = —0tyy. This proves the theorem.
Note that I only used part of the above properties of the dot product. It was not

necessary to use the one which says that if (x - x) = 0 then x = 0.
By analogy to the case of R™, length or magnitude of vectors in C™ can be defined.

Definition 5.2.16 Let z € C". Then |z| = (z - z)l/z.

Theorem 5.2.17 For length defined in Definition 5.2.16, the following hold.

|z| >0 and |z| =0 if and only if z =0 (5.16)
If o is a scalar, |az| = |al|z] (5.17)
|z +w| <|z| + |w]|. (5.18)

Proof: The first two claims are left as exercises. To establish the third, you use the
same argument which was used in R”.

(z+w,z+w)

= Z'Z+W- W+W-Z+2Z W

|z]* + |w|° + 2Rew - z

2l + [w|” + 2 |w - 2

|2 + [w[* + 2wl 2] = (|z] + [w])* .

|z + wl|?

IN A
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5.3 Exercises

1.

© ® N e otk W

10.

11.

12.

13.

14.

15.

16.

Use formula/5.11/ to verify the Cauchy Schwartz inequality and to show that equal-
ity occurs if and only if one of the vectors is a scalar multiple of the other.

. For u, v vectors in R3, define the product, u* v = ujv1 + 2uavs + 3usvs. Show

the axioms for a dot product all hold for this funny product. Prove

1/2( 1/2

luxv| < (ux*u) VkV)

Hint: Do not try to do this with methods from trigonometry.
Find the angle between the vectors 3i — j — k and i+ 4j + 2k.
Find the angle between the vectors i — 2j + k and i+ 2j — 7k.
Find proj,, (v) where v =(1,0,—-2) and u=(1,2,3).

Find proj,, (v) where v =(1,2,—-2) and u=(1,0, 3).

Find proj,, (v) where v =(1,2,-2,1) and u=(1,2,3,0).
Does it make sense to speak of projg (v)?

If F is a force and D is a vector, show projp (F) = (JF| cos §) u where u is the unit
vector in the direction of D, u = D/ |D| and € is the included angle between the
two vectors, F and D. |F|cosf is sometimes called the component of the force, F
in the direction, D.

A boy drags a sled for 100 feet along the ground by pulling on a rope which is 20
degrees from the horizontal with a force of 40 pounds. How much work does this
force do?

A girl drags a sled for 200 feet along the ground by pulling on a rope which is 30
degrees from the horizontal with a force of 20 pounds. How much work does this
force do?

A large dog drags a sled for 300 feet along the ground by pulling on a rope which
is 45 degrees from the horizontal with a force of 20 pounds. How much work does
this force do?

How much work in Newton meters does it take to slide a crate 20 meters along a
loading dock by pulling on it with a 200 Newton force at an angle of 30° from the
horizontal?

An object moves 10 meters in the direction of j. There are two forces acting on
this object, F1 =i+ j+ 2k, and Fy = —5i + 2j—6k. Find the total work done on
the object by the two forces. Hint: You can take the work done by the resultant
of the two forces or you can add the work done by each force. Why?

An object moves 10 meters in the direction of j +i. There are two forces acting
on this object, F; = i+2j+ 2k, and Fy = 5i+ 2j—6k. Find the total work done on
the object by the two forces. Hint: You can take the work done by the resultant
of the two forces or you can add the work done by each force. Why?

An object moves 20 meters in the direction of k + j. There are two forces acting
on this object, F1 =i+ j+ 2k, and Fy = i+ 2j—6k. Find the total work done on
the object by the two forces. Hint: You can take the work done by the resultant
of the two forces or you can add the work done by each force.
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18.
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20.

21.
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Ifa, b, and c are vectors. Show that (b +c¢), =b+c, whereb; = b—proj, (b).
Find (1,2,3,4) - (2,0,1,3).

Show that (a - b) = 1 [\a +bf>—ja— bﬂ .

Prove from the axioms of the dot product the parallelogram identity, |a + b|2 +
la—bl>=2al* +2b|*.

Let A and be a real m x n matrix and let x € R" and y € R™. Show (4X,y)gm =
(x,A"y) g, where (-,-)gr denotes the dot product in R¥. In the notation above,
Ax -y = x-ATy. Use the definition of matrix multiplication to do this.

Use the result of Problem 211 to verify directly that (AB)" = BTAT without
making any reference to subscripts.

Suppose f, g are two continuous functions defined on [0, 1]. Define

<ﬁm=Afmwmm

Show this dot product satisfies conditions [5.1/ - 5.5l Explain why the Cauchy
Schwarz inequality continues to hold in this context and state the Cauchy Schwarz
inequality in terms of integrals. Does the Cauchy Schwarz inequality still hold if

umzlfwmwmmm

where p (z) is a given nonnegative function?

5.4 Exercises With Answers

1.

Find the angle between the vectors 3i — j — k and i+ 4j + 2k.

cosf = ﬁ = —.19739. Therefore, you have to solve the equation
cosf = —.197 39, Solution is : # = 1.7695 radians. You need to use a calculator

or table to solve this.

. Find proj,, (v) where v =(1,3,-2) and u =(1,2,3).

. . . 1
Remember to find this you take ¥>u. Thus the answer is 73 (1,2,3).

If F is a force and D is a vector, show projp, (F) = (|F|cos @) u where u is the unit
vector in the direction of D, u = D/|D| and 6 is the included angle between the
two vectors, F and D. |F|cos @ is sometimes called the component of the force, F
in the direction, D.

projp (F) = EBD = |F||D| cos@ﬁD =|F| cos 0
A boy drags a sled for 100 feet along the ground by pulling on a rope which is 40
degrees from the horizontal with a force of 10 pounds. How much work does this
force do?

The component of force is 10 cos (1557) and it acts for 100 feet so the work done
is

40
10cos | — 100 = 766. 04
0 cos <1807T> x 100 = 766.0
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5. Ifa, b, and c are vectors. Show that (b +c¢), = b, +c| whereb, = b—proj, (b).
6. Find (1,0,3,4) - (2,7,1,3). (1,0,3,4) - (2,7,1,3) = 17.

7. Show that (a-b) = } [Ja+b[* — Ja = b[*].
This follows from the axioms of the dot product and the definition of the norm.

Thus
la+bl>=(a+b,a+b)=]|a’+|b>+2(a-b)

Do something similar for |a — b|2.

8. Prove from the axioms of the dot product the parallelogram identity, |a + b|2 +
la—b|*> =2]a]* +2b|*.
Use the properties of the dot product and the definition of the norm in terms of
the dot product.

9. Let A and be a real m x n matrix and let x € R” and y € R™. Show (AX,y)gm =
(X,ATy)Rn where (-, -)pr denotes the dot product in R¥. In the notation above,
Ax -y = x-ATy. Use the definition of matrix multiplication to do this.

Remember the ijt" entry of Ax = >, Aijrj. Therefore,

Ax -y ZZ (Ax); y; = ZZAijl‘jyi~
i J

i

Recall now that (AT)ij = Aj;. Use this to write a formula for (X7ATy)Rn .

5.5 The Cross Product

The cross product is the other way of multiplying two vectors in R3. It is very different
from the dot product in many ways. First the geometric meaning is discussed and then
a description in terms of coordinates is given. Both descriptions of the cross product are
important. The geometric description is essential in order to understand the applications
to physics and geometry while the coordinate description is the only way to practically
compute the cross product.

Definition 5.5.1 Three vectors, a,b,c form a right handed system if when you extend
the fingers of your right hand along the vector, a and close them in the direction of b,
the thumb points roughly in the direction of c.

For an example of a right handed system of vectors, see the following picture.

In this picture the vector ¢ points upwards from the plane determined by the other
two vectors. You should consider how a right hand system would differ from a left hand
system. Try using your left hand and you will see that the vector, ¢ would need to point
in the opposite direction as it would for a right hand system.
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From now on, the vectors, i, j, k will always form a right handed system. To repeat,
if you extend the fingers of your right hand along i and close them in the direction j,
the thumb points in the direction of k.

k

i
The following is the geometric description of the cross product. It gives both the
direction and the magnitude and therefore specifies the vector.

Definition 5.5.2 Let a and b be two vectors in R3. Then a x b is defined by the fol-
lowing two rules.

1. |a x b| = |a| |b|sin @ where 0 is the included angle.

2.axb-a=0,axb-b=0, and a,b,a x b forms a right hand system.

Note that |a x b| is the area of the parallelogram determined by a and b.

|b|sin(6)

The cross product satisfies the following properties.
axb=—(bxa),axa=0, (5.19)

For « a scalar,
(ea) xb =a(a x b) = ax (ab), (5.20)

For a, b, and ¢ vectors, one obtains the distributive laws,
ax(b+c)=axb+axc, (5.21)

(b+c)xa=bxa+cxa. (5.22)

Formula [5.19 follows immediately from the definition. The vectors a x b and b x a
have the same magnitude, |a| |b|sin#, and an application of the right hand rule shows
they have opposite direction. Formula [5.20] is also fairly clear. If « is a nonnegative
scalar, the direction of (wa) xb is the same as the direction of a x b,a(a x b) and
ax (ab) while the magnitude is just « times the magnitude of a x b which is the same
as the magnitude of o (a x b) and ax (ab). Using this yields equality in [5.20. In the
case where o < 0, everything works the same way except the vectors are all pointing in
the opposite direction and you must multiply by |a| when comparing their magnitudes.
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The distributive laws are much harder to establish but the second follows from the first
quite easily. Thus, assuming the first, and using [5.19),
(b+c)xa=-ax(b+c)
=—(axb+4+axc)

=bxa+cxa.

A proof of the distributive law is given in a later section for those who are interested.
Now from the definition of the cross product,

ixj=k jxi=-k
kxi=j ixk=—j
jxk=i kxj=—i

With this information, the following gives the coordinate description of the cross prod-
uct.

Proposition 5.5.3 Let a = a1 + asj + ask and b = bii + boj + bsk be two vectors.
Then

a x b = (azb3 — azby) i+ (azby — a1bz) j+
4 (a1b2 _ (12b1) k (523)

Proof: From the above table and the properties of the cross product listed,
(a1i+ asj + ask) x (bii+ baj + bsk) =
a1bol X j+ a1bsi X k4 asb1j X i+ agbsj x k+
+aszbik X 1+ agbok X j
= a1bok — a1b3j — asb1k + agbsi + azbij — azboi
= (agbs — asby) i+ (agby — a1b3) j+ (a1bs — a2by) k (5.24)

This proves the proposition.

It is probably impossible for most people to remember 5.23. Fortunately, there is
a somewhat easier way to remember it. Define the determinant of a 2 X 2 matrix as
follows

a b | __
. d‘adbc

Then
i j ok
axb=|a a a3 (5.25)
by by b3

where you expand the determinant along the top row. This yields

DT DT k(T
. as as e a1 as ay as
B I s

Note that to get the scalar which multiplies i you take the determinant of what is left
after deleting the first row and the first column and multiply by (_1)1+1 because i is in
the first row and the first column. Then you do the same thing for the j and k. In the
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case of the j there is a minus sign because j is in the first row and the second column
and so(—1)""? = —1 while the k is multiplied by (—=1)*"' = 1. The above equals

(a2b3 — agbg) i* (a1b3 — agbl)j+ (a1b2 — agbl) k (526)

which is the same as [5.24. There will be much more presented on determinants later.
For now, consider this an introduction if you have not seen this topic.

Example 5.5.4 Find (i—j+2k)x (3i—2j+k).

Use [5.25 to compute this.

i j k
1 2 1 2 1 -1
1o :‘ 1_‘ M ‘k
3 _9 1 -2 1 3 1 3 2
=3i+5j+k

Example 5.5.5 Find the area of the parallelogram determined by the vectors,
(i—j+2k)
and
(3i—2j+k).

These are the same two vectors in Example 5.5.4).

From Example 5.5.4 and the geometric description of the cross product, the area is
just the norm of the vector obtained in Example [5.5.4. Thus the area is v/9+ 25+ 1 =
Vv 35.

Example 5.5.6 Find the area of the triangle determined by (1,2,3),(0,2,5), and (5,1,2).

This triangle is obtained by connecting the three points with lines. Picking (1,2, 3)
as a starting point, there are two displacement vectors, (—1,0,2) and (4, —1,—1) such
that the given vector added to these displacement vectors gives the other two vectors.
The area of the triangle is half the area of the parallelogram determined by (—1,0,2)
and (4,—1,—1). Thus (—1,0,2) x (4,—1,—1) = (2,7,1) and so the area of the triangle
is 2V/A+49+1= 36

Observation 5.5.7 In general, if you have three points (vectors) in R3, P, Q,R the
area of the triangle is given by

SI@Q-P)x (R-P).

Q
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5.5.1 The Distributive Law For The Cross Product

This section gives a proof for 5.21) a fairly difficult topic. It is included here for the
interested student. If you are satisfied with taking the distributive law on faith, it is
not necessary to read this section. The proof given here is quite clever and follows the
one given in [3]. Another approach, based on volumes of parallelepipeds is found in [12]
and is discussed a little later.

Lemma 5.5.8 Let b and c be two vectors. Then b xc=b xc wherec)+cL =c
andcy -b=0.

Proof: Consider the following picture.

C| C
0
b
Nowc| =c— c-%% and so c, is in the plane determined by c and b. Therefore,

from the geometric definition of the cross product, b x ¢ and b x ¢, have the same
direction. Now, referring to the picture,

[bxc.|=[bllcy]
= |b||c|sind
=1|b xc|.

Therefore, b x ¢ and b x ¢ also have the same magnitude and so they are the same
vector.
With this, the proof of the distributive law is in the following theorem.

Theorem 5.5.9 Let a,b, and c be vectors in R3. Then
ax(b+c)=axb+axc (5.27)

Proof: Suppose first that a-b =a-c = 0. Now imagine a is a vector coming out
of the page and let b, c and b + ¢ be as shown in the following picture.

ax (b+c)

Then a x b,ax (b + ¢), and a x c are each vectors in the same plane, perpendicular
to a as shown. Thus axc-c = 0,ax(b+c)-(b+c) =0, and axb-b = 0. This
implies that to get a x b you move counterclockwise through an angle of 7/2 radians
from the vector, b. Similar relationships exist between the vectors ax (b +c) and b+ ¢
and the vectors a x ¢ and c. Thus the angle between a x b and ax (b + ¢) is the same
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as the angle between b + ¢ and b and the angle between a x ¢ and ax (b + c) is the
same as the angle between ¢ and b + c. In addition to this, since a is perpendicular to
these vectors,

lax b|=|a]|b|,]ax (b+c)|=|a||b+c|, and

jax el = Jal|c|.

Therefore,
lax (b+c)| |axc| |axb| al
b +c| <l |b|

and so
lax (b+c)] |b+c| [ax(b+c) |b+c]

laxc| e 7 |axb] [b|

showing the triangles making up the parallelogram on the right and the four sided figure
on the left in the above picture are similar. It follows the four sided figure on the left
is in fact a parallelogram and this implies the diagonal is the vector sum of the vectors
on the sides, yielding [5.27.

Now suppose it is not necessarily the case that a- b = a- ¢ = 0. Then write b = b+
b, where by -a = 0. Similarly ¢ = ¢|| + c.. By the above lemma and what was just
shown,

ax(b+c)=ax(b+c),
=ax (by +cl)
—axb, +axcy
=axb+axc.
This proves the theorem.

The result of Problem [17 of the exercises 5.3is used to go from the first to the second
line.

5.5.2 The Box Product

Definition 5.5.10 A parallelepiped determined by the three vectors, a, b, and ¢ consists
of
{ra+sb+tc:rs,t€0,1]}.

That is, if you pick three numbers, r, s, and t each in [0,1] and form ra+sb + tc, then
the collection of all such points is what is meant by the parallelepiped determined by
these three vectors.

The following is a picture of such a thing.

A

axb
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You notice the area of the base of the parallelepiped, the parallelogram determined
by the vectors, a and b has area equal to |a x b| while the altitude of the parallelepiped
is |c| cos @ where 6 is the angle shown in the picture between ¢ and a x b. Therefore,
the volume of this parallelepiped is the area of the base times the altitude which is just

|ax b||c|cosd =axb-c.

This expression is known as the box product and is sometimes written as [a, b, c]. You
should consider what happens if you interchange the b with the ¢ or the a with the c.
You can see geometrically from drawing pictures that this merely introduces a minus
sign. In any case the box product of three vectors always equals either the volume of
the parallelepiped determined by the three vectors or else minus this volume.

Example 5.5.11 Find the volume of the parallelepiped determined by the vectors, i +
2j — bk,i+ 3j — 6k,3i + 2j + 3k.

According to the above discussion, pick any two of these, take the cross product and
then take the dot product of this with the third of these vectors. The result will be
either the desired volume or minus the desired volume.

i j k
(i+2j—5k)x(i+3j—6k) = |1 2 —5
1 3 —6

= Zi+j+k

Now take the dot product of this vector with the third which yields
(Bi+j+k) (3i+2j+3k)=9+2+3=14.

This shows the volume of this parallelepiped is 14 cubic units.
There is a fundamental observation which comes directly from the geometric defini-
tions of the cross product and the dot product.

Lemma 5.5.12 Let a,b, and ¢ be vectors. Then (ax b)-c=a-(b xc).

Proof: This follows from observing that either (a x b)-c and a- (b x ¢) both give
the volume of the parallellepiped or they both give —1 times the volume.

5.5.3 A Proof Of The Distributive Law

Here is another proof of the distributive law for the cross product. Let x be a vector.
From the above observation,

x-ax(b+c)=(xxa)-(b+c)
=(xxa)-b+(xxa)-c
=x-axXxb+x-axc

=x-(axb+axc).

Therefore,
x-[ax(b+c)—(axb+4+axc)=0

for all x. In particular, this holds for x = ax (b+c¢) — (a x b+ a x ¢) showing that
ax (b+c) = axb+axc and this proves the distributive law for the cross product
another way.
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Observation 5.5.13 Suppose you have three vectors, u = (a,b,c),v =(d,e, f), and
w = (g,h,i). Then u-v x w is given by the following.

i j k
u-vxw = (abc)-|d e f
g h 1
_ e f d f d e
= Yo —b g i te g h
a b c
= det| d e f
g h 1

The message is that to take the box product, you can simply take the determinant of
the matriz which results by letting the rows be the rectangular components of the given
vectors in the order in which they occur in the box product. More will be presented on
determinants in the next chapter.

5.6 Exercises

1.
2.

10.

11.

12.
13.

Show that if a x u = 0 for all unit vectors, u, then a = 0.

Find the area of the triangle determined by the three points, (1,2,3), (4,2,0) and
(—3,2,1).

Find the area of the triangle determined by the three points, (1,0, 3), (4,1,0) and
(-3,1,1).

. Find the area of the triangle determined by the three points, (1,2,3),(2,3,1) and

(0,1,2). Did something interesting happen here? What does it mean geometri-
cally?

Find the area of the parallelogram determined by the vectors, (1,2,3) and (3,—-2,1).
Find the area of the parallelogram determined by the vectors, (1,0, 3) and (4, —2,1) .

Find the area of the parallelogram determined by the vectors, (1,—2,2) and
(3,1,1).

Find the volume of the parallelepiped determined by the vectors, i — 7j — 5k,i —
2j — 6k,3i + 2j + 3k.

Find the volume of the parallelepiped determined by the vectors, i 4+ j — 5k,i +
5j —6k,3i+j + 3k.

Find the volume of the parallelepiped determined by the vectors, i + 6j 4+ 5k, i+
5j —6k,3i+j+ k.

Suppose a, b, and ¢ are three vectors whose components are all integers. Can you
conclude the volume of the parallelepiped determined from these three vectors will
always be an integer?

What does it mean geometrically if the box product of three vectors gives zero?

Using Problem (12 find an equation of a plane containing the two two position
vectors, a and b and the point 0. Hint: If (x,y,2) is a point on this plane the
volume of the parallelepiped determined by (z,y, z) and the vectors a, b equals 0.
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14.

15.

16.
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Using the notion of the box product yielding either plus or minus the volume of
the parallelepiped determined by the given three vectors, show that

(axb).c=a(bxc)

In other words, the dot and the cross can be switched as long as the order of the
vectors remains the same. Hint: There are two ways to do this, by the coordinate
description of the dot and cross product and by geometric reasoning. It is better
if you use geometric reasoning.

Is ax (b x ¢) = (ax b) x ¢? What is the meaning of a x b x ¢? Explain. Hint:
Try (i x j) %j.

Verify directly that the coordinate description of the cross product, a x b has the
property that it is perpendicular to both a and b. Then show by direct computa-
tion that this coordinate description satisfies

la x b|* = [al* [b]* — (a- b)”
= |a]*|b[* (1 — cos® (0))

where 6 is the angle included between the two vectors. Explain why |a x b| has the
correct magnitude. All that is missing is the material about the right hand rule.
Verify directly from the coordinate description of the cross product that the right
thing happens with regards to the vectors i, j, k. Next verify that the distributive
law holds for the coordinate description of the cross product. This gives another
way to approach the cross product. First define it in terms of coordinates and then
get the geometric properties from this. However, this approach does not yield the
right hand rule property very easily.



Determinants

6.0.1 Outcomes

A. Evaluate the determinant of a square matrix using by applying
(a) the cofactor formula or

(b) row operations.

B. Recall the effects that row operations have on determinants.
C. Recall

1. and verify the following:

(a) The determinant of a product of matrices is the product of the determinants.

(b) The determinant of a matrix is equal to the determinant of its transpose.

D. Apply Cramer’s Rule to solve a 2 x 2 or a 3 x 3 linear system.
E. Use determinants to determine whether a matrix has an inverse.

F. Evaluate the inverse of a matrix using cofactors.

6.1 Basic Techniques And Properties

6.1.1 Cofactors And 2 x 2 Determinants

Let A be an n X n matrix. The determinant of A, denoted as det (A) is a number. If
the matrix is a 2x2 matrix, this number is very easy to find.

Definition 6.1.1 Let A = ( z Z ) Then

det (A) = ad — cb.

The determinant is also often denoted by enclosing the matriz with two vertical lines.

Thus
b a b
det(c d)z c d"

Example 6.1.2 Find det( _21 é > .

IS

89
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From the definition this is just (2) (6) — (—1) (4) = 16.
Having defined what is meant by the determinant of a 2 x 2 matrix, what about a
3 X 3 matrix?

Definition 6.1.3 Suppose A is a 3x3 matriz. The ij*" minor, denoted as minor(A)ij ,
is the determinant of the 2 x 2 matriz which results from deleting the i'" row and the

4t column.

Example 6.1.4 Consider the matriz,
1 2 3
4 3 2
3 21

The (1,2) minor is the determinant of the 2 x 2 matriz which results when you delete
the first row and the second column. This minor is therefore

4 2
det<3 1):—2.

The (2,3) minor is the determinant of the 2 x 2 matriz which results when you delete
the second row and the third column. This minor is therefore

1 2
det(3 2)4.

Definition 6.1.5 Suppose A is a 3 x 3 matriz. The ij" cofactor is defined to be
(—1)"* x (i7" minor) . In words, you multiply (=17 times the ij'" minor to get
the ijt" cofactor. The cofactors of a matriz are so important that special notation is
appropriate when referring to them. The ijt" cofactor of a matriz, A will be denoted
by cof (A)ij. It is also convenient to refer to the cofactor of an entry of a matriz as
follows. For a;; an entry of the matriz, its cofactor is just cof (A)ij . Thus the cofactor

of the ijt" entry is just the ijt" cofactor.

Example 6.1.6 Consider the matriz,
1 2 3
A=1 4 3 2
3 2 1

The (1,2) minor is the determinant of the 2 x 2 matriz which results when you delete
the first row and the second column. This minor is therefore

4 2
det(3 1)2.

cof (A),, = (—1)'*+? det( - ) — (—1)*? (2) =2

It follows

The (2,3) minor is the determinant of the 2 x 2 matriz which results when you delete
the second row and the third column. This minor is therefore

1 2
det(3 2)4.
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Therefore,

Similarly,
cof (A)yy = (—1)>F2 det( 5 ) -8

Definition 6.1.7 The determinant of a 3 X 3 matriz, A, is obtained by picking a row
(column) and taking the product of each entry in that row (column) with its cofactor
and adding these up. This process when applied to the i row (column) is known as
expanding the determinant along the i'" row (column,).

Example 6.1.8 Find the determinant of
1 2 3
A= 4 3 2
3 21

Here is how it is done by “expanding along the first column”.

cof(A) 4 cof (A),; cof (A)3;
3 2 2 3 : 2 3
=DM D ‘+4(—1)2+1 5 1 ’+3(—1)‘3+1 3 5 ‘:0.

You see, we just followed the rule in the above definition. We took the 1 in the first
column and multiplied it by its cofactor, the 4 in the first column and multiplied it by
its cofactor, and the 3 in the first column and multiplied it by its cofactor. Then we
added these numbers together.

You could also expand the determinant along the second row as follows.

cof (A) o, cof (A) e cof (A),3
2 3 1 3 1 2
410" D ‘+3(—1)2+2 5 1 ’+2(—1)2+3 3 5 ‘:0.

Observe this gives the same number. You should try expanding along other rows and
columns. If you don’t make any mistakes, you will always get the same answer.

What about a 4 x 4 matrix? You know now how to find the determinant of a 3 x 3
matrix. The pattern is the same.

Definition 6.1.9 Suppose A is a 4 x 4 matriz. The ij'* minor is the determinant
of the 3 x 3 matriz you obtain when you delete the i'" row and the j*" column. The
ijt" cofactor, cof (A)ij is defined to be (fl)lﬂ X (z’jth mmor) . In words, you multiply

(=1)"™ times the ijt™h minor to get the ijt" cofactor.

Definition 6.1.10 The determinant of a 4 X 4 matriz, A, is obtained by picking a row
(column) and taking the product of each entry in that row (column) with its cofactor
and adding these up. This process when applied to the i row (column) is known as
expanding the determinant along the i'" row (column).

Example 6.1.11 Find det (A) where

W = Ut =
=W RN
Wk NN W
[NCIEG, SGURNTAN
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As in the case of a 3 x 3 matrix, you can expand this along any row or column. Lets
pick the third column. det (A) =

3(=1)'*

W = Ot
=~ W >

3
5 [+2(-1)*"°
2

L =

(SR V]

N Ot
+

1
4(_1)3+3 5
3

= DN
[\CRNUURTEN

1
+3(_1)4+3 5
1

W = N
T W

Now you know how to expand each of these 3 x 3 matrices along a row or a column.
If you do so, you will get —12 assuming you make no mistakes. You could expand this
matrix along any row or any column and assuming you make no mistakes, you will
always get the same thing which is defined to be the determinant of the matrix, A. This
method of evaluating a determinant by expanding along a row or a column is called the
method of Laplace expansion.

Note that each of the four terms above involves three terms consisting of determi-
nants of 2 x 2 matrices and each of these will need 2 terms. Therefore, there will be
4 x 3 x 2 = 24 terms to evaluate in order to find the determinant using the method of
Laplace expansion. Suppose now you have a 10 x 10 matrix and you follow the above
pattern for evaluating determinants. By analogy to the above, there will be 10! =
3,628,800 terms involved in the evaluation of such a determinant by Laplace expansion
along a row or column. This is a lot of terms.

In addition to the difficulties just discussed, you should regard the above claim
that you always get the same answer by picking any row or column with considerable
skepticism. It is incredible and not at all obvious. However, it requires a little effort to
establish it. This is done in the section on the theory of the determinant.

Definition 6.1.12 Let A = (a;;) be an n X n matriz and suppose the determinant of
a (n—1) x (n—1) matriz has been defined. Then a new matriz called the cofactor
matriz, cof (A) is defined by cof (A) = (c;;) where to obtain c;; delete the it" row and
the j*" column of A, take the determinant of the (n — 1) x (n — 1) matriz which results,
(This is called the ij*™" minor of A. ) and then multiply this number by (—1)"7 . Thus
(fl)lﬂ X (the ijth mz’nor) equals the 151" cofactor. To make the formulas easier to
remember, cof (A)ij will denote the ijt" entry of the cofactor matriz.

With this definition of the cofactor matrix, here is how to define the determinant of
an n X n matrix.

Definition 6.1.13 Let A be an n X n matriz where n > 2 and suppose the determinant
of an (n — 1) X (n — 1) has been defined. Then

det (A) = Z ajj cof (A);; = Z aij cof (A),; . (6.1)
j=1 i=1

The first formula consists of expanding the determinant along the it" row and the second
expands the determinant along the j** column.

Theorem 6.1.14 FExpanding the n x n matriz along any row or column always gives
the same answer so the above definition is a good definition.
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6.1.2 The Determinant Of A Triangular Matrix

Notwithstanding the difficulties involved in using the method of Laplace expansion,
certain types of matrices are very easy to deal with.

Definition 6.1.15 A matriz M, is upper triangular if M;; = 0 whenever i > j. Thus
such a matrix equals zero below the main diagonal, the entries of the form M;, as shown.

* ok *
0 =*

ST
0 0

A lower triangular matriz is defined similarly as a matriz for which all entries above
the main diagonal are equal to zero.

You should verify the following using the above theorem on Laplace expansion.

Corollary 6.1.16 Let M be an upper (lower) triangular matriz. Then det (M) is ob-
tained by taking the product of the entries on the main diagonal.

Example 6.1.17 Let
7
7
33.7
-1

S o o
S O NN
S wow

Find det (A) .

From the above corollary, it suffices to take the product of the diagonal elements.
Thus det (A) =1 x 2 x 3 x (—1) = —6. Without using the corollary, you could expand
along the first column. This gives

2 6 7 2 3 T
110 3 337 |+0(-1)°""| 0 3 337 |+
00 -1 0 0 -1
2 3 77 2 3 77
0-1)*"'12 6 7 |+0(-D*""| 2 6 7
0 0 —1 0 3 337
and the only nonzero term in the expansion is
2 6 7
110 3 337
00 -1
Now expand this along the first column to obtain
3 33.7 241 6 7 3411 6 7
1><<2><‘ 0 —1 +0(-1) 0 -1 ‘—i—O(—l) 3 337 D
3 33.7
=1x2x 0 —1

Next expand this last determinant along the first column to obtain the above equals
1x2x3x(-1)=-6

which is just the product of the entries down the main diagonal of the original matrix.
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6.1.3 Properties Of Determinants

There are many properties satisfied by determinants. Some of these properties have to
do with row operations. Recall the row operations.

Definition 6.1.18 The row operations consist of the following
1. Switch two rows.
2. Multiply a row by a nonzero number.
3. Replace a row by a multiple of another row added to itself.

Theorem 6.1.19 Let A be an n X n matriz and let Ay be a matriz which results from
multiplying some row of A by a scalar, c¢. Then cdet (A) = det (A1).

Example 6.1.20 Let A = ( ;) i ) LA = ( g i > . det (A) = =2, det (4;) = —4.

Theorem 6.1.21 Let A be an n x n matriz and let Ay be a matriz which results from
switching two rows of A. Then det (A) = —det (A1) . Also, if one row of A is a multiple
of another row of A, then det (4) = 0.

Example 6.1.22 Let A = ( :1,) i > and let Ay = (
2.

i ;L > det A = —2, det (A;) =

Theorem 6.1.23 Let A be an n X n matriz and let Ay be a matriz which results from
applying row operation 3. That is you replace some row by a multiple of another row
added to itself. Then det (A) = det (Ay).

1 2 1 2
3 4 and let A; = ( 16
Ay is one times the first row added to the second row. det (A) = —2 and det (A1) = —2.

Example 6.1.24 Let A = . Thus the second row of

Theorem 6.1.25 In Theorems 6.1.19 -16.1.23 you can replace the word, “row” with
the word “column”.

There are two other major properties of determinants which do not involve row
operations.

Theorem 6.1.26 Let A and B be two n X n matrices. Then

|det (AB) = det (A) det (B). |

Also,

det (A) = det (AT).

Example 6.1.27 Compare det (AB) and det (A) det (B) for

(5= (00)
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First
AB—<_13 g)(i ?)_<i11 _44>
and so
det (AB) = det( ill _44 ) = —40
Now
det(A)zdet( _13 : >:8
and

Thus det (A4) det (B) = 8 x (—5) = —40.

6.1.4 Finding Determinants Using Row Operations

Theorems 6.1.23] - [6.1.25 can be used to find determinants using row operations. As
pointed out above, the method of Laplace expansion will not be practical for any matrix
of large size. Here is an example in which all the row operations are used.

Example 6.1.28 Find the determinant of the matriz,

N =~ Ot =
N O =N

=N NIV
UL W W =

—4

Replace the second row by (—5) times the first row added to it. Then replace the
third row by (—4) times the first row added to it. Finally, replace the fourth row by
(—2) times the first row added to it. This yields the matrix,

1 2 3 4

0 -9 —-13 -17
B = 0o -3 -8 -13

0 -2 -10 -3

and from Theorem [6.1.23 it has the same determinant as A. Now using other row
operations, det (B) = (5}) det (C) where

1 2 3 4

0 o0 11 22
¢= 0 -3 -8 -13

0 6 30 9

The second row was replaced by (—3) times the third row added to the second row. By
Theorem [6.1.23| this didn’t change the value of the determinant. Then the last row was
multiplied by (—3). By Theorem [6.1.19 the resulting matrix has a determinant which
is (—3) times the determinant of the unmultiplied matrix. Therefore, we multiplied by
—1/3 to retain the correct value. Now replace the last row with 2 times the third added
to it. This does not change the value of the determinant by Theorem [6.1.23. Finally
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switch the third and second rows. This causes the determinant to be multiplied by
(—1). Thus det (C) = — det (D) where

1 2 3 4

0 -3 -8 —-13
0o 0 11 22
0o 0 14 -17

D =

You could do more row operations or you could note that this can be easily expanded
along the first column followed by expanding the 3 x 3 matrix which results along its

first column. Thus
11 22

14 —17
and so det (C)) = —1485 and det (A) = det (B) = (') (—1485) = 495.

det (D) = 1(—3) — 1485
s

Example 6.1.29 Find the determinant of the matriz

1 2 3 2
1 -3 2 1
2 1 2 5
3 -4 1 2

Replace the second row by (—1) times the first row added to it. Next take —2 times
the first row and add to the third and finally take —3 times the first row and add to the
last row. This yields

1 2 3 2
0 -5 -1 -1
0 -3 -4 1
0 —-10 -8 —4
By Theorem 16.1.23] this matrix has the same determinant as the original matrix. Re-

member you can work with the columns also. Take —5 times the last column and add
to the second column. This yields

1 -8 3 2
0 0 -1 -1
0 -8 —4 1
0 10 -8 —4

By Theorem [6.1.25! this matrix has the same determinant as the original matrix. Now
take (—1) times the third row and add to the top row. This gives.

1 0 7 1
0o 0 -1 -1
0 -8 -4 1

0 10 -8 -4

which by Theorem [6.1.23/ has the same determinant as the original matrix. Lets expand
it now along the first column. This yields the following for the determinant of the
original matrix.

0o -1 -1
det | -8 —4 1
10 -8 —4

which equals

-1 -1 -1 -1
8det(_8 _4)+10det(_4 1 )82
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We suggest you do not try to be fancy in using row operations. That is, stick mostly
to the one which replaces a row or column with a multiple of another row or column
added to it. Also note there is no way to check your answer other than working the
problem more than one way. To be sure you have gotten it right you must do this.

6.2 Applications

6.2.1 A Formula For The Inverse

The definition of the determinant in terms of Laplace expansion along a row or column
also provides a way to give a formula for the inverse of a matrix. Recall the definition of
the inverse of a matrix in Definition [4.1.28 on Page |57, Also recall the definition of the
cofactor matrix given in Definition [6.1.12 on Page 92l This cofactor matrix was just the
matrix which results from replacing the 75" entry of the matrix with the ij** cofactor.

The following theorem says that to find the inverse, take the transpose of the cofactor
matrix and divide by the determinant. The transpose of the cofactor matrix is called
the adjugate or sometimes the classical adjoint of the matrix A. In other words,
A1 is equal to one divided by the determinant of A times the adjugate matrix of A.
This is what the following theorem says with more precision.

Theorem 6.2.1 A~! exists if and only if det(A) # 0. Ifdet(A) # 0, then A~ = (a;jl)
where
a;jl = det(A) "' cof (A)

ji
for cof (A),; the it cofactor of A.

Example 6.2.2 Find the inverse of the matriz,
1 2 3
A=13 0 1
1 21

First find the determinant of this matrix. Using Theorems [6.1.23] - 6.1.25 on Page
94, the determinant of this matrix equals the determinant of the matrix,

1 2 3
0 -6 -8
0 0 =2

which equals 12. The cofactor matrix of A is

-2 -2 6
4 -2 0
2 8 —6

Each entry of A was replaced by its cofactor. Therefore, from the above theorem, the
inverse of A should equal

_1 1 1
6 3 6

T
1 -2 -2 6 11 2
2 4 -2 0 = 6 6 3
2 8 —6 1 1
0 -3
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Does it work? You should check to see if it does. When the matrices are multiplied

_1 1 1
6 3 6
) Lo 1 2 3 1 00
6 6 3 301 )=(010
1 2 1 0 0 1
1 1
2 0 2
and so it is correct.
Example 6.2.3 Find the inverse of the matriz,
1 1
3 0 3
11 1
A= 6 3 2
_5 2 _1
6 3 2

First find its determinant. This determinant is % The inverse is therefore equal to

1 _1 _1 _1 _1 1 T
3 2 6 2 6 3
2 _1 -5 _1 _5 2
3 2 6 2 6 3
1 1
0 % 5 3 % 0
6 2 _1 5 1 - _5 2
3 2 -5 3 6 3
1 1
0 % 5 5 % 0
1 1 - 1 1 11
3 2 -5 3 6 3
Expanding all the 2 x 2 determinants this yields
11 1 \T
6 3 6
1 11 1 2 -1
6 3 © 73 =12 1 1
11 1 1 -2 1
-1 11
Always check your work.
1 1
3 0 3
1 2 -1 11 1 1 0 0
2 1 1 6 3 2 =10 10
1 -2 1 5 2 1 0 0 1
6 3 2

and so we got it right. If the result of multiplying these matrices had been something
other than the identity matrix, you would know there was an error. When this happens,
you need to search for the mistake if you are interested in getting the right answer. A
common mistake is to forget to take the transpose of the cofactor matrix.
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Proof of Theorem 6.2.1: From the definition of the determinant in terms of
expansion along a column, and letting (a;.) = A, if det (4) # 0,

> air cof (A),, det(A) ! = det(A) det(A) ™" = 1.
i=1

Now consider

Z ai cof (A),, det(A)~"
i=1

when k # r. Replace the k* column with the r*" column to obtain a matrix, By whose
determinant equals zero by Theorem [6.1.21. However, expanding this matrix, By along
the k" column yields

0 = det (Bg)det (A) ™" = " ai cof (A),;, det (4) ™"
=1

Summarizing,

” - lifr=k%
> i cof (A),, det (A) ™" = 6,5 = { 0 1f17: +k
=1

Now

n n
Z a;r cof (A),, = Z a;y cof (A):Z.
i=1 i=1
which is the krt" entry of cof (4)” A. Therefore,

cof (A)T

Ty A=t (6.2)

Using the other formula in Definition [6.1.13 and similar reasoning,
Z arj cof (4),; det (A =6,
j=1

Now

Z arjcof (A),; = Z arj cof (A);‘F,C
j=1 j=1

which is the 7k entry of Acof (A)” . Therefore,
cof (A)T _7
det (A) 7’

and it follows from 6.2 and 6.3/ that A~ = (ai_jl), where

a; ' = cof (A); det (A",

)

In other words,
cof (A)T

71_
AT = det (A)
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Now suppose A~! exists. Then by Theorem [6.1.26,
1 =det (I) = det (AA™") = det (A) det (A7)

so det (A) # 0. This proves the theorem.
This way of finding inverses is especially useful in the case where it is desired to find
the inverse of a matrix whose entries are functions.

Example 6.2.4 Suppose

et 0 0
A()=1| 0 cost sint
0 —sint cost

Show that A (t)" exists and then find it.

First note det (A (£)) = e’ # 0 so A (t) " exists. The cofactor matrix is

1 0 0
C(t)=| 0 e'cost e'sint
0 —elsint efcost
and so the inverse is
a 0 0 r et 0 0
e etcost efsint = 0 cost —sint
€ 0 —elsint e'cost 0 sint cost

6.2.2 Cramer’s Rule

This formula for the inverse also implies a famous procedure known as Cramer’s rule.
Cramer’s rule gives a formula for the solutions, x, to a system of equations, Ax =y in
the special case that A is a square matrix. Note this rule does not apply if you have a
system of equations in which there is a different number of equations than variables.

In case you are solving a system of equations, Ax =y for x, it follows that if A~!
exists,

x=(ATTA)x=A""(Ax) = A"y

thus solving the system. Now in the case that A™! exists, there is a formula for A™!
given above. Using this formula,

By the formula for the expansion of a determinant along a column,

* e y1 e *
N . |
Tr, = ——— de . . . 5
" det (A) : : :
* e yTL PR *
where here the i*" column of A is replaced with the column vector, (y ----, yn)T7 and

the determinant of this modified matrix is taken and divided by det (4). This formula
is known as Cramer’s rule.
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Procedure 6.2.5 Suppose A is an n X n matriz and it is desired to solve the system

Ax=y,y = (y1,- - ,yn)T forx=(xq1,--- ,xn)T . Then Cramer’s rule says
det Ai
T; =
det A
where A; is obtained from A by replacing the it" column of A with the column (yy, - ,yn)T .

Example 6.2.6 Find x,y if

1 2 1 T 1
3 2 1 y | =1 2
2 =3 2 z 3
From Cramer’s rule,
1 2 1
2 2 1
3 -3 2 1
7= I
1 2 1 2
3 2 1
2 =3 2
Now to find y,
1 1 1
3 2 1
2 3 2 1
VST 2 1 7
3 2 1
2 =3 2
1 2 1
3 2 2
2 -3 3 11
» = -
1 2 1 14
3 2 1
2 -3 2

You see the pattern. For large systems Cramer’s rule is less than useful if you want to
find an answer. This is because to use it you must evaluate determinants. However,
you have no practical way to evaluate determinants for large matrices other than row
operations and if you are using row operations, you might just as well use them to solve
the system to begin with. It will be a lot less trouble. Nevertheless, there are situations
in which Cramer’s rule is useful.

Example 6.2.7 Solve for z if

1 0 0 T 1
0 efcost efsint y | =1 t
0 —elsint e'cost z t?

You could do it by row operations but it might be easier in this case to use Cramer’s
rule because the matrix of coefficients does not consist of numbers but of functions.
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Thus
1 0 1
0 elcost t
0 —etsint t2
z = =t((cost)t+sint) e ".
L (cost)+sing)

0 elcost elsint
0 —efsint efcost

You end up doing this sort of thing sometimes in ordinary differential equations in the
method of variation of parameters.

6.3 Exercises

1. Find the determinants of the following matrices.

(a) (The answer is 31.)

© NN
o N W

(b) (The answer is 375.)

(c)

, (The answer is —2.)

= = W = S W
\]
oo

DN = W N
_ Ot N W
N O W N

2. Find the following determinant by expanding along the first row and second col-
umn.

1 2
2 1
2 1

o

3. Find the following determinant by expanding along the first column and third
row.

DO = =

2
0
1

— =

4. Find the following determinant by expanding along the second row and first col-
umn.

DN DN

2
1
1

o

5. Compute the determinant by cofactor expansion. Pick the easiest row or column
to use.

N O N
— O~ O
w o = O
=N O =



6.3. EXERCISES 103

10.

11.

12.

13.

14.

15.

Find the determinant using row operations.

1 2
2 3
—4 1

N DN

Find the determinant using row operations.

21 3
2 4 2
1 4 =5

Find the determinant using row operations.

1 2 1 2
3 1 -2 3
-1 0 3 1
2 3 2 =2

Find the determinant using row operations.

1 4 1 2
3 2 -2 3
-1 0 3 3

2 1 2 =2

Verify an example of each property of determinants found in Theorems 6.1.23 -
6.1.25 for 2 x 2 matrices.

An operation is done to get from the first matrix to the second. Identify what
was done and tell how it will affect the value of the determinant.

(a) (3 3)

An operation is done to get from the first matrix to the second. Identify what
was done and tell how it will affect the value of the determinant.

(2a)(e3)

An operation is done to get from the first matrix to the second. Identify what
was done and tell how it will affect the value of the determinant.

a b a b
c d/)’\ at+c b+d

An operation is done to get from the first matrix to the second. Identify what
was done and tell how it will affect the value of the determinant.

a b a b

c d )\ 2c 2d
An operation is done to get from the first matrix to the second. Identify what
was done and tell how it will affect the value of the determinant.

(ta)(a2)
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16.

17.
18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

DETERMINANTS

Let A be an r x r matrix and suppose there are r — 1 rows (columns) such that
all rows (columns) are linear combinations of these r — 1 rows (columns). Show

det (4) = 0.
Show det (aA) = a™ det (A) where here A is an n X n matrix and a is a scalar.

Prove by doing computations that det (AB) = det (A) det (B) if A and B are 2 x 2
matrices.

Mlustrate with an example of 2 x 2 matrices that the determinant of a product
equals the product of the determinants.

Is it true that det (A + B) = det (A) + det (B)? If this is so, explain why it is so
and if it is not so, give a counter example.

An n x n matrix is called nilpotent if for some positive integer, k it follows
Ak = 0. If A is a nilpotent matrix and k is the smallest possible integer such that
A* =0, what are the possible values of det (A)?

A matrix is said to be orthogonal if AT A = I. Thus the inverse of an orthogonal
matrix is just its transpose. What are the possible values of det (A) if A is an
orthogonal matrix?

Fill in the missing entries to make the matrix orthogonal as in Problem 22.

-1 1 Vi3

V2 Ve 6

1

5 - -
V6

-0y -

Let A and B be two n x n matrices. A ~ B (4 is similar to B) means there
exists an invertible matrix, S such that A = S~'BS. Show that if A ~ B, then
B ~ A. Show also that A ~ A and that if A~ B and B ~ C, then A ~ C.

In the context of Problem [24] show that if A ~ B, then det (A) = det (B).

Two n x n matrices, A and B, are similar if B = S~1AS for some invertible n x n
matrix, S. Show that if two matrices are similar, they have the same character-
istic polynomials. The characteristic polynomial of an n X n matrix, M is the
polynomial, det (A — M) .

Tell whether the statement is true or false.

(a) If Ais a 3 x 3 matrix with a zero determinant, then one column must be a
multiple of some other column.

(b) If any two columns of a square matrix are equal, then the determinant of the
matrix equals zero.

(¢) For A and B two n x n matrices, det (A + B) = det (4) + det (B).

(d) For A an n x n matrix, det (34) = 3det (A)

(e) If A~! exists then det (A™') = det (A",

(f) If B is obtained by multiplying a single row of A by 4 then det(B) =

4det (A).
(g) For A an n x n matrix, det (—A) = (—1)" det (A) .
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28.

29.

30.

31.

32.

33.

(h) If Ais a real n x n matrix, then det (A7A4) > 0.

(i) Cramer’s rule is useful for finding solutions to systems of linear equations in
which there is an infinite set of solutions.

(j) If A¥ =0 for some positive integer, k, then det (4) = 0.
(k) If Ax = 0 for some x # 0, then det (4) = 0.
Use Cramer’s rule to find the solution to
r+2y=1
20 —y =2

Use Cramer’s rule to find the solution to

r+2y+z2z=1
2 —y—2=2
r+z=1
Here is a matrix,
1 2 3
0 2 1
3 10

Determine whether the matrix has an inverse by finding whether the determinant
is non zero. If the determinant is nonzero, find the inverse using the formula for
the inverse which involves the cofactor matrix.
Here is a matrix,

1 2 0

0 2 1

3 1 1
Determine whether the matrix has an inverse by finding whether the determinant
is non zero. If the determinant is nonzero, find the inverse using the formula for
the inverse which involves the cofactor matrix.
Here is a matrix,

1 3 3

2 4 1

01 1
Determine whether the matrix has an inverse by finding whether the determinant
is non zero. If the determinant is nonzero, find the inverse using the formula for
the inverse which involves the cofactor matrix.
Here is a matrix,

1 2 3

0 2 1

2 6 7
Determine whether the matrix has an inverse by finding whether the determinant

is non zero. If the determinant is nonzero, find the inverse using the formula for
the inverse which involves the cofactor matrix.



106

34.

35.

36.

37.

38.

39.

40.

41.

42.

DETERMINANTS

Here is a matrix,

1 0 3
1 0 1
310

Determine whether the matrix has an inverse by finding whether the determinant
is non zero. If the determinant is nonzero, find the inverse using the formula for
the inverse which involves the cofactor matrix.

Use the formula for the inverse in terms of the cofactor matrix to find if possible
the inverses of the matrices

(12)

If the inverse does not exist, explain why.

= O =

2 3 1 2 1
2 1,12 30
11 0 1 2

Here is a matrix,
1 0 0
0 cost —sint
0 sint cost

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

Here is a matrix,

1t t2
0 1 2t
t 0 2

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

Here is a matrix,
e cosht sinht

et sinht cosht

el cosht sinht

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

Show that if det (A) # 0 for A an n x n matrix, it follows that if Ax = 0, then
x=0.

Suppose A, B are n X n matrices and that AB = I. Show that then BA = 1.
Hint: You might do something like this: First explain why det (A),det (B) are
both nonzero. Then (AB) A = A and then show BA(BA — I) = 0. From this use
what is given to conclude A (BA — I) = 0. Then use Problem [39.

Use the formula for the inverse in terms of the cofactor matrix to find the inverse
of the matrix,

et 0 0
A= 0 et cost etsint
0 elcost—elsint elcost+ elsint

Find the inverse if it exists of the matrix,

et cost sint

et —sint cost

et —cost —sint
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43.

44.

45.

46.

47.

Here is a matrix,

et e tcost e tsint
et —e“tcost—etsint —e lsint+ e tcost
et 2¢ tsint —2e~tcost

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

Suppose A is an upper triangular matrix. Show that A~! exists if and only if all
elements of the main diagonal are non zero. Is it true that A~! will also be upper
triangular? Explain. Is everything the same for lower triangular matrices?

If A, B, and C are each n x n matrices and ABC' is invertible, why are each of
A, B, and C invertible.

Let F (t) = det ( i(t; b(t) ) . Verify

Now suppose
a(t) b(t) c(t)
F@)=det| d(t) e(t) f(¢)
g(t) h(t) i(t)

Use Laplace expansion and the first part to verify F’ (¢) =

at) V() @) a(t) b(t) c(t)
det [ d(t) e(®) f(t) | +det| d'@) e(t) f(t)
g(t) h() it g(t) k(@) i)
a(t) b(t) c(t)
+det | d(t) e(t) ft

Conjecture a general result valid for n x n matrices and explain why it will be
true. Can a similar thing be done with the columns?

Let Ly = y"™ + a,_1 (2)y™ Y + -+~ 4 ay (z) ¥ + ao (z) y where the a; are given
continuous functions defined on a closed interval, (a,b) and y is some function
which has n derivatives so it makes sense to write Ly. Suppose Ly, = 0 for
k=1,2,--- ,n. The Wronskian of these functions, y; is defined as

yl (x) “ .. yn
yi@) oy
W (1, s yn) () = det .

W) @)
Show that for W (z) = W (y1,- -+ ,yn) (z) to save space,

vi(z) o Y
yi(@) -y (2)
W' (z) = det .
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Now use the differential equation, Ly = 0 which is satisfied by each of these func-
tions, y; and properties of determinants presented above to verify that W' +
ap—1 ()W = 0. Give an explicit solution of this linear differential equation,
Abel’s formula, and use your answer to verify that the Wronskian of these solu-
tions to the equation, Ly = 0 either vanishes identically on (a,b) or never. Hint:
To solve the differential equation, let A’ (z) = a,,—1 () and multiply both sides of
the differential equation by e4(®) and then argue the left side is the derivative of
something.

6.4 Exercises With Answers

1. Find the following determinant by expanding along the second column.

1 3 1
2 1
2 1 1
This is
211 2 5 1+1] 1 1 342 1 1
3(-1)"" 5 1‘+1(—1)+ 5 1’+1(—1)+ 5 5‘:20.

2. Compute the determinant by cofactor expansion. Pick the easiest row or column
to use.

N O NN
w o = O
w o = O
= w o =

You ought to use the third row. This yields

w
SN
W= o
w = o

I

By ;|0

3. Find the determinant using row and column operations.

5 4 3 2
3 2 4 3
-1 2 3 3
2 1 2 =2

Replace the first row by 5 times the third added to it and then replace the second
by 3 times the third added to it and then the last by 2 times the third added to
it. This yields

0 14 18 17
0 8 13 12
-1 2 3 3
0 5 8 4

Now lets replace the third column by —1 times the last column added to it.

0 14 1 17
0 8 1 12
-1 2 0 3

0 5 4 4
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Now replace the top row by —1 times the second added to it and the bottom row
by —4 times the second added to it. This yields

0 6 0 5

0 g8 1 12

-1 2 0 3 (6:4)
0 =27 0 —44

This looks pretty good because it has a lot of zeros. Expand along the first column
and next along the second,

6 0 5
-1 8 1 12 :(—1)(1)’
—27 0 —44

6 5

ot ‘:129.

Alternatively, you could continue doing row and column operations. Switch the
third and first row in 6.4/ to obtain

-1 2 0 3
0 8 1 12
1o 6 0 5
0 —27 0 —44

Next take 9/2 times the third row and add to the bottom.
-1 0 3

1 12

0 5

0 —44+4(9/2)5

o O O
S O 00N

Finally, take —6/8 times the second row and add to the third.

-1 2 0 3
0 8 1 12

0 0 —6/8 5+ (—6/8)(12)
0 0 0 —44+(9/2)5

Therefore, since the matrix is now upper triangular, the determinant is
—((=1)(8)(—6/8) (—44 + (9/2) 5)) = 129.

4. An operation is done to get from the first matrix to the second. Identify what
was done and tell how it will affect the value of the determinant.

a b a ¢

c dJ’\b d
This involved taking the transpose so the determinant of the new matrix is the
same as the determinant of the first matrix.

5. Show that for A a 2 x 2 matrix det (aA) = a? det (A) where a is a scalar.

a?det (A) = adet (A;) where the first row of A is replaced by a times it to get
A;. Then adet (A1) = Ay where As is obtained from A by multiplying both rows
by a. In other words, As = aA. Thus the conclusion is established.
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6. Use Cramer’s rule to find y in

20 +2y+2=3

20 —y—2z2=2
r+2z=1
From Cramer’s rule,
2 3 1
2 2 -1
1 1 2 5
ST 2 1 [T 13
2 -1 -1
1 0 2
7. Here is a matrix,
et e tcost e tsint
et —e7tcost—etsint —e tsint+ e tcost
et 2¢ tsint —2e~tcost

Does there exist a value of ¢ for which this matrix fails to have an inverse? Explain.

et e tcost e tsint
det | ¢ —etcost—etsint —e tsint+ e tcost
et 2¢ tsint —2e~tcost

= 5ete?(=1) cos? t + bete?(-D sin?t = 5e~* which is never equal to zero for any
value of ¢t and so there is no value of ¢ for which the matrix has no inverse.

8. Use the formula for the inverse in terms of the cofactor matrix to find if possible
the inverse of the matrix

1 2 3
0 6 1
4 1 1
First you need to take the determinant
1 2 3
det| 0O 6 1 = —-59
4 1 1
and so the matrix has an inverse. Now you need to find the cofactor matrix.
6 1 101 0 6
11 4 1 4 1
23 13| |12
1 1 4 1 4 1
2 3 113 1 2
6 1 0 1 0 6
5 4 —24
= 1 —11 7 .
-16 -1 6
Thus the inverse is
) 5 4 —24\"
%9 1 -11 7
- -16 -1 6
1 5 1 -16
= 4 -11 -1
—59



The Mathematical Theory Of
Determinants”®

7.1 The Function sgn,

This material is definitely not for the faint of heart. It is only for people who want to
see everything proved. It is a fairly complete and unusually elementary treatment of
the subject. There will be some repetition between this section and the earlier section
on determinants. The main purpose is to give all the missing proofs. Two books which
give a good introduction to determinants are Apostol [I] and Rudin [I1]. A recent book
which also has a good introduction is Baker [2]. Most linear algebra books do not do
an honest job presenting this topic.

It is easiest to give a different definition of the determinant which is clearly well
defined and then prove the earlier one in terms of Laplace expansion. Let (i1,--- ,i,)
be an ordered list of numbers from {1,---,n}. This means the order is important so
(1,2,3) and (2,1, 3) are different.

The following Lemma will be essential in the definition of the determinant.

Lemma 7.1.1 There exists a unique function, sgn,, which maps each list of numbers

from {1,---  n} to one of the three numbers, 0,1, or —1 which also has the following
properties.

sgn, (1,---,n)=1 (7.1)

Sgnn(ih'" sy Py gyt 77””) = _Sgnn(i17“' s gy Pyt aZn) (72)

In words, the second property states that if two of the numbers are switched, the value

of the function is multiplied by —1. Also, in the case where n > 1 and {iy,--- ,in} =

{1,--- ,n} so that every number from {1,--- ,n} appears in the ordered list, (i1, ,in),

sgn,, (ilv e 7i9717n,i9+17 e 77ln) =

111
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(_1)n_9 sgn, 4 (i17 T aie—la Z.«9+17 e 7ZTL) (73)

where n = iy in the ordered list, (i1, ,ip) -

Proof: To begin with, it is necessary to show the existence of such a function. This
is clearly true if n = 1. Define sgn, (1) = 1 and observe that it works. No switching
is possible. In the case where n = 2, it is also clearly true. Let sgn,(1,2) = 1 and
sgn, (2,1) = 0 while sgn, (2,2) = sgn, (1,1) = 0 and verify it works. Assuming such a
function exists for n, sgn,, ,; will be defined in terms of sgn,, . If there are any repeated
numbers in (i1, ,in41), 880, (i1, - ,ing1) = 0. If there are no repeats, then n +1
appears somewhere in the ordered list. Let € be the position of the number n+ 1 in the
list. Thus, the list is of the form (i1, - ,ig—1,n + 1,941, ,in+1). From [7.3 it must
be that

sgh,, g (11, ydo—1,n + Lidgy1, ying1) =

-0 ) . . .
(71)n+1 sgn, (Zla"' yLo—1,10+1, """ ’Zn+1)'
It is necessary to verify this satisfies [7.1 and [7.2| with n replaced with n + 1. The first
of these is obviously true because

(_1)7’L+1*(’ﬂ+1) sgn,, (17 . 7n) = 1.

sgi, g (L, ,n,n+1) =
If there are repeated numbers in (i1,--- ,in+1), then it is obvious [7.2 holds because
both sides would equal zero from the above definition. It remains to verify [7.2/ in the
case where there are no numbers repeated in (i1, - ,4,+1). Consider

. r s .
Sgnn+1 (Zla"' sy Py ,qy 7ZTL+1)7

where the r above the p indicates the number, p is in the r** position and the s above
the ¢ indicates that the number, ¢ is in the s** position. Suppose first that r < 6 < s.
Then

T

. s . _
Sgnn+1 (zlv"' y Dy ,’I’L-’-].,"‘ 54, aZn+1> =

1-6 . : s—1 .
(_1)7H’ sgn,, (lla"' 7279"" 7661 y Tt uZn+1)

while

. S .
sgn7L+1 <Z17"' s 4, 77’L+1,"' y Pyt ;7'1'7,+1> -

n+1-—60 . T s—1 .
(_1) Sgnn<7’17"'7Q7"'7pa"'vzvz-‘y—l)

and so, by induction, a switch of p and ¢ introduces a minus sign in the result. Similarly,
if @ > s or if § < r it also follows that 7.2l holds. The interesting case is when 6 = r or
0 = s. Consider the case where § = r and note the other case is entirely similar.

. T s .
SN, g (117"' ,TL+1,'°' , g, aZnJrl) -

s—1

(—1)"* " sgn_ <i1,"' g, ,in+1> (7.4)

while

s
Sgn7z+1 (Zlv"' , 4, 77’L+1,"' ;Zn-l—l) -

(_1)n+1—s sgn,, (ila"' 757-.- ’in+1) . (7.5)
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By making s — 1 — r switches, move the ¢ which is in the s — 1** position in 7.4 to the
rt* position in [7.5. By induction, each of these switches introduces a factor of —1 and

SO
. s—1 . s—1—r . T .
Sgn, \ %1, 0, § 5 3 in4l :(_1) Sgn, \ 11, ,G, 5 tn41 ) -

Therefore,

T s

. . 1— . s—1 .
Sgnn-‘rl <l17.” 7n+1’“' ' 7Zn+1) = (_1)”"’ ngnn (Zla"' , q o, aZ’rH*l)

— (_1)n+1—r (_1)8—1—T Sgnn (ila .. ’6, o ;i’nr‘rl)

T

= (_1)”""5 sgn,, (ila A PR ?7:7L+1> = (_1)25_1 (_1)”""1_3 sgn,, (ih e 567 e 7in+1)

. T s .
= —sgn, 4 (7’17"' y gy 7n+]—7"' 71n+1)~

This proves the existence of the desired function.

To see this function is unique, note that you can obtain any ordered list of distinct
numbers from a sequence of switches. If there exist two functions, f and g both satisfying
7.1l and [7.2, you could start with f(1,---,n) = g(1,---,n) and applying the same
sequence of switches, eventually arrive at f (i1, ,in) = g (41, -+ , i) . If any numbers
are repeated, then (7.2 gives both functions are equal to zero for that ordered list. This
proves the lemma.

In what follows sgn will often be used rather than sgn,, because the context supplies
the appropriate n.

7.2 The Determinant

Definition 7.2.1 Let f be a function which has the set of ordered lists of numbers from
{1,---,n} as its domain. Define

Z fky-ky)
(R, okn)

to be the sum of all the f (k1 ---ky) for all possible choices of ordered lists (ki,- - ,kn)
of numbers of {1,--- ,n}. For example,

Z f(kth):f(172)+f(2vl)+f(171)+f(272)'

(k1,k2)

7.2.1 The Definition

Definition 7.2.2 Let (a;;) = A denote an nxn matriz. The determinant of A, denoted
by det (A) is defined by

det (A) = Z sgn (k1, -, kn) a1k, - Gk,
(kl,"'7kn)

where the sum is taken over all ordered lists of numbers from {1,--- ,n}. Note it suffices
to take the sum over only those ordered lists in which there are no repeats because if
there are, sgn (k1,--- ,k,) =0 and so that term contributes 0 to the sum.
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7.2.2 Permuting Rows Or Columns

Let A be an n x n matrix, A = (a;;) and let (r1,---,7,) denote an ordered list of n
numbers from {1,--- ,n}. Let A(ry,---,r,) denote the matrix whose k" row is the 7y,
row of the matrix, A. Thus
det (A (re, o yra)) = D sgn(hno kn) Gk, ok, (76)
(klj‘.. 1k’7l)
and
Al n)=A
Proposition 7.2.3 Let
(rla e 7Tn)
be an ordered list of numbers from {1,--- ,n}. Then

sgn (ry,- -+ ,ry,) det (A4)

= Z sgn (k1, -y kn) Qg -0 Gk, (7.7)
(k1 kn)
= det(A(ry, - ,m)). (7.8)
Proof: Let (1,--- ,n)=(1,---,r,---s,--- ,n) sor <s.
det(A(la TS, ,Tl)): (79)

E Sgn(k17"' ,kra"' 7k57"' 7kn)a1k1 o Qpk, t Qsky 0 Ank,y, s
(K1, ykn)

and renaming the variables, calling ks, k. and k,, ks, this equals

= E Sgn(klv"'akm"'7kra"'7kn)a1k1"'arks"'askr"'ankn

(k17"'7kn)
These got switched
—_—~
= Z —sgn koo, Y P ) A1k, ***Ask,. *** Ark, *** Ank,
(k1o ki)
et (A(Ly- -+ 8 m)). (7.10)
Consequently,

det(jél(]_7 3 Syt Ty 7n)):
—det (A(L,---,ry -+ ,8,-+-,n)) = —det (A)

Now letting A(1,---,s,---,7,--- ,n) play the role of A, and continuing in this way,
switching pairs of numbers,

det (A (ry, - ) = (—1)P det (A)

where it took p switches to obtain(ry,--- ,r,) from (1,---,n). By Lemma [7.1.1, this
implies

det (A (ry, -+ ,m,)) = (=1)P det (A) = sgn (ry,--- ,7,) det (A)
and proves the proposition in the case when there are no repeated numbers in the ordered
list, (71,--- ,7,). However, if there is a repeat, say the r* row equals the s row, then
the reasoning of [7.9/7.10/ shows that A (r1,--- ,7,) = 0 and also sgn (r1,- -+ ,7,) = 0s0
the formula holds in this case also.
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Observation 7.2.4 There are n! ordered lists of distinct numbers from {1,--- ,n}.

To see this, consider n slots placed in order. There are n choices for the first slot.
For each of these choices, there are n—1 choices for the second. Thus there are n (n — 1)
ways to fill the first two slots. Then for each of these ways there are n — 2 choices left
for the third slot. Continuing this way, there are n! ordered lists of distinct numbers
from {1,--- ,n} as stated in the observation.

7.2.3 A Symmetric Definition

With the above, it is possible to give a more symmetric description of the determinant
from which it will follow that det (4) = det (AT) .

Corollary 7.2.5 The following formula for det (A) is valid.

det (4) = %

Z Z sgn (11, ,7mn)sgn (k1, - L kn) Gryky - Qp ko, - (7.11)
(r1, ) (k1o k)
And also det (AT) = det (A) where AT is the transpose of A. (Recall that for AT =

(aiTj), aiTj =aj;.)

Proof: From Proposition [7.2.3, if the r; are distinct,

det (A) = Z sgn (r1, -+ ,rp)sgn (ky, -+ kn) Gy - o Grp ki, -

(kl:"' ykn)
Summing over all ordered lists, (r1,--- ,r,) where the r; are distinct, (If the r; are not
distinct, sgn (r1,--- ,r,) = 0 and so there is no contribution to the sum.)

nldet (A) =

Z Z sgn (Tla"' ,7‘n) sgn (k‘1,"' akn) Ariky * Gk, -
(rissrn) (Kiyeskn)

This proves the corollary since the formula gives the same number for A as it does for

AT,

7.2.4 The Alternating Property Of The Determinant

Corollary 7.2.6 If two rows or two columns in an n X n matriz, A, are switched, the
determinant of the resulting matriz equals (—1) times the determinant of the original
matriz. If A is an n X n matriz in which two rows are equal or two columns are equal
then det (A) = 0. Suppose the it" row of A equals (xa; +yby,- - - ,xa, +yb,). Then

det (A) = zdet (A1) + ydet (Aa)

where the it" row of Ay is (a1,--- ,a,) and the it" row of Ay is (by,--- ,b,), all other
rows of A1 and As coinciding with those of A. In other words, det is a linear function
of each row A. The same is true with the word “row” replaced with the word “column”.

Proof: By Proposition [7.2.3] when two rows are switched, the determinant of the
resulting matrix is (—1) times the determinant of the original matrix. By Corollary
7.2.5 the same holds for columns because the columns of the matrix equal the rows of
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the transposed matrix. Thus if A; is the matrix obtained from A by switching two
columns,

det (A) = det (A") = —det (A]) = —det (4;).

If A has two equal columns or two equal rows, then switching them results in the same
matrix. Therefore, det (A) = —det (A) and so det (A) = 0.
It remains to verify the last assertion.

det (A) = Z sgn (ki -, kn)aig, - (xag, +ybg,) - ank,
(klj‘.Aﬂk’Vl)

=2z E sgn (ki, -+, kn)aig, - - Qx, = - Gk,
(K1, kn)

+y Z sgn (k1, -+, kn) arg, - bi, - ank,
(k17...’kn)

=T det (Al) —+ ydet (AQ) .
The same is true of columns because det (A7) = det (A) and the rows of AT are the

columns of A.

7.2.5 Linear Combinations And Determinants

Definition 7.2.7 A wvector, w, is a linear combination of the vectors {vy,--- ,v,.} if
there exists scalars, c1,- - ¢, such that w =Y, _, cxvg. This is the same as saying

w € span{vy, - - ,V,.}.

The following corollary is also of great use.

Corollary 7.2.8 Suppose A is an n x n matriz and some column (row) is a linear
combination of r other columns (rows). Then det (A) = 0.

Proof: Let A = ( a; -+ ay ) be the columns of A and suppose the condition
that one column is a linear combination of r of the others is satisfied. Then by us-
ing Corollary [7.2.6/ you may rearrange the columns to have the n'* column a linear
combination of the first r columns. Thus a,, = 22:1 cray and so

det(A) =det(ay --- a, -+ Ap_1 Y, jCka ).

By Corollary [7.2.6
det (4) = chdet( ap -+ a, -+ ap1 ap )=0.
k=1

The case for rows follows from the fact that det (A) = det (A”) . This proves the corol-
lary.
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7.2.6 The Determinant Of A Product

Recall the following definition of matrix multiplication.

Definition 7.2.9 If A and B are n x n matrices, A = (a;;) and B = (b;;), AB = (¢;j)
where .
Cij = Zaikbkj.
k=1

One of the most important rules about determinants is that the determinant of a
product equals the product of the determinants.

Theorem 7.2.10 Let A and B be n x n matrices. Then
det (AB) = det (A) det (B) .
Proof: Let ¢;; be the ijt" entry of AB. Then by Proposition [7.2.3,

det (AB) =

Z sgn (klv e 7kn) Clk, """ Cnk,
(k1,00 k)

- Z sgn (kla (Z airy 7‘11431) e (Z anrnbrnkn>
(K1, kn) Tn

= Z Z sgn kla 7kn) br1k1 o b'r‘nkn (alrl e am"n)
(riern) (K1, kn)

= Z sgn (7"1 CeoTy) A1py c o Gpp, det (B) = det (A) det (B) .
\T'n.)

This proves the theorem.

7.2.7 Cofactor Expansions

Lemma 7.2.11 Suppose a matriz is of the form

M:(‘(L)1 Z) (7.12)

M:(f 2) (7.13)

where a is a number and A is an (n — 1) X (n — 1) matriz and * denotes either a column
or a row having length n —1 and the 0 denotes either a column or a row of length n — 1
consisting entirely of zeros. Then

or

det (M) =adet (A).

Proof: Denote M by (m;;). Thus in the first case, mp,, = @ and my,; =0if ¢ #n
while in the second case, my, = a and my, = 0 if i # n. From the definition of the
determinant,

det (M> = Z sgn,, (kla e 7kn) Mik, = Mnk,
(kl [ vkn)
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Letting 6 denote the position of n in the ordered list, (k1,--- , k) then using the earlier
conventions used to prove Lemma [7.1.1, det (M) equals
n—0 6 n—1
Z (=1)" Vsgn,_q (k1o ko—1, ko, s k) magy oMk,

(K1yee k)

Now suppose [7.13l Then if k,, # n, the term involving m,x, in the above expression
equals zero. Therefore, the only terms which survive are those for which § = n or in
other words, those for which k,, = n. Therefore, the above expression reduces to

a Z sgn,, 1 (K1, - -kn—1) Mk, - - Mm_1)p,_, = adet (4).
(k1 skn—1)

To get the assertion in the situation of [7.12] use Corollary [7.2.5 and [7.13 to write
T AT 0 T
det (M) = det (M") = det . =adet (A") = adet (A).

This proves the lemma.

In terms of the theory of determinants, arguably the most important idea is that of
Laplace expansion along a row or a column. This will follow from the above definition
of a determinant.

Definition 7.2.12 Let A = (a;5) be an n x n matriz. Then a new matric called the
cofactor matriz, cof (A) is defined by cof (A) = (c;j) where to obtain c;; delete the it
row and the j** column of A, take the determinant of the (n — 1) x (n — 1) matriz which
results, (This is called the i7" minor of A. ) and then multiply this number by (fl)iﬂ.
To make the formulas easier to remember, cof (A).. will denote the ij" entry of the

cofactor matriz.

ij

The following is the main result. Earlier this was given as a definition and the out-
rageous totally unjustified assertion was made that the same number would be obtained
by expanding the determinant along any row or column. The following theorem proves
this assertion.

Theorem 7.2.13 Let A be an n x n matriz where n > 2. Then
n n
det (4) = Z ajj cof (A);; = Z aij cof (A),; - (7.14)
=1 i=1

The first formula consists of expanding the determinant along the it" row and the second
expands the determinant along the j*" column.

Proof: Let (a;1,--- ,ai,) be the it row of A. Let Bj be the matrix obtained from A
by leaving every row the same except the " row which in B; equals (0, -+ ,0, a;;,0,--- ,0).
Then by Corollary [7.2.6,

n
det (A) = Z det (B;)
j=1
Denote by A% the (n — 1) x (n — 1) matrix obtained by deleting the i'" row and the

4" column of A. Thus cof (A);; = (=1)" det (AY). At this point, recall that from
Proposition [7.2.3, when two rows or two columns in a matrix, M, are switched, this
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results in multiplying the determinant of the old matrix by —1 to get the determinant
of the new matrix. Therefore, by Lemma [7.2.11),

det (B;) = (—1)" 7 (=1)""det (< A(;j az )>
= (=1)" det <( fgj C:;j )) = aj; cof (A),; .

det (4) = z": a;j cof (A)

which is the formula for expanding det (4) along the i** row. Also,

Therefore,

det (4) = det(AT) = Za” cof AT

Z aj; cof (A)
j=1

which is the formula for expanding det (A) along the i** column. This proves the
theorem.

7.2.8 Formula For The Inverse

Note that this gives an easy way to write a formula for the inverse of an n x n matrix.

Theorem 7.2.14 A~! exists if and only if det(A) # 0. If det(A) # 0, then A=1 =
(ai_jl) where
a_jl = det(A) ™! cof (4);;

for cof (A)ij the ij* cofactor of A.

Proof: By Theorem [7.2.13/ and letting (a;.) = A, if det (A) # 0,
Z air cof (A),, det(A)~' = det(A)det(A)~" =1.

Now consider

Z air cof (A),, det(A)™"
i=1

when k # 7. Replace the k" column with the 7" column to obtain a matrix, By whose
determinant equals zero by Corollary [7.2.6. However, expanding this matrix along the
k" column yields

0 = det (By) det (A Z a;y cof (A),, det (A1

Summarizing,

Z a;r cof (A),, det (A" =6,
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Using the other formula in Theorem [7.2.13) and similar reasoning,
Zn: arj cof (4),; det (A~ =6,
j=1
This proves that if det (4) # 0, then A™! exists with A~* = (a,;'), where
a;jl = cof (A),; det (A",
Now suppose A~! exists. Then by Theorem [7.2.10),
1 =det (I) = det (AA™") = det (A) det (A7)

so det (A) # 0. This proves the theorem.
The next corollary points out that if an n x n matrix, A has a right or a left inverse,
then it has an inverse.

Corollary 7.2.15 Let A be an n X n matriz and suppose there exists an n X n matri,
B such that BA = I. Then A™! exists and A~ = B. Also, if there exists C an n x n
matriz such that AC = I, then A~ exists and A~! = C.

Proof: Since BA = I, Theorem [7.2.10 implies
det Bdet A=1
and so det A # 0. Therefore from Theorem [7.2.14, A~ exists. Therefore,
A™'=(BA)A™' =B (AA™') = BI =B.

The case where CA = [ is handled similarly.

The conclusion of this corollary is that left inverses, right inverses and inverses are
all the same in the context of n x n matrices.

Theorem [7.2.14 says that to find the inverse, take the transpose of the cofactor
matrix and divide by the determinant. The transpose of the cofactor matrix is called
the adjugate or sometimes the classical adjoint of the matrix A. It is an abomination
to call it the adjoint although you do sometimes see it referred to in this way. In words,
A1 is equal to one over the determinant of A times the adjugate matrix of A.

7.2.9 Cramer’s Rule
In case you are solving a system of equations, Ax = y for x, it follows that if A~ exists,
x=(A"TA)x=A""(Ax)= A"y

thus solving the system. Now in the case that A~! exists, there is a formula for A™!
given above. Using this formula,

n B n 1
Ty = Zaijlyj = Z det (A) cof (A)ji Yj-
j=1 j=1

By the formula for the expansion of a determinant along a column,

* e yl e *
T = ———~det | : .
" det (A) : : :
where here the i*" column of A is replaced with the column vector, (y ----, yn)T7 and

the determinant of this modified matrix is taken and divided by det (4). This formula
is known as Cramer’s rule.
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7.2.10 Upper Triangular Matrices

Definition 7.2.16 A matriz M, is upper triangular if M;; = 0 whenever i > j. Thus
such a matriz equals zero below the main diagonal, the entries of the form M;; as shown.

* % *
0 *

U
0 0 =

A lower triangular matriz is defined similarly as a matriz for which all entries above
the main diagonal are equal to zero.

With this definition, here is a simple corollary of Theorem [7.2.13.

Corollary 7.2.17 Let M be an upper (lower) triangular matriz. Then det (M) is ob-
tained by taking the product of the entries on the main diagonal.

7.3 The Cayley Hamilton Theorem*

Definition 7.3.1 Let A be an n x n matriz. The characteristic polynomial is defined

" pa (t) =det (¢t — A)

and the solutions to pa (t) = 0 are called eigenvalues. For A a matriz and p(t) =
t" + ay_1t" "L+ -+ ait + ag, denote by p (A) the matrixz defined by

p(A)=A"+a, A"+ a1 A+ aol.
The explanation for the last term is that A° is interpreted as I, the identity matriz.

The Cayley Hamilton theorem states that every matrix satisfies its characteristic
equation, that equation defined by P4 (¢t) = 0. It is one of the most important theorems
in linear algebral. The following lemma will help with its proof.

Lemma 7.3.2 Suppose for all |\| large enough,
Ag+ A 4+ AN =0,
where the A; are n x n matrices. Then each A; = 0.
Proof: Multiply by A™"" to obtain
AN+ AN e A AT 4+ A =0
Now let |A] — oo to obtain A,, = 0. With this, multiply by A to obtain
AN L AN 4 Ay =0,

Now let |A] — oo to obtain A,,—; = 0. Continue multiplying by A and letting A — oo
to obtain that all the A; = 0. This proves the lemma.
With the lemma, here is a simple corollary.

LA special case was first proved by Hamilton in 1853. The general case was announced by Cayley
some time later and a proof was given by Frobenius in 1878.
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Corollary 7.3.3 Let A; and B; be n X n matrices and suppose
Ao+ AN+ -+ AN"=By+ B A+ + B, \"

for all |\| large enough. Then A; = B; for all i. Consequently if X is replaced by any
n X n matriz, the two sides will be equal. That is, for C' any n X n matriz,

Ao+ A1C+ -+ ApC™ = By + BiC + -+ + B,,C™.

Proof: Subtract and use the result of the lemma.
With this preparation, here is a relatively easy proof of the Cayley Hamilton theorem.

Theorem 7.3.4 Let A be an n X n matriz and let p (\) = det (A — A) be the charac-
teristic polynomial. Then p (A) = 0.

Proof: Let C () equal the transpose of the cofactor matrix of (AI — A) for |\| large.
(If |A] is large enough, then A cannot be in the finite list of eigenvalues of A and so for
such A\, (\I — A)™" exists.) Therefore, by Theorem [7.2.14

C)=pNA—A4)".

Note that each entry in C' (\) is a polynomial in A having degree no more than n — 1.
Therefore, collecting the terms,

CAN=Co4+CiA+-+Cp A" !
for C; some n x n matrix. It follows that for all |\| large enough,
(A= A) (Co+ CiA+ -+ Crg A" ) =p(N) T

and so Corollary [7.3.3 may be used. It follows the matrix coefficients corresponding to
equal powers of )\ are equal on both sides of this equation. Therefore, if A is replaced
with A, the two sides will be equal. Thus

0=(A=A)(Co+CrA+ -+ Crg A" ) =p(A) T =p(A).

This proves the Cayley Hamilton theorem.



Rank Of A Matrix

8.0.1 Outcomes
A. Recognize and find the row reduced echelon form of a matrix.
Determine the rank of a matrix.

Describe the row space, column space and null space of a matrix.

O o =

Define the span of a set of vectors. Recall that a span of vectors in a vector space
is a subspace.

Determine whether a set of vectors is a subspace.
Define linear independence.

Determine whether a set of vectors is linearly independent or linearly dependent.

Determine a basis and the dimension of a vector space.

—

Characterize the solution set to a matrix equation using rank.

J. Argue that a homogeneous linear system always has a solution and find the solu-
tions.

K. Understand and use the Fredholm alternative.

8.1 Elementary Matrices
The elementary matrices result from doing a row operation to the identity matrix.
Definition 8.1.1 The row operations consist of the following
1. Switch two rows.
2. Multiply a row by a nonzero number.
3. Replace a row by a multiple of another row added to it.
The elementary matrices are given in the following definition.
Definition 8.1.2 The elementary matrices consist of those matrices which result by

applying a row operation to an identity matriz. Those which involve switching rows of

the identity are called permutation matrices.

IMore generally, a permutation matrix is a matrix which comes by permuting the rows of the identity
matrix, not just switching two rows.

123
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As an example of why these elementary matrices are interesting, consider the fol-
lowing.

S = O
S O =
—_ O O
Q< o
>=n o
s 8o
I
~ o 8
Q o«
o w
<o, 8

A 3 x 4 matrix was multiplied on the left by an elementary matrix which was obtained
from row operation 1 applied to the identity matrix. This resulted in applying the
operation 1 to the given matrix. This is what happens in general.

Now consider what these elementary matrices look like. First consider the one which
involves switching row ¢ and row j where ¢ < j. This matrix is of the form

1 0 0
0
1
0 0 0 0 1 0
1 0 0
0 o --- 0 1 0 0
0 0 1 0 0 0
1

0

0 0 1

The two exceptional rows are shown. The it” row was the j!* and the j** row was the
i*" in the identity matrix. Now consider what this does to a column vector.

10 0 b1 u1
0
1
0 0 0 0 1 0 Vi Uj
1 0 0
0 o -~ 0 1 0 0
0 0 1 0 0 0 v v;
1 .
0
0 0 1 Up, Un

Now denote by P¥ the elementary matrix which comes from the identity from switching
rows i and j. From what was just explained consider multiplication on the left by this
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elementary matrix.

a1

P

Qn

ajl

1

a12

ajg

An2

A1p

Qnp
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From the way you multiply matrices this is a matrix which has the indicated columns.

a11

a1

anl

a1l

anl

a1

Qi1

an1

a12

an2

a12

;2

Gn2

a12

a;2

An2

This has established the following lemma.

a1p

alp

App

Qpp

Lemma 8.1.3 Let PY denote the elementary matriz which involves switching the i*"

and the j'" rows. Then

where B is obtained from A by switching the it" and the j** rows.

P7A=B

Next consider the row operation which involves multiplying the it row by a nonzero
constant, c. The elementary matrix which results from applying this operation to the
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Z'th

Now consider what this does to a column vector.

Denote by E (c,i) this elementary matrix which multiplies the i*" row of the identity
by the nonzero constant, c. Then from what was just discussed and the way matrices

are multiplied,

E(

c,

ai1

Gnl

row of the identity matrix is of the form

a12

;2

an2

U1
Vi—1
Vs

Vi4+1

Un

RANK OF A MATRIX

Q1p

Qpp

U1

Vi—1
CU;
Vi4+1

Un
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equals a matrix having the columns indicated below.

ari
Q51
= | E(c9) :
ajl
Gn1
ai; a2
ca;1  Caq2
ajg (ljg
an1 an2

B (c,1)

a12

;2

Gn2

alp

Clip

Qjp

Anp

- E(e,i)
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alp

This proves the following lemma.

Lemma 8.1.4 Let F (c,t) denote the elementary matriz corresponding to the row oper-
ation in which the it" row is multiplied by the nonzero constant, c. Thus E (c,i) involves
multiplying the it" row of the identity matriz by c. Then

E(c,i)A=1B

th

where B is obtained from A by multiplying the i*" row of A by c.

Finally consider the third of these row operations. Denote by E (¢ x i+ j) the
elementary matrix which replaces the j** row with itself added to ¢ times the i*" row
added to it. In case i < j this will be of the form

1 0 -+ -+ -« 0 0
0
1
c 1
0 oo cee eee o0 1
Now consider what this does to a column vector.
1 0 0 O
U1 U1
0
1 V4 V4
c 1 v cv; + v;
: L0 ; ;
0 0 1 " "
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Now from this and the way matrices are multiplied,

all a/12 PR PR PR PR alp

a’ll aZQ ... ... ... e aZp
E(cxi+j)

a]2 a]2 .. DRI DRI DEEY a]p

a’ﬂ,l an2 ... PR DR DY anp

equals a matrix of the following form having the indicated columns.

a1 a12 A1p
a;1 a;2 Qip
E(exi+j) : JE (e xi+7) : o E(exi+7)

aj2 aj2 Qjp
Gpnl an2 Anp

a‘ll a12 DY DR ... ... a/lp

a’L]_ a/Z2 DY PR PR PR azp

aj2 + ca;1 aj2 + ca;o e PN e e ajp + Caip
anl an2 DY e ... ... anp

The case where ¢ > j is handled similarly. This proves the following lemma.

Lemma 8.1.5 Let E (c x i+ j) denote the elementary matriz obtained from I by re-
placing the j" row with ¢ times the i*" row added to it. Then

E(cxi+j)A=B

where B is obtained from A by replacing the j** row of A with itself added to ¢ times
the i row of A.

The next theorem is the main result.

Theorem 8.1.6 To perform any of the three row operations on a matriz, A it suffices
to do the row operation on the identity matrix obtaining an elementary matriz, E and
then take the product, EA. Furthermore, each elementary matriz is invertible and its
inverse is an elementary matrix.

Proof: The first part of this theorem has been proved in Lemmas [8.1.3 - [8.1.5.
It only remains to verify the claim about the inverses. Consider first the elementary
matrices corresponding to row operation of type three.

E(—cxi+j)E(exi+j)=1
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This follows because the first matrix takes ¢ times row ¢ in the identity and adds it
to row j. When multiplied on the left by E (—c x i+ j) it follows from the first part
of this theorem that you take the i*" row of E (¢ x i+ j) which coincides with the
it" row of I since that row was not changed, multiply it by —c and add to the j**
row of E(c x i+ j) which was the j** row of I added to ¢ times the i** row of I.
Thus E (—c¢ x i + j) multiplied on the left, undoes the row operation which resulted in
E (¢ x i+ j). The same argument applied to the product

E(ecxi+j)E(—cxi+j)

replacing ¢ with —c in the argument yields that this product is also equal to I. Therefore,
Elexit+j) ' =E(—ecxi+j).

Similar reasoning shows that for E (c,i) the elementary matrix which comes from
multiplying the i*” row by the nonzero constant, c,

E(c,i)y ' =E (c71,1).
Finally, consider P% which involves switching the i*"* and the j** rows.
PP =]

because by the first part of this theorem, multiplying on the left by P¥ switches the
it" and j*" rows of P¥ which was obtained from switching the i*” and j*"* rows of the
identity. First you switch them to get P¥ and then you multiply on the left by P%
which switches these rows again and restores the identity matrix. Thus (Pij)_1 = P,

8.2 The Row Reduced Echelon Form Of A Matrix

Recall that putting a matrix in row reduced echelon form involves doing row operations
as described on Page 35. In this section we review the description of the row reduced
echelon form and prove the row reduced echelon form for a given matrix is unique.
That is, every matrix can be row reduced to a unique row reduced echelon form. Of
course this is not true of the echelon form. The significance of this is that it becomes
possible to use the definite article in referring to the row reduced echelon form and
hence important conclusions about the original matrix may be logically deduced from
an examination of its unique row reduced echelon form. First we need the following
definition of some terminology.

Definition 8.2.1 Let vy, -+, vy, u be vectors. Then u is said to be a linear combi-
nation of the vectors {vy, -+, vy} if there exist scalars, ¢1,--- ,ci such that
k
u = Z CiV;.
i=1
The collection of all linear combinations of the vectors, {vy,---, vy} is known as the
span of these vectors and is written as span (vi,- -, V).

Another way to say the same thing as expressed in the earlier definition of row
reduced echelon form found on Page34!is the following which is a more useful description
when proving the major assertions about the row reduced echelon form.

Definition 8.2.2 Let e; denote the column vector which has all zero entries except for
the it" slot which is one. An m x n matriz is said to be in row reduced echelon form
if, in viewing successive columns from left to right, the first nonzero column encountered
is e1 and if you have encountered ey, e, - , ek, the next column is either epy1 or is a
linear combination of the vectors, e1,es, -+ , €.
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Theorem 8.2.3 Let A be an m x n matrixz. Then A has a row reduced echelon form
determined by a simple process.

Proof: Viewing the columns of A from left to right take the first nonzero column.
Pick a nonzero entry in this column and switch the row containing this entry with the
top row of A. Now divide this new top row by the value of this nonzero entry to get
a 1 in this position and then use row operations to make all entries below this equal
to zero. Thus the first nonzero column is now e;. Denote the resulting matrix by A;.
Consider the sub-matrix of A; to the right of this column and below the first row. Do
exactly the same thing for this sub-matrix that was done for A. This time the e; will
refer to F~!. Use the first 1 obtained by the above process which is in the top row of
this sub-matrix and row operations to zero out every entry above it in the rows of Aj.
Call the resulting matrix, As. Thus As satisfies the conditions of the above definition
up to the column just encountered. Continue this way till every column has been dealt
with and the result must be in row reduced echelon form.

The following diagram illustrates the above procedure. Say the matrix looked some-
thing like the following.

* %

*

0
0

* ok

*

0 * x *x *x * %

First step would yield something like

*
*
*

0 1
0 0

*
*
*

0 0 x *x * * x

For the second step you look at the lower right corner as described,

and if the first column consists of all zeros but the next one is not all zeros, you would
get something like this.
0 1 % x =

0 0 % =% =x
Thus, after zeroing out the term in the top row above the 1, you get the following for the
next step in the computation of the row reduced echelon form for the original matrix.

0 1 x 0 * x =%
0 0 0 1 % % =
0 00 0 % % =
Next you look at the lower right matrix below the top two rows and to the right of the
first four columns and repeat the process.
Recall the following definition which was discussed earlier.



8.2. THE ROW REDUCED ECHELON FORM OF A MATRIX 131

Definition 8.2.4 The first pivot column of A is the first nonzero column of A. The
next piwvot column is the first column after this which becomes ey in the row reduced
echelon form. The third is the next column which becomes es in the row reduced echelon
form and so forth.

There are three choices for row operations at each step in the above theorem. A
natural question is whether the same row reduced echelon matrix always results in the
end from following the above algorithm applied in any way. The next corollary says this
is the case but first, here is a fundamental lemma.

In rough terms, the following lemma states that linear relationships between
columns in a matrix are preserved by row operations. This simple lemma is the main
result in understanding all the major questions related to the row reduced echelon form
as well as many other topics.

Lemma 8.2.5 Let A and B be two m X n matrices and suppose B results from a row

operation applied to A. Then the k' column of B is a linear combination of the iy, - - ,i,
columns of B if and only if the k" column of A is a linear combination of the i1, --- iy,
columns of A. Furthermore, the scalars in the linear combination are the same. (The
linear relationship between the k'™ column of A and the iy,--- ,i, columns of A is the
same as the linear relationship between the k" column of B and the i1, - ,i, columns
of B.)

Proof: Let A equal the following matrix in which the aj are the columns
( a, as --- a, )
and let B equal the following matrix in which the columns are given by the by
( b; by -+ b, )

Then by Theorem [8.1.6/ on Page [128 by, = Fa; where E is an elementary matrix.
Suppose then that one of the columns of A is a linear combination of some other columns

of A. Say
a = Z Cray.

res
Then multiplying by F,

bk = Eak = Z c,,.Ea,» = Z C,«b,«

res res

This proves the lemma.

Definition 8.2.6 Two matrices are said to be row equivalent if one can be obtained
from the other by a sequence of row operations.

It has been shown above that every matrix is row equivalent to one which is in row
reduced echelon form.

Corollary 8.2.7 The row reduced echelon form is unique. That is if B,C are two
matrices in row reduced echelon form and both are row equivalent to A, then B = C.

Proof: Suppose B and C are both row reduced echelon forms for the matrix, A.
Then they clearly have the same zero columns since row operations leave zero columns
unchanged. If B has the sequence ej,es, - ,e, occurring for the first time in the
positions, i1, 49, - - - , i, the description of the row reduced echelon form means that each



132 RANK OF A MATRIX

of these columns is not a linear combination of the preceding columns. Therefore, by
Lemma [8.2.5, the same is true of the columns in positions i1, 9, - - , i, for C. It follows
from the description of the row reduced echelon form that ey, --- , e, occur respectively
for the first time in columns 4q,4s,--- ,4, for C. Therefore, both B and C have the
sequence e, e, - - , e, occurring for the first time in the positions, 41,49, - ,4.. By
Lemma 8.2.5, the columns between the ¢; and 4,41 position in the two matrices are
linear combinations involving the same scalars of the columns in the 44, - - - , ¢; position.
Also the columns after the i, position are linear combinations of the columns in the
i1, , % positions involving the same scalars in both matrices. This is equivalent to
the assertion that each of these columns is identical and this proves the corollary.

Now with the above corollary, here is a very fundamental observation. It concerns
a matrix which looks like this: (More columns than rows.)

Corollary 8.2.8 Suppose A is an m X n matriz and that m < n. That is, the number
of rows is less than the number of columns. Then one of the columns of A is a linear
combination of the preceding columns of A.

Proof: Since m < n, not all the columns of A can be pivot columns. In reading from
left to right, pick the first one which is not a pivot column. Then from the description
of the row reduced echelon form, this column is a linear combination of the preceding
columns. This proves the corollary.

Example 8.2.9 Find the row reduced echelon form of the matriz,

O OO
= N O
—= O N
Ul = W

The first nonzero column is the second in the matrix. We switch the third and first
rows to obtain

01 15
0 2 0 1
00 2 3
Now we multiply the top row by —2 and add to the second.
01 1 5
00 —2 -9
00 2 3

Next, add the second row to the bottom and then divide the bottom row by —6
01 1 5
00 -2 -9
0 0 O 1

Next use the bottom row to obtain zeros in the last column above the 1 and divide the
second row by —2

01 10
0010
0 0 01
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Finally, add —1 times the middle row to the top.
01 00
0 010
0 0 0 1
This is in row reduced echelon form.

Example 8.2.10 Find the row reduced echelon form for the matriz,

1 2 0 2
-1 3 4 3
0 5 4 5

You should verify that the row reduced echelon form is

10 -2 0
01 % 1
00 0 0

8.3 The Rank Of A Matrix
8.3.1 The Definition Of Rank

To begin, here is a definition to introduce some terminology.

Definition 8.3.1 Let A be an m X n matriz. The column space of A is the span of
the columns. The row space is the span of the rows.

There are three definitions of the rank of a matrix which are useful. These are given
in the following definition. It turns out that the concept of determinant rank is the
one most useful in applications to analysis but is virtually impossible to find directly.
The other two concepts of rank are very easily determined and it is a happy fact that
all three yield the same number. This is shown later.

Definition 8.3.2 A sub-matrix of a matriz A is a rectangular array of numbers ob-
tained by deleting some rows and columns of A. Let A be an m x n matriz. The de-
terminant rank of the matriz equals r where v is the largest number such that some
r X r sub-matriz of A has a non zero determinant. The row space of a matrix is the
span of the rows and the column space of a matriz is the span of the columns. The
row rank of a matrix is the number of nonzero rows in the row reduced echelon form
and the column rank is the number columns in the row reduced echelon form which
are one of the e vectors. Thus the column rank equals the number of pivot columns. It
follows the row rank equals the column rank. This is also called the rank of the matriz.
The rank of a matriz, A is denoted by rank (A).

Example 8.3.3 Consider the matriz,
1 2 3
2 4 6

You could look at all the 2 x 2 submatrices

(2 3)(Ga)(ie)

What is its rank?
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Each has determinant equal to 0. Therefore, the rank is less than 2. Now look at
the 1 x 1 submatrices. There exists one of these which has nonzero determinant. For
example (1) has determinant equal to 1 and so the rank of this matrix equals 1.

Of course this example was pretty easy but what if you had a 4 x 7 matrix? You
would have to consider all the 4 x 4 submatrices and then all the 3 x 3 submatrices and
then all the 2 x 2 matrices and finally all the 1 x 1 matrices in order to compute the
rank. Clearly this is not practical. The following theorem will remove the difficulties
just indicated.

The following theorem is proved later.

Theorem 8.3.4 Let A be an m X n matriz. Then the row rank, column rank and
determinant rank are all the same.

Example 8.3.5 Find the rank of the matriz,

1 2 1 3 0
-4 3 2 1 2
3 2 1 6 5
4 -3 -2 1 7

From the above definition, all you have to do is find the row reduced echelon form
and then count up the number of nonzero rows. But the row reduced echelon form of
this matrix is

SO O
o O = O
O R OO

and so the rank of this matrix is 4.
Find the rank of the matrix

w
NN W N
I e VL
—_

o O =W
~N Ot N O

The row reduced echelon form is

oo o
=
© i~
|
\]

o O O
OO = O
Ow‘

oS vl

and so this time the rank is 3.

8.3.2 Finding The Row And Column Space Of A Matrix

The row reduced echelon form also can be used to obtain an efficient description of the
row and column space of a matrix. Of course you can get the column space by simply
saying that it equals the span of all the columns but often you can get the column
space as the span of fewer columns than this. This is what we mean by an “efficient
description”. This is illustrated in the next example.

Example 8.3.6 Find the rank of the following matrix and describe the column and row
spaces efficiently.

1 21 3 2
136 0 2 (8.1)
378 6 6
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The row reduced echelon form is

10 -9 9 2
01 5 =30
00 0 0 O

Therefore, the rank of this matrix equals 2. All columns of this row reduced echelon
form are in

1 0
span 0], 1
0 0
For example,
-9 1 0
5 =-9 0 | +5| 1
0 0 0

By Lemma 8.2.5, all columns of the original matrix, are similarly contained in the span
of the first two columns of that matrix. For example, consider the third column of the
original matrix.

1 1 2
6 |=-91 1 |+5( 3
8 3 7

How did I know to use —9 and 5 for the coeflicients? This is what Lemma [8.2.5 says! It
says linear relationships are all preserved. Therefore, the column space of the original
matrix equals the span of the first two columns. This is the desired efficient description
of the column space.

What about an efficient description of the row space? When row operations are
used, the resulting vectors remain in the row space. Thus the rows in the row reduced
echelon form are in the row space of the original matrix. Furthermore, by reversing the
row operations, each row of the original matrix can be obtained as a linear combination
of the rows in the row reduced echelon form. It follows that the span of the nonzero
rows in the row reduced echelon matrix equals the span of the original rows. In the
above example, the row space equals the span of the two vectors, ( 1 0 -9 9 2 )
and(O 1 5 -3 O).

Example 8.3.7 Find the rank of the following matrix and describe the column and row
spaces efficiently.

1 21 3 2
1 3 6 0 2
1 2 1 3 2 (8.2)
1 3 2 4 0
The row reduced echelon form is

100 0o £

010 2 =3

001 -1 %

0 00 O 0

and so the rank is 3, the row space is the span of the vectors,

(0001 -1 4),(0 10 2 =2,
(100 0 Y,
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and the column space is the span of the first three columns in the original matrix,

span

— =
W N W N
N = O =

Example 8.3.8 Find the rank of the following matrix and describe the column and row
spaces efficiently.

1 2 3 01
2 1 3 2 4
-1 2 1 3 1
The row reduced echelon form is

1010 2
0110 —&

14
000 1 4

It follows the rank is three and the column space is the span of the first, second and
fourth columns of the original matrix.

1 2 0
span 2 1 1,1 2
-1 2 3

Whiletherowspaceisthespanofthevectors( 0 0 01 % ),( 01 1 0 71—27 ),
and (1 0 1 0 2.

Procedure 8.3.9 To find the rank of a matriz, obtain the row reduced echelon form
for the matriz. Then count the number of nonzero rows or equivalently the number of
pivot columns. This is the rank. The row space is the span of the monzero rows in the
row reduced echelon form and the column space is the span of the pivot columns of the
original matriz.

8.4 Linear Independence And Bases

8.4.1 Linear Independence And Dependence

First we consider the concept of linear independence. We define what it means for
vectors in " to be linearly independent and then give equivalent descriptions. In the
following definition, the symbol,

(vl Vo Vk})

denotes the matrix which has the vector, vy as the first column, vy as the second column
and so forth until vy, is the k" column.

Definition 8.4.1 Let {vy,---, vy} be vectors in F™. Then this collection of vectors is
said to be linearly independent if each of the columns of the n X k matriz

( Vi Vo N Vi )
is a pivot column. Thus the row reduced echelon form for this matriz is

(e1 ey - ek).
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The question whether any vector in the first k£ columns in a matrix is a pivot column
is independent of the presence of later columns. Thus each of {vy,--- v} is a pivot
column in

(vl Vo cee Vk)

if and only if these vectors are each pivot columns in
( Vl V2 PR vk W]_ DRI WT )
Here is what the above means in terms of linear relationships.

Corollary 8.4.2 The collection of vectors, {vi,--- ,vi} is linearly independent if and
only if none of these vectors is a linear combination of the others.

Proof: If {vy,---,vi} is linearly independent, then every column in
(vi va - v )
is a pivot column which requires that the row reduced echelon form is
(e1 e - e )

Now none of the e; vectors is a linear combination of the others. By Lemma [8.2.5/ on
Page 131/ none of the v; is a linear combination of the others. Recall this lemma says
linear relationships between the columns are preserved under row operations.

Next suppose none of the vectors {vy,---, vy} is a linear combination of the others.
Then none of the columns in

(Vl Vo Vk)

is a linear combination of the others. By Lemma8.2.5/the same is true of the row reduced
echelon form for this matrix. From the description of the row reduced echelon form, it
follows that the i*" column of the row reduced echelon form must be e; since otherwise,

it would be a linear combination of the first ¢ — 1 vectors ey, --,e,_; and by Lemma
8.2.5) it follows v; would be the same linear combination of vq,--- ,v;_1 contrary to the
assumption that none of the columns in ( Vi Vg - Vg ) is a linear combination of
the others. Therefore, each of the k columns in ( Vi Vg - Vi ) is a pivot column
and so {vy,---,Vvg} is linearly independent.

Corollary 8.4.3 The collection of vectors, {vi,--+ , vk} is linearly independent if and

only if whenever
Z CiV; = 0
i=1

it follows each ¢; = 0.

Proof: Suppose first {vy,- -, v} is linearly independent. Then by Corollary 8.4.2,
none of the vectors is a linear combination of the others. Now suppose

n
E CiV; = 0
i=1

and not all the ¢; = 0. Then pick ¢; which is not zero, divide by it and solve for v;
in terms of the other v;, contradicting the fact that none of the v; equals a linear
combination of the others.
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Now suppose the condition about the sum holds. If v; is a linear combination of the
other vectors in the list, then you could obtain an equation of the form

V; = E CjVj

j#i

and so
0= Z CjVj + (—1) Vi,
J#i
contradicting the condition about the sum.

Sometimes we refer to this last condition about sums as follows: The set of vectors,
{v1,--+,vg} is linearly independent if and only if there is no nontrivial linear combi-
nation which equals zero. (A nontrivial linear combination is one in which not all the
scalars equal zero.)

We give the following equivalent definition of linear independence which follows from
the above corollaries.

Definition 8.4.4 A set of vectors, {vi, - ,vi} is linearly independent if and only if
none of the vectors is a linear combination of the others or equivalently if there is no
nontrivial linear combination of the vectors which equals 0. It is said to be linearly
dependent if at least one of the vectors is a linear combination of the others or equiv-
alently there exists a montrivial linear combination which equals zero.

Note the meaning of the words. To say a set of vectors is linearly dependent means
at least one is a linear combination of the others. In other words, it is in a sense
“dependent” on these other vectors.

The following corollary follows right away from the row reduced echelon form. It
concerns a matrix which looks like this: (More columns than rows.)

Corollary 8.4.5 Let {vy,---,vi} be a set of vectors in F"™. Then if k > n, it must be
the case that {vy,---, vy} is not linearly independent. In other words, if k > n, then
{v1,-++,Vg} is dependent.

Proof: If & > n, then the columns of ( Vi Vo - Vi ) cannot each be a
pivot column because there are at most n pivot columns due to the fact the matrix
has only n rows. In reading from left to right, pick the first column which is not a
pivot column. Then from the description of row reduced echelon form, this column is a
linear combination of the preceding columns and so the given vectors are dependent by
Corollary 8.4.2.

1
2
3

—_ = O

2 3
. 1 2
Example 8.4.6 Determine whether the vectors, 0 9
0 1 -1
are linearly independent. If they are linearly dependent, exhibit one of the vectors as a
linear combination of the others.

[\]
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Form the matrix mentioned above.

1 2 0 3
21 1 2
3 01 2
01 2 -1

Then the row reduced echelon form of this matrix is

10 0 1
01 0 1
0 0 1 -1
0 0 0 O

Thus not all the columns are pivot columns and so the vectors are not linear independent.
Note the fourth column is of the form

+1 +(-1)

S oo
o O = O
o= o O

From Lemma [8.2.5 the same linear relationship exists between the columns of the
original matrix. Thus

+1 +(-1)

O W N
— O = N
N = = O

Note the usefulness of the row reduced echelon form in discovering hidden linear
relationships in collections of vectors.

2
Example 8.4.7 Determine whether the vectors, (1)
1

O W N =
N =~ O
O NN W

linearly independent. If they are linearly dependent, exhibit one of the vectors as a linear
combination of the others.

The matrix used to find this is

1 2 0 3
2 1 1 2
3 0 1 2
01 2 0
The row reduced echelon form is
1 0 0 O
01 0 0
0 0 1 0
0 0 0 1

and so every column is a pivot column. Therefore, these vectors are linearly independent
and there is no way to obtain one of the vectors as a linear combination of the others.
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8.4.2 Subspaces

It turns out that the span of a set of vectors is something called a subspace. We will
now give a different, easier to remember description of subspaces and will then show
that every subspace is the span of a set of vectors.

Definition 8.4.8 Let V' be a nonempty collection of vectors in F™. Then V is called a
subspace if whenever a, 3 are scalars and u,v are vectors in V, the linear combination,
au+ fv is also in V.

Theorem 8.4.9 V is a subspace of F" if and only if there exist vectors of V, {uy,--- ,ui}
such that V' = span (uy,- - ,uy) .

Proof: Pick a vector of V,u;. If V.= span{u;}, then stop. You have found your
list of vectors. If V' % span(uy), then there exists uy a vector of V' which is not a
vector in span (u;) . Consider span (uy, uz) . If V= span (uy, uz) , stop. Otherwise, pick
us ¢ span (ug, us) . Continue this way. Note that since V' is a subspace, these spans are
each contained in V. The process must stop with ug for some k < n since otherwise,
the matrix

(w - w)

having these vectors as columns would have n rows and k& > n columns. Consequently,
it can have no more than n pivot columns and so the first column which is not a
pivot column would be a linear combination of the preceding columns contrary to the
construction.

For the other half, suppose V' = span (uy,--- ,u;) and let Zle c;u; and Zle d;u;
be two vectors in V. Now let o and 3 be two scalars. Then

k k k
aY cwi+ Y duwi=Y (ac+ Bdi)u
i=1 i=1 i=1
which is one of the things in span (uy,--- ,ux) showing that span (uy,--- ,ux) has the

properties of a subspace. This proves the theorem.
The following corollary also follows easily.

Corollary 8.4.10 IfV is a subspace of F", then there exist vectors of V,{uy, -+ ,ux}
such that V = span (uy, - ,ux) and {uy,--- ,u} is linearly independent.

Proof: Let V = span(uj,---,ug). Then let the vectors {uj,---,u;} be the
columns of the following matrix.

(w - )

Retain only the pivot columns. That is, determine the pivot columns from the row
reduced echelon form and these are a basis for span (uy,- - ,ug).

The message is that subspaces of F™ consist of spans of finite, linearly independent
collections of vectors of F™.

The following fundamental lemma is very useful.

Lemma 8.4.11 Suppose V is a subspace of F" and {x1, - ,X,} is a linearly indepen-
dent subset of V while V= span (y1, -+ ,¥s). Then s > r. In words, spanning sets have
at least as many vectors as linearly independent sets.
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Proof: Since {y1,---,ys} is a spanning set, there exist scalars ¢;; such that

S
Xj = E CijYi
i=1

Suppose s < r. Then the matrix C' whose ij‘" entry is ¢;; has fewer rows, s than
columns, r. By Corollary [8.4.5/the columns of this matrix are linearly dependent. Thus
there exist scalars d; not all zero such that for cq,--- , ¢, the columns of C

i dej =0.
j=1

In other words,

.
D cijdi=0,i=1,2,--- s
j=1

Therefore,
T T S
dodixg = Y di) ey
j=1 j=1 i=1
S T S
= ) cijd; | yi=> 0y;i=0
i=1 \j=1 i=1

which contradicts {x1,--- ,x,} is linearly independent because not all the d; = 0. Thus

s > r and this proves the lemma.

8.4.3 Basis Of A Subspace

It was just shown in Corollary 8.4.10 that every subspace of F™ is equal to the span of
a linearly independent collection of vectors of F™. Such a collection of vectors is called
a basis.

Definition 8.4.12 Let V be a subspace of F*. Then {uy,--- ,ux} is a basis for V if
the following two conditions hold.

1. span (uy, - ,u) =V.

2. {uy, -+ ,ug} is linearly independent.

The plural of basis is bases.

The main theorem about bases is the following.

Theorem 8.4.13 LetV be a subspace of F™ and suppose {uy,--- ,ui} and {vy, -+ , v}
are two bases for V.. Then k = m.

Proof: This follows right away from Lemma 8.4.11. {uj,--- ,u;} is a spanning set
while {vy,--,Vv,;,} is linearly independent so k > m. Also {vy, -+ ,V,,} is a spanning
set while {uy,--- ,ux} is linearly independent so m > k.

Now here is another proof. Suppose k < m. Then since {uy,--- ,ux} is a basis for
V, each v; is a linear combination of the vectors of {uy,--- ,ux}. Consider the matrix

(ul ug Vi Vm)
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in which each of the u; is a pivot column because the {uy,--- ,u;} are linearly inde-
pendent. Therefore, the row reduced echelon form of this matrix is

(e1 e Wpooee- Wm) (8.3)

where each w; has zeroes below the k" row. This is because of Lemma 8.2.5 which
implies each w; is a linear combination of the eq,--- ,eg. Discarding the bottom n — k
rows of zeroes in the above, yields the matrix,
(e el Wi o wh)
in which all vectors are in F*. Since m > k, it follows from Corollary 8.4.5 that the
vectors, {w/,---,w;,} are dependent. Therefore, some w’ is a linear combination
of the other w;. Therefore, w; is a linear combination of the other w; in 8.3. By
Lemma [8.2.5 again, the same linear relationship exists between the {vy,- -, v, } show-
ing that {vy,- -, vy} is not linearly independent and contradicting the assumption that
{v1, -+, vy} is a basis. It follows m < k. Similarly, ¥ < m. This proves the theorem.
This is a very important theorem so here is yet another proof of it.

Theorem 8.4.14 Let V be a subspace and suppose {us, - ,ux} and {vi, -+, vy} are
two bases for V.. Then k =m.

Proof: Suppose k > m. Then since the vectors, {uy,--- ,ux} span V, there exist

scalars, c;; such that
m
E Cij Vi = Uj.
i=1

Therefore,
k k m
Zdjuj = 0 if and only if chijdjvi =0
j=1 j=1i=1

if and only if

m k
Z Cijdj V; = 0
i=1 \j=1
Now since{vy,---,v,} is independent, this happens if and only if

k
Zcijdj :0, 1= 1,2,~-~ ,m.
j=1

However, this is a system of m equations in k variables, dy, - -+ , dy and m < k. Therefore,
there exists a solution to this system of equations in which not all the d; are equal to
zero. Recall why this is so. The augmented matrix for the system is of the form
( cC o0 ) where C' is a matrix which has more columns than rows. Therefore, there
are free variables and hence nonzero solutions to the system of equations. However,
this contradicts the linear independence of {uy,--- ,ux} because, as explained above,
Z?zl d;u; = 0. Similarly it cannot happen that m > k. This proves the theorem.
The following definition can now be stated.

Definition 8.4.15 Let V be a subspace of F™. Then the dimension of V is defined to
be the number of vectors in a basis.

Corollary 8.4.16 The dimension of F™ is n.
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Proof: You only need to exhibit a basis for F™ which has n vectors. Such a basis is
{e17 e 5en}~

Corollary 8.4.17 Suppose {v1,--- , vy} is linearly independent and each v; is a vector
in F™. Then {vy,---,vy,} is a basis for F*. Suppose {vi,- -, vy} spans F*. Then
m >n. If {vy,---, v} spans ™, then {vy, -+, vy} is linearly independent.

Proof: Let u be a vector of F" and consider the matrix,
(vi o+ vy u).
Since each v; is a pivot column, the row reduced echelon form is
(er  en W)

and so, since w is in span (e, - -+ ,€,), it follows from Lemma 8.2.5 that u is one of the
vectors in span (vy,- -+ ,v,) . Therefore, {vy, -+ ,v,} is a basis as claimed.

To establish the second claim, suppose that m < n. Then letting v;,,-- -, v;, be the
pivot columns of the matrix

(vi - Vo )

it follows £ < m < n and these k pivot columns would be a basis for F" having fewer
than n vectors, contrary to Theorem 8.4.13/ which states every two bases have the same
number of vectors in them.

Finally consider the third claim. If {vy,---,v,} is not linearly independent, then
replace this list with {v;,,---,v;, } where these are the pivot columns of the matrix,

(vi - va)

Then {v;,, -+, v;, } spans F” and is linearly independent so it is a basis having less
than n vectors contrary to Theorem [8.4.13/ which states every two bases have the same
number of vectors in them. This proves the corollary.

Example 8.4.18 Find the rank of the following matriz. If the rank is r, identify r
columns in the original matrixz which have the property that every other column
may be written as a linear combination of these. Also find a basis for the row and
column spaces of the matrices.

1 2 3 2
1 5 —4 -1
-2 3 1 0
The row reduced echelon form is

7
100 2
01 0 ﬁ
00 1 =5

and so the rank of the matrix is 3. A basis for the column space is the first three
columns of the original matrix. I know they span because the first three columns of
the row reduced echelon form above span the column space of that matrix. They are
linearly independent because the first three columns of the row reduced echelon form
are linearly independent. By Lemma 8.2.5/ all linear relationships are preserved and so
these first three vectors form a basis for the column space. The four rows of the row
reduced echelon form form a basis for the row space of the original matrix.
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Example 8.4.19 Find the rank of the following matriz. If the rank is r, identify r
columns in the original matrixz which have the property that every other column
may be written as a linear combination of these. Also find a basis for the row and
column spaces of the matrices.

1 2 3 0 1
1 1 2 -6 2
-2 3 1 0 2
The row reduced echelon form is
1010 -4
0110 32
0 0 0 1 —%

A basis for the column space of this row reduced echelon form is the first second and
fourth columns. Therefore, a basis for the column space in the original matrix is the
first second and fourth columns. The rank of the matrix is 3. A basis for the row space
of the original matrix is the columns of the row reduced echelon form.

8.4.4 Extending An Independent Set To Form A Basis

Suppose {vy,---, vy} is a linearly independent set of vectors in F”. It turns out there
is a larger set of vectors, {vi, -+, Vi, Vimt1, -, Vn} which is a basis for F™. It is easy
to do this using the row reduced echelon form. Consider the following matrix having
rank n in which the columns are shown.

(Vl Vo, €1 ey en).
Since the {vi,---,v,,} are linearly independent, the row reduced echelon form of this
matrix is of the form

(er -+ ep w uw - u,)

Now the pivot columns can be identified and this leads to a basis for the column space
of the original matrix which is of the form

{v17"' y Vi, €4y, 7ein,m}-

This proves the following theorem.

Theorem 8.4.20 Let {vy,- -, vy} be alinearly independent set of vectors in F"™. Then
there is a larger set of vectors, {vi, -+ , Vi, Vi1, -+, Vn} which is a basis for F".
1 1
1 0 . .
Example 8.4.21 The vectors, o || 1 are linearly independent. FEnlarge
0 0

this set of vectors to form a basis for R*.

Using the above technique, consider the following matrix.

OO ==
O = O
oS O O
o O = O
[l e N )
_ o O
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whose row reduced echelon form is

1 0 0 1 0 O
01 0 O 1 0
001 -1 -1 0
0 00 O 0 1

The pivot columns are numbers 1,2,3, and 6. Therefore, a basis is

SO
o»—io>—l
O;OH
H;OO

8.4.5 Finding The Null Space Or Kernel Of A Matrix

Let A be an m X n matrix.

Definition 8.4.22 ker (A), also referred to as the null space of A is defined as follows.
ker (A) = {x: Ax =0}

and to find ker (A) one must solve the system of equations Ax = 0.

This is not new! There is just some new terminology being used. To repeat, ker (A)
is the solution to the system Ax = 0.

Example 8.4.23 Let

1 2 1
A= 0 -1 1
2 3 3

Find ker (A).

You need to solve the equation Ax = 0. To do this you write the augmented matrix
and then obtain the row reduced echelon form and the solution. The augmented matrix
is

1 2 1] 0
0 -1 1 ] 0
2 3 310
Next place this matrix in row reduced echelon form,
10 3 | 0
01 -1 ] 0
00 0 | O

Note that x; and x5 are basic variables while x3 is a free variable. Therefore, the
solution to this system of equations, Ax = 0 is given by

3t
t :teR.
t
Example 8.4.24 Let

1 2 1 01
2 -1 1 30

A= 3 1 2 3 1
4 -2 2 6 0

Find the null space of A.
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You need to solve the equation, Ax = 0. The augmented matrix is

1 2 101 1] 0
2 =113 0] 0
31 23110
4 -2 2 6 0 | O
Its row reduced echelon form is
1 90 2 6 1 | 0
5
o1 b 21
000 O 01O
000 O 0] O

It follows x; and w5 are basic variables and x3, x4, x5 are free variables. Therefore,
ker (A) is given by

(251 + () o2+ (D)o
(—=5)s1+(F)s2+(—35)ss
S1 : 81, 89,583 € R.
59
53
We write this in the form
3 —6 1
1 3 )
5 5 5
S1 1 + So 0 + s3 0 : 81, 89,583 € R.
0 1 0
0 0 1

In other words, the null space of this matrix equals the span of the three vectors above.
Thus

_3 =6 1
_1 3 5
5 5 5

ker (A) = span 1 , 0 , 0
0 1 0

0 0 1

This is the same as

3 6 =1

7 s 3

5 5 5

ker (A) = span -1 1, 0 , 0
0 -1 0

0 0 -1

Notice also that the three vectors above are linearly independent and so the dimension
of ker (A) is 3. This is generally the way it works. The number of free variables equals
the dimension of the null space while the number of basic variables equals the number
of pivot columns which equals the rank. We state this in the following theorem.

Definition 8.4.25 The dimension of the null space of a matriz is called the nullity®
and written as null (4) .

Theorem 8.4.26 Let A be an m x n matriz. Then rank (A) + null (A) = n.

2Isn’t it amazing how many different words are available for use in linear algebra?
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8.4.6 Rank And Existence Of Solutions To Linear Systems

Consider the linear system of equations,
Ax=Db (8.4)

where A is an m X n matrix, x is a n X 1 column vector, and b is an m x 1 column
vector. Suppose
A= ( a; --- a, )

where the a; denote the columns of A. Then x = (z1,--- ,2,)" is a solution of the
system 8.4, if and only if
ria; +---+xz,a, =b

which says that b is a vector in span (ay, - - - ,a,) . This shows that there exists a solution
to the system, 8.4 if and only if b is contained in span (aj, - ,a,). In words, there is
a solution to 8.4 if and only if b is in the column space of A. In terms of rank, the
following proposition describes the situation.

Proposition 8.4.27 Let A be an m x n matriz and let b be an m x 1 column vector.
Then there exists a solution to 8.4 if and only if

rank( A | b ) =rank (4). (8.5)

Proof: Place ( A | b ) and A in row reduced echelon form, respectively B and
C. If the above condition on rank is true, then both B and C have the same number of
nonzero rows. In particular, you cannot have a row of the form

(0 - 0 m)

where B # 0 in B. Therefore, there will exist a solution to the system 8.4.

Conversely, suppose there exists a solution. This means there cannot be such a row
in B described above. Therefore, B and C' must have the same number of zero rows and
so they have the same number of nonzero rows. Therefore, the rank of the two matrices
in 8.5/is the same. This proves the proposition.

8.5 Fredholm Alternative

There is a very useful version of Proposition [8.4.27 known as the Fredholm alterna-
tive. I will only present this for the case of real matrices here. Later a much more
elegant and general approach is presented which allows for the general case of complex
matrices.

The following definition is used to state the Fredholm alternative.

Definition 8.5.1 Let S C R™. Then S* = {z € R™:z-s=0 for everys € S}. The
funny exponent, L is called “perp”.

Now note

ker (AT) = {z ATz = 0} = {z : izkak = 0}

Lemma 8.5.2 Let A be a real m x n matriz, let x € R™ andy € R™. Then

(Ax-y) = (x-ATy)
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Proof: This follows right away from the definition of the dot product and matrix
multiplication.

(Ax-y) = Y Aumyy
ol

= Z (AT)zk TiYk

k,l
= (x . ATy) .

This proves the lemma.
Now it is time to state the Fredholm alternative. The first version of this is the
following theorem.

Theorem 8.5.3 Let A be a real m x n matriz and let b € R™. There exists a solution,
x to the equation Ax = b if and only if b € ker (AT)J'.

Proof: First suppose b € ker (AT)L. Then this says that if ATx = 0, it follows
that b-x = 0. In other words, taking the transpose, if

xT'A=0,thenb-x=0.

In other words, letting x = (x1, - - - ,J;m)T , it follows that if

inAij = 0 for each j,

i=1

then it follows

In other words, if you get a row of zeros in row reduced echelon form for A then you
the same row operations produce a zero in the m x 1 matrix b.
Consequently
rank ( A | b ) =rank(A)
and so by Proposition 8.4.27, there exists a solution, x to the system Ax = b. It remains

to go the other direction.
Let z € ker (AT) and suppose Ax = b. I need to verify b -z = 0. By Lemma 8.5.2]

bz=Ax-z=x-ATz=x-0=0

This proves the theorem.
This implies the following corollary which is also called the Fredholm alternative.
The “alternative” becomes more clear in this corollary.

Corollary 8.5.4 Let A be an m X n matriz. Then A maps R™ onto R™ if and only if
the only solution to ATx =0 isx = 0.

Proof: If the only solution to AT”x =0 is x =0, then ker (A7) = {0} and so
ker (AT)L = R™ because every b € R™ has the property that b-0 = 0. Therefore,
Ax = b has a solution for any b € R™ because the b for which there is a solution are
those in ker (AT)l by Theorem 8.5.3. In other words, A maps R™ onto R™.

Conversely if A is onto, then by Theorem K8.5.3l every b € R™ is in ker (AT)L and
so if ATx =0, then b-x = 0 for every b. In particular, this holds for b = x. Hence if

ATx = 0, then x = 0. This proves the corollary.
Here is an amusing example.
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Example 8.5.5 Let A be an m X n matriz in which m > n. Then A cannot map onto
R™.

The reason for this is that A” is an n x m where m > n and so in the augmented

matrix,
(4"]0)

there must be some free variables. Thus there exists a nonzero vector x such that
ATx = 0.

8.5.1 Row, Column, And Determinant Rank

I will now present a review of earlier topics and prove Theorem [8.3.4.

Definition 8.5.6 A sub-matriz of a matrix A is the rectangular array of numbers ob-
tained by deleting some rows and columns of A. Let A be an m X n matriz. The de-
terminant rank of the matriz equals r where r is the largest number such that some
r X 1T sub-matriz of A has a non zero determinant. The row rank is defined to be the
dimension of the span of the rows. The column rank is defined to be the dimension of
the span of the columns.

Theorem 8.5.7 If A, an m X n matriz has determinant rank, r, then there exist r rows
of the matrix such that every other row is a linear combination of these r rows.

Proof: Suppose the determinant rank of A = (a;;) equals r. Thus some r X r
submatrix has non zero determinant and there is no larger square submatrix which has
non zero determinant. Suppose such a submatrix is determined by the r columns whose
indices are

<. <Jr
and the r rows whose indices are

i < -0 <y
I want to show that every row is a linear combination of these rows. Consider the [*"
row and let p be an index between 1 and n. Form the following (r + 1) x (r + 1) matrix

Aiyjn 0 Qiyg,  Qigp
Qi,5p " Qg Qip
Qljy e Al Qlp
Of course you can assume | ¢ {iy,--- ,i,} because there is nothing to prove if the I*"

row is one of the chosen ones. The above matrix has determinant 0. This is because if
p ¢ {j1, - ,Jjr} then the above would be a submatrix of A which is too large to have
non zero determinant. On the other hand, if p € {j1,--- ,j.} then the above matrix has
two columns which are equal so its determinant is still 0.

Expand the determinant of the above matrix along the last column. Let Cj denote
the cofactor associated with the entry a;,,. This is not dependent on the choice of p.
Remember, you delete the column and the row the entry is in and take the determinant
of what is left and multiply by —1 raised to an appropriate power. Let C denote the
cofactor associated with a;,. This is given to be nonzero, it being the determinant of
the matrix

Aiygy 0 Qiyg,

O T
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Thus

0= alpC + Z C’kaikp
k=1

which implies

T —Ck B T
Aip = C Aipp = E MgQi,p
k=1 k=1

Since this is true for every p and since my, does not depend on p, this has shown the I*"
row is a linear combination of the iy, 15, - - , 4, rows. This proves the theorem.

Corollary 8.5.8 The determinant rank equals the row rank.

Proof: From Theorem 8.5.7, the row rank is no larger than the determinant rank.
Could the row rank be smaller than the determinant rank? If so, there exist p rows for
p < r such that the span of these p rows equals the row space. But this implies that
the r x r sub-matrix whose determinant is nonzero also has row rank no larger than
p which is impossible if its determinant is to be nonzero because at least one row is a
linear combination of the others.

Corollary 8.5.9 If A has determinant rank, r, then there exist r columns of the matriz
such that every other column is a linear combination of these r columns. Also the column
rank equals the determinant rank.

Proof: This follows from the above by considering A”. The rows of AT are the
columns of A and the determinant rank of AT and A are the same. Therefore, from
Corollary [8.5.8, column rank of A = row rank of A7 = determinant rank of AT =
determinant rank of A.

The following theorem is of fundamental importance and ties together many of the
ideas presented above.

Theorem 8.5.10 Let A be an n X n matriz. Then the following are equivalent.
1. det (A) = 0.
2. A, AT are not one to one.

3. A is not onto.

Proof: Suppose det (4) = 0. Then the determinant rank of A = r < n. Therefore,
there exist r columns such that every other column is a linear combination of these
columns by Theorem [8.5.7. In particular, it follows that for some m, the m** column
is a linear combination of all the others. Thus letting A = ( a; -+ &, - a, )
where the columns are denoted by a;, there exists scalars, «; such that

Ay, = E arag.

k#m
Now consider the column vector, x = ( a - —1 - ay )T. Then

Ax = —a,, + Z apag = 0.
k#m

Since also A0 = 0, it follows A is not one to one. Similarly, A” is not one to one by the
same argument applied to AT. This verifies that 1.) implies 2.).
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Now suppose 2.). Then since AT is not one to one, it follows there exists x # 0 such
that
ATx =o0.

Taking the transpose of both sides yields
xTA=0
where the 0 is a 1 X n matrix or row vector. Now if Ay = x, then
x> = x" (Ay) = (x"4)y =0y =0

contrary to x # 0. Consequently there can be no y such that Ay = x and so A is not
onto. This shows that 2.) implies 3.).

Finally, suppose 3.). If 1.) does not hold, then det (A) # 0 but then from Theorem
7.2.14 A~ exists and so for every y € F™ there exists a unique x € F” such that Ax = y.
In fact x = A~ly. Thus A would be onto contrary to 3.). This shows 3.) implies 1.)
and proves the theorem.

Corollary 8.5.11 Let A be an n x n matrix. Then the following are equivalent.

1. det(A) # 0.
2. A and AT are one to one.

3. A is onto.
Proof: This follows immediately from the above theorem.

Corollary 8.5.12 Let A be an invertible n x n matriz. Then A equals a finite product
of elementary matrices.

Proof: Since A~! is given to exist, det (A) # 0 and it follows A must have rank n
and so the row reduced echelon form of A is I. Therefore, by Theorem R.1.6 there is a
sequence of elementary matrices, F1, - - - , E, which accomplish successive row operations
such that

(EpEp_q---E1)A=1.

But now multiply on the left on both sides by Ep_1 then by Epill and then by EpilQ etc.
until you get
A=Er'Eyt - BN B!

and by Theorem [8.1.6/ each of these in this product is an elementary matrix.

8.6 Exercises

1. Let {uy,- - ,u,} be vectors in R”. The parallelepiped determined by these vectors
P(uy,--- ,uy,) is defined as
P(uy, - ,u,) = {Ztkuk :t €0,1] for all k} .
k=1

Now let A be an n x n matrix. Show that
{Ax:x € P(uy, - ,u,)}

is also a parallelepiped.
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. In the context of Problem [1, draw P (e1,e3) where eq, e5 are the standard basis

vectors for R?. Thus e; = (1,0),es = (0,1) . Now suppose

=)

where F is the elementary matrix which takes the third row and adds to the first.
Draw

{Ex:x € P(e1,e2)}.

In other words, draw the result of doing E to the vectors in P (e1,e3). Next draw
the results of doing the other elementary matrices to P (e1, e3).

In the context of Problem (1, either draw or describe the result of doing elemen-

tary matrices to P (eq,eq, e3). Describe geometrically the conclusion of Corollary
8.5.12.

Determine which matrices are in row reduced echelon form.

120
(a><017>
1000
M [0 o0 1 2
0000
110005
00120 4
0000713

Row reduce the following matrices to obtain the row reduced echelon form. List
the pivot columns in the original matrix.

1 2 0 3
) [ 2 1 2 2

11 0 3

1 2 3

2 1 =2
(b) 3 0 0

3 2 1

1 2 1 3
(c) -3 2 10

3 2 11

Find the rank of the following matrices. If the rank is r, identify r columns in
the original matrix which have the property that every other column may be
written as a linear combination of these. Also find a basis for the row and column
spaces of the matrices.

120
3 2 1
@ | 5 1 ¢
02 1
10 0
41 1
O
02 0
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010 2 1 2 2
© 03212 1 6 8
1To11 5 02 3
021 7 0 3 4
0102010
032605 4
Dlo11202 2
021 40 3 2
0102112
© 032615 1
“1To11 2021
02140 3 1

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.

Suppose A is an m X n matrix. Explain why the rank of A is always no larger

than min (m,n) .

1 2
Let H denote span (( 9 ) , ( 4

termine a basis.

>> . Find the dimension of H and de-

1 2 1 0

Let H denote span 2 1, 4 3 1 . Find the dimension of
0 0 1 1

H and determine a basis.
1 1 1 0

Let H denote span 2 1,| 4 3 1 . Find the dimension of
0 0 1 1

H and determine a basis.
Let M = {u = (u1,ug,u3,uqg) € R 1 ug = uy = 0} . Is M a subspace? Explain.
Let M = {u = (uy,us,u3,ug) € R* : ug > ul} . Is M a subspace? Explain.

Let w € R* and let M = {u = (u1,u2,u3,us) € R*: w-u=0}.Is M asubspace?
Explain.

Let M = {u = (u1,ug,u3,us) € R* : u; > 0 for each i = 1,2,3,4}. Is M a sub-
space? Explain.

Let w,w; be given vectors in R* and define
M:{u:(ul,uQ,ug,m) ER4:w-u:0andW1-u:0}.
Is M a subspace? Explain.
Let M = {u = (u1,ug,u3,uq) € R : |ug| < 4} . Is M a subspace? Explain.
Let M = {u = (u1,us,u3,us) € R* : sin (uy) = 1}. Is M a subspace? Explain.

Study the definition of span. Explain what is meant by the span of a set of vectors.

Include pictures.
Suppose {x1, - , X} is a set of vectors from F™. Show that 0 is in span (x1,-- - ,Xy) .

Study the definition of linear independence. Explain in your own words what is
meant by linear independence and linear dependence. Illustrate with pictures.
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21.

22.

23.

24.

25.

26.

27.

28.

29.
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Use Corollary 8.4.17 to prove the following theorem: If A, B are n x n matrices and
if AB =1, then BA =1 and B = A~!. Hint: First note that if AB = I, then it
must be the case that A is onto. Explain why this requires span (columns of A) =
F™. Now explain why, using the corollary that this requires A to be one to one.
Next explain why A (BA —I) = 0 and why the fact that A is one to one implies
BA=1.

Here are three vectors. Determine whether they are linearly independent or lin-
early dependent.

1 2 3
2 1,1 o0o],]o
0 1 0

Here are three vectors. Determine whether they are linearly independent or lin-
early dependent.

4 2 3
2 1,1 21,10
0 1 1

Here are three vectors. Determine whether they are linearly independent or lin-
early dependent.

1 4 3
2 1,1 5 ].|1
3 1 0

Here are four vectors. Determine whether they span R3. Are these vectors linearly
independent?

1 4 3 2
2 |, (3.1 1].,] 4
3 3 0 6

Here are four vectors. Determine whether they span R3. Are these vectors linearly
independent?

1 4 3 2
2 |, (3 ].1 2].[4
3 3 0 6

Determine whether the following vectors are a basis for R3. If they are, explain
why they are and if they are not, give a reason and tell whether they span R3.

1 4 1 2
o, 3. 2].[24
3 3 0 0

Determine whether the following vectors are a basis for R3. If they are, explain
why they are and if they are not, give a reason and tell whether they span R3.

1 0 1
o, 1], [ 2
3 0 0

Determine whether the following vectors are a basis for R3. If they are, explain
why they are and if they are not, give a reason and tell whether they span R3.

1 0 1 0
ol.l1].[2].[0o
3 0 0 0
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30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.
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Determine whether the following vectors are a basis for R3. If they are, explain
why they are and if they are not, give a reason and tell whether they span R3.

1 0 1 0
o, 1].[1].[o
3 0 3 0

Consider the vectors of the form

2t + 3s
s—t :s,teR
t+s

Is this set of vectors a subspace of R3? If so, explain why, give a basis for the
subspace and find its dimension.

Consider the vectors of the form

2t4+3s+u
s—t
t+s
u

:s,t,u € R

Is this set of vectors a subspace of R*? If so, explain why, give a basis for the
subspace and find its dimension.

Consider the vectors of the form

2t +u

t+ 3u

t+s+v
u

is,t,u,v € R

Is this set of vectors a subspace of R*? If so, explain why, give a basis for the
subspace and find its dimension.

If you have 5 vectors in F? and the vectors are linearly independent, can it always
be concluded they span F? Explain.

If you have 6 vectors in F?, is it possible they are linearly independent? Explain.

Suppose A is an m X n matrix and {wy,--- ,w} is a linearly independent set
of vectors in A (F") C F™. Now suppose A (z;) = w;. Show {z1,---,2z;} is also
independent.

Suppose V, W are subspaces of F"*. Show V N W defined to be all vectors which
are in both V and W is a subspace also.

Suppose V' and W both have dimension equal to 7 and they are subspaces of F1°.
What are the possibilities for the dimension of VN W7 Hint: Remember that a
linear independent set can be extended to form a basis.

Suppose V' has dimension p and W has dimension g and they are each contained
in a subspace, U which has dimension equal to n where n > max (p,q). What
are the possibilities for the dimension of V' N W? Hint: Remember that a linear
independent set can be extended to form a basis.

If b # 0, can the solution set of Ax = b be a plane through the origin? Explain.
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41

42.

43.

44.

45.

46.

47.

48.

49.
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Suppose a system of equations has fewer equations than variables and you have
found a solution to this system of equations. Is it possible that your solution is
the only one? Explain.

Suppose a system of linear equations has a 2 x 4 augmented matrix and the last
column is a pivot column. Could the system of linear equations be consistent?
Explain.

Suppose the coefficient matrix of a system of n equations with n variables has the
property that every column is a pivot column. Does it follow that the system of
equations must have a solution? If so, must the solution be unique? Explain.

Suppose there is a unique solution to a system of linear equations. What must be
true of the pivot columns in the augmented matrix.

State whether each of the following sets of data are possible for the matrix equation
Ax = b. If possible, describe the solution set. That is, tell whether there exists a
unique solution no solution or infinitely many solutions.

(a) Ais a5 x 6 matrix, rank (4) = 4 and rank (A|b) = 4. Hint: This says b is
in the span of four of the columns. Thus the columns are not independent.

(b) Ais a 3 x 4 matrix, rank (A) = 3 and rank (A|b) = 2.

(¢) Ais a4 x 2 matrix, rank (A) = 4 and rank (A|b) = 4. Hint: This says b is
in the span of the columns and the columns must be independent.

(d) Ais a b x5 matrix, rank (A) = 4 and rank (A|b) = 5. Hint: This says b is
not in the span of the columns.

(e) Ais a4 x 2 matrix, rank (A) = 2 and rank (A|b) = 2.

Suppose A is an m x n matrix in which m < n. Suppose also that the rank of A
equals m. Show that A maps F" onto F™. Hint: The vectors ey, - ,e,, occur
as columns in the row reduced echelon form for A.

Suppose A is an m x n matrix in which m > n. Suppose also that the rank of A
equals n. Show that A is one to one. Hint: If not, there exists a vector, x such
that Ax = 0, and this implies at least one column of A is a linear combination of
the others. Show this would require the column rank to be less than n.

Explain why an n X n matrix, A is both one to one and onto if and only if its rank
is n.

Suppose A is an m X n matrix and B is an n X p matrix. Show that
dim (ker (AB)) < dim (ker (A)) + dim (ker (B)) .

Hint: Consider the subspace, B (FP)Nker (A) and suppose a basis for this subspace
is {wy, -+ ,wg}.Now suppose {uy,--- ,u,} is a basis for ker (B) . Let {z1,--- , zx}
be such that Bz; = w; and argue that

ker (AB) C span (a1, , U, 21, "+ ,2g) .

Here is how you do this. Suppose ABx = 0. Then Bx € ker (A) N B (F?) and so
Bx = Zle Bz; showing that

k

X—Zzi € ker (B).

i=1
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50.

51.

52.

53.

o4.

55.

96.

Explain why Ax = 0 always has a solution even when A~! does not exist.

(a) What can you conclude about A if the solution is unique?

(b) What can you conclude about A if the solution is not unique?

Suppose det (A — AT) = 0. Show using Theorem [9.2.9] there exists x # 0 such that
(A-A)x=0.

Let A be an n X n matrix and let x be a nonzero vector such that Ax = Ax
for some scalar, A. When this occurs, the vector, x is called an eigenvector and
the scalar, X is called an eigenvalue. It turns out that not every number is an
eigenvalue. Only certain ones are. Why? Hint: Show that if Ax = Ax, then
(A — XI)x = 0. Explain why this shows that (A — AI) is not one to one and not
onto. Now use Theorem [9.2.9 to argue det (A — AI) = 0. What sort of equation is
this? How many solutions does it have?

Let m < n and let A be an m x n matrix. Show that A is not one to one. Hint:
Consider the n x n matrix, A; which is of the form

o=

where the 0 denotes an (n —m) x n matrix of zeros. Thus det A; = 0 and so 4;
is not one to one. Now observe that A;x is the vector,

e (3)
which equals zero if and only if Ax = 0. Do this using the Fredholm alternative.

Let A be an m x n real matrix and let b € R™. Show there exists a solution, x to
the system

ATAx=A"p
Next show that if x,x; are two solutions, then Ax = Ax;. Hint: First show that
(ATA)T = AT A. Next show if x € ker (ATA) , then Ax = 0. Finally apply the
Fredholm alternative. This will give existence of a solution.

Show that in the context of Problem 54! that if x is the solution there, then
|b — Ax| < |b — Ay| for every y. Thus Ax is the point of A (R™) which is closest
to b of every point in A (R™).

Let A be an n x n matrix and consider the matrices {I, A A% ... ,A"2} . Explain

why there exist scalars, ¢; not all zero such that

712
Z CiAi =0.
i=1
Then argue there exists a polynomial, p (\) of the form

)\’m+dm_1>\m_1+'~~+d1>\+d0

such that p(A) = 0 and if ¢(\) is another polynomial such that ¢ (A4) = 0,
then ¢ () is of the form p (A)1(A) for some polynomial, [ (\). This extra special
polynomial, p ()) is called the minimal polynomial. Hint: You might consider
an n x n matrix as a vector in F™".
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Linear Transformations

9.0.1 Outcomes

A. Define linear transformation. Interpret a matrix as a linear transformation.

B. Find a matrix that represents a linear transformation given by a geometric de-
scription.

C. Write the solution space of a homogeneous system as the span of a set of basis
vectors. Determine the dimension of the solution space.

D. Relate the solutions of a non-homogeneous system to the solutions of a homoge-
neous system.

9.1 Linear Transformations

An m x n matrix can be used to transform vectors in F™ to vectors in F™ through the
use of matrix multiplication.

Example 9.1.1 Consider the matriz, < é % 8 ) . Think of it as a function which
x

takes vectors in B2 and makes them in to vectors in F? as follows. For | y a vector
z

in 3, multiply on the left by the given matriz to obtain the vector in F2. Here are some
numerical examples.

More generally,
120 TN ety
2 1 0 g “\ 24y

The idea is to define a function which takes vectors in F3 and delivers new vectors in
F2.

This is an example of something called a linear transformation.

159
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Definition 9.1.2 Let T : F* — F™ be a function. Thus for each x € F",Tx € F™.
Then T is a linear transformation if whenever a, 3 are scalars and x1 and X3 are
vectors in F™,

T (ax1 + Ox2) = a1Tx1 + BTx.

In words, linear transformations distribute across + and allow you to factor out
scalars. At this point, recall the properties of matrix multiplication. The pertinent
property is 4.14 on Page 55, Recall it states that for a and b scalars,

A(aB+bC) =aAB + bAC

In particular, for A an m x n matrix and B and C,n x 1 matrices (column vectors) the
above formula holds which is nothing more than the statement that matrix multiplica-
tion gives an example of a linear transformation.

Definition 9.1.3 A linear transformation is called one to one (often written as 1—1)
if it never takes two different vectors to the same vector. Thus T is one to one if
whenever X £y

Tx#Ty.

Equivalently, if T (x) =T (y), thenx =y.

In the case that a linear transformation comes from matrix multiplication, it is com-
mon usage to refer to the matrix as a one to one matrix when the linear transformation
it determines is one to one.

Definition 9.1.4 A linear transformation mapping F™ to F™ is called onto if whenever
y € F™ there exists x € F™ such that T (x) =y.

Thus T is onto if everything in F™ gets hit. In the case that a linear transformation
comes from matrix multiplication, it is common to refer to the matrix as onto when
the linear transformation it determines is onto. Also it is common usage to write TF",
T (F™) ,or Im (T) as the set of vectors of F" which are of the form Tx for some x € F".
In the case that T is obtained from multiplication by an m x n matrix, A, it is standard
to simply write A (F™) AF™, or Im (A) to denote those vectors in F™ which are obtained
in the form Ax for some x € F".

9.2 Constructing The Matrix Of A Linear Transfor-
mation

It turns out that if T" is any linear transformation which maps F” to F™, there is always
an m X n matrix, A with the property that

Ax =Tx (9.1)

for all x € F™*. Here is why. Suppose T : F" — F™ is a linear transformation and you
want to find the matrix defined by this linear transformation as described in 9.1, Then

if x € F" it follows
n
X = Z xT;€e;
i=1
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where e; is the vector which has zeros in every slot but the i** and a 1 in this slot. Then
since T'is linear,

Tx = ixiT(ei)
i=1

| | e
= T (e1) T (en)
| | .
Ty
= A :
Ty,

and so you see that the matrix desired is obtained from letting the i** column equal
T (e;) . We state this as the following theorem.

Theorem 9.2.1 Let T be a linear transformation from F™ to F™. Then the matriz, A
satisfying 9.1l is given by

where Te; is the it" column of A.

9.2.1 Rotations in R?

Sometimes you need to find a matrix which represents a given linear transformation
which is described in geometrical terms. The idea is to produce a matrix which you can
multiply a vector by to get the same thing as some geometrical description. A good
example of this is the problem of rotation of vectors. For example, I may want a matrix
which will rotate every vector through an angle of 45 degrees. Such a rotation would
achieve something like the following if applied to each vector corresponding to points
on the picture which is standing upright.

45°

More generally, consider the problem of rotating through an angle of 6.

Example 9.2.2 Determine the matrix which represents the linear transformation de-
fined by rotating every vector through an angle of 6.

Let e; = < (1) ) and eg = < (1) ) . These identify the geometric vectors which point

along the positive x axis and positive y axis as shown.
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(—sin(0), cos(9))

T(eg) 9

>eq

From the above, you only need to find T'e; and T'e,, the first being the first column
of the desired matrix, A and the second being the second column. From the definition
of the cos, sin the coordinates of T'(e1) are as shown in the picture. The coordinates of
T(eq) also follow from simple trigonometry. Thus

cos —sinf
Ter = < sin 6 ) Tey = < cos 6 > ’
Therefore, from Theorem [9.2.1]
cosf —sinf
A= < sinf  cosf )
Example 9.2.3 Find the matriz of the linear transformation which is obtained by first

rotating all vectors through an angle of ¢ and then through an angle 6. Thus you want
the linear transformation which rotates all angles through an angle of 6 + ¢.

Let Th+e denote the linear transformation which rotates every vector through an
angle of 0 4 ¢. Then to get Ty, you could first do Ty and then do Ty where Ty, is the
linear transformation which rotates through an angle of ¢ and T} is the linear transfor-
mation which rotates through an angle of §. Denoting the corresponding matrices by
Ag+o, Ay, and Ay, you must have for every x

A9+¢X = T9+¢X = T9T¢X = A9A¢X.
Consequently, you must have

cos(0+¢) —sin(@+¢) \
( sin (0 + ¢)  cos (6 + ¢) > = Aods

_ cosf —sinf cos¢ —sing
o sinf  cosf sing cos¢ )’
You know how to multiply matrices. Do so to the pair on the right. This yields

< cos (0 +¢) —sin(0+ ¢) >
sin (0 +¢) cos(0+ &)

Ao+g

_ cosfcos¢p —sinflsing — cosfsin¢g — sin 6 cos ¢
o sinf cos ¢ + cosfsing  cosfcos ¢ — sinfsin ¢ ’

Don’t these look familiar? They are the usual trig. identities for the sum of two angles
derived here using linear algebra concepts.

You do not have to stop with two dimensions. You can consider rotations and other
geometric concepts in any number of dimensions. This is one of the major advantages
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of linear algebra. You can break down a difficult geometrical procedure into small steps,
each corresponding to multiplication by an appropriate matrix. Then by multiplying
the matrices, you can obtain a single matrix which can give you numerical information
on the results of applying the given sequence of simple procedures. That which you
could never visualize can still be understood to the extent of finding exact numerical
answers. Another example follows.

Example 9.2.4 Find the matriz of the linear transformation which is obtained by first
rotating all vectors through an angle of /6 and then reflecting through the x axis.

As shown in Example9.2.3] the matrix of the transformation which involves rotating
through an angle of 7/6 is

(e e ) = (%° o)

The matrix for the transformation which reflects all vectors through the x axis is

(o 5)

Therefore, the matrix of the linear transformation which first rotates through 7/6 and
then reflects through the z axis is

(40 55)-(4 )

9.2.2 Projections

In Physics it is important to consider the work done by a force field on an object. This
involves the concept of projection onto a vector. Suppose you want to find the projection
of a vector, v onto the given vector, u, denoted by proj,, (v) This is done using the dot

product as follows.
) v-u
proj, (v) = (1 ) u

u-u
Because of properties of the dot product, the map v — proj,, (v) is linear,
proj., (av-+fw) = (avwwu) w=a (Y g (M)
u-u u-u u-u
= « pI‘Oju (V) + ﬁproju (W) .
Example 9.2.5 Let the projection map be defined above and let u =(1,2,3)T. Does

this linear transformation come from multiplication by a matriz? If so, what is the
matriz?

You can find this matrix in the same way as in the previous example. Let e; denote
the vector in R™ which has a 1 in the i*" position and a zero everywhere else. Thus a
typical vector, x = (x1, - ,xn)T can be written in a unique way as

n
X = E xjej.
Jj=1

From the way you multiply a matrix by a vector, it follows that proj, (e;) gives the i*"
column of the desired matrix. Therefore, it is only necessary to find

. _ [ €iua
proj, (e;) = (u : u) u




164 LINEAR TRANSFORMATIONS

For the given vector in the example, this implies the columns of the desired matrix are

1 1 1
) 2 3,
14 3 14 3 14 3
Hence the matrix is
1 1 2 3
— 4 6
413 6 9

9.2.3 Matrices Which Are One To One Or Onto

Lemma 9.2.6 Let A be an m x n matriz. Then A(F") = span(ai,---,a,) where
ay, - ,a, denote the columns of A. In fact, for x = (x1,--- ,xn)T

n
Ax = E Trak.
k=1

Proof: This follows from the definition of matrix multiplication in Definition [4.1.9
on Page 501

The following is a theorem of major significance. First here is an interesting obser-
vation.

)

Observation 9.2.7 Let A be an m x n matrixz. Then A is one to one if and only if
Ax = 0 implies x = 0.

Here is why: A0 = A(0+0) = A0 + A0 and so A0 = 0.

Now suppose A is one to one and Ax = 0. Then since A0 = 0, it follows x = 0. Thus
if A is one to one and Ax = 0, then x = 0.

Next suppose the condition that Ax = 0 implies x = 0 is valid. Then if Ax = Ay,
then A (x —y) = 0 and so from the condition, x —y = 0 so that x =y. Thus A is one
to one.

Theorem 9.2.8 Suppose A is an n x n matriz. Then A is one to one if and only if A
is onto. Also, if B is an n X n matriz and AB = I, then it follows BA = 1.

Proof: First suppose A is one to one. Consider the vectors, {Aey,--- , Ae, } where
ey, is the column vector which is all zeros except for a 1 in the k" position. This set of
vectors is linearly independent because if

n
Z ckAek = 0,
k=1

then since A is linear,

and since A is one to one, it follows
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which implies each ¢, = 0. Therefore, {Aeq,- -, Ae,} must be a basis for F” by Corol-
lary 8.4.17 on Page 143, It follows that for y € F™ there exist constants, ¢; such that

Yy = Z ckAek =A (Z ckek>
k=1

k=1

showing that, since y was arbitrary, A is onto.
Next suppose A is onto. This implies the span of the columns of A equals F™ and by
Corollary 18.4.17/ this implies the columns of A are independent. If Ax = 0, then letting

x = (21, - ,:cn)T, it follows
n
inai =0
i=1

and so each z; = 0. If Ax = Ay, then A (x —y) =0 and so x = y. This shows A4 is one
to one.

Now suppose AB = I. Why is BA = I? Since AB = I it follows B is one to one since
otherwise, there would exist, x # 0 such that Bx = 0 and then ABx = A0 =0 # Ix.
Therefore, from what was just shown, B is also onto. In addition to this, A must be
one to one because if Ay = 0, then y = Bx for some x and then x = ABx = Ay =0
showing y = 0. Now from what is given to be so, it follows (AB) A = A and so using
the associative law for matrix multiplication,

A(BA)—A=A(BA-1TI)=0.

But this means (BA — I)x = 0 for all x since otherwise, A would not be one to one.
Hence BA = I as claimed. This proves the theorem.

This theorem shows that if an n x n matrix, B acts like an inverse when multiplied
on one side of A it follows that B = A~ 'and it will act like an inverse on both sides of
A.

The conclusion of this theorem pertains to square matrices only. For example, let

1 0
A= 0 1 ’B:<1 (1) 01) (9.2)
1 0
Then
1 0
BA<O 1)
but
1 0 0
AB = 1 1 -1
1 0 0

There is also an important characterization in terms of determinants. This is proved
completely in the section on the mathematical theory of the determinant.

Theorem 9.2.9 Let A be an n X n matrixz and let Ty denote the linear transformation
determined by A. Then the following are equivalent.

1. T4 is one to one.
2. T's 18 onto.

3. det (A) #£0.
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9.2.4 The General Solution Of A Linear System

Recall the following definition which was discussed above.

Definition 9.2.10 T is a linear transformation if whenever x,y are vectors and
a,b scalars,
T (ax +by) = aTx + bTy. (9.3)

Thus linear transformations distribute across addition and pass scalars to the outside.
A linear system is one which is of the form

Tx =b.
If T'x, = b, then x, is called a particular solution to the linear system.

For example, if A is an m x n matrix and T4 is determined by

then from the properties of matrix multiplication, T4 is a linear transformation. In
this setting, we will usually write A for the linear transformation as well as the matrix.
There are many other examples of linear transformations other than this. In differential
equations, you will encounter linear transformations which act on functions to give new
functions. In this case, the functions are considered as vectors. Don’t worry too much
about this at this time. It will happen later. The fundamental idea is that something
is linear if 9.3 holds and if whenever a,b are scalars and x,y are vectors ax + by is a
vector. That is you can add vectors and multiply by scalars.

Definition 9.2.11 Let T be a linear transformation. Define
ker (T) = {x: Tx = 0}.

In words, ker (T') is called the kernel of T. As just described, ker (T') consists of the set
of all vectors which T sends to 0. This is also called the null space of T. It is also
called the solution space of the equation Tx = 0.

The above definition states that ker (T') is the set of solutions to the equation,
Tx =0.

In the case where T is really a matrix, you have been solving such equations for quite
some time. However, sometimes linear transformations act on vectors which are not in
F™. There is more on this in Chapter [16/ on Page [16/ and this is discussed more carefully
then. However, consider the following familiar example.

Example 9.2.12 Let % denote the linear transformation defined on X, the functions
which are defined on R and have a continuous derivative. Find ker (%) .

The example asks for functions, f which the property that % = 0. As you know
from calculus, these functions are the constant functions. Thus ker (%) = constant
functions.

When T is a linear transformation, systems of the form Tx = 0 are called homo-
geneous systems. Thus the solution to the homogeneous system is known as ker (T') .

Systems of the form Tx = b where b # 0 are called nonhomogeneous systems.
It turns out there is a very interesting and important relation between the solutions to
the homogeneous systems and the solutions to the nonhomogeneous systems.
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Theorem 9.2.13 Suppose x,, is a solution to the linear system,
Tx=Db
Then if y is any other solution to the linear system, there exists x € ker (T) such that
y=x,+x.

Proof: Consider y —x, =y+(—1)x,. Then T’ (y - Xp) =Ty -Tx,=b—-b=0.
Let x =y — x,,. This proves the theorem.

Sometimes people remember the above theorem in the following form. The solutions
to the nonhomogeneous system, T'x = b are given by x,+ker (T') where x,, is a particular
solution to Tx = b.

We have been vague about what T' is and what x is on purpose. This theorem is
completely algebraic in nature and will work whenever you have linear transformations.
In particular, it will be important in differential equations. For now, here is a familiar
example.

Example 9.2.14 Let
12 30
A= 2 1 1 2
4 5 7 2
Find ker (A). Equivalently, find the solution space to the system of equations Ax = 0.

This asks you to find {x : Ax = 0} . In other words you are asked to solve the system,
Ax = 0. Let x =(z,y, 2, w)T . Then this amounts to solving

1 2 3 0 r 0

2 1 1 2 Y 1=1o

45 7 2 o 0
w

This is the linear system
r+2y+32=0
2c+y+24+2w=0
4 +5y + 7242w =0

and you know how to solve this using row operations, (Gauss Elimination). Set up the
augmented matrix,

123 0 1] 0
2112 ] 0
4 5 7 2 ] 0
Then row reduce to obtain the row reduced echelon form,
10 -2 3 |0
01 F 210
00 O 0 | 0

This yields = 22 — 4w and y = %

52— 3 w — 5z. Thus ker (A) consists of vectors of the form,

Wk

= O wiv
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Example 9.2.15 The general solution of a linear system of equations is just the set
of all solutions. Find the general solution to the linear system,

1230 * 9

2 1 1 2 L =

4 5 7 2 ~ 25
w

given that( 11 2 1 )T = ( T Yy z w )T s one solution.

Note the matrix on the left is the same as the matrix in Example 9.2.14. Therefore,
from Theorem [9.2.13, you will obtain all solutions to the above linear system in the
form

1 4
3 3

N
wlut
+
g
— O Wi
—= N =

1
0

because is a particular solution to the given system of equations.

E nwe 8
— N =

9.3 Exercises

1. Study the definition of a linear transformation. State it from memory.

2. Show the map T : R™ — R™ defined by T (x) = Ax where A is an m x n matrix
and x is an m x 1 column vector is a linear transformation.

3. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of 7/3.

4. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of /4.

5. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of —7/3.

6. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of 27/3.

7. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of 7/12. Hint: Note that /12 = 7/3 — 7 /4.

8. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of 27r/3 and then reflects across the x axis.

9. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of /3 and then reflects across the = axis.

10. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of 7/4 and then reflects across the z axis.

11. Find the matrix for the linear transformation which rotates every vector in R?
through an angle of /6 and then reflects across the z axis followed by a reflection
across the y axis.
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Find the matrix for the linear transformation which reflects every vector in R?
across the z axis and then rotates every vector through an angle of /4.

Find the matrix for the linear transformation which reflects every vector in R?
across the y axis and then rotates every vector through an angle of 7/4.

Find the matrix for the linear transformation which reflects every vector in R2
across the x axis and then rotates every vector through an angle of 7/6.

Find the matrix for the linear transformation which reflects every vector in R?
across the y axis and then rotates every vector through an angle of 7/6.

Find the matrix for the linear transformation which rotates every vector in R?
through an angle of 57/12. Hint: Note that 57/12 = 27/3 — 7 /4.

Find the matrix for proj, (v) where u = (1, -2, 37T,
Find the matrix for proj, (v) where u = (1,5,3)" .
Find the matrix for proj, (v) where u = (1,0,3)" .

Show that the function Ty, defined by Ty, (v) = v — proj, (v) is also a linear
transformation.

Ifu=(1,2, 3)T7 as in Example [17.5.20/ and T, is given in the above problem, find
the matrix, A, which satisfies A,x =T (x).

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

1 -1 2 x 0
1 -2 1 y |=10
3 —4 5 2 0

Using Problem 22 find the general solution to the following linear system.

1 -1 2 T 1
1 -2 1 y | =1 2
3 -4 5 z 4

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

0 -1 2 x 0
1 -2 1 y =|( 0
1 —4 5 z 0

Using Problem 24 find the general solution to the following linear system.

0 -1 2 x 1
1 -2 1 y | =1 -1
1 -4 5 z 1

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

1 -1 2 T 0
1 -2 0 y | =
3 —4 4 z

o o
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Using Problem 26 find the general solution to the following linear system.

1 -1 2 x 1
1 -2 0 y | =1 2
3 -4 4 2 4

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

0 —1 2 x 0
1 0 1 y |=10
1 -2 5 2 0

0 -1 2 x 1
1 0 1 y | = -1
1 -2 5 2 1

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

0
-1
-1

3

W W = =
S W =
w N O
[SERSENSI
\
oo oo

Using Problem [30 find the general solution to the following linear system.

0
-1
-1

3

W W = =
S W= =
w N O
[SERSERSI
W = DN =

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

O =N =
OO ==
O~ ~k O
O~ N =
SERSEOSI S
o O OO

Using Problem 32 find the general solution to the following linear system.

1 1 01 x 2
2 1 1 2 y | | -1
1 0 11 |7 -3
0 -1 1 1 w 0

Give an example of a 3 X 2 matrix with the property that the linear transformation
determined by this matrix is one to one but not onto.
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Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

1 1 01 x 0
1 -1 1 0 y | [0
3.1 1 2 2|71 o
3 3 0 3 w 0

Using Problem 35 find the general solution to the following linear system.

11 01 x 1
1 -1 10 y | | 2
3 1 1 2 |7 4
3 3 0 3 w 3

Write the solution set of the following system as the span of vectors and find a
basis for the solution space of the following system.

S~ N

O = =
= =0
— = N
S v 8
o O OO

Using Problem [37 find the general solution to the following linear system.

1 1 01 T 2
2 1 1 2 y | [ -1
1 0 1 1 z o -3
0 -1 1 1 w 1
Find ker (A) for
1 2 3 2 1
02 1 1 2
A= 1 4 4 3 3
0 2 1 1 2

Recall ker (A) is just the set of solutions to Ax = 0. It is the solution space to the
system Ax = 0.

Using Problem 39, find the general solution to the following linear system.

1 23 2 1 1 11
02112 s B
1 4 4 3 3 o= 1s
021 1 2 i“ 7

Using Problem 29, find the general solution to the following linear system.

123 2 1 1 6
02112 2o
1 4 4 3 3 BT 13
02 1 1 2 T4 7

Ts5
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42.

43.
44.

45.

46.
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Suppose Ax = b has a solution. Explain why the solution is unique precisely when
Ax = 0 has only the trivial (zero) solution.
Show that if A is an m X n matrix, then ker (A) is a subspace.

Verify the linear transformation determined by the matrix of 9.2 maps R? onto
R? but the linear transformation determined by this matrix is not one to one.

Let m < n and let A be an m x n matrix. Show that A is not one to one. Hint:
Consider the n x n matrix, A; which is of the form

e (8)

where the 0 denotes an (n —m) x n matrix of zeros. Thus det A; = 0 and so 4;
is not one to one. Now observe that A;x is the vector,

Ax
which equals zero if and only if Ax = 0.

Let A be an n x n real matrix. Use the Fredholm alternative to show that A is
one to one if and only if A is onto.



The LU Factorization

10.0.1 Owutcomes

A. Determine LU factorizations when possible.

B. Solve a linear system of equations using the LU factorization.

10.1 Definition Of An LU factorization

An LU factorization of a matrix involves writing the given matrix as the product of
a lower triangular matrix which has the main diagonal consisting entirely of ones L,
and an upper triangular matrix U in the indicated order. This is the version discussed
here but it is sometimes the case that the L has numbers other than 1 down the main
diagonal. It is still a useful concept. The L goes with “lower” and the U with “upper”.
It turns out many matrices can be written in this way and when this is possible, people
get excited about slick ways of solving the system of equations, Ax =y. It is for this
reason that you want to study the LU factorization. It allows you to work only with
triangular matrices. It turns out that it takes about 2n3/3 operations to use Gauss
elimination but only n3/3 to obtain an LU factorization.

First it should be noted not all matrices have an LU factorization and so we will
emphasize the techniques for achieving it rather than formal proofs.

Example 10.1.1 Can you write ( (1) é > in the form LU as just described?

To do so you would need

1 0 a b\ a b (01
z 1 0 ¢c) \za zb+c ) \\'1 0 )°
Therefore, b = 1 and a = 0. Also, from the bottom rows, xa = 1 which can’t happen

and have a = 0. Therefore, you can’t write this matrix in the form LU. It has no LU
factorization. This is what we mean above by saying the method lacks generality.

10.2 Finding An LU Factorization By Inspection

Which matrices have an LU factorization? It turns out it is those whose row reduced
echelon form can be achieved without switching rows and which only involve row oper-
ations of type 3 in which row j is replaced with a multiple of row i added to row j for
1< j.

173
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1 2 0 2
Example 10.2.1 Find an LU factorization of A= 1 3 2 1
23 40

One way to find the LU factorization is to simply look for it directly. You need

1 2 0 2 1 00 a d h j
1 3 2 1 =l x 1 0 0 b e 1
2 3 40 y z 1 0 0 ¢ f
Then multiplying these you get
a d h J
xa xd—+Db zh+e xj+1

ya yd+zb yh+ze+c yj+iz+ f

and so you can now tell what the various quantities equal. From the first column, you
need a =1,z =1,y = 2. Now go to the second column. You need d = 2,2zd + b = 3 so
b=1,yd+ zb =3 so z = —1. From the third column, h = 0,e = 2,¢c = 6. Now from the

fourth column, j = 2,7 = —1, f = —5. Therefore, an LU factorization is
1 0 0 1 2 0 2
1 1 0 01 2 -1
2 -1 1 0 0 6 -5

You can check whether you got it right by simply multiplying these two.

10.3 Using Multipliers To Find An LU Factorization

There is also a convenient procedure for finding an LU factorization. It turns out that
it is only necessary to keep track of the multipliers which are used to row reduce to
upper triangular form. This procedure is described in the following examples.

1 2 3
Example 10.3.1 Find an LU factorization for A= 2 1 —4
1 5 2

Write the matrix next to the identity matrix as shown.

100 1 2 3
0 1 0 2 1 —4
0 0 1 1 5 2
The process involves doing row operations to the matrix on the right while simultane-

ously updating successive columns of the matrix on the left. First take —2 times the
first row and add to the second in the matrix on the right.

1 00 1 2 3
2 10 0 -3 -10
0 01 1 5 2

Note the way we updated the matrix on the left. We put a 2 in the second entry of
the first column because we used —2 times the first row added to the second row. Now
replace the third row in the matrix on the right by —1 times the first row added to the
third. Thus the next step is

1 00 1 2 3
2 10 0 -3 -10
1 0 1 0o 3 -1
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Finally, we will add the second row to the bottom row and make the following changes

1 0 O 1 2 3
2 1 0 0 -3 -10
1 -1 1 0 0 -—11

At this point, we stop because the matrix on the right is upper triangular. An LU
factorization is the above.

The justification for this gimmick will be given later.

1 21 2 1

. L 2 0 2 1 1

Example 10.3.2 Find an LU factorization for A = 9 3 1 3 9
101 1 2

We will use the same procedure as above. However, this time we will do everything
for one column at a time. First multiply the first row by (—1) and then add to the last
row. Next take (—2) times the first and add to the second and then (—2) times the first
and add to the third.

1 0 00 1 2 1 2 1
21 0 0 0o 4 0 -3 -1
2 01 0 0 -1 -1 -1 0
1 0 0 1 0o -2 0 -1 1

This finishes the first column of L and the first column of U. Now take — (1/4) times the
second row in the matrix on the right and add to the third followed by — (1/2) times
the second added to the last.

1 0 00 12 1 2 1

2 1 0 0 0 -4 0 -3 -1
2 1/4 1 0 0 0 -1 —1/4 1/4
1 1/2 0 1 0 0 0 1/2 3/2

This finishes the second column of L as well as the second column of U. Since the matrix
on the right is upper triangular, stop. The LU factorization has now been obtained.
This technique is called Dolittle’s method.

This process is entirely typical of the general case. The matrix U is just the first
upper triangular matrix you come to in your quest for the row reduced echelon form
using only the row operation which involves replacing a row by itself added to a multiple
of another row. The matrix, L is what you get by updating the identity matrix as
illustrated above.

You should note that for a square matrix, the number of row operations necessary
to reduce to LU form is about half the number needed to place the matrix in row
reduced echelon form. This is why an LU factorization is of interest in solving systems
of equations.

10.4 Solving Systems Using The LU Factorization

The reason people care about the LU factorization is it allows the quick solution of
systems of equations. Here is an example.
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1 2 3 2 x
Example 10.4.1 Suppose you want to find the solutionsto | 4 3 1 1 y =
1230 -
w
1
2
3

Of course one way is to write the augmented matrix and grind away. However, this
involves more row operations than the computation of the LU factorization and it turns
out that the LU factorization can give the solution quickly. Here is how. The following
is an LU factorization for the matrix.

1 2 3 2 1 00 1 2 3 2
43 1 1 ]=1410 0 -5 —-11 -7
1 2 30 1 01 0 0 0 -2

Let Ux =y and consider Ly = b where in this case, b =(1,2,3)”. Thus

100 n 1
41 0 v | = 2
101 Ys 3

which yields very quickly that y = —2 | . Now you can find x by solving Ux =y.

Thus in this case,

1 2 3 2 r 1

0 -5 —11 -7 Z;’:—2

0 0 0 -2 2
w

which yields

10.5 Justification For The Multiplier Method

Why does the multiplier method work for finding the LU factorization? Suppose A
is a matrix which has the property that the row reduced echelon form for A may be
achieved using only the row operations which involve replacing a row with itself added to
a multiple of another row. It is not ever necessary to switch rows. Thus every row which
is replaced using this row operation in obtaining the echelon form may be modified by
using a row which is above it. Furthermore, in the multiplier method for finding the
LU factorization, we zero out the elements below the pivot element in first column and
then the next and so on when scanning from the left. In terms of elementary matrices,
this means the row operations used to reduce A to upper triangular form correspond
to multiplication on the left by lower triangular matrices having all ones down the
main diagonal.and the sequence of elementary matrices which row reduces A has the
property that in scanning the list of elementary matrices from the right to the left,
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this list consists of several matrices which involve only changes from the identity in the
first column, then several which involve only changes from the identity in the second
column and so forth. More precisely, E, - -- E1A = U where U is upper triangular, each
FE; is a lower triangular elementary matrix having all ones down the main diagonal,
for some r;, each of E,, --- E; differs from the identity only in the first column, each of

E,, - E. 4+ differs from the identity only in the second column and so forth. Therefore,

Will be L

A=E; EpillEp_lU. You multiply the inverses in the reverse order. Now each of the

E- !is also lower triangular with 1 down the main diagonal. Therefore their product
has this property. Recall also that if E; equals the identity matrix except for having an
a in the j* column somewhere below the main diagonal, B ' is obtained by replacing
the a in E; with —a thus explaining why we replace with —1 times the multiplier in

computing L. In the case where A is a 3 x m matrix, B '--- Ep__llEp_1 is of the form

100 100 1 00 100
a 1 0 010 01 0)]=(wa 10
0 01 b 0 1 0 c 1 b ¢ 1

Note that scanning from left to right, the first two in the product involve changes in
the identity only in the first column while in the third matrix, the change is only in the
second. If we had zeroed out the elements of the first column in a different order, we
would have obtained.

1 00 1 0 0 1 00 100
010 a 1 0 01 0)J]=[a 1O
b 0 1 0 0 1 0 c 1 b ¢ 1

However, it is important to be working from the left to the right, one column at a time.

A similar observation holds in any dimension. Multiplying the elementary matrices
which involve a change only in the j** column you obtain A equal to an upper triangular,
n X m matrix, U multiplied on its left by a sequence of lower triangular matrices which
is of the following form, the a;; being negatives of multipliers used in row reducing A
to an upper triangular matrix.

1 0 oo i 0 1 0 R |
a;; 1 0 1
: 0 : L am
0 0
: Do .0 : : : 0
aip—1 0 O oo o1 0 agpo O -+ - 1
1 0 0
0 1
0
0
1 0




178 THE LU FACTORIZATION

From the way we multiply matrices, this product equals

1 0 .. . . 0
ail 1
a12 a21
a2 as1
1 0
A1n—1 O2p-2 G3p-3 -+ Gdpp-1 1

Notice how the end result of the matrix multiplication made no change in the a;;. It
just filled in the empty spaces with the a;; which occurred in one of the matrices in
the product. This is why, in computing L, it is sufficient to begin with the left column
and work column by column toward the right, replacing entries with the negative of the
multiplier used in the row operation which produces a zero in that entry.

10.6 The PLU Factorization

As indicated above, some matrices don’t have an LU factorization. Here is an example.

1 2 3 2
M=|[12 30 (10.1)
431 1

In this case, there is another factorization which is useful called a PLU factorization.
Here P is a permutation matrix.

Example 10.6.1 Find a PLU factorization for the above matrix in!10.1.

Proceed as before trying to find the row echelon form of the matrix. First add —1
times the first row to the second row and then add —4 times the first to the third. This
yields
0 0 1 2 3 2
10 0 0 0 -2
0 1 0 -5 —-11 -7
There is no way to do only row operations involving replacing a row with itself added
to a multiple of another row to the matrix on the right in such a way as to obtain an
upper triangular matrix. Therefore, consider the original matrix with the bottom two
rows switched.

>~ = =

1 2 3 2 1 0 0 1 2 3 2
M = 4 3 1 1 ]=1001 1 2 30
1 2 3 0 01 0 4 3 1 1

= PM

Now try again with this matrix. First take —1 times the first row and add to the bottom
row and then take —4 times the first row and add to the second row. This yields

0 0 1 2 3 2
10 0 -5 —-11 -7
0 1 0 0 0 -2

— s e

The matrix on the right is upper triangular and so the LU factorization of the matrix,
M’ has been obtained above.
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Thus M’ = PM = LU where L and U are given above. Notice that P? = I and
therefore, M = P?M = PLU and so
1 2 3 2 1 0 0 1 0 0 1 2 3 2
1 2 3 0 = 0 0 1 4 1 0 0 -5 —-11 -7
4 3 1 1 0 1 0 1 0 1 0 O 0 -2

This process can always be followed and so there always exists a PLU factorization
of a given matrix even though there isn’t always an LU factorization.

1 2 3 2
Example 10.6.2 Use the PLU factorization of M = 1 2 30 to solve the
4 3 1 1

system Mx = b where b = (1,2,3)" .

Let Ux =y and consider PLy = b. In other words, solve,

1 00 1 00 n 1
00 1 41 0 v | =1 2
01 0 10 1 Y 3

Multiplying both sides by P gives

1 00 n 1
41 0 v | =1 3
101 Y 2

and so
Yy=1 % = ( .
Now Ux =y and so it only remains to solve
1 2 3 2 o 1
0 -5 —-11 -7
0 0 0 -2

which yields

1 7
T+ 1t
x1
9 _ 1y
T2 — 10 5 teR
I3 ¢
Ty 1
2

10.7 The QR Factorization

As pointed out above, the LU factorization is not a mathematically respectable thing
because it does not always exist. There is another factorization which does always exist.
Much more can be said about it than I will say here. I will only deal with real matrices
and so the dot product will be the usual real dot product.

Definition 10.7.1 An n x n real matriz Q is called an orthogonal matrixz if
QR"=Q"Q=1

Thus an orthogonal matriz is one whose inverse is equal to its transpose.
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First note that if a matrix is orthogonal this says
> QLQik=>Q;iQjr = b
J J
Thus

2
|QX|2 = Z ZQijxj = ZZZQisxSQiT:CT
J % T s

%

= Z Z Z QisQirxsmT = Z Z Z QisQirxsxT
= Zzésrxsxr = Z‘T?‘ = |X|2

This shows that orthogonal transformations preserve distances. You can show that if
you have a matrix which does preserve distances, then it must be orthogonal also.

Example 10.7.2 One of the most important examples of an orthogonal matriz is the
so called Householder matriz. You have v a unit vector and you form the matriz,

I—2vvT
This is an orthogonal matriz which is also symmetric. To see this, you use the rules of
matriz operations.

(I — 2VVT)T = I - (2VVT)T
= I-2vw’l
so it is symmetric. Now to show it is orthogonal,
(I — 2va) (I — 2VVT) = T -2vwl —2vwwl favvlvvT
= T —avwl 4wl =1

T

because v'v =v-v = |V|2 = 1. Therefore, this is an example of an orthogonal matriz.

Consider the following problem.

Problem 10.7.3 Given two vectors X,y such that |x| = |y| # 0 but x £y and you
want an orthogonal matriz, QQ such that Qx =y and Qy = x. The thing which works is
the Householder matriz

Q=1-2""2 (x—y)"
Ix —y|
Here is why this works.

Qix-y) = (x-y)-2— L (x-y)" (x—y)

Ix -yl
= x-y) -2 x-yP=y-x

Ix —y|
Qx+y) = (x+y>—2ﬁ(x—y> (x+Y)
= (x+y)-2— L (x-y)- (x+))



10.7. THE QR FACTORIZATION 181

Hence

Qx+Qy = x+y
Qx—Qy = y—x

Adding these equations, 2Qx = 2y and subtracting them yields 2Qy = 2x.

A picture of the geometric significance follows.

The orthogonal matrix ) reflects across the dotted line taking x to y and y to x.

Definition 10.7.4 Let A be an m X n matriz. Then a QR factorization of A consists
of two matrices, QQ orthogonal and R upper triangular or in other words equal to zero
below the main diagonal such that A = QR.

With the solution to this simple problem, here is how to obtain a QR factorization
for any matrix A. Let
A= (81,327"' ;an)

where the a; are the columns. If a; =0, let @, = I. If a; # 0, let

|

0

b= .

0

and form the Householder matrix,
a;—b
Q1£I—2(alt)|)2(a1—b)T
L —

As in the above problem Q1a; = b and so

_( ] x
QIA_< 01 A2>

where Az is a m —1 x n — 1 matrix. Now find in the same way as was just done a
n —1 x n — 1 matrix Q)2 such that

QQAQZ(O A3>
_(1 0
sz(o Q2>‘

(10 la;|
Q2Q1A—(O @2)( 01 A2>

Let

Then
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lap| *  x

* %

0 0 A

Continuing this way untill the result is upper triangular, you get a sequence of orthogonal
matrices QpQp—1 - - - Q1 such that

QpQp—1--Q1A=R (10.2)

where R is upper triangular.
Now if @)1 and Q)2 are orthogonal, then from properties of matrix multiplication,

Q1Q2 (Q1Q2)" = Q1Q:QE QT = 1QT =1

and similarly

(@Q1Q2)" Q1Qs = 1.

Thus the product of orthogonal matrices is orthogonal. Also the transpose of an or-
thogonal matrix is orthogonal directly from the definition. Therefore, from [10.2

A=(QQp-1---Q1)" R=QR.
This proves the following theorem.

Theorem 10.7.5 Let A be any real m x n matriz. Then there exists an orthogonal
matriz, Q and an upper triangular matriz R such that

A=QR

and this factorization can be accomplished in a systematic manner.

10.8 Exercises

1 2 0
1. Find an LU factorization of 2 1 3
1 2 3
1 2 3 2
2. Find an LU factorization of 1 3 21
5 0 1 3

3. Find an LU factorization of the matrix, -2 5 11 3

4. Find an LU factorization of the matrix, -1 2 4 3

5. Find an LU factorization of the matrix, -3 10 10 10




10.8.

10.

11.

12.

13.

14.

15.

EXERCISES 183
1 3 1 -1
Find an LU factorization of the matrix, 3 10 8 -1
2 5 -3 -3
3 -2 1
. . . 9 -8 6
Find an LU factorization of the matrix, 6 9 9
3 2 -7
-3 -1 3
Find an LU factorization of the matri 99 L2
ind an actorization of the matrix, 3 19 _16
12 40 —-26
-1 -3 -1
. .. . 1 3 0
Find an LU factorization of the matrix, 3 9 0
4 12 16

Find the LU factorization of the coefficient matrix using Dolittle’s method and
use it to solve the system of equations.

T+2y=>5
20 +3y =6

Find the LU factorization of the coefficient matrix using Dolittle’s method and
use it to solve the system of equations.

r+2y+z=1
20 +3y =6
y+3z2=2

Find the LU factorization of the coefficient matrix using Dolittle’s method and
use it to solve the system of equations.

T+2y+3z2=5
2x4+3y+2=6
T—yYy+z=2

Find the LU factorization of the coefficient matrix using Dolittle’s method and
use it to solve the system of equations.

r+2y+32=5
2r+3y+2=6
3x+5y+4z=11

Is there only one LU factorization for a given matrix? Hint: Consider the equation
01\ (10 0 1
01/ \11 0 0/

Find a PLU factorization of

N
NN
e
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1 2 1 2 1
16. Find a PLU factorization of 4 2 4 1
1 2 1 3
1 2 1
. .. 1 2 2
17. Find a PLU factorization of 9 4 1
3 2 1
1 2 1
. .. 2 4 1 .
18. Find a PLU factorization of 10 2 and use it to solve the systems
2 2 1
1 2 1 1
M EES TN 2
Yl1 o0 2 Y1711
2 2 1 & 1
1 2 1 . a
2 4 1 b
™11 0 2 Yy I=1 ¢
2 2 1 & d
0o 2 1 2
19. Find a PLU factorization of 2 1 —2 0 | and use it to solve the systems
2 3 -1 2
02 1 2 * 1
@ |21 -2 0 Y l1=1(1
2 3 -1 2 N 2
w
02 1 2 v 2
(21 -2 0 Y l1=1(1
2 3 -1 2 N 3
w

20. Find a QR factorization for the matrix

1 2 1
3 -2 1
1 0 2

21. Find a QR factorization for the matrix
1 210
3 011
1 0 2 1

22. If you had a QR factorization, A = QR, describe how you could use it to solve the
equation Ax = b. This is not usually the way people solve this equation. However,
the QR factorization is of great importance in certain other problems, especially
in finding eigenvalues and eigenvectors.



Linear Programming

11.1 Simple Geometric Considerations

One of the most important uses of row operations is in solving linear program prob-
lems which involve maximizing a linear function subject to inequality constraints deter-
mined from linear equations. Here is an example. A certain hamburger store has 9000
hamburger patties to use in one week and a limitless supply of special sauce, lettuce,
tomatoes, onions, and buns. They sell two types of hamburgers, the big stack and the
basic burger. It has also been determined that the employees cannot prepare more than
9000 of either type in one week. The big stack, popular with the teen agers from the
local high school, involves two patties, lots of delicious sauce, condiments galore, and a
divider between the two patties. The basic burger, very popular with children, involves
only one patty and some pickles and ketchup. Demand for the basic burger is twice
what it is for the big stack. What is the maximum number of hamburgers which could
be sold in one week given the above limitations?

Let x be the number of basic burgers and y the number of big stacks which could
be sold in a week. Thus it is desired to maximize z = x + y subject to the above
constraints. The total number of patties is 9000 and so the number of patty used is
x + 2y. This number must satisfy z + 2y < 9000 because there are only 9000 patty
available. Because of the limitation on the number the employees can prepare and the
demand, it follows 2z + y < 9000. You never sell a negative number of hamburgers and
so z,y > 0. In simpler terms the problem reduces to maximizing z = x+y subject to the
two constraints, x + 2y < 9000 and 2x + y < 9000. This problem is pretty easy to solve
geometrically. Consider the following picture in which R labels the region described by
the above inequalities and the line z = x + y is shown for a particular value of z.

rT+y==z

As you make z larger this line moves away from the origin, always having the same
slope and the desired solution would consist of a point in the region, R which makes z
as large as possible or equivalently one for which the line is as far as possible from the

185
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origin. Clearly this point is the point of intersection of the two lines, (3000, 3000) and
so the maximum value of the given function is 6000. Of course this type of procedure
is fine for a situation in which there are only two variables but what about a similar
problem in which there are very many variables. In reality, this hamburger store makes
many more types of burgers than those two and there are many considerations other
than demand and available patty. Each will likely give you a constraint which must be
considered in order to solve a more realistic problem and the end result will likely be a
problem in many dimensions, probably many more than three so your ability to draw
a picture will get you nowhere for such a problem. Another method is needed. This
method is the topic of this section. I will illustrate with this particular problem. Let
21 = x and y = xo. Also let 3 and x4 be nonnegative variables such that

T, + 229 + x3 = 9000, 221 + 22 + x4 = 9000.

To say that z3 and x4 are nonnegative is the same as saying x1 + 2z < 9000 and
2z1 + 22 < 9000 and these variables are called slack variables at this point. They are
called this because they “take up the slack”. I will discuss these more later. First a
general situation is considered.

11.2 The Simplex Tableau

Here is some notation.
Definition 11.2.1 Let x,y be vectors in R?. Then x <y means for each i,x; < y;.

The problem is as follows:
Let A be an m x (m + n) real matrix of rank m. It is desired to find x € R**™ such
that x satisfies the constraints,
x>0,Ax=Db (11.1)

and out of all such x,
m—+n

z = E CiT;
i=1

is as large (or small) as possible. This is usually referred to as maximizing or minimizing
z subject to the above constraints. First I will consider the constraints.

Let A= (a; -+ @&y, ). First you find a vector, x"> 0, Ax= b such that n
of the components of this vector equal 0. Letting 41,--- ,i, be the positions of x° for
which 20 = 0, suppose also that {aj,, -+ ,a,, } is linearly independent for j; the other

positions of x°. Geometrically, this means that x° is a corner of the feasible region,
those x which satisfy the constraints. This is called a basic feasible solution. Also define

cg = (¢, -,6,), ¢p=(Ciyy - ,Ci,)
XB = (Ijlv"'vxjm)aXFE(xila"'inn)'

and

F

0 _ 0\ _ X% _ 0
Z:Z(X)—(CB CF) XO = CBXp

since x% = 0. The variables which are the components of the vector xp are called
the basic variables and the variables which are the entries of xg are called the free

. T, .
variables. You set xp = 0. Now (XO, zo) is a solution to

(2 9)()-(%)
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along with the constraints x > 0. Writing the above in augmented matrix form yields

(_AC 0 '8) (11.2)

Permute the columns and variables on the left if necessary to write the above in the

form
XB
B F o0 b
( —cg —cp 1 ) XZF :( 0 ) (11.3)

or equivalently in the augmented matrix form keeping track of the variables on the

bottom as
B F 0 b

—Cp —Cpg 1 0 . (114)
XB XF 0 0

Here B pertains to the variables x;,,---,x;  and is an m X m matrix with linearly
independent columns, {a;,,---,a;, }, and F is an m x n matrix. Now it is assumed
that 0 o
Xp \ _ XB | — B0 —
(B F)(X%>_(B F)( ; )—BXB—b

and since B is assumed to have rank m, it follows
x% =B"'b>0. (11.5)

This is very important to observe. B~'b > 0!
Do row operations on the top part of the matrix,

B F 0 b
(—CB —cr 1 O) (11.6)

and obtain its row reduced echelon form. Then after these row operations the above
becomes
< I B7'F 0 B™'b >

—ep  —cp 1 0 (11.7)

where B~'b > 0. Next do another row operation in order to get a 0 where you see a
—cp. Thus

I BlF 0 B~ b
< 0 CBB_IF/—CF 1 CBB_lb ) (118)
(T B-'F 0o B 'b
- 0 cgB 'F' —cp 1 cpx%

_ (I B7'F 0 B‘1b> (11.9)

0 CBBilchF 1 20

The reason there is a 2% on the bottom right corner is that xp = 0 and (x%,xY%, zO)T
is a solution of the system of equations represented by the above augmented matrix
because it is a solution to the system of equations corresponding to the system of
equations represented by [11.6/ and row operations leave solution sets unchanged. Note
how attractive this is. The zg is the value of z at the point x°. The augmented matrix of
11.9/is called the simplex tableau and it is the beginning point for the simplex algorithm
to be described a little later. It is very convenient to express the simplex tableau in the

above form in which the variables are possibly permuted in order to have ( é ) on
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the left side. However, as far as the simplex algorithm is concerned it is not necessary
to be permuting the variables in this manner. Starting with [11.9/ you could permute
the variables and columns to obtain an augmented matrix in which the variables are in
their original order. What is really required for the simplex tableau?

It is an augmented m + 1 X m + n + 2 matrix which represents a system of equations
which has the same set of solutions, (x,z)T as the system whose augmented matrix is

A 0 b
( —-c 1 0 )
(Possibly the variables for x are taken in another order.) There are m linearly indepen-
dent columns in the first m + n columns for which there is only one nonzero entry, a 1
in one of the first m rows, the “simple columns”, the other first m + n columns being
the “nonsimple columns”. As in the above, the variables corresponding to the simple
columns are xp, the basic variables and those corresponding to the nonsimple columns
are Xg, the free variables. Also, the top m entries of the last column on the right are
nonnegative. This is the description of a simplex tableau.

In a simplex tableau it is easy to spot a basic feasible solution. You can see one
quickly by setting the variables, xp corresponding to the nonsimple columns equal to
zero. Then the other variables, corresponding to the simple columns are each equal to
a nonnegative entry in the far right column. Lets call this an “obvious basic feasible
solution”. If a solution is obtained by setting the variables corresponding to the nonsim-
ple columns equal to zero and the variables corresponding to the simple columns equal
to zero this will be referred to as an “obvious” solution. Lets also call the first m +n
entries in the bottom row the “bottom left row”. In a simplex tableau, the entry in the
bottom right corner gives the value of the variable being maximized or minimized when
the obvious basic feasible solution is chosen.

The following is a special case of the general theory presented above and shows how
such a special case can be fit into the above framework. The following example is rather
typical of the sorts of problems considered. It involves inequality constraints instead of
Ax = b. This is handled by adding in “slack variables” as explained below.

Example 11.2.2 Consider z = x1 — xo subject to the constraints, r1 + 2xo < 10,21 +
2x9 > 2, and 2x1 + x5 < 6,2; > 0. Find a simplex tableau for a problem of the form
x > 0,Ax = b which is equivalent to the above problem.

You add in slack variables. These are positive variables, one for each of the first
three constraints, which change the first three inequalities into equations. Thus the first
three inequalities become x1 + 2x5 + x3 = 10,21 4+ 222 — x4 = 2, and 221 + 22 + x5 =
6,21, 2, X3, x4, x5 > 0. Now it is necessary to find a basic feasible solution. You mainly
need to find a positive solution to the equations,

Ty + 229 + 23 = 10
T, 4 2x9 — x4 =2
221+ 22+ 25 =6

the solution set for the above system is given by

2 2 n 1 1 n 10 2 48
To ==Xy — =+ -T5, X1 = —=Tg + — — =T5,T3 = —T .
2T 3T 3 F 3T 34t 35— 3 3 4
An easy way to get a basic feasible solution is to let 4 = 8 and x5 = 1. Then a feasible
solution is

($1,$27$3,$4,$5) = (Oa 570787 1) .
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It follows z° = —5 and the matrix [11.2, ( A (1) l(; ) with the variables kept track
of on the bottom is

1 2 1 0 0 0 10

1 2 0 -1 0 0 2

2 1 0 0 1 0 6

-1 1 0 0 0 1 O

T T2 X3 Ty Is 0 0

and the first thing to do is to permute the columns so that the list of variables on the
bottom will have x; and x5 at the end.

2 0 0 1 1 0 10
2 -1 0 1 0 0 2
1 0 1 2 0 0 6
1 0 0 -1 0 1 O

To Ty Is I I3 0 0

Next, as described above, take the row reduced echelon form of the top three lines of
the above matrix. This yields

1003 L 05
0100 1 08
0 0 s -1 01
Now do row operations to
100 32 % 05
010 0 1 08
001 2 -1 01
100 -1 0 10
to finally obtain
1roo0 & L 0 5
010 0 1 0 8
001%—%01
000 -2 —3 1 -5

and this is a simplex tableau. The variables are xs, x4, x5, 1, T3, 2.
It isn’t as hard as it may appear from the above. Lets not permute the variables
and simply find an acceptable simplex tableau as described above.

Example 11.2.3 Consider z = x1 — xo subject to the constraints, r1 + 2x2 < 10,21 +
2wy > 2, and 2x1 + 22 < 6,x; > 0. Find a stimplex tableau.

Adding in slack variables, an augmented matrix which is descriptive of the con-

straints is
1 21 0 0 10

1 2 0 -1 0 6
210 0 1 6

The obvious solution is not feasible because of that -1 in the fourth column. Consider
the second column and select the 2 as a pivot to zero out that which is above and below
the 2. This is because that 2 satisfies the criterion for being chosen as a pivot.

1

1 4
0 —
0

3
3

N

1
2

o = O

0
0
1
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This one is good. The obvious solution is now feasible. You can now assemble the
simplex tableau. The first step is to include a column and row for z. This yields

0 01 1 00 4
%10—%003
5 00 4+ 10 3
-1 01 0 010

Now you need to get zeros in the right places so the simple columns will be preserved
as simple columns. This means you need to zero out the 1 in the third column on the
bottom. A simplex tableau is now

0 01 1 00 4
z 10 -2 00 3
%00%103
-1 00 -1 0 1 —4

Note it is not the same one obtained earlier. There is no reason a simplex tableau should
be unique. In fact, it follows from the above general description that you have one for
each basic feasible point of the region determined by the constraints.

11.3 The Simplex Algorithm

11.3.1 Maximums

The simplex algorithm takes you from one basic feasible solution to another while max-
imizing or minimizing the function you are trying to maximize or minimize. Alge-
braically, it takes you from one simplex tableau to another in which the lower right
corner either increases in the case of maximization or decreases in the case of minimiza-
tion.

I will continue writing the simplex tableau in such a way that the simple columns
having only one entry nonzero are on the left. As explained above, this amounts to
permuting the variables. I will do this because it is possible to describe what is going
on without onerous notation. However, in the examples, I won’t worry so much about
it. Thus, from a basic feasible solution, a simplex tableau of the following form has been
obtained in which the columns for the basic variables, xpg are listed first and b > 0.

I F 0 b
( 0 o 1 4 ) (11.10)
Let 29 = b; for i = 1,--- ,m and 2 = 0 for i > m. Then (x°,2°) is a solution to the

above system and since b > 0, it follows (x°, 2°) is a basic feasible solution.

If ¢; < 0 for some 4, and if Fj; < 0 so that a whole column of < 1:: ) is < 0 with the

bottom entry < 0, then letting x; be the variable corresponding to that column, you
could leave all the other entries of xr equal to zero but change x; to be positive. Let
the new vector be denoted by x/ and letting X3 = b — Fx. it follows

(Xp)p = be— Y Fij(xp);
J
= by — Friz; >0

Now this shows (x5,x}) is feasible whenever x; > 0 and so you could let z; become
arbitrarily large and positive and conclude there is no maximum for z because

2= —cxp+2° = (—¢;) x; + 2° (11.11)
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If this happens in a simplex tableau, you can say there is no maximum and stop.
What if ¢ > 0? Then z = 2° — cxp and to satisfy the constraints, xz > 0. Therefore,
in this case, 20 is the largest possible value of z and so the maximum has been found.
You stop when this occurs. Next I explain what to do if neither of the above stopping
conditions hold.
The only case which remains is that some ¢; < 0 and some Fj; > 0. You pick a

column in ( f > in which ¢; < 0, usually the one for which ¢; is the largest in absolute

value. You pick Fj; > 0 as a pivot element, divide the j'* row by F}; and then use to
obtain zeros above F); and below F};, thus obtaining a new simple column. This row
operation also makes exactly one of the other simple columns into a nonsimple column.
(In terms of variables, it is said that a free variable becomes a basic variable and a basic
variable becomes a free variable.) Now permuting the columns and variables, yields

I F' 0 b
0 ¢ 1 ¥

where 2% > 20 because 2% = 20 — ¢; (;—J) and ¢; < 0. If b’ > 0, you are in the same
i

position you were at the beginning but now z° is larger. Now here is the important
thing. You don’t pick just any F}; when you do these row operations. You pick the
positive one for which the row operation results in b’ > 0. Otherwise the obvious
basic feasible solution obtained by letting x% = 0 will fail to satisfy the constraint that
x > 0.

How is this done? You need

F,:b;
b, = by % >0 (11.12)
Jt
for each p=1,--- ,m or equivalently,
F,ib;
b, > —2, 11.1

J

Now if F},; < 0 the above holds. Therefore, you only need to check F,; for F,; > 0. The
pivot, Fj; is the one which makes the quotients of the form

bp
£y

for all positive Fj; the smallest. Having gotten a new simplex tableau, you do the same
thing to it which was just done and continue. As long as b > 0, so you don’t encounter
the degenerate case, the values for z associated with setting xp = 0 keep getting strictly
larger every time the process is repeated. You keep going until you find ¢ > 0. Then
you stop. You are at a maximum. Problems can occur in the process in the so called
degenerate case when at some stage of the process some b; = 0. In this case you can
cycle through different values for x with no improvement in z. This case will not be
discussed here.

11.3.2 Minimums

How does it differ if you are finding a minimum? From a basic feasible solution, a
simplex tableau of the following form has been obtained in which the simple columns
for the basic variables, xg are listed first and b > 0.

I F 0 b
<0 . 1 ZO) (11.14)
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Let 29 = b; for i = 1,--- ,m and 2 = 0 for i > m. Then (x°,2°) is a solution to the
above system and since b > 0, it follows (XO, zo) is a basic feasible solution. So far,
there is no change.

Suppose first that some ¢; > 0 and Fj; < 0 for each j. Then let X’ consist of changing
x; by making it positive but leaving the other entries of xr equal to 0. Then from the
bottom row,

z2=—cxp 420 = —¢i; + 2°

and you let x’z = b — Fx’. > 0. Thus the constraints continue to hold when z; is made
increasingly positive and it follows from the above equation that there is no minimum
for z. You stop when this happens.

Next suppose ¢ < 0. Then in this case, z = 2° — c¢xp and from the constraints,
Xp > 0 and so —cxp > 0 and so 2° is the minimum value and you stop since this is
what you are looking for.

What do you do in the case where some ¢; > 0 and some F}; > 07 In this case, you
use the simplex algorithm as in the case of maximums to obtain a new simplex tableau
in which 2% is smaller. You choose F}; the same way to be the positive entry of the
ith column such that b,/F,; > b;/Fj; for all positive entries, Fj; and do the same row

operations. Now this time,
b
=20 (L) <20
Fy;

As in the case of maximums no problem can occur and the process will converge unless
you have the degenerate case in which some b; = 0. As in the earlier case, this is most
unfortunate when it occurs. You see what happens of course. 20 does not change and
the algorithm just delivers different values of the variables forever with no improvement.

To summarize the geometrical significance of the simplex algorithm, it takes you
from one corner of the feasible region to another. You go in one direction to find the
maximum and in another to find the minimum. For the maximum you try to get rid of
negative entries of ¢ and for minimums you try to eliminate positive entries of ¢ where
the method of elimination involves the auspicious use of an appropriate pivot element
and row operations.

Now return to Example [11.2.2. It will be modified to be a maximization problem.

0

Example 11.3.1 Mazximize z = x1 — x2 subject to the constraints,
xr1 + 21’2 S IO,Il +2£C2 Z 2,
and 2x1 + x4 < 6,2; > 0.

Recall this is the same as maximizing z = x1 — x2 subject to

x1
1 21 0 0 T 10
1 2 0 -1 0 T3 = 2 , x>0,
21 0 0 1 Ty 6

Ts

the variables, z3, x4, x5 being slack variables. Recall the simplex tableau was

1 o0 & 4 0 5
010 0 1 0 8
001%—%01
3
000 -3 -1 1 -5
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with the variables ordered as xo, x4, x5, 1,23 and so xg = (X9, x4, x5) and
xp = (x1,23).

Apply the simplex algorithm to the fourth column because —% < 0 and this is the
most negative entry in the bottom row. The pivot is 3/2 because 1/(3/2) = 2/3 <
5/(1/2) . Dividing this row by 3/2 and then using this to zero out the other elements
in that column, the new simplex tableau is

10 -+ 0 2 o0 4
01 0 0 1 0 38
00 2 1 —3 0 2
00 I 0 -1 1 —4

Now there is still a negative number in the bottom left row. Therefore, the process
should be continued. This time the pivot is the 2/3 in the top of the column. Dividing
the top row by 2/3 and then using this to zero out the entries below it,

50 -2 0107
-3 1 L 0001
o 11903
%0%0013

Now all the numbers on the bottom left row are nonnegative so the process stops. Now
recall the variables and columns were ordered as xs, x4, T5, 1, x3. The solution in terms
of x1 and x5 is x3 = 0 and 271 = 3 and z = 3. Note that in the above, I did not worry
about permuting the columns to keep those which go with the basic variables on the
left.

Here is a bucolic example.

Example 11.3.2 Consider the following table.

Fy | Fy | F3 | Fy
iron 1 2 1 3
protein 5 3 2 1
folic acid | 1 2 2 1
copper 2 1 1 1
calcium 1 1 1 1

This information is available to a pig farmer and F; denotes a particular feed. The
numbers in the table contain the number of units of a particular nutrient contained in
one pound of the given feed. Thus Fs has 2 units of iron in one pound. Now suppose
the cost of each feed in cents per pound is given in the following table.

BB | Fs | Fy
2 13 |2 |3

A typical pig needs 5 units of iron, 8 of protein, 6 of folic acid, 7 of copper and 4 of
calcium. (The units may change from nutrient to nutrient.) How many pounds of each
feed per pig should the pig farmer use in order to minimize his cost?

His problem is to minimize C' = 2x7 + 3x5 + 2z3 + 324 subject to the constraints

T+ 23 +x3+3x4 > 9,
51 +3x2 +2x3+1x4 > 8,
Ty +2x9 +2x3+2x4 > 6,
2z + 22+ w3 +ws > T,
1 +axot+ax3t+as > 4
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where each x; > 0. Add in the slack variables,

T, 4+ 229 + 23 +3x4 — x5 =
51 +3x2 + 223+ 14 — g =
1+ 2094+ 223+ 14 — 7 =

200+ a0+ 3+ 24 — T8 =

= O 0o Ot

T+ 22+ 23+ 2Ty —2x9 =

The augmented matrix for this system is

— N = O
— =N W N
— o= NN
= =3 O 0o Ut

How in the world can you find a basic feasible solution? Remember the simplex algo-
rithm is designed to keep the entries in the right column nonnegative so you use this
algorithm a few times till the obvious solution is a basic feasible solution.

Consider the first column. The pivot is the 5. Using the row operations described
in the algorithm, you get

0o I % 4 1 0o 0o o ¥
1 % : o 2 0 0o o B
o I 21 9 ' 1 9 o 2
o -1 i g 0 2 0 —-1 o L

2 8 ] ? ih
o5 5 5 0 5 0 0 -1 %

Now go to the second column. The pivot in this column is the 7/5. This is in a different
row than the pivot in the first column so I will use it to zero out everything below it.
This will get rid of the zeros in the fifth column and introduce zeros in the second. This
yields

3 5 1 17
tol a7 300 0!
O A 4 7
001 -2 1 0 -1 0 0 1
2 1 3 30
volo 71 00t
7 707 T

Now consider another column, this time the fourth. I will pick this one because it has
some negative numbers in it so there are fewer entries to check in looking for a pivot.
Unfortunately, the pivot is the top 2 and I don’t want to pivot on this because it would
destroy the zeros in the second column. Consider the fifth column. It is also not a good
choice because the pivot is the second element from the top and this would destroy the
zeros in the first column. Consider the sixth column. I can use either of the two bottom
entries as the pivot. The matrix is

01 0 2 -1 0 0 0 1 1
10 1 -1 1 0 O 0 -2 3
o0 1 -2 1 0 -1 0 0 1
o0 -1r1 -10 0 -1 3 O
00 3 0 2 1 0 0 -7 10
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6

-1
0
1
0
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0
0
0
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Next consider the third column. The pivot is the 1 in the third row. This yields

There are still 5 columns which consist entirely of zeros except for one entry. Four of
them have that entry equal to 1 but one still has a -1 in it, the -1 being in the fourth
column. I need to do the row operations on a nonsimple column which has the pivot in
the fourth row. Such a column is the second to the last. The pivot is the 3. The new
matrix is

o O = O

oS O O

O = O O

W=~

ol Do

-1
0
1
0

I colmcolm

—_

W=

1
3

]

o |
wl

(11.15)

_ o O O O
O = O OO
oS0l 1 coloocolno

|
wl~wsl—

2
-1 2

o
w‘»—l |

0 0

Now the obvious basic solution is feasible. You let 4 = 0 = x5 r7 = xg and
x1 = 8/3,x9 = 2/3,23 = 1, and z¢ = 28/3. You don’t need to worry too much about
this. It is the above matrix which is desired. Now you can assemble the simplex tableau
and begin the algorithm. Remember C' = 2x7 + 3x2 + 2x3 + 3x4. First add the row and
column which deal with C. This yields

010%—10%5005
2
o 0 1 B 1o 0o
71 711 1 (11'16)
A BN = F R
3 3 3 3
-2 -3 -2 -3 0 0 0 01 0

Now you do row operations to keep the simple columns of [11.15/ simple in 11.16. Of
course you could permute the columns if you wanted but this is not necessary.

This yields the following for a simplex tableau. Now it is a matter of getting rid of
the positive entries in the bottom row because you are trying to minimize.

o010 Z —-10 L L1 oo 2
1003005—?’200g
3 3 3 3
001 -2 1 0 -1 0 00 1
1 1 1 1
oo oy 2 dgg i
000?’1051701%
3 3 73 3

The most positive of them is the 2/3 and so I will apply the algorithm to this one first.
The pivot is the 7/3. After doing the row operation the next tableau is

3 3 1 2
0701—703%007
1 £ oo I o 2 -3 o0 L
o ¢ 10 L o5 2 g1
o I o0 1o 3 2ok

7 7 T T T
0—%00%11—?002

2 4
0o -2 00 -2 0 -2 -2 01 &

and you see that all the entries are negative and so the minimum is 64/7 and it occurs
when 1 = 18/7, 20 = 0,23 = 11/7, 24 = 2/7.
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There is no maximum for the above problem.

this and attempt to use the simplex algorithm.

same way. Recall it is

[l eell S =
OO O O o
oo —=OO

W~

It )

wlns| S |

-1
0
1
0

-1

-1

O =R OO OO

W~

Wl
= ol =t

3
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However, I will pretend I don’t know
You set up the simiplex tableau the

Wl
[\v]

wl

o

W 0| ~X | =

OO = O OO

_ O OO oo

ol S|l = coloccolro

Now to maximize, you try to get rid of the negative entries in the bottom left row. The
most negative entry is the -1 in the fifth column. The pivot is the 1 in the third row of
this column. The new tableau is

1 1

[=NeNeNal =]
S oo oo
== O = O

‘ Qo]
[\]

wlot ‘

Wl

ol

SO OoOo—=HOO

Consider the fourth column. The pivot is the top 1/3.

0 3
1 -1
0 6
0 1
0 -5
0 4

3
-1
7
1
—4
5

OO OO O

S OO~k OO

2 1
0 -5 3
0 5 -3
0 -1 0
0o —1 _1
P
i 1
0 -3 —3
0 -2 1
0 1 -1
0 —5 2
0 -1 0
1 3 -4
0 -4 1

SO~ O OO

_ o oo oo

o] Leo| Lol 1 calontolen

The new tableau is

O O OO

0 5
0 1
0 11
0 2
0 2
1 17

There is still a negative in the bottom, the -4. The pivot in that column is the 3. The

algorithm yields

0o -1
1 2

3
0o —Z
o 3
0 3

8
0 —3

oo o=

—

[SH U Y]]

Note how z keeps getting larger.
pivot is the single positive entry,

5 3
3 2
14 7
4 2
4 1
13 6

2
1
5
1
0

4

[=NelelNeBoll S

SO OoOo = OO

wN
—

w

COIHL0| —o| H| t

O =R O O OO

| |
wlot

o eliscolnes|

ol
Iy

-

o= O OO

0

—ooococo
ol Brolneolonco|Sxolcolg

Consider the column having the —13/3 in it. The
1/3. The next tableau is

1

OO OO

0

S OO = OO

-1
-1
-3
-1
-1
-3

0

_— o O O

0

0

S o oo+

There is a column consisting of all negative entries.
Note also how there is no way to pick the pivot in that column.

0

oo~ OO

0

= O O o O

8
1
19
4
2
24

There is therefore, no maximum.

Example 11.3.3 Minimize z = x1 — 3xo + x3 subject to the constraints x1 + o+ x3 <
10,21 + 22 + 23 > 2, 1 + 2 + 323 < 8 and x1 + 2z + x3 < 7 with all variables

nonnegative.
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There exists an answer because the region defined by the constraints is closed and
bounded. Adding in slack variables you get the following augmented matrix correspond-
ing to the constraints.

1111 0 0 0 10
1110 -1 0 0 2
113 0 0 1 0 8
1210 0 01 7

Of course there is a problem with the obvious solution obtained by setting to zero all
variables corresponding to a nonsimple column because of the simple column which has
the —1 in it. Therefore, I will use the simplex algorithm to make this column non
simple. The third column has the 1 in the second row as the pivot so I will use this
column. This yields

0 0 01 1 0 0 8
1 110 -1 0 0 2
-2 -2 00 3 1 0 2 (11.17)
0 100 1 015

and the obvious solution is feasible. Now it is time to assemble the simplex tableau.
First add in the bottom row and second to last column corresponding to the equation
for z. This yields

o o0 o0 1 1 00 0 8
1 1 1 0 -1 0 0 0 2
-2 -2 0 0 3 1 0 0 2
0 1 0 0 1 01 0 5
-1 3 -1 0 0 0 0 1 0

Next you need to zero out the entries in the bottom row which are below one of the
simple columns in [11.17. This yields the simplex tableau

0 0 01 1 00 0 8
1 1 10 -1 00 0 2
-2 -2 00 3 1 0 0 2
0 1 00 1 01 0 5
0o 4 00 -1 0 0 1 2

The desire is to minimize this so you need to get rid of the positive entries in the left
bottom row. There is only one such entry, the 4. In that column the pivot is the 1 in
the second row of this column. Thus the next tableau is

o 0 0 1 1 00 0 8
11 1 0 -1 00 0 2
0o 0 2 0 1 1 0 0 6
-1 0 -1 0 2 01 0 3
-4 0 -4 0 3 00 1 -6

There is still a positive number there, the 3. The pivot in this column is the 2. Apply
the algorithm again. This yields

1 1 1 13
?0?100—50?
?12000503
505001_%0%
—éO—éOlO%O%

3 1
-2 0 -3 000 -3 1 -2
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Now all the entries in the left bottom row are nonpositive so the process has stopped.
The minimum is —21/2. Tt occurs when 27 = 0, 22 = 7/2,23 = 0.

Now consider the same problem but change the word, minimize to the word, maxi-
mize.

Example 11.3.4 Mazimize z = x1 — 3xo + x3 subject to the constraints r1+ xo +x3 <
10,21 + 29 + 23 > 2, 1 + 20 + 323 < 8 and x1 + 222 + x3 < 7 with all variables
nonnegative.

The first part of it is the same. You wind up with the same simplex tableau,

0 0 01 1 00 0 8
1 110 -1 0 0 0 2
-2 -2 00 3 1 0 0 2
0 1 00 1 01 0 5
0O 4 00 -1 00 1 2

but this time, you apply the algorithm to get rid of the negative entries in the left
bottom row. There is a —1. Use this column. The pivot is the 3. The next tableau is

2 2 1 22
2 2 o910 - oo 2
I 1 41990 & 0o &
3. 3

R it 3
2 -2 001 5 00 2
2 5 po0oo0 - 10 &
32130 13 g
-2 D o000 % 01 &

There is still a negative entry, the —2/3. This will be the new pivot column. The pivot
is the 2/3 on the fourth row. This yields

0 -1 01 0 0 -10 3
0 -2 100 % -3 0 %
01 001 0 1 05
1 2 000 -1 2 o
05 000 0 1 1 7

and the process stops. The maximum for z is 7 and it occurs when z7 = 13/2,z5 =
0,.133 = 1/2.

11.4 Finding A Basic Feasible Solution

By now it should be fairly clear that finding a basic feasible solution can create consider-
able difficulty. Indeed, given a system of linear inequalities along with the requirement
that each variable be nonnegative, do there even exist points satisfying all these inequal-
ities? If you have many variables, you can’t answer this by drawing a picture. Is there
some other way to do this which is more systematic than what was presented above?
The answer is yes. It is called the method of artificial variables. T will illustrate this
method with an example.

Example 11.4.1 Find a basic feasible solution to the system 2xy, + ro — x3 > 3,21 +
To+x3>2, 21+ +23 <7 and x> 0.

If you write the appropriate augmented matrix with the slack variables,

21 -1 -1 0 0 3
11 1 0 -1 0 2 (11.18)
11 1 0 0 17
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The obvious solution is not feasible. This is why it would be hard to get started with
the simplex method. What is the problem? It is those —1 entries in the fourth and fifth
columns. To get around this, you add in artificial variables to get an augmented matrix
of the form

21 -1 -1 0 01
1 1 1 0 -1 0
11

0 3
01 2 (11.19)
1 0 0 100 7

Thus the variables are z1, 9,23, 4, x5, 6, 7, Tg. Suppose you can find a feasible so-
lution to the system of equations represented by the above augmented matrix. Thus
all variables are nonnegative. Suppose also that it can be done in such a way that
rs and x7 happen to be 0. Then it will follow that z1,--- ,z¢ is a feasible solution
for 11.18. Conversely, if you can find a feasible solution for [11.18) then letting z7 and
xg both equal zero, you have obtained a feasible solution to [11.19. Since all variables
are nonnegative, x7 and xg both equalling zero is equivalent to saying the minimum
of z = x7 4+ xg subject to the constraints represented by the above augmented matrix
equals zero. This has proved the following simple observation.

Observation 11.4.2 There exists a feasible solution to the constraints represented by
the augmented matriz of [11.18 and x > 0 if and only if the minimum of x7 4+ xg subject
to the constraints of 11.19 and x > 0 exists and equals 0.

Of course a similar observation would hold in other similar situations. Now the point
of all this is that it is trivial to see a feasible solution to [11.19, namely zg = 7,z7 =
3,xs = 2 and all the other variables may be set to equal zero. Therefore, it is easy to
find an initial simplex tableau for the minimization problem just described. First add
the column and row for z

21 -1 -1 0 0 1 0 0 3
11 1 0 -1 0 O 1 0 2
11 1 0 0 1 0 0 0 7
0 0 O 0 0 0 -1 -1 1 0

Next it is necessary to make the last two columns on the bottom left row into simple
columns. Performing the row operation, this yields an initial simplex tableau,

21 -1 -1 0 0100 3
1 1 1 0 -1 0 0 1 0 2
1 1 1 0 0 1.0 0 0 7
32 0 -1 -1 0 0 0 1 5

Now the algorithm involves getting rid of the positive entries on the left bottom row.
Begin with the first column. The pivot is the 2. An application of the simplex algorithm
yields the new tableau

1 1 1 1 3
Ly =3 3 00 3 00 3
0?5%—10—§1o§
0 3 § O 1 -zo003

Now go to the third column. The pivot is the 3/2 in the second row. An application of
the simplex algorithm yields

1 % 0 —3 —é 0 3 é 0 %

0 35 1 % -5 0 _% 3 0 3 (11.20)
0 0 0 O 11 0 -1 05 '
0 0 0 O 0 0 -1 -1 1 0
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and you see there are only nonpositive numbers on the bottom left column so the
process stops and yields 0 for the minimum of z = x7 + xg. As for the other variables,
x1 = 5/3,29 = 0,23 = 1/3,24 = 0,25 = 0,26 = 5. Now as explained in the above
observation, this is a basic feasible solution for the original system [11.18.

Now consider a maximization problem associated with the above constraints.

Example 11.4.3 Mazimize x1 — x2 + 2x3 subject to the constraints, 2x1 + ro — x3 >
3,21 +xot+x3>2,21+22+23 <7 and x> 0.

From [11.20/ you can immediately assemble an initial simplex tableau. You begin
with the first 6 columns and top 3 rows in [11.20. Then add in the column and row for
z. This yields

2 1 _ 1 5
BN
3 3 3 3
6 0 0 0 1 1 0 5
-11 -2 0 0 01 0

and you first do row operations to make the first and third columns simple columns.
Thus the next simplex tableau is

1 2 9o -1 1L g o 5
0 it 1 3 0 0 2
3 3 3 3
0 0 0 O 1 10 5
7 1 5 7
03 0 3 -3 013

You are trying to get rid of negative entries in the bottom left row. There is only one,
the —5/3. The pivot is the 1. The next simplex tableau is then

1 2 9 -1 o L ¢ 10
0 i 1 13 0 g 0 ﬁl
3 3 3 3
0 00 0 1 1 0 5
7 1 5 32
6 3 0 5 0 3 1 %

and so the maximum value of z is 32/3 and it occurs when x; = 10/3,25 = 0 and
x3 =11/3.

11.5 Duality

You can solve minimization problems by solving maximization problems. You can also
go the other direction and solve maximization problems by minimization problems.
Sometimes this makes things much easier. To be more specific, the two problems to be
considered are

A.) Minimize z = ¢x subject to x > 0 and Ax > b and

B.) Maximize w = yb such that y > 0 and yA < c,

(equivalently ATyT > e and w = bTyT) .

In these problems it is assumed A is an m X p matrix.

I will show how a solution of the first yields a solution of the second and then show
how a solution of the second yields a solution of the first. The problems, A.) and B.)
are called dual problems.

Lemma 11.5.1 Let x be a solution of the inequalities of A.) and let'y be a solution of
the inequalities of B.). Then

cx > yb.
and if equality holds in the above, then x is the solution to A.) and 'y is a solution to
B.).
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Proof: This follows immediately. Since ¢ > y A,
cx > yAx > yb.

It follows from this lemma that if y satisfies the inequalities of B.) and x satisfies
the inequalities of A.) then if equality holds in the above lemma, it must be that x is a
solution of A.) and y is a solution of B.). This proves the lemma.

Now recall that to solve either of these problems using the simplex method, you
first add in slack variables. Denote by x’ and y’ the enlarged list of variables. Thus x’
has at least m entries and so does y’ and the inequalities involving A were replaced by
equalities whose augmented matrices were of the form

(A =T b),and (AT I <)

Then you included the row and column for z and w to obtain

A -1 0 b AT 1T 0 T
(—c 0 1 O>and(—bT01 O)’ (11.21)
Then the problems have basic feasible solutions if it is possible to permute the first
p 4+ m columns in the above two matrices and obtain matrices of the form

B F 0 b By o 0 c’
( —cg —cp 1 0 > and < _bgl _bgl 1 0 (11.22)

where B, B; are invertible m xm and px p matrices and denoting the variables associated
with these columns by xp,yp and those variables associated with F' or F} by xr and
yF, it follows that letting Bxg = b and xz = 0, the resulting vector, x’ is a solution to
x’ > 0 and ( A —I )x’ = b with similar constraints holding for y’. In other words,
it is possible to obtain simplex tableaus,

I B~F 0 B 'b I Bi'Fy 0 B;i'ch
( 0 cgB'F—cr 1 cgB™'b )’( 0 bngle—bITﬂ1 1 bngflcT )

(11.23)
Similar considerations apply to the second problem. Thus as just described, a basic
feasible solution is one which determines a simplex tableau like the above in which you
get a feasible solution by setting all but the first m variables equal to zero. The simplex
algorithm takes you from one basic feasible solution to another till eventually, if there
is no degeneracy, you obtain a basic feasible solution which yields the solution of the
problem of interest.

Theorem 11.5.2 Suppose there exists a solution, x to A.) where x is a basic feasible
solution of the inequalities of A.). Then there exists a solution, y to B.) and cx = by.
It is also possible to find y from x using a simple formula.

Proof: Since the solution to A.) is basic and feasible, there exists a simplex tableau
like [11.23 such that x’ can be split into xp and xp such that xz = 0 and xg = B~ 'b.
Now since it is a minimizer, it follows cg B~'F — cx < 0 and the minimum value for ¢x
is cg B~'b. Stating this again, cx = cg B~'b. Is it possible you can take y = cg B~1?
From Lemma [11.5.1] this will be so if cgB~! solves the constraints of problem B.).
Is cgB~' > 0? Is cgB~'A < ¢? These two conditions are satisfied if and only if
cpB~! ( A -1 ) < ( c O ) . Referring to the process of permuting the columns of
the first augmented matrix of [11.21] to get [11.22 and doing the same permutations on
the columns of ( A —T ) and ( c 0 ) , the desired inequality holds if and only if
cgB! ( B F ) < ( cg Cp ) which is equivalent to saying ( cg cpB7lF ) <
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( ¢ cr ) and this is true because cg B™'F — ¢y < 0 due to the assumption that x
is a minimizer. The simple formula is just

Yy = CBB_l.

This proves the theorem.
The proof of the following corollary is similar.

Corollary 11.5.3 Suppose there ezists a solution, y to B.) wherey is a basic feasible
solution of the inequalities of B.). Then there exists a solution, x to A.) and cx = by.
It is also possible to find x from y using a simple formula. In this case, and referring
tol11.253, the simple formula is x = Bl_Tbgl.

As an example, consider the pig farmers problem. The main difficulty in this problem
was finding an initial simplex tableau. Now consider the following example and marvel
at how all the difficulties disappear.

Example 11.5.4 minimize C = 2x1 + 3x2 + 2x3 + 3x4 subject to the constraints

T, 4 2x9 + T3 + 314
5x1 + 3x9 + 223 + x4
T + 229 + 223 + x4
2@, + X9 + T3 + x4

r1 +To + a3+ 24

IV IV IV IV IV
B N O 0w

where each x; > 0.

Here the dual problem is to maximize w = 5y; + 8ys + 6ys + 7ys + 4ys subject to
the constraints

15 1 2 1 v 2

23 21 1 Y2 3

12 2 1 1 ys | S| o

31 1 1 1 Ya 3
Ys

Adding in slack variables, these inequalities are equivalent to the system of equations
whose augmented matrix is

151211000 2
232110100 3
122110010 2
3111100013

Now the obvious solution is feasible so there is no hunting for an initial obvious feasible
solution required. Now add in the row and column for w. This yields

1 5 1 2 1100 0 0 2
2 3 2 1 1 0100 0 3
1 2 2 1 1 001 0 0 2
3 1 1 1 1 00 01 0 3
-5 -8 -6 -7 =4 0 0 0 0 1 O

It is a maximization problem so you want to eliminate the negatives in the bottom left
row. Pick the column having the one which is most negative, the —8. The pivot is the
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top 5. Then apply the simplex algorithm to obtain

1 1 1 2 1 I 900 00 2
i A A 8
0 g 10 00
3 0 8 1 3 _3 01 0 0 8
5 5
i i3 1k i
A7 0 %o %o %2 s 0010 1
-5 0 -5 -5 - 5 0001 %

There are still negative entries in the bottom left row. Do the simplex algorithm to the
column which has the —2—52. The pivot is the %. This yields

1 3 1 1 1 1
£ 00 -2 -4 -2 1 -I 00 2
3 R | 5 3
5 0 1 5§ 10 2 00 2
5 00 & 3 0 0 —15 10 2
7 13 3 1 1 13
-3 00 - -3 3 0 7 01 %

and there are still negative numbers. Pick the column which has the —13/4. The pivot
is the 3/8 in the top. This yields

5 5 015 5 0 -500 3
1 1000 0 1 -1 00 1
IR
5, % 005 @0 5 Log
-3 3 003 3 0 3 01 %

whi