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1 Introduction

One of the most important and ubiquitous tasks in image analysis is segmentation. Segmen-
tation is the process of partitioning an image into a set of distinct regions, which are different in
some important qualitative or quantitative way. This is a critical intermediate step in all high
level object-recognition tasks. For example, if we want to locate the face of a particular person
in an image of a crowd, we must first determine which parts of the image correspond to human
faces. Other common segmentation tasks include segmenting written or typset characters on a
page, segmenting tumors from healthy brain tissue in an MRI image, etc.

In this paper we will introduce a method for segmenting images that was developed by Chan
and Vese in [1]. This is a powerful, flexible method that can successfully segment many types of
images, including some that would be difficult or impossible to segment with classical thresh-
olding or gradient-based methods. We will outline the derivation of this method, present an
algorithm for segmenting images, and examine performance on some example images.

2 Geometric Models and Level Set Methods

The Chan-Vese algorithm is an example of a geometric active contour model. Such models
begin with a contour in the image plane defining an initial segmentation, and then we evolve
this contour according to some evolution equation. The goal is to evolve the contour in such a
way that it stops on the boundaries of the foreground region. There are various ways to define
the evolution equation; for example, the contour might move with a velocity that depends on
the local curvature at a given point or the image gradient at that point. The Chan-Vese algo-
rithm evolves this contour via a level set method, discussed below.

2.1 Level Set Methods

Level set methods are a powerful tool for performing contour evolution. We define some



function ¢(i, j,t) (the level-set function), where (i, j) are coordinates in the image plane and ¢ is
an artificial “time.” At any given time, the level set function simultaneously defines an edge con-
tour and a segmentation of the image. The edge contour is taken to be the zero level set {(,
j)s.t.¢(i, j,t) =0}, and the segmentation is given by the two regions {¢ > 0} and {¢ <0}. The
level set function will be evolved according to some partial differential equation, and hopefully
will reach a steady state lim;_, o, ¢ that gives a useful segmentation of the image.

As a simple illustration of this concept, suppose we have a 100 x 100 image, and by some
means we determine a level-set function to be ¢(i, j) = (z — 50)% + (y — 50)2 — 600.
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Figure 1. (top) Surface plot of an example level set function f(z,y) and (bottom) its zero level contour
in the image plane.
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If we define the foreground to be the region where ¢ < 0, then the foreground found by this
segmentation would be the region inside the circle. Level set methods are especially useful
because they can easily handle topological changes in the edge contour that would be difficult to
handle with a model that directly evolves the contour. Since this contour is computed indi-
rectly as the zero contour of a surface in a higher dimension, there are no computational issues
when this contour splits from, say, a single circle into two distinct closed curves; the level set
function is represented by a smooth surface in either case.

The most important (and most difficult) step is to actually determine a level set function
that segments the image in a meaningful way. The simplest useful example would be to define
the level set function to be the value of a gray level image at each pixel minus some threshold,
ie. set ¢(i,j)=1(i,j) —t. Then the level set function is positive in regions where the gray level
is above the threshold, and negative in regions where the gray level is below the threshold. Of
course, the level set formalism is not necessary for this simple example, but it illustrates the
basic idea.

2.2 Variational Level Set Methods

The Chan-Vese algorithm uses variational calculus methods to evolve the level set function.
Variational methods work by seeking a level set function that minimizes some functional. In
this context, by functional we mean a mapping that takes a level set function ¢ as input, and
returns a real number. The problem is then to seek a function ¢ that is a critical point (min-
imum or maximum) of this functional. The hope is that we can come up with a functional
whose critical points are level sets that give useful segmentations for a given problem.

As a toy example, suppose we have a bi-level image I with domain ) that takes on only the
values — 1 and 1. Define a functional F' such that, for any function ¢: Q2 — R,

F[qs]:/ﬂ H($)I,

1,z>0
0,z=0
integral is interpreted as a sum over all the image pixels. The value of this functional is simply
the integral of I over all the pixels where ¢ is positive. Ignoring for the moment how we might
determine a minimizer for this functional computationally, it is intuitively obvious that the min-
imizers are precisely those functions ¢ that are positive only where I = — 1.

where H is the Heaviside function H(z) = { In the practical, discrete-image case the

Coming up with an appropriate functional, and determining a way to find a minimizer of
that functional, is a difficult problem. In the rest of this paper we will focus on one such func-
tional that works well for a large class of images, and describe how it is used in practice to per-
form image segmentation.

3 The Chan-Vese Segmentation Algorithm

3.1 The Fitting Energy Functional



Having introduced the necessary concepts, we come now to the main algorithm explored in
this paper. We start by introducing the functional that forms the basis for the Chan-Vese algo-
rithm, which we will refer to as the “fitting energy” functional [1]. The goal of the segmentation
algorithm will be to minimize this fitting energy for a given image, and the minimizing level set
function ¢ will define the segmentation. In its most general form, the fitting energy is

—u(/Q|VH(¢>|dw)p+u/Q H(¢)da

+)\1/Q |I—cl|2H(q§)dm+)\2[2 1T — es2(1 — H(6)) da

I, vy A1, A2 and p are parameters selected by the user to fit a particular class of images. Note
that this is a generalization of the Mumford-Shah functional introduced in [2]; the Mumford-
Shah functional is obtained by setting p =1, v =0, and Ay = Ay = 1. Here H is the Heavyside
function, [ is the image to be segmented, and € is the domain of that image. ¢ and cq are the
averages of the image I in the regions where ¢ >0 and ¢ < 0, respectively, given by

o _Jol H(@)dedy [ 1-(1- ¢))dzdy
g H@dady P [ 1— Ndedy

The first term, p( [, |VH(¢)|)p, can be thought of as a penalty on the total length of the
edge contour for a given segmentation. If we expect a region with a smooth boundary, we
might weight this term more heavily to avoid finding a complex (and therefore long) perimeter.
Similarly, the term v [ o H (¢)d z is a penalty on the total area of the foreground region found
by the segmentaion.

The third term, A\, [ [I — c1|*H(¢)d x, is proportional to the variance of the image gray

level in the foreground region and measures how “uniform” the region is in terms of pixel inten-
sity. The fourth term does the same for the background region. Minimizing the sum of these
two terms, then, leads to a segmentation into a foreground and background region that are each
as uniform as possible. For example, in a bilevel image where pixels can take on only two
values, the sum of these terms is minimized by taking a segmentation that includes all pixels of
the first value in the foreground region, and no pixels of the second value. Usually, we take
A1 = X2 =1, but we can adjust them as necessary to weight one term more heavily. If we set
A1 =2, A2 =1, then our final segmentation will have a more uniform foreground region (since the
energy contributed by the “variance” in the foreground region is weighted more heavily), at the
expense of allowing more variation in the background. In applications where we expect, say, an
approximately black background and foreground objects with varying gray levels, we would
want to set A1 < As.

3.2 The Variational PDE

In [1] the Euler-Lagrange equations and the gradient-descent method are used to derive the
following evolut1on equation for the level set function ¢ that will minimize the fitting energy
F(¢) (¢+:= qb where ¢ is an artificial “time”):

qstaw)[up( i 5<¢>|v¢|> 1dw(|v¢|)umucl)?pm(l@f .

In order to solve this PDE numerically, we must discretize it. Let ¢;'; denote the value of
the level set function ¢ at pixel (i, j) at iteration n. As in [1], we will use the following nota-
tion for the spatial finite differences (with an implied pixel spacing of h =1 unit):

100 5= i, — 015 ALGL = 05 — dia,
¢zg ¢z ,J+1 ¢z jaAy¢z] ¢zg (b?,jfl
n+17¢1]

For the “time” direction we will use the forward difference N
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The linearized, discretized partial differential equation that we must solve to minimize the
fitting energy is given by [1] as
ntl_ gn .
¥ i _

At

n+1
+%i,j

A"
( VIALGE )P/ + (0 41— 01 j-1)%/ (20)? >

on(@7)7(p- L(6™)P™Y)

Ay n+1
+AY -
V(81,5 — 61, 5)?/(2h)* + (AL 87 5)°/1?
= 0n(97 ) (v + Mi(lij — e1(¢"))? = Xa(Li 5 — c2(9"))?).
dp, is a smoothed version of the delta function, given by

1 A

WD =i

L(¢™) is the perimeter length of the zero level set of ¢™, computed as
L") = [ BV e |dady.

We define the following constants to simplify the final expression:

1
Ci=
V(@ ;= 08 )2+ (07 41— 01 j—1)2/4
1
Co=
\/¢ w1 ) (AP e — Pi,j—1)%/4
03: n n 21 n n \2
VPt = 0F_1 )2 4+ (P} j 11— D7)
Cy= 1

V@O j—1— 1, -1)2 4+ (o] — ¢?,j71)2.

Expanding out the finite difference operators and substituting in these constants, the equation
becomes

w1 2l ute -L<¢”>p-1><cl+02+03+04>]

7(7751,] (¢l,]) ( (¢n)p 1)|:Ol¢z+1 J+CQ¢1 1 J+O3¢z J+1+O4¢Z 371:|

,Atéh( ?7])[1/#»)\1( i,j 7Cl(¢n))27A2(Ii7j 702((25”))2].

3.3 Solving the Variational PDE

To solve this equation for ¢"T! we use the iterative method presented in [3]. To maintain
consistency with the notation in [3], we introduce more constants and rewrite our equation as

Z}Ll Fl(??jllg+F2¢?+113+F3¢7}L-|1r1+F4¢3}Li1+Fpi,ja
where
P Aton(¢} ) u(p- L(¢™P~ 1) C;
"+ Ata(oF ) pu(p- L(¢™)P1)(C1+ Co+ Cs+ Cy)

h
~ h+ Atop(oF ;) p(p- L(¢™)P~H)(C1+ Ca+ C3+Cy)’

fori=1,2,3,4,




and
pij= o1 — Aton (o7 ) [V + ML j — c1(¢9™)? = Xa(Li, j — c2(0™))?].

We can then compute ¢"*! as in Proposition 6.1 of [3] as follows (here M and N are the image
row and column dimensions respectively):

Algorithm
for i = 1:M
for j = 1:N
Compute [, Fy, F3,Fy,and F', replacing ¢ 1 ;, i j_1 with (b?jl{],gb”;ril
when computing Cj
Set ¢n+1 F1¢?+1,j+F2¢?j11,j+F3¢ﬁj+1+F4¢?,}rl1+Fpi,j-

Note that at each step we are only using values of ¢"*! that were computed previously, so
this method is explicit and can be implemented easily without need for a general PDE or ODE
solver.

3.4 Reinitializing the Level Set Function

It is necessary at each iteration to rescale the level set function to keep it from becoming too
flat. This is necessary because of “blurring” that occurs due to our use of the smoothed delta
nction . The procedure for performing this reinitialization is outlined in [1], and described in
more detail in [4]. The idea is to set 1(0) = ¢, and then evolve v according to

Pr=sign(o(t))(1—[Vi]).

The steady state of this evolution will be the signed distance function to the zero level contour
of ¢; that is, ¥ will have the same sign as ¢ at each point, and the magnitude at a point will be
the distance from that point to the contour {¢=0}. We then reinitialize ¢ to .

Another iterative scheme is used to solve this equation numerically [1]:

wnJrl wz J ATs1gn(¢(t))G(w{f]),

where

Vmax ((a4)?, (b-)?) +max ((c4)? (d_)% — 1 é(t,i,7)>0
1/)%] \/max a’ 2’ b )2+max((c,)2, (d+)2)*1 (b(tvl_a]:)<0

a4+ =max (a,0),a_ =min (a,0), etc.

In practice we only need to evolve this equation until the region around the zero contour of ¥ is
no longer changing by much; at each time step we compute

S 1675 = 07

=T a <y

and stop the iteration when Q < At - h2.
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Figure 2. (left) A “bump” level set function with a circular zero contour. (right) A “rescaled” function with the same zero level
set, found by performing the reinitialization procedure described above on the left function

3.5 Summary: The Full Algorithm

We now have everything we need to perform image segmentation. Note that there is an
extra loop over k; usually, we take numlterationsInner = 1, but for noisy images we set
numlterationsInner = 5; that is, we run the iteration 5 times with the same values for ¢; and co

[1].

Algorithm
Given an image I, an initial level set function ¢y, and parameters u,V,p,A1,A2,dt,h

Set ¢=¢o
for k = l:numlterationsOuter
Compute c¢; and ¢y for the current ¢
for 1 = l:numlIterationsInner //
Update ¢ using the Chan-Vese iteration
Reinitialize ¢ to the signed distance function to its zero contour

4 Results

We will now examine the performance of this algorithm when applied to several types of
images. The following set of parameters will be taken as a baseline:

Al=A2=1
p=1
1n=0.5
v=0
h=1,dt=0.1



Unless otherwise stated, we will perform one iteration of the inner loop of the algorithm; that is,
we will update ¢ only once for each update of the averages ¢; and c.

4.1 Performance Metric

We will use a region overlap metric to evaluate performance; given a baseline foreground
region R; (assumed to be the true foreground region) and the foreground region Rs found by the

algorithm, we set E1(Ry, R2) = %, Es(Ry, Ro) = % Thus, E4 is a measure of the

number of “false negative” pixels in the segmentation given by the algorithm and FE5 is a mea-
sure of the number of “false positives.” A perfect segmentation will give F; = E5 = 0; the worst
possible segmentation (where the true foreground and background regions are reversed) will give
Ey=FE>=1. We will plot max (E1, E») and min (Ey, Es) against varying parameters.

4.2 Segmenting A Synthetic Bilevel Image

We start with a trivial example; a smooth, synthetically generated image consisting of only
two distinct graylevels. The correct segmentation is immediately obvious in this case, and could
be obtained easily by a thresholding algorithm. This image is segmented in one iteration with
the default parameters of our algorithm.

Figure 3. (left) The image with an initial contour and the edge contour after one interation. (right) the
initial segmentation and the segmentation after one iteration
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The segmentation is achieved in one iteration and is nearly perfect. We now vary the
timestep to see how large we can make it and still segment the image well in one step.
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Figure 4. (top) Overlap error after one iteration for small dt, (bottom) Overlap one error after one
iteration for larger dt



This image can be segmented well in one iteration for timesteps greater than about 0.001.
We get a good segmentation after one iteration even for very large timesteps. Next we see what
happens when we perform multiple iterations with a small timestep (dt = 0.001) or a large
timestep (dt =50.0).
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Figure 5. (top) Overlap error vs. number of iterations for a small timestep. (bottom) Overlap error vs.
number of iterations for a large timestep
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As expected, when the timestep is small the segmentation converges. However, if we take
the timestep too large, the results diverge after a few iterations even though the segmentation is
initially good. In practice, we do not know a priori how many iterations it will take to segment
a given image, so we need to choose a smaller timestep; we will use dt = 0.1 for the rest of this

paper.

4.3 A Synthetic Bilevel Image with Noise

The previous image was easily segmented by our algorithm, but that image could have been
segmented just as well by a much simpler method. Now we add a significant amount of noise to
get an image that is less trivial to segment correctly. There is now far too much noise to get a
decent segmentation with a direct thresholding method:

Figure 6. (top) The noisy image, and (bottom) the segmentation obtained by thresholding using the
Kittler-Illingworth method. For this segmentation, max (F1, E3) = 0.5625, min (E;, E2) = 0.1222; over
half the image pixels are segmented incorrectly.

An edge-based segmentation, such as a Sobel gradient method, will perform even worse since
there are no well defined edges. To use such a method effectively we would need to perform
denoising in a preprocessing step.

The Chan-Vese algorithm can give a good segmentation even of very noisy images. We will
use the true segmentation from the noiseless image as a baseline for forming the overlap errors.



As mentioned, for this noisy image we perform five iterations of the algorithm for each fixed
value of c¢1, co. In each of the plots below, we set all the parameters to their default value, then
vary one parameter at a time and plot the overlap errors against that parameter.

Note that in the plots below the two dashed green lines represent min (F7, F3) and max (Ej,
E») for the Kittler-Illingworth thresholding segmentation, for comparison purposes.
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Figure 7. Overlap errors vs. length penalty p. The best segmentation is obtained for p~ 94.
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Figure 9. Overlap errors vs. p. For p =2 we get a segmentation that is significantly better than the
thresholding case.
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Figure 10. Overlap error vs. A\;. Changing A; from 1 does not improve the segmentation, since our
foreground and background regions both have uniform intensity before noise is added. The results for
varying Ao are similar.

Here is the segmentation of this image attained by setting p = 2, 4 = 1, and all the other
parameters to their defaults:



Figure 11. Segmentation of a noisy image. (left) The original image and the detected edge contour
after 0, 3, and 5 iterations. (right) The computed segmentation after 0, 3, and 5 iterations. The
overlap error is less than five percent.

4.4 Algorithm Running Times

We examine the time it takes to run one iteration of the Chan-Vese algorithm as a function
of image size. We use the square bilevel image from section 4.2 at various scales, setting N =
256,512,1024, 2048, and 4096. The running time is approximately proportional to the number of
pixels, N2, taking a total of 0.36 seconds for the 256 x 256 image and 26.2 seconds for the
4096 x 4096 image. Each of these images is successfully segmented with this one iteration.
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Figure 12. Time (in seconds) to complete one iteration of Chan-Vese algorithm, approximately

For the smallest image, the time is dominated by the step that reinitializes ¢ to the signed
distance function to its zero level set; for the 256 x 256 image this step takes about 85% of the
total time. However, for large images the main iteration takes longer, taking up about 75% of
the total time for the 4096 x 4096 image. The time for the main algorithm is almost exactly
proportional to N2, while the time for the reinitialization step is not linearly related to N2.

10 ; .
—=—Time for main loop
— = Time for reinitializatian e ]
2 — " line with slope 2 it
10 F £ - 1
1 ]
10 3
. ]
10 E
-1 1
10 F E
-2 1
-ID L L 1 L 1 T | L L 1 L 1 T
2 5 4
10 10 10

Figure 13. Time (in seconds) to complete the main iteration of the Chan-Vese algorithm (blue) and to
complete the reinitialization step (red)



Even ignoring the reinitialization step, the Chan-Vese algorithm takes about 0.1 seconds per
iteration on a 256 x 256 image with 256 gray levels. This makes it unfeasible for use in real
time applications such as live video tracking; in such applications the segmentation time must
be at most on the order of the video frame rate. The algorithm is more suited to applications
where speed and processing power are not of paramount importance, such as in medical image
analysis where processing can be done offline after the images are acquired.

4.5 Miscellaneous Scenarios

Finally, we present some segmentation results from various image types to showcase the
utility of this algorithm.
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Figure 14. Segmenting typeset characters. Default parameters, 5 iterations of inner loop.
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Figure 15. Segmenting a tumor (bright white spot) in an MRI image. Large area and length penalty
terms (u~ 70, v ~ 1900). We set A\; = 1.02 to account for the large graylevel variation in the non-tumor
regions. The tumor is segmented well, but we get false positive detection of part of the white skull area
that has approximately the same gray level as the tumor (a better selection of parameters might remove
these false positives).

19



Figure 16. Segmenting an infrared image of a tank. =10, v =500

Figure 17. Detecting blurry objects with different average intensities. Default parameters.
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5 Extensions and Modifications

5.1 Speeding Up the Algorithm: Reduction to an ODE Method

In [5], Gibou and Fedkiw introduced a method to reduce the segmentation problem to an
ordinary differential equation rather than a nonlinear PDE. They ignore the length and area
terms, as well as the delta function term, and set Ay = Ay = 1. This reduces the problem to the
ordinary differential equation

dr=—(I —c1)?>+ (I —c2)?,

with the initial condition ¢(0) = ¢ for some user selected starting function ¢g. We can solve
this equation easily with standard ODE methods, for example, using a 4th order Runge-Kutta
solver. This method is significantly faster than the Chan-Vese algorithm. Implemented in
Matlab, it can segment the 256 x 256 bilevel image from 4.2 in about 0.07 seconds; a C imple-
mentation would be even faster. However, it is effective on a much more restricted class of
images; for example, it does not deal well with very noisy images since there are no length or
area terms.

5.2 Generalizing to Vector-Valued Images

In this paper we have dealt strictly with gray-level images. There is a rather straightforward
generalization to vector-valued images (RGB images, for example), introduced in [7]. It replaces
the fitting energy with a new functional [7]

F(c+,c’,¢):u-L+/

M (z,y) —cfPdzdy
nside(C') NZ

+/ ANz, y) —ci |Pdxy.
outside(C) NZ | |

Here we assume each image pixel is a vector in RY. ¢/ is the average value of the ith compo-
nents of all pixels in the foreground, while ¢; is the average of the ith components in the back-
ground. )\Zi are parameters analogous to the Aj, Ao terms from the scalar model. An iterative
solution method is developed in a similar fashion. This method can then be used to segment

RGB color images, or any other image where the pixels are vector-valued.

5.3 Automated Selection of Parameters and Initial Level Set Function

An important consideration in many practical applications is the automated selection of
parameter values. In this paper, parameters were selected manually to give qualitatively good
segmentations for each test image. In practice, the user would want to be more thorough in
selecting a set of parameters that fit a particular expected data set. In some cases, where we
expect to work on a fairly homogeneous data, we might be able to get away with a hardcoded
set of parameters. For example, if we wish to perform typeset character recognition on scanned
book pages with the same font and similar image quality, we would expect the same set of
parameters to work equally well for any given page. On the other hand, if we want to segment
camera images taken in different lighting conditions and with different backgrounds, it might be
helpful to adjust some of the parameters automatically based on, for example, the dynamic
range, noise, or other computable properties of the image.

Also, in this paper an initial level set was chosen essentially arbitrarily; we used a sort
of “bump” function that gives a circular initial contour. A more intelligent selection of this ini-
tial function can help reduce the number of iterations needed, both in the main algorithm and in
the reinitialization step. As an example, one such method is to set the value of ¢ at each pixel
to ¢o(z, y) = I(x, y) — mean(]); this amounts to starting with an initial segmentation given by
thresholding the image by its mean gray level.



6 Conclusion

We have introduced the Chan-Vese algorithm for image segmentation and shown that it is
effective on a wide variety of images. It is especially useful in cases where an edge-based seg-
mentation algorithm will not suffice, since it relies on global properties (graylevel intensities,
contour lengths, region areas) rather than local properties such as gradients. This means that it
can deal gracefully with noisy images, blurry images, and images where the foreground region
has a complicated topology (multiple holes, disconnected regions, etc).

Although all the test images in this paper took under a minute to segment, the Chan-Vese
algorithm is prohibitively slow for some applications. Depending on the type and size of the
image and the number of iterations needed, the segmentation can take several seconds, which is
too slow to keep up with typical video framerates. A survey of the literature reveals that the
predominant uses of this method have been in medical image analysis, particularly for segmenta-
tion problems where a diagnostically relevant feature such as a lesion or tumor shows up as a
dark or light spot as in figure 15.

Finally, we mention that this algorithm represents an exciting trend in the “modernization”
of image processing and analysis. Mathematical subjects and methodologies which have tradi-
tionally found little use in image processing, such as partial differential equations and variational
calculus, have over the past decade or so found a multitude of applications. From segmentation
to image inpainting and denoising problems and beyond, such methods will no doubt play an
important role in future image analysis research.
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8 Appendix: Guide to Code

Attached files:

e TestChanVese.cpp
Driver program to test the Chan-Vese segmentation algorithm

e ChanVeseSegmentation.cpp/.h
Implementation of the main algorithm. The primary function is
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8 AprPENDIX: GUIDE TO CODE

void ChanVeseSegmentation,
which takes as input a grayscale image, an initial level set function, and a structure

pCVinputs which sets the tunable parameters to be used in the segmentation. The
output is a level set function giving the final segmentation; the edge contour of this

segmentation can be found using the function ZeroCrossings.

e SimpleCVsegment.m
A Matlab implementation of Gibou & Fedkiw’s ODE method. Uses RKstep.m, which

performs a single step of an arbitrary explicit Runge-Kutta solver.



