Valence independent method
for solving string equations



Order N=2 equation from 0 = V/(L), , case j = 5:

0= + 4U2U3 + duzd” + 12u221 + 6u%u2 +4ud'Z
2
+ 2z (u’) + 12uquZ’ + 24upuz + 12u%z +3 (z’)2 + 12z7;



Order N=2 equation from 0 = V/(L), , case j = 5:

0= + 4uzu3 + duzd” + 12u221 + 6u%u2 +4ud'Z
+ 2z (u’)2 + 12uquZ’ + 24upuz + 12u%z +3 (z’)2 + 12z7;

Order N=2 equation from 0 = V/(L), », case j = T:

0= + 6uru® 4+ 30utz + 15ufu4

+ 60wy 32 + 120w 3z 4 60uz?u” + 4502 (z’)2 + 18003 %z
+ 180u2221 + 3022 (u’)2 + 120wz’ 2’ + 2003 20" + 200302
+ 300z (u’)2 + 18Ouzuz2 + 9Ou%z2 + 180wy uzz’ + 602221
+ 40z (z')2



Order N=2 equation from 0 = V/(L), , variable j:
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want formula (general j)



Goal: find formula of the following form.
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Order N=2 equation of 0 = V/(L),

0= (N*2 term of) Z H ansp(iy if p(i +1) = p(i)
peMiti=0 b%+p(,.) if p(i +1) < p(i)
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String polynomials

Theorem. There exist differential operators P( 7)7 indexed by
integer partitions, so that the string equation 0 = V'(L)n,n
becomes
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A similar formula holds for the string equation x = V'(L)p p—1.



Valence independence
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String polynomials

Let /(X\) and /(1) be the numbers of parts of the partitions X, 7).
Let / be the left ideal of the ring C[B, B~1, g, da] generated by
0% + B710g — 403, Then P<a (94, 9g2) is the unique element of
degree 1 in dgz within the followmg coset:

P02, 08) = S A )Wl 0, 05)0) VO mod 1.

The coefficients W: are defined by

10)+1(1)
I [echon)=( - eBh— tA—tBh~1)71
q=0
IO (1 _ Bh — (A —¢BhY)1if Y1 is even
= Wi(0a, 08) IN+im+1 B(h=h"1)/I(n) . :
Oy Y T 7Bh — A —1Bh-T if 3 riis odd

The coefficients Cy are defined by

I+ (920 1y ()h, — 1) +1(m)
0 (2300 o)

Zc (A1) H (hqOh,)"

The conditions on the sum over m, o are that the values of
m:{1,2,...,a+ B} — Z are in 1-1 correspondence with the parts
of XA and 7; and that o : {1,2,...,/(A) + I(n)} — {0,1} is such
that if o(i) = 0, then m(i) is a part of \; and if (i) = 1, then
m(i) is a part of 7.

mo  q=1



Table of string polynomials

o ) )
¢ ¢ 1 1
o 0 —1B20g

¢ 1 10p 0

2 ¢ 1B20405: 1B20% + £ B%0g:
1+1 ¢ £ B20%0p: 5 B203 + 15 B20a0p:

1 1 303 $B2030p:

¢ 2 203 + 50p £B2040p:

¢ 1+1|5B720% - 5B 20p + 5503082 1503 — 15040p:



What does the valence independent
method give us?



z; calculation

(52)- o (27 2 )0 (0)



z; calculation
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e; calculation
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Valence independent formulas for e; and e

e = — % log z + i log(a/B')
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Theorem. There exist polynomials Py such that

z _Pg(u,z,u’,z’,u”,z”,...)
() - 2(v)2)%




Summary so far

m We have given an algorithm for computing “valence
independent” formulas for e,.

m These formulas hold for arbitrary polynomial potentials.



Summary so far

m We have given an algorithm for computing “valence
independent” formulas for e,.

m These formulas hold for arbitrary polynomial potentials.

m Can we eliminate the x-derivatives?

m Is there a better way?



