
First method for computing eg :

Orthogonal polynomials
and string equations



OP kernel formula

Orthogonal polynomials: if m 6= n then

0 =

∫
R
pm(λ)pn(λ)e−NV (λ) dλ.

OP kernel formula [1]

dPn(λ) =
1

n!

n
det
i ,j=1

Kn,N(λi , λj) d
nλ

Kn,N(λ, η) =
pn(λ)pn−1(η)− pn−1(λ)pn(η)

‖pn−1‖2 (λ− η)
exp

[
−N

2
(V (λ) + V (η))

]
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OP’s for odd-dominant potentials

V (λ) =
1

2
λ2 + tλj , j odd, t > 0.



OP’s for odd-dominant potentials

Orthogonality

0 =

∫
Γ
pm(λ)pn(λ)e−NV (λ) dλ

Measure defined on

{U diag(λ1, . . . , λn)U−1 : U Unitary, λi ∈ Γ}



3-term recurrence

λpn(λ) =pn+1(λ) + anpn(λ) + b2
npn−1(λ)

0 =V ′(L)n,n

x =V ′(L)n,n−1

L =


a0 1 0 0
b2

1 a1 1 0
0 b2

2 a2 1
. . .

. . .
. . .


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Szego relation

Zn+1Zn−1

Z 2
n

=
n + 1

n
b2
n



String equations, j = 4

If V = 1
2λ

2 + t4λ
4 then

x = b2
n + 4t4

(
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n+1b

2
n + b4

n + b2
nb

2
n−1

)



String equations, j = 3
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String equations, j = 7
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Asymptotics of recurrence coefficients

Theorem of Ercolani, McLaughlin and Pierce [2]

log
Zn+k,N(t)

Zn+k,N(0)
∼ exp(kN−1∂x)

∑
g≥0

egN
2−2g

b2
n+k,N ∼ exp(kN−1∂x)

∑
g≥0

zgN
−2g

an+k,N ∼ exp(kN−1∂x)
∑
g≥0

ugN
−g

(as n,N →∞ with n/N = x fixed)



Theorem of Ercolani, McLaughlin and Pierce [2]

z :=
1

16
(β − α)2

= lim
n→∞

b2
n,n

=∂2
t1
e0



Asymptotic Szego relation

Zn+1Zn−1

Z 2
n

=
n + 1

n
b2
n

eg =
∑

m+g ′=g

(1− 2m)B2m

(2m)!
∂2m−2
x

(
N−2g ′

term of log b2
n

)
Bm = mth Bernoulli number
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Calculating eg by string equations

Partition
function

Recurrence
coefficients

Generating
functions

Continuum limit of
string equations

String equations

Szego relation Asymptotic
Szego relation

Topologigal
expansion

Topologigal
expansion



Odd valences

Why are odd valences harder?

If V (λ) is even, then an = 0.
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Example: leading order equations

Even valence:

x = z + jtz j/2

Odd valence:

0 =u + jt

(j−1)/2∑
µ=0

(
j − 1

2µ, (j − 1)2− µ, (j − 1)/2− µ

)
u2µz(j−1)/2−µ

1 =z + jt

(j−1)/2∑
µ=0

(
j − 1

2µ+ 1, (j − 1)2− µ, (j − 1)/2− µ− 1

)
u2µ+1z(j−1)/2−µ
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