
KP equations, Virasoro constraints
and the “edge-Toda” equations



KP equation

Kadomtsev-Petviashvili (KP) equation:

0 =3uyy + ∂x
(
−4ut + 12uux + N−2uxxx

)
Models shallow water waves

Admits n-soliton solutions



KP solitons

Image of KP solitons, graphic composed by Yuji Kodama [1].
Photographs by M. Ablowitz.



KP and random matrices

Let t1 = x , t2 = y , t3 = t and introduce variables t4, t5, . . .

u =N−2∂2
x log τ

0 =

∮
0
eN

∑∞
i=1(ti−si )λi τ

(
t1 − N−1λ−1, t2 −

1

2
N−1λ−2, . . .

)
× τ

(
s1 + N−1λ−1, s2 +

1

2
N−1λ−2, . . .

)
dλ

Random matrix partition functions are KP τ -functions:

Zn,N(t) =

∫
H(n×n)

exp

−N Tr

1

2
M2 +

2ν∑
j=1

tjM
j

 dM
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RM partition function is a KP tau-function

τn(t) =
Zn,N(t)

Zn,N(0)

Wave function and dual wave function:

Ψn(λ) =λ−npn(λ)eNξ(t,λ)

Ψ∗n(λ) =
e−Nξ(t,λ)

‖pn−1‖2

∫
ηn−1pn−1(η)

1− η/λ
e−NV (η) dη



Virasoro constraints

ε

∫ [
Tr (I − εM)−1

]2
dM =N

∫
Tr
[
V ′(M)(I − εM)−1

]
dM

0 =N

∫
TrV ′(M) dPn(M)

n =N

∫
TrV ′(M)TrM dPn(M)



Virasoro constraints

Generating function for Virasoro constraints

ε

∫ [
Tr (I − εM)−1

]2
dM =N

∫
Tr
[
V ′(M)(I − εM)−1

]
dM

Virasoro constraint at order ε0:

0 =n2 + ∂t2 logZn,N +
∑
j≥1

jtj∂tj logZn,N
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Edge-Toda equation

N−1an + N−1
∑
j≥1

jtj∂jan =an+1b
2
n+1 − anb

2
n + anb

2
n+1 − an−1b

2
n

N−12b2
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∑
j≥1

jtj∂jb
2
n =b2

n

(
a2
n − a2

n−1 + b2
n+1 − b2

n−1

)
.



Edge variable

dPn(M) =
1

Zn
exp

{
−NTr

(
1

2q
M2 +

∑
tjM

j

)}
dM

eg (x , q, t) =
∑

Γ∈ genus g maps

qE(Γ)xF (Γ)
∏
j

(−tj)Vj (Γ)

Vj(Γ)!



Edge variable
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Applications of the
edge-Toda equation



Leading order of edge-Toda equation

j-regular case:

0 =α + jtαt +
1

8
(3α2 − 2αβ − β2)αx

0 =β + jtβt +
1

8
(3β2 − 2αβ − α2)βx

Similarity reduction

α′ =
α

jx − (j − 2)(3α2 − 2αβ − β2)/16

β′ =
β

jx − (j − 2)(3β2 − 2αβ − α2)/16
.
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e0 formula
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e1 formula

e1 =
1

24
log

z(u′)2 − (z ′)2

z2

=
1

24
log

4− u2/z

(jx − (j − 2)z)2 − (j − 2)2u2z



Integration formula

(2g − 2)j∂−2
x N−2g term of log b2
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