KP equations, Virasoro constraints
and the “edge-Toda" equations



KP equation

Kadomtsev-Petviashvili (KP) equation:

0 =3uyy + Ox (—4ur + 12uuy + N2 Uy

m Models shallow water waves

m Admits n-soliton solutions



KP solitons

Image of KP solitons, graphic composed by Yuji Kodama [1].
Photographs by M. Ablowitz.

KP SOLITONS IN SHALLOW WATER




KP and random matrices
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Random matrix partition functions are KP 7-functions:

2v
1 .
Zn,N(t):/ exp |—NTr §M2+thIW dM
H(nxn) =1



RM partition function is a KP tau-function

Z,,,N(t)

Tn(t) = Zon(0)

Wave function and dual wave function:

WL(\) =X "py(N)eNEEN

“(3) = e—N&(t,2) / nn—lpnil(n) V() dn
" lpn—1]? 1—n/A




Virasoro constraints

e/ [Tr (1 — eM)~1]? dm :N/Tr [V/(M)(I — eM)™t] dM

0 _N/Tr V(M) dP(M)

n :N/Tr V'(M)Tr M dP,(M)



Virasoro constraints

Generating function for Virasoro constraints

e/ [Tr (1 — eM)~1]? dm :N/Tr [V/(M)(I — eM)™1] dM



Virasoro constraints

Generating function for Virasoro constraints
e/ [Tr (1 — eM)~1]? dm :N/Tr [V/(M)(I — eM)™1] dM

Virasoro constraint at order €°:

0 =n® + 9y, log Zoy + thjatj log Zn, v
Jj=1



Edge-Toda equation

N~ta, + N71 thj(‘)ja,, :a,,+1b%+1 —apb? + a,,biﬂ — ap_1b?
Jj=1
N7I262 + N7V jti0ibh =b2 (a3 — a5y + bhyy — b q).
Jjz1



Edge variable

1 )
dPn(M) = exp {NTr <2q/\/12 +> tj/v/f> } dM



Edge variable

1 1 ,
dPn(M) = exp {NTr <2q/\/12 +> tj/v/f> } dM
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Applications of the
edge-Toda equation



e
Leading order of edge-Toda equation
j-regular case:

1
0 =a+jta: + §(3O£2 — 203 — /82)ax

0=F + jtfe + 3(352 — 208 — a?)g,



Leading order of edge-Toda equation

j-regular case:
. 1.2 2
0 =a+ jtay + §(3a —2af — %) ax

0 =0+ jtB: + 2(352 —2af — o?)fy

Similarity reduction

;o o

~ix—(—2)(3a2 —2a8 — £2)/16
g = B

x—(—2)(38%>-2a8—a?)/16’

(67




e formula



e formula




e; formula




Integration formula

(2g — 2)jo 2N ~%€ term of log b2 =7



Integration formula

(2g — 2)j072N28 term of log b2 =?
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