Remarks on Homework 4

October 24, 2006

As I'mentioned to a number of you in my office, the problem of showing that
the set of elements {e;=¢e;, ---¢e;, } fori; <--- < iy and k < dimV, is a linearly
independent set in the Clifford algebra, Cliff(V,.S), is not completely trivial.
However, when the dimension, dim V' = n, is even there is a simple argument
for this that uses representation theory. The group algebra of the Clifford group
CL(n) is the set of complex linear combinations,

> fr(E) (Fer).
.1

In the irreducible representation of CL(n) of dimension 2% the action of the
group algebra can be identified with the action of the Clifford algebra since
+e; is represented by ;. However, as Simon shows, (see theorem II1.1.5) the
group algebra acts as the full matrix algebra in an irreducible representation of
the group. Thus in this representation, p, on the complex vector space W, the
Clifford algebra, Cliff(V, S), is mapped homomorphically onto the full matrix
algebra, Hom (W), which has dimension 2% - 2% = 2" . This shows that the
dimension of Cliff(V,S) is not less than 2" which shows that the spanning set
{er} must be a basis.

Now suppose that dim V' =n + 1 with n even and that {e1,eq,...,e,q1} is
an orthonormal basis for V, that is,

S(ei,e;) =0 ;.
We define a representation of Cliff(V,S) on W ® C? by mapping,
ej — ple;) =~; € Hom(W) for j =1,...,n
and

ent1 — I'® o,

where I' = in(nzfl)wl - yp and o = (1) _01
representation evidently consists of all linear transformations of the form A® e
or A® o where A € Hom(W) and e is the 2 x 2 identity matrix. The dimension
of the image is thus 2 - 2" = 2”1, This shows that the dimension of Cliff(V, S)
is at least 2”1 in this case as well.

. The image of Cliff(V, S) in this



