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OBJECTIVES

 Bessel EM modes are studied within the general
framework of quantum optics. The basic
dynamical operators are identiflied and their
algebraic properties are studied.

« As a mean to measure these dynamical proper-
ties, the transition probability for the emission of
a Bessel photon by an atomic system is
calculated within first order perturbation theory.
This permits to analyze the feasibility of
observing new rotational effects of twisted light
on atoms.



Bessel modes are propagation invariant
waves of cylindrical symmetry

Electromagnetic potential in Coulomb gauge
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*They can be generated approximately
using holograms, optical light modulators
and other optical dispositives like axicons.
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Quantization and dynamical variables.

Electromagnetic field operator

Z Zf dh/ dl. aml. ki)A (r,f;[()
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+ am (L ki)A (r {z {\)] (1)

where the annihilation and creation operators satisfy the
usual commutation relations

[aD (ky, k), a )Nk kD)) = 6076 md(ky —K) ) (k.—K.),
(2)
the index i referring to the two modes of the electro-
magnetic field, that is, the TM (i = 1) and TE(: = 2)
modes.
Normalization:
1

g [EY*(r,t; K)-EY (r,t; K')+BY*(r, t; K)-BY (r, t; K")]dV
w
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Quantization and dynamical variables.

Quantum energy operator takes the form:

E=h)_ / dkydk, w N9 (K, k), (1)

im

Momentum operator :

X 1 ; . . .
Plt)= - [E(r,i) x B(r,t) — B(r,t) x E(r.,t)]d(-".
e,
(2)
For the Bessel modes under consideration, it takes the
form:
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Quantization and dynamical variables.

Field angular momentum:

J(rg) = ﬁ v(r—ru) x [E(r,t) x B(r,t)]dV (1)
= J(0) —ro x P. (2)

Using Maxwell equations, the total angular momen-
tum can also be written as:

J(ry) = ﬁf,, Ei[(r —rg) x V]A; (ﬂ-"’+$/; E x A dV
« '

% E[(r— ry) X A] - ds,
S

It is customary to identify with the orbital angular mo-
mentum:
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On the other hand.

1 *
S =— Ex A dV (9)
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1s 1dentified with the spin of the field.

(3)




e Gauge dependence. In transverse gauge
V-A =0,

the results are consistent with the expected
values, £/, of the spin in plane and spheri-
cal symimetries.

e [ general. the intrinsic angular momentuin
of a massless particle cannot be defined in
an unambiguous way. Instead. the relevant
dyvnamical variable is the helicity and it is
actually this quantity that Beth measured
in his classical experiment.

e The integral associated to L is well defined
only if the electromagnetic field vanishes fast
cnough.



For Bessel modes:
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e [.(0) is invariant under Lorentz transfor-
mations along the z axis as expected:

e it can be interpreted as an intrinsic operator
since it does not depend explicitly on £ .

° ﬁ-_,.__”(()) are highly dependent on quantum
numbers {k,,m,k.}; moreover, if we de-
fine Ly = L, £4L,, then L, (L_) acts as
a lowering (rising) operator that changes
m—m—1(m—m+1).




For the helicity operator S:
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Algebraic properties of the dynamical operators.

The components of L and S do not satisfy the com-
mutation relations of angular momentum. In fact, it can

be seen that:

(Lo L]
[L-, Ly]

[L+s L—]

These properties are compatible with the identification
of S as an helicity operator.

L3 commutes with the z-component of the linear mo-
mentum operator P,
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Algebraic properties of the dynamical operators.

while

~
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and therefore the algebra of these operators does not
close.
Finally, S5 commutes with L,

(93, L] =0, (1)
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e The components of the momentum operator P commute among
themselves, as it should be, but the algebra they generate
with L(0) and S is not the standard one for the translation
and rotation group.

e Stokes operators:

.“{I'E]'i'{tflfl'lf 4 (ﬂt_ul U||”|£ E|

-
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6o = GIENGTE) | 4(TM)ta(TM)

satisfy the algebra of the rotation group: [o;.0;] = 2i€;;.0p
up to a factor 2.

o L. 2 and 55 as observables. Since & P{ L3(0), and S5 commute
among themselves, they can be Hllllllltél.ll(__‘-(_)l1H1}’ diagonalized,

() 1
a\r) = —,_( i) 4 g2 )
v 2

which corresponds to a new basis
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e Comparison with usual definition of polarized Bessel beams:
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where ¥, (v, t ko, k) = Jn(kp) exp{—iwt +ik,z+imeo}. In
terms of elementary TE and TM modes:
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Within the quantization scheme, this change of basis corre-
sponds to the following definition of the annihilation opera-

tors:
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Now. the point is that. although the helicity operator 53 is
diagonal in this basis:

Ss=h>_ | / ke di 2T ‘”_) chs)” (\” — Nif ) .

the operators £, Py and Ly are not diagonal. It should be

noticed that it is only in the paraxial approximation, k. ~
w/c. that the second term in this last equation, which is non
diagonal, does vanish.



L. g and S. 4 as observables. Since & P; ﬁ-;;(ﬂ), and 85 commute
among themselves, they can be Hllllllltél.ll(__‘.(_)lIHI_V diagonalized.

Interaction of Bessel photons with atomic systems as a means
to measure these observables.

H=Hp+ Hr+ Hi.
with H;
HI — HIL + HIQ + HI:.{

5
-
i=1 "
L@
Hypy = )'{f |A(r;)]?
g
A ( A )
H_{;_{ = Z(}i {\,[g B(I’;}.
i=1 2

S, denotes the spin particle 7.



Interaction Hamiltonian Hyy.
For m > 0
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Unperturbed wave function

B(R) = ——e™ Yoy (R, 2p)
R, \/256 cm(£e1, 2R,
()(I‘\] = (”)(TJ}T"TWT(H‘;F)

with Y7, the spherical harmonics.
Selection rules

d(m—nLtvF2s—mp+mp)dnFovt2s—m,+m))

. L . . (0) ~(F)
for the transition amplitudes proportional to £, — E /. and

dm—i—ntvF2s—mrp+mp)di+nFvi2s—m,+m)

with ¢ = £1.0, for the transition amplitudes proportional to
EV) BV

Here the letters n., s and ¢ denote the summation indices as
they appear in multipolar equation.

The total change in the projection of the angular momentum

of the atom along the 2 axis is always —mbh.



For k p, < 1 the term v = 0 1s expected to be dominant in
the series expansion of the vector potential and the functions ,,
can be approximated by

m
_ i (]J_ no . o
J.,?L i [ IV = L
Wi (— <R—1 JT”; u_fu_ E l J_)H ( ) ( J ) 6'#"”; n)y ,:,ﬁml q
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Besides, if the atom is located outside the axes of the Bessel

beam. in general, ¢, < R, and the n = 0 term is dominant.
Under such conditions the neutral atom (g, = —qy) transition
amplitude

F 1 Hpl0;0) ~ :J}Z(E”f E”f)/(!{R(I’HR) A" (R)Dr(R)

/ d*rg s (r)rog(r).

contains the standard dipole matrix element for the relative co-
ordinates.
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e Sclection rules for the transitions involving the relative mo-
tion of the charged particles are the same as those obtained
with a plane wave expansion of the radiation potential.

e Emission of a Bessel photon of orbital angular momentum
mh vielding m! = m, £ 1 leads to a rotational recoil ef-
fect m'y, = mp —m F 1 for the center of mass. While, to
this order of approximation. transitions with m/. = m, and
m'p, = mp —m are allowed just for the emission of transverse
magnetic photons. These transitions favor torque effects on
the center of mass and are relevant in the emission of non
paraxial photons.



e With the above formula we can now calculate the correspond-
ing transition amplitudes for Bessel photons polarized in such
a way that they are also eigenfunctions of the helicity opera-
tor 83 The result is

(;{’ .‘it ; i(wt—| Vi /E)
Eﬂli|£hl| ; j \/ 4L Eﬂ ,J) wt—(EF Emth,
vV hw
ick o o
. { _ JJ‘{').IH J'H],—.'J'erg{').lu T I(lhr ,IIJ_ .‘rt; I?I}L,{ .-?l‘.lllaj_.]':a_:.(})j:
(1t jhcjwy - (0) : ) R
Z. ( 5 )(‘)m—; mpR—m ,’(‘}Jf M. =1y I( U’ lllJ_ ]1: I, — j\]I”H'I‘J_ 'Il'.: . )} 5

j==x1

The value of the helicity factor ££k.c¢/w determine directly the
transition amplitudes so that transitions that change the pro-
jection of the angular momentum of the internal atomic motion
by +h may be directly enhanced or suppressed by modifying its
ralue.



The terms with n > 0, are expected to be relevant only when
the atomic center of mass is located close to the axis of symmetry
of the Bessel mode. However, at that axis there is a vortex of
charge m so that .J,,(k . p) =0 for p =0 it m # 0 and even it the
center of mass is properly located, the matrix element is expected
to be small.

For trapped atoms, the transverse part of the center of mass
wave function is localized. The transition amplitude depends on
the average position of the center of mass and on the spread of
the oscillation a.
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Ejemplo:

m=2, n=2
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Matrix elements of the interaction termm Hpo.

¢ T'wo photons transitions.

. l}’g .;"; 2M g gﬁl‘. f.-';i)ﬂ g N

Gz Ho oy 2 (1
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e Long waveleneth limit
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! — 3Ir £ £ . =)
n 1 M. R,
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Unless the atom is located on the beam axis, it is expected that the
most important contributions to the transition probabilities come from
the n = n’ = 0 terms in these series. The two photons are then emitted
producing a translational and rotational recoil effect on the center of mass
while the internal state of the atom remains invariant.



Matrix elements of the interaction term Hps

e The interaction term H;s opens the possibility to change the spin of the
particles.

4 (MY o {.L“i"""! |.f| S P
iy S BT = gy B [ ()8 4 b (2)S0) (3

i ] \ ‘ff oo S ’ v oyl 2‘”‘]. ’ v (1)

ui?l[ 5 B TE Ll"J — f!'r_lle {f 1m—][\rf')b-.i-._"1m+lU‘EJ*{3.—'_ L_: f JHU‘.J'E?;_'- '

(4)
with S the ascending and descending particle spin operators.

e The most probable event leads to changes of the spin angular momen-
tum of the electron in a factor £h without changes in the relative motion
spatial wave function, while the center of mass acquires an angular mo-
mentum —(m F 1)h. The event corresponding to no changes in total
internal wave function at the expense of a recoil effect with a change of
the space angular momentum of the center of mass in —mh is also relevant
for non paraxial photons.

e The matrix elements of the center of mass calculated for the f; can also
be used in the evaluation of the transition amplitudes associated to Hy;.



Conclusions

e The proper values of the set of observables {5 P, Ly( Sg}
define the possible quantum numbers that <_.he-1.1<1.c_.t.(_11 ize the
Bessel photons: {w, hk,, mh, £hk.c/w}.

e The three components of the operator L = {L., L , Ly} do
not satisty a closed algebra, despite the fact that Lj is related
to a spatial rotation around the 2 axis.

e This algebra is not the same as that obtained for localized
fields by S. J. van Enk and G. Nienhuis.

e The algebra of the local operators E and B is independent
of the gauge and the basis set. Accordingly, global bilinear
operators of the electromagnetic fields such as P and S have
commutation relations among all their components that are
also independent of the basis set; this is guaranteed by the
normalization condition that each photon carries an energy
hw. However, the global operators J and L are defined in
terms not (Jlll'\ of E and B, but also of the position vector
r: this term induces a strong dependence of J and L on the
boundarv conditions satisfied bv E and B.



e The algebraic properties of the dynamical operators and their
commutation relations have physical consequences because
they imply, for instance, specific uncertainty relations that
could be verified experimentally.

e All the dynamical operators we have studied correspond to
global observable quantities. A further analysis of local dy-
namical quantities. such as the tensor A, describing the
angular momentum flux, could elucidate the ditfference be-
tween “spin” and “orbital” angular momentum. In fact, it
was shown by Barnett that in the classical case. there is a
natural separation into spin and orbital parts for the z com-
ponent of this flux, M... However, a quantum description
should also include the full commutation relations of the ap-
propriate separated parts of this tensor. This is particularly
relevant in the light of recent experiments measuring the rates
of spin and orbital rotation of trapped particles at different
distances from the beam axis.



e The fact that spontaneously emitted optical Bessel photons
have not been observed can be due to the small value of the
center of mass matrix elements under usual circumstances.

e For trapped atoms. the transition amplitude depends on the
average position of the center of mass and on the spread of
the oscillation av. We have shown that the matrix element of
the center of mass motion that goes together with the stan-
dard electric dipole matrix for the internal motion. . decays
exponentially with the factor k2 a”/4 relating the spread of
the atom oscillation to the photon wavelength.



e We have focused our attention on spontaneous transition am-
plitudes but induced transition probabilities can be calculated
from them. They will be proportional to incident radiation
intensity and could experimentally confirm our results. We
have explicitly shown that certain mechanisms can enhance
the probability of changing the internal angular momentum
of the atom in multiples of & bigger than those predicted
by the standard plane wave multipole expansion. For in-
stance, transitions with Am” = 4+2A depend on the electric
quadrupole matrix elements of the relative motion and are
aiven by two kind of transition amplitudes: one for the stan-
dard quadrupole expansion that is proportional to &, and the
other arising from terms with n = 1 and £ = 0 . The latter
are due to the vortex of the Bessel mode in the beam axes
and could be observable for a trapped atom for an adequate
ralue of k2 a?/4.



e Transition amplitudes associated to the interaction Hamilto-

1ial ,

)
: S ARV
HH_Z2J[ |AlI‘)|).

i=1

In the long wavelength limit. the most important transitions
assoclated to the former Hamiltonian involve two photons
that do not alter the internal motion of the atom but exchange
lincar A(k. + k) and angular momentum (m + m')h with the
center of mass.

e Transition amplitudes associated to the interaction Hamilto-

1nian
),

Hi =) o3 Bl
i—1
For hydrogenic atoms, the magunetic interaction g;q, /2M;S; -
B(r;) will favor changes in the spin orientation of the electron
+h and in the orbital angular momentum of the center of
11Ass.



e The quantum electrodynamic interaction of atoms with Bessel
beams clarity the role of ‘75 and Ji:; as observables. The
atom can be regarded as a measurement instrument. Absorp-
tion or emission rates of elementary Bessel modes A(K) =
ATM(K) £iATE)(K) are conditioned to a change of mh in
the projection along the 2 axis of the atomic total angular
momentum. Besides the helicity factor +k.c/w can be used
to directly enhance or suppress such transitions.

e The vectorial character of the electromagnetic field is respon-
sible of possible changes 4=/ in the internal angular momen-
tum within the dipole approximation. The transition prob-
ability of emission of 1AM Bessel photons via Hjp, without
changes in the internal angular momentum necessarily leads
to the maximum possible exchange of angular momentum be-
tween a Bessel photon and the center of mass motion.
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