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A. Introduction-SHG

Second harmonic generation SHG
IS an optical technique that can be used as a surface probe
to characterize in situ
structural and electronic properties of surfaces

e no need of ultra high vacuum (UHV) conditions

e iS nhondestructive

® IS noninvasive

e covers a wide spectral range

e buried interfaces



A. Introduction-SHG

Surface SHGis based on the fact that the surface and the bulk
have different structural symmetry

P, = Xijk Ej Ex +Xiji B Vi Ej+ -+
dipolar

Centrosymmetric system (Bulk): r — —7r

P{(=r) = X1, Bj(=7) E(=7) = —P; = x4 (- Ej) (= Ey)

_ /
Xijk = —Xijk



A. Introduction-SHG

but Xk = Xjjr=Xqjx = O
= within dipole approximation NO BULK CONTRIBUTION

BUT the surface is not-centrosymmetric!!

= ijk *= 0
Surface = P?(2w) = ijkEj(w)Ek(w) (dipolar)
Bulk = PP(2w) = x;jp Ej(w) Vi E(w) ~ 0 (quadrupolar)

= SHG is surface sensitive
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Clean Si(100)2 x 1 surface
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A. Introduction-SHG

Boron-Reconstructed Si(100)
Downer, Mendoza et al. PRL 84, 3406 (2000)
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A. Introduction-SHG

Boron-Reconstructed Si(100)
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A. Introduction-SHG

Boron-Reconstructed Si(100)
Downer, Mendoza et al. PRL 84, 3406 (2000)
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A. Introduction-SHG

Boron-Reconstructed Si(100)
Downer, Mendoza et al. PRL 84, 3406 (2000)
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A. Introduction-SHG

SHG Intensity (a.u.)

0.5

0.4

0.3

0.2

0.1

Boron-Reconstructed Si(100)

Downer, Mendoza et al. PRL 84, 3406 (2000)

two-photon energy (eV)

108 R, (cm?/W)

2.5

3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8

two-photon energy (eV)



A. Introduction-SHG

Boron-Reconstructed Si(100)
Downer, Mendoza et al. PRL 84, 3406 (2000)
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Boron-Reconstructed Si(100)
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B. Longitudinal Gauge Calculation of y

We follow the article by
C. Aversa and J. E. Sipe, Phys. Rev. B 52, 14636 (1995)
A more recent derivation can also be found in
J. E. Sipe and A. I. Shkrebtii, Phys. Rev. B 61, 5337 (2000)

W. R. L. Lambertch and S. N. Rashkeev, phys. stat. sol. (b)
217 599 (2000)



. Longitudinal Gauge Calculation of y

H(r,t) = Ho(r) —er - E(r,t) (1)
perturvbation

Ho(r) = p?/2m + V(r) (2)

where V(r) = V(r 4+ R) is the periodic crystal potential

and the electric field

10
E(’T‘,t} = —;aA(r,t)

with A(r,t) the vector potential



. Longitudinal Gauge Calculation of y

Hg|nk >= hwn(k)|nk >

< rlnk >= e*Ty . (r) Bloch States

U (1) = u,p(r + R) is cell periodic and

(3)

(4)

(5)



B. Longitudinal Gauge Calculation of y

< nk|’r|mk/ > = i/dre_ik'ruj;k(T)Vk/eik/'rumk/(r) (6)
— /dre_ik'ru:k(r)(—r)eik/'rumk/(’r)
+ [ dre DT () V)t (7)
— —in//dr < nk|mk' >
_H%:e—i(k—k’)-R /Q dre_i(k_k/)"“u;k(T)Vk/umk/(T)

= §(k — K)énm(k) — i6nm Vo (k — k')

2 unit cell volume

Enm(k) =1

27)3 (k!
(g) /QdTe_Z(k_k)'ru;k(T)Vk/umk/(T) (7)



B. Longitudinal Gauge Calculation of y

interband
r = T+ r; (8)
~~
intraband
< nk\re\mk’ >= (1 — 0nm)o(k — k’)fnm(k) (9)

< nklri|mk’ >= 6um |6(k — k)ém(k) +iVgd(k — k)| (10)



. Longitudinal Gauge Calculation of y

Polarization P(t)

Independent particle approximation
electron density operator p

dP®
dt

=3 Prn(k)pnm (k)

nmk

momentum operator p

T p(t) = [H, p(0)]

(11)



B. Longitudinal Gauge Calculation of y

interaction picture =

dp

th— =
dt

[—eF - E(2), p] (12)

O =U0oUT

U=exp(tHpt/h)

solution by standard iterative scheme



B. Longitudinal Gauge Calculation of y

unperturbed density operator

p0) = pg

< mk|po|nk’ >= fn(hwn(k))émnd(k — k') Fermi-Dirac (13)

Eq. (12) =

FINFD) 4y — € / dt'enmt By . | RM @) + RNV @) (14)

Wnm — Wn — Wm



B. Longitudinal Gauge Calculation of y

R =< nklire, )NMNmb! >= 3 (raeofy) = o{ rem)  (15)
14

[Ho, 7] = hp/im =

nm = (1 — 5nm)€nm — pnm/imwnm (n 7& m)

RgN) =< nk‘[rz’a p(N)”mk/ >= vkpgzm) — anm (fnn gmm) (16)

Any operator O



B. Longitudinal Gauge Calculation of y

Harmonic Perturbation
E(t) = Eexp (—iwt)

P (t) = Bl E® exp (—iwt)

(sum over repeated Cartesian indices)

e f mnrf,qu

h Wnm — W

a —
Bnm_

(18)

fmn = fm — fn



B. Longitudinal Gauge Calculation of y

(fn). = 0 for a semiconductor at T =0
= R§O) =0

The linear response has no contribution from
intraband transitions!

P(w) = xj2) B*(w)

Eqgq. 11 =

wnm(k) — w

Xba)( —wiw) = — Z

nmk

(19)



B. Longitudinal Gauge Calculation of y

pg}% in Eq. (14) =

2 1 . _
P7(7/n%( ) — i _(Bg/m);k‘ + 1 E (T‘%gB?m Bb€r€m>] ElEc wst

(20)
w3 =wi F+ws ; E;j(w;) fori=1,2
Po(w3) = x¥(—w3; w1, wp) B} ES

Eqgq. 11 =



. Longitudinal Gauge Calculation of y

interband
3 b b
Xabc _ € p%zn (Tf,cwrgmfmé _ Tngrgmf€n> (21)
e
mTLng, tmnk Wnm — W3 wgm — W9 wng — W
intraband
3 b
abc __ € p%%n fmnrnm 29
Xi — 7,2 (22)
Xabc — ngc + ngbc

symmetrized for intrinsic permutation symmetry
X (—w3; w1, w2) = x*P(—w3; wo, w1)

—w3 + w2 +w1 =0

SHG= w1 = wy = w and w3z = 2w



B. Longitudinal Gauge Calculation of y

b b
( fmnThm >;kc — Jmn (T%m>;kc JmnTpm (an);kc (23)

Wnm — W2 Wnm (an — CU)Q

(an);ka — (wn);ka — (Wm);ka

(an);ka — (p%n — p?nm)/m = A%m



B. Longitudinal Gauge Calculation of y

[r®, p?] = [r%, p°] + [r%, p*] = iR6™

b b ..a
(LUng?C,Lngm — wnﬁrnérem)

(24)

a b b a .

b _ rnmAmn + rnmAmn (2

(Tnm);ka — —+ Z
Wnm Wnm /



B. Longitudinal Gauge Calculation of y

S(2)=

TZ e 6 o ©°

1

F

pa > p?S(z) + S(z)p*

2

— front surface

2D

— back surface

surface calculation — Slab

(25)

with S(z) a suitable cut function to avoid the destructive
interference from both surfaces of the slab



B. Longitudinal Gauge Calculation of y

Gauge Invariance

H = (—e/mc)A-p Transverse Gauge

Eq. (12) =

T —po) =< [ atBE) AW, pr()]  (26)

(T— transverse;integrating by parts)

HGr(t) —po) = 7@ AW, i)~ [ at'lF B, ()]

©e)
(&

- attE A B (27)

C



B. Longitudinal Gauge Calculation of y

First order —

A () = 557 (1) — —[F(®) - A®), po] (28)

(L— longitudinal)

1
V= —p— iA (T-gauge)

m mc

Eq. (11) =

(1) _ X(Ll) 4+ s



B. Longitudinal Gauge Calculation of y

Harmonic Perturbation —

5D = S () )n(oo) (29)
— 2T 2o 1)mn\PO)nm

C1 = [, ] — o

[ra,pb] — iR = (1) =0 =



B. Longitudinal Gauge Calculation of y

Y = 5V g()

commutator identities = S(V) = 0

X(TN) _ X(LN)

b b a
D DY Pian — PomP
([ra’pb])nn — (T?me?ﬂrm _p%mr%@n) — E - LUl silL

™ ™ TMWnm

a b . b a
Z PnmPmn — PnmPmn __ mhSP YV n#Em (30)

m wWnm



C. Three-layer-model for SHG Radiation

d<< A

pv—&- pv—i—
Py
L\
P,_ -
<%

z
€
4

( V. Mizrahi and J. E. Sipe J. Opt. Soc. Am. B 5, 660 (1988))

(Ep:I:,E3> — (27mw P 27r7jw = P)
upward (+4) or downward (—) direction of propagation
O =w/c w = Wk, k(w) = \/e(w)—sin20
Pr = Zszx\/Esm 0z

6 is the angle of incidence



C. Three-layer-model for SHG Radiation

R(w) = I(2w)/I%(w) (31)

I(w) = ¢/8n|E(w)|? (32)

P = xijkl(w) B (w)



C. Three-layer-model for SHG Radiation

pv-&- PU+
Py
\
P(2w) W €
ot

layer-vacuum interface (Yv) transmission

Ty, = ST5'8 + P,y TV Py (33)

layer-bulk interface (4b) reflection

Réb — §R£b§ —|— P£+Rf;bpg_ (34)

Capital Letters = 2w

Pi(e)i=wv,4b R's&T's Fresnel Factors



C. Three-layer-model for SHG Radiation

pv+ sz—
Py
\
P(2w) W €
4

Total radiated field at 2w

E(2w) = Es(2w) (Tyy + Ry - Ty) - 8
+ E,+ (2w)Ty, - Py + Ep (2w)Ty, - Ry - Pp— (35)

first (third) term is the transmitted s (p)-polarized field

second (fourth) term is the reflected
and then transmitted s (p)-polarized field




C. Three-layer-model for SHG Radiation

% 1

E(Qw) = H-P (36)

Kz@

H=3T" (14 RY) 5+ P,y T," (Pg- + R P, ) (37)
E(2w) = e’ . E(2w)

e’ =5, P,4 or any combination

dmiw

E(2w) = e’ . P (38)

C



C. Three-layer-model for SHG Radiation

1
e? = — &b STVTs — Py TV'T,Y (€0(2w) K47 + €y(2w) sin 07))]

c050
(39)
K GE(QW)KZE
TE’U — zZ T’UE TE’U — T’UE 40
5 cosf ° p cos 6 p (40)
€ (Qw)K b
1-RY = ™ bl 1+ RY? = (2u)T  (41)



C. Three-layer-model for SHG Radiation

Eqg. (38) =
. 4w S
Es(2w) = CCOSQTSU T Xyij Ei(w)Ej(w) (42)
—4miw

Ep(2w) = Ty'Ty |€0(2w) K opXaij + €6(2w) Sin 0xz45] Ei(w) Ej(w)

(43)

cCOS 0

F;(w) is the incident field given by the
properly screened external field



C. Three-layer-model for SHG Radiation

Ey,(w) = E, [ (1 — rf?b) Ccos 0,T — o (1 + r£b> sin ng]
Eo, is the incoming amplitude
0, is the angle of refraction in the layer

Eags. (40-41) =
Es(CU) — Eotvztgby

Ep(w) = Eot3t (eg(w)kpE — ep(w) sin 62)

(44)

(45)

(46)

(47)



C. Three-layer-model for SHG Radiation
Egs. (31), (32), (42), (43), (46), (47) =

3213w

c3 cos?

Rir(2w) = (48)

2
0l ¢ 00 10D\ 2 2
7 THTR (8 4)? rip|

i (lower case) initial polarization and F (upper case) final
polarization

rip = (KaupXojn(2w) + sin 0x. 1 (2w) ) EH(w) Bf (w) (49)

ris = Xyjk(2w) Ei(w) Ef(w) (50)

Es=y and EP = ¢p(w)k 7 — ¢(w)Sin 6z



C. Three-layer-model for SHG Radiation

Fresnel factors:

vl N 2cosd wlr ~ 2 Ccosf
tS(“O'_'cose—%k&zau) %)(w)__chU)COSQ—%A&KQu) (51)
ooy — _ 2ka0(w) e,y — 2k, s(w)

e koo + kop(w) ' () ep(W)kzp(w) + es(w)kp(w)

(52)
T hree-Layer Model

e =1 = NoO screening
ep = €, = Fresnel screening
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