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A. Introduction-SHG

Second harmonic generation SHG

is an optical technique that can be used as a surface probe

to characterize in situ

structural and electronic properties of surfaces

• no need of ultra high vacuum (UHV) conditions

• is nondestructive

• is noninvasive

• covers a wide spectral range

• buried interfaces



A. Introduction-SHG

Surface SHGis based on the fact that the surface and the bulk

have different structural symmetry

Pi = χijk Ej Ek
︸ ︷︷ ︸

dipolar

+

quadrupolar
︷ ︸︸ ︷

χijkl Ej ∇k El + · · ·

Centrosymmetric system (Bulk): r → −r

P ′
i(−r) = χ′

ijk E′
j(−r)E′

k(−r) → −Pi = χ′
ijk (−Ej) (−Ek)

χijk = −χ′
ijk



A. Introduction-SHG

but χijk = χ′
ijk⇒χb

ijk = 0

⇒ within dipole approximation NO BULK CONTRIBUTION

BUT the surface is not-centrosymmetric!!

⇒ χs
ijk 6= 0

Surface ⇒ P s
i (2ω) = χs

ijkEj(ω)Ek(ω) (dipolar)

Bulk ⇒ P b
i (2ω) = χijklEj(ω)∇kEl(ω) ∼ 0 (quadrupolar)

⇒ SHG is surface sensitive
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A. Introduction-SHG

Boron-Reconstructed Si(100)
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B. Longitudinal Gauge Calculation of χ

We follow the article by

C. Aversa and J. E. Sipe, Phys. Rev. B 52, 14636 (1995)

A more recent derivation can also be found in

J. E. Sipe and A. I. Shkrebtii, Phys. Rev. B 61, 5337 (2000)

W. R. L. Lambertch and S. N. Rashkeev, phys. stat. sol. (b)

217 599 (2000)



B. Longitudinal Gauge Calculation of χ

H(r, t) = H0(r) −er · E(r, t)
︸ ︷︷ ︸

perturbation

(1)

H0(r) = p2/2m + V (r) (2)

where V (r) = V (r + R) is the periodic crystal potential

and the electric field

E(r, t) = −1

c

∂

∂t
A(r, t)

with A(r, t) the vector potential



B. Longitudinal Gauge Calculation of χ

H0|nk >= h̄ωn(k)|nk > (3)

< r|nk >= eik·runk(r) Bloch States (4)

unk(r) = unk(r + R) is cell periodic and

< nk|mk′ >= δnmδ(k − k′) (5)



B. Longitudinal Gauge Calculation of χ

< nk|r|mk′ > = i
∫

dre−ik·ru∗
nk(r)∇k′eik′·rumk′(r) (6)

=

∫

dre−ik·ru∗
nk(r)(−r)eik′·rumk′(r)

+

∫

dre−i(k−k′)·ru∗
nk(r)(i∇k′)umk′(r)

= −i∇k′
∫

dr < nk|mk′ >

+i
∑

R

e−i(k−k′)·R
∫

Ω
dτe−i(k−k′)·ru∗

nk(τ)∇k′umk′(τ)

= δ(k − k′)ξnm(k) − iδnm∇k′δ(k − k′)

Ω unit cell volume

ξnm(k) = i
(2π)3

Ω

∫

Ω
dτe−i(k−k′)·ru∗

nk(τ)∇k′umk′(τ) (7)



B. Longitudinal Gauge Calculation of χ

r =
interband

︷︸︸︷
re + ri︸︷︷︸

intraband

(8)

< nk|re|mk′ >= (1 − δnm)δ(k − k′)ξnm(k) (9)

< nk|ri|mk′ >= δnm

[

δ(k − k′)ξnn(k) + i∇kδ(k − k′)
]

(10)



B. Longitudinal Gauge Calculation of χ

Polarization P (t)

Independent particle approximation

electron density operator ρ

dP a

dt
=

e

m

∑

nmk

pa
mn(k)ρnm(k) (11)

momentum operator p

ih̄
d

dt
ρ(t) = [H, ρ(t)]



B. Longitudinal Gauge Calculation of χ

interaction picture ⇒

ih̄
dρ̃

dt
= [−er̃ · E(t), ρ̃] (12)

Õ = UOU†

U = exp(iHOt/h̄)

solution by standard iterative scheme



B. Longitudinal Gauge Calculation of χ

unperturbed density operator

ρ̃(0) ≡ ρ0

< mk|ρ0|nk′ >= fn(h̄ωn(k))δmnδ(k − k′) Fermi-Dirac (13)

Eq. (12) ⇒

ρ̃
(N+1)
nm (t) =

ie

h̄

t∫

−∞
dt′eiωnmt′E(t′) ·

[

R
(N)
e (t′) + R

(N)
i (t′)

]

(14)

ωnm = ωn − ωm



B. Longitudinal Gauge Calculation of χ

R
(N)
e =< nk|[re, ρ

(N)]|mk′ >=
∑

`

(

rn`ρ
(N)
`m − ρ

(N)
n` r`m

)

(15)

[H0, r] = h̄p/im ⇒

rnm ≡ (1 − δnm)ξnm = pnm/imωnm (n 6= m)

R
(N)
i =< nk|[ri, ρ

(N)]|mk′ >= ∇kρ
(N)
nm − iρ

(N)
nm (ξnn − ξmm) (16)

Any operator O

< nk|[ri,O]|mk′ >= ∇kOnm − iOnm(ξnn − ξmm) ≡ (Onm);k (17)



B. Longitudinal Gauge Calculation of χ

Harmonic Perturbation

E(t) = E exp (−iωt)

ρ
(1)
nm(t) = Ba

nmEa exp (−iωt)

(sum over repeated Cartesian indices)

Ba
nm =

e

h̄

fmnra
nm

ωnm − ω
(18)

fmn = fm − fn



B. Longitudinal Gauge Calculation of χ

(fn);k = 0 for a semiconductor at T = 0

⇒ R
(0)
i = 0

The linear response has no contribution from

intraband transitions!

P b(ω) = χ
(1)
ba Ea(ω)

Eq. 11 ⇒

χ
(1)
ba (−ω;ω) =

e2

h̄

∑

nmk

fmn(k)ra
nm(k)rb

mn(k)

ωnm(k) − ω
(19)



B. Longitudinal Gauge Calculation of χ

ρ
(1)
nm in Eq. (14) ⇒

ρ
(2)
nm(t) =

e

ih̄

1

ωnm − ω3



−(Bb
nm);k + i

∑

`

(

rc
n`B

b
`m − Bb

n`r
c
`m

)



Eb
1Ec

2e−iω3t

(20)

ω3 = ω1 + ω2 ; Ei(ωi) for i = 1,2

P a(ω3) = χabc(−ω3;ω1, ω2)E
b
1Ec

2

Eq. 11 ⇒



B. Longitudinal Gauge Calculation of χ

interband

χabc
e =

e3

mh̄2ω3

∑

`mnk

pa
mn

ωnm − ω3

(

rc
n`r

b
`mfm`

ω`m − ω2
− rb

n`r
c
`mf`n

ωn` − ω2

)

(21)

intraband

χabc
i = − e3

mh̄2ω3

∑

mnk

pa
mn

ωnm − ω3

(

fmnrb
nm

ωnm − ω2

)

;k

(22)

χabc = χabc
e + χabc

i

symmetrized for intrinsic permutation symmetry

χabc(−ω3;ω1, ω2) = χacb(−ω3;ω2, ω1)

−ω3 + ω2 + ω1 = 0

SHG⇒ ω1 = ω2 = ω and ω3 = 2ω



B. Longitudinal Gauge Calculation of χ

(

fmnrb
nm

ωnm − ω2

)

;kc
=

fmn

ωnm − ω

(

rb
nm

)

;kc −
fmnrb

nm

(ωnm − ω)2
(ωnm);kc (23)

(ωnm);ka = (ωn);ka − (ωm);ka

< nk|[H0, r]|nk >= −ih̄∇kωn(k) = h̄pnn/im

(ωnm);ka = (pa
nn − pa

mm)/m ≡ ∆a
nm



B. Longitudinal Gauge Calculation of χ

[ra, pb] = [ra
i , pb] + [ra

e , pb] = ih̄δab

⇒

(rb
nm);ka =

ra
nm∆b

mn + rb
nm∆a

mn

ωnm
+

i

ωnm

∑

`

(

ω`mra
n`r

b
`m − ωn`r

b
n`r

a
`m

)

(24)



B. Longitudinal Gauge Calculation of χ

x

back surface

front surface

z

d

2D
0

S(z)=
1

surface calculation → Slab

pa → paS(z) + S(z)pa

2
(25)

with S(z) a suitable cut function to avoid the destructive

interference from both surfaces of the slab



B. Longitudinal Gauge Calculation of χ

Gauge Invariance

H ′ = (−e/mc)A · p Transverse Gauge

Eq. (12) ⇒

ih̄(ρ̃T (t) − ρ0) =
−e

mc

∫ t

−∞
dt′[p̃(t′) · A(t′), ρ̃T(t′)] (26)

(T→ transverse;integrating by parts)

ih̄(ρ̃T (t) − ρ0) =
−e

c
[r̃(t) · A(t), ρ̃T (t)] − e

∫ t

−∞
dt′[r̃ · E, ρ̃T (t′)]

−e

c

∫ t

−∞
dt′[r̃ · A, ˙̃ρT (t′)] (27)



B. Longitudinal Gauge Calculation of χ

First order →

ρ̃
(1)
T (t) = ρ̃

(1)
L (t) − e

ih̄c
[r̃(t) · A(t), ρO] (28)

(L→ longitudinal)

v =
1

m
p − e

mc
A (T-gauge)

Eq. (11) ⇒

χ
(1)
T = χ

(1)
L + S(1)



B. Longitudinal Gauge Calculation of χ

Harmonic Perturbation →

S(1) =
−ie2

ω2mh̄

∑

mn
(C1)mn(ρ0)nm (29)

C1 = [ra, pb] − ih̄δab

[ra, pb] = ih̄δab ⇒ S(1) = 0 ⇒

χ
(1)
T = χ

(1)
L



B. Longitudinal Gauge Calculation of χ

χ
(N)
T = χ

(N)
L + S(N)

commutator identities ⇒ S(N) = 0

χ
(N)
T = χ

(N)
L

([ra, pb])nn =
∑

m

(

ra
nmpb

mn − pb
nmra

mn

)

=
∑

m

pa
nmpb

mn − pb
nmpa

mn

imωnm

∑

m

pa
nmpb

mn − pb
nmpa

mn

ωnm
= mh̄δab ∀ n 6= m (30)



C. Three-layer-model for SHG Radiation

d � λ
P̂`+

P̂v+P̂v+

P̂`+

P̂`−

z

x

εb

ε`

ε = 1

( V. Mizrahi and J. E. Sipe J. Opt. Soc. Am. B 5, 660 (1988))

(Ep±, Es) = (2πiω̃2

w p̂± · P , 2πiω̃2

w ŝ · P )

upward (+) or downward (−) direction of propagation

ω̃ = ω/c w = ω̃kz kz(ω) =
√

ε(ω) − sin2 θ

p̂± = ∓kzx̂−sin θẑ√
ε

θ is the angle of incidence



C. Three-layer-model for SHG Radiation

R(ω) = I(2ω)/I2(ω) (31)

I(ω) = c/8π|E(ω)|2 (32)

Pi = χijkEj(ω)Ek(ω)



C. Three-layer-model for SHG Radiation

P(2ω)
P̂`+

P̂v+P̂v+

P̂`+

P̂`−
ε`

layer-vacuum interface (`v) transmission

T`v = ŝT `v
s ŝ + P̂v+T̃ `v

p P̂`+ (33)

layer-bulk interface (`b) reflection

R`b = ŝR`b
s ŝ + P̂`+R`b

p P̂`− (34)

Capital Letters ⇒ 2ω

P̂i±(εi) i = v, `, b R′s&T ′s Fresnel Factors



C. Three-layer-model for SHG Radiation

P(2ω)
P̂`+

P̂v+P̂v+

P̂`+

P̂`−
ε`

Total radiated field at 2ω

E(2ω) = Es(2ω) (T`v + R`b · T`v) · ŝ
+ Ep+(2ω)T`v · P̂`+ + Ep−(2ω)T`v · R`b · P̂`− (35)

first (third) term is the transmitted s (p)-polarized field

second (fourth) term is the reflected

and then transmitted s (p)-polarized field



C. Three-layer-model for SHG Radiation

E(2ω) =
4πiω̃

Kz`
H · P (36)

H = ŝ T `v
s

(

1 + R`b
s

)

ŝ + P̂v+T̃ `v
p

(

P̂`+ + R`b
p P̂`−

)

(37)

E(2ω) = êout · E(2ω)

êout = ŝ, P̂v+ or any combination

E(2ω) =
4πiω

c
e2ω · P (38)



C. Three-layer-model for SHG Radiation

e2ω =
1

cos θ
êout·

[

ŝT v`
s T `b

s ŝ − P̂v+T v`
p T `b

p (ε`(2ω)Kzbx̂ + εb(2ω) sin θẑ)
]

(39)

T `v
s =

Kz`

cos θ
T v`

s T̃ `v
p =

√

ε`(2ω)Kz`

cos θ
T v`

p (40)

1 − R`b
p =

ε`(2ω)Kzb

Kz`
T `b

p 1 + R`b
p = εb(2ω)T `b

p (41)



C. Three-layer-model for SHG Radiation

Eq. (38) ⇒

Es(2ω) =
4πiω

c cos θ
T v`

s T `b
s χyijEi(ω)Ej(ω) (42)

Ep(2ω) =
−4πiω

c cos θ
T v`

p T `b
p

[

ε`(2ω)Kzbχxij + εb(2ω) sin θχzij

]

Ei(ω)Ej(ω)

(43)

Ei(ω) is the incident field given by the

properly screened external field



C. Three-layer-model for SHG Radiation

Es(ω) = Eot
v`
s

(

1 + r`b
s

)

ŷ (44)

Ep(ω) = Eo

[

t̃v`
p

(

1 − r`b
p

)

cos θ`x̂ − t̃v`
p

(

1 + r`b
p

)

sin θ`ẑ
]

(45)

Eo is the incoming amplitude

θ` is the angle of refraction in the layer

Eqs. (40-41) ⇒
Es(ω) = Eot

v`
s t`bs ŷ (46)

Ep(ω) = Eot
v`
p t`bp (ε`(ω)kzbx̂ − εb(ω) sin θẑ) (47)



C. Three-layer-model for SHG Radiation

Eqs. (31), (32), (42), (43), (46), (47) ⇒

RiF (2ω) =
32π3ω2

c3 cos2 θ

∣
∣
∣T v`

F T `b
F (tv`

i t`bi )2 riF

∣
∣
∣
2

(48)

i (lower case) initial polarization and F (upper case) final

polarization

riP =
(

Kzbχxjk(2ω) + sin θχzjk(2ω)
)

Ei
j(ω)Ei

k(ω) (49)

riS = χyjk(2ω)Ei
j(ω)Ei

k(ω) (50)

Es = ŷ and Ep = ε`(ω)kzbx̂ − εb(ω) sin θẑ



C. Three-layer-model for SHG Radiation

Fresnel factors:

tv`
s (ω) =

2cos θ

cos θ + kz`(ω)
tv`
p (ω) =

2cos θ

ε`(ω) cos θ + kz`(ω)
(51)

t`bs (ω) =
2kz`(ω)

kz` + kzb(ω)
t`bp (ω) =

2kz`(ω)

εb(ω)kz`(ω) + εs(ω)kzb(ω)
(52)

Three-Layer Model

{

ε` = 1 ⇒ No screening
ε` = εb ⇒ Fresnel screening
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