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Hele-Shaw cell (1894)
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Oil (exterior)-incompressible liquid with high viscosity

Water (interior) - incompressible liquid with low viscosity
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V=—Vp
Ap =10
P =0

p.. = —log |z
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Darcy Law

velocity of a moving planar interface =
= a gradient of a harmonic field
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Painlevé 1

Ut — 6u2 — ht.

Physical Solution: u— +v/~ht/6
U(X,t) (a,? _ 2u(t))\If — XU
X =x+1y o
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Finite time cusp singularities
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v = (o +20(0) (2 — u(t))
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Brownian excursion with a moving boundary

A probability for BM to arrive on an element of the boundary is a
harmonic measure of the boundary

Ap =0, p(z— o0)— log|z

|'Vp| — harmonic measure

p =0 — on the boundary

Vladimir Zakharov, 2010

Saturday, March 27, 2010



Continuous problem ( a hydrodynamic limit):

a size of particles h — 0 tends to zero
4 32768
é;‘ ,_ *’ > ¥
TR B
v : ..: A : :'j. 3'* .

zeros of (X, 1)

The limit : size of particles tends to zero is ill-defined
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Weak solution

Darcy law is applied everywhere in the fluid except on
a moving, growing and branching graph of shocks,

where pressure suffers a finite discontinuity.
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Evolution of an elliptic curve

y
. y(z) — Y (X)
R
> >\ > b
y
) Graph to a Complex Curve
Darcy Law has a form of orY = —0x0,
Witham equation:
O(X) = +ip

Zabrodin, Krichever, PW.
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Integral Form of the Darcy Law

74 (—iY)dX = 7{ vxdl= 7{ dy = flux of fluid,
B B B

7{ (—2Y)dX = —]{ v-df = —j{ dp = vorticity.
B B B

Re 74 (—iY)dX =0
all cycles

Im% (—2Y)dX = time

A unique weak solution
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Re 7{ (—iY)dX =0
all cycles

Im% (—2Y)dX = time

Boutroux condition/ Krichever
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Shocks and anti-Stokes lines
X
Re/ (—Y)dX =0, X € shocks

X
Re/ (—Y)dX >0, X — shocks
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(617 €2, 63) —

h ~ 3.246382253744278875676.
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Two generations of branching 32768 generation of branching
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Stokes Phenomenon in Painlevé 1
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Painlevé 1 Upp — 6u’ = ht.

(a,? - Zu(t))\If — XU

Y (X, 1) = limp_o(ihdx ) log ¥(X, 1)

4
hlog\j[j‘X—mx) N 5X5/2 o tX1/27

Arg| X < 7.
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SWVEB (X ) ~ ot# [T (—iY)dX

Time-independent monodromy data:
Re 7{ (—iY)dX =0
all cycles

Im 7{ (—iY)dX = time
©.@)
Boutroux, Krichever, Novikov-Grinevich

identical to the Darcy law
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Darcy law requires the asymptote

4

hlog U x oo — g)(5/2 —t X2,

\IJWKB :AS@DWKB‘FBS@D?/KB,

02

WKB
+

_|_

(X, 1) ~ 6:t%fX(—iY)dX

Arg| X < .
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Smooth and oscillatory regimes of the Painleve function
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bhysical wave-function
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Hypothesis:

The pattern is Stokes lines of higher order Painleve
equations.
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