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v = −∇p

∆p = 0

p|Γ = 0

p|∞ = − log |z|

Darcy Law

velocity  of a moving  planar interface =
= a gradient of a harmonic field
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3. Hele-Shaw flow and physical solution of Painlevé I

3.1. Linear problem for Painlevé I

Painlevé I equation arises as a result of compatibility of two linear differential

equations satisfied by the“wave-function” Ψ(X, t) – a central object of this

study.

Let X̂ and Ŷ

X̂ = ∂2
t − 2u(t), −iŶ = −2∂3

t + 6u∂t + 3ut, T =
1

6
�t (29) XY

be two Hermitian differential operators. Then the linear problem reads

X̂Ψ = XΨ, Ŷ Ψ = i�∂XΨ. (30) L

The two equations are compatible only if u(t) obeys Painlevé I equation

utt − 6u2 = �t. (31) P1

Only then

[X̂, Ŷ ] = i�, (32) XY1

as it follows from (
L
30).

3.2. Painlevé equation as a quantized Hele-Shaw flow

Equation (
XY1
32) and (

XY
29) are to be compared with (

33
6) and (

44
19) describing a

smooth Hele-Shaw flow. One identifies the operators X̂, Ŷ , φ̂, u with their classical

counterparts X, Y, φ, −e, where we define φ̂ := −i�∂T = −6∂t. From this point

of view Painlevé equation is seen as a quantization of Hele-Shaw problem, when

the brackets in (
33
6) are replaced by the commutator in (

XY1
32): { , } → − i

�[ , ]. The

quantization introduces a new parameter � which regularizes singularities of the

flow. It will be sent to zero when a solution is found. This point of view has been

suggested in
TWZ
[15].

Quantization suggests a regularizing scheme for the Hele-Shaw flow: observables in

the classical flow are diagonal matrix elements of the corresponding operators. One

Painlevé I
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Discontinuity of the semiclassical approximation of analytic functions is known as

Stokes phenomena. The locus of zeroes is closely related to Stokes phenomena.

Shocks occur on some Stokes-level lines selected by the condition (
ad

28) and described

in more details in the sequel.

The governing conditions (
Re

38) and (
V

37) determine Stokes multipliers and semiclassical

wave-function.

4. The physical solution of Painlevé I transcendent

Among many solutions of Painlevé I equation

utt − 6u2
= �t (41) P1

called Painlevé functions (see e.g.,
Holmes, Kapaev1989

[37, 41]), we look for the solution which at t→ −∞
approaches to

u→ +

�
−�t/6 = −e(T )

2
> 0 (42) A

as it follows from the correspondence to a smooth Hele-Shaw flow as in (
ue

40). This

correspondence also shows a relation between times t = 6T/�. Following
Grinevich-Novikov

[13] we call

this solution ”physical” (it is also known as ”separatrix”
Kapaev1989

[41] ).

Below we review some major facts about asymptote of the physical Painlevé -

function.

4.1. Smooth regime t→ −∞

The sign of the asymptote u|t→−∞ > 0 fixes the coefficients of the asymptotic

series

u(t)− |e(T )|
2

= − |e(T )|
2

�

k=1

ak(−t)−5k/2, t→ −∞, (43) u

The coefficients ak can be computed recursively, a1 =
1
48 . They have a topological

meaning as intersection numbers of curves on Riemann surfaces
Witten

[38], and grow as

ak ∼ 1
π3/2

�
6
5

�1/2
�

25

5

√
6

�−k
(2k)!

Takei,Kapaev2004

[40, 48]. Fluctuations (
dphi

34) follow from (
u

43).
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emerging shock pattern are directly related to ”physical” solutions of Painlevé I

equation:

uttt − 12uut = �, (2) P

where the Painlevé -function u(t) is a real function for real values of the

argument.

As it is seen in Fig.
Gamba
2, the Painlevé -function behaves drastically different at large

negative time t < 0 and large positive time t > 0. At t < 0 the Painlevé -function is

smooth. It falls to an oscillatory regime at t > 0.

The Painlevé and Hele-Shaw itself is related to a coordinate of the tip of the finger

e(t). The relation is different before and after passing through the singularity: at the

smooth phase (large negative T ) the tip progresses as e(T ) = −2u(t) < 0, T → −∞;

at large positive T (after the singularity) the tip retrieves, its position is equal slowly

moving position of minima of the Painlevé function e(T ) = u(tn) < 0, where tn is a

sequence of time, labeled by an integer n, such that u̇(tn) = 0. In both cases relation

between the time of the Hele-Shaw flow T and the time t of the Painlevé -equation

is

T =
�t

6
, T < 0; T =

�tn
6

, T > 0. (3) T

In fact, solution of the Hele-Shaw flow is not directly related the solution Painlevé -

function u(t) - solution of the non-linear equation, but rather to the Painlevé “wave-

function” Ψ(X, t)– solution of the linear ordinary differential equation associated

with Painlevé I equation:

�
∂2

t − 2u(t)
�
Ψ = XΨ (4) XY1

Hele-Shaw flow appears a semi-classical � → 0 limit of the Painlevé wave-function.

The argument X - a complex spectral parameter of the linear problem pays a role

of a complex coordinate of the fluid. In particular, shocks appear as Stokes level

lines of the Painlevé I “wave-function”. Elsewhere we will argue that even � �= 0

Painlevé equation provides a probabilistic interpretation of the flow: |Ψ(X, t)|2dXdX̄

can be seen as a probability measure of a certain stochastic excursion with a moving

boundary.

We think that the relation between the singular Hele-Shaw problem and Painlevé I

5

emerging shock pattern are directly related to ”physical” solutions of Painlevé I
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with Painlevé I equation:

�
∂2

t − 2u(t)
�
Ψ = XΨ (4) XY1

Hele-Shaw flow appears a semi-classical � → 0 limit of the Painlevé wave-function.
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Finite time cusp singularities

y2 ∼ x3

Vladimir Zakharov, 2010

y2 = −(x + 2u(t))
�
x− u(t)

�2

u(t) =
√
−t

5Saturday, March 27, 2010



A probability for BM to  arrive on an element of the boundary is a 
harmonic measure of the boundary

z

∆p = 0, p(z → ∞) → log |z|

|∇p|− harmonic measure

p = 0 − on the boundary

Brownian excursion  with a moving boundary
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Continuous problem ( a hydrodynamic limit):  
 
a size of particles                                    tends to zero h̄ → 0

Vladimir Zakharov, 2010

zeros of Ψ(X, t)

The limit : size of particles tends to zero is i!-defined
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Weak solution

Darcy law is applied everywhere in the fluid except on 

a moving,  growing and branching graph of shocks,

 where pressure suffers a finite discontinuity.
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law. The integral form of the non-linear equation suggests an interpretation of the

Darcy law as evolution of a real Riemann surface (a complex curve with reality

conditions). In this interpretation, a singularity signals that the evolving Riemann

surface changes its genus.

A similar problem had been observed in a different field - dynamics of slow modulated

of fast oscillatory non-linear waves governed by soliton-like equations (see e.g.,
Novikov-book
[9]).

If a non-linear wave features a separation of scales, in the form of a slow modulation

of fast oscillations, the slow part is described Witham equations
Dubrovin-Novikov,Krichever
[10, 11]. Conversely,

the Witham equations can be interpreted as the evolution of Riemann surfaces‡

In Refrs.
LTW1,LTW2
[1, 2] we described hydrodynamics of shocks initiated by the most generic

cusp singularity, often referred to as a (2,3)-cusp. In local Cartesian coordinates

aligned with a cusp, the shape of a critical finger is given by y2 ∼ x3
, as in Fig.

finger
1.

Right before the occurrence of a (2,3)-cusp singularity, a critical Hele-Shaw flow is

described as the evolution of the simplest Riemann surface – a sphere. Right after

a singularity a sphere transforms into a torus (or elliptic complex curve). Exactly

the same transition appears in a semiclassical approximation of special, often called

”physical” solutions of the Painlevé I equation
Gamba, Grinevich-Novikov
[12, 13].

Figure 2. Illustration of a physical Painlevé -function by means of Witham

approximation: at T < 0 solution is smooth. It features fast oscillations at T > 0,

but the change of the period and amplitude remain smooth. SY will improve this

figureGamba

Appearance of the Painlevé equation in Hele-Shaw dynamics is not accidental. In

this paper we clarify this relation. We show that the Hele-Shaw singular flow and

emerging shock pattern are directly related to ”physical” solutions of Painlevé I

‡ An observation that a Hele-Shaw flow has a form of Witham equations appeared in Ref.
MKWZ
[14].
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counterparts X, Y, φ, −e, where we define φ̂ := −i�∂T = −6∂t. From this point
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Evolution of an elliptic curve

y(x)→ Y (X)

Graph to a Complex Curve

Vladimir Zakharov, 2010

Darcy Law has a form of 

Witham equation:

Zabrodin, Krichever, P.W.

8

polynomials and eigenvalues of random matrices. In this paper we do not elaborate

this approach in order to reduce the size of the paper. A reader interested how

Painlevé equation may be obtained from random matrix approach to the Hele-Shaw

flow is refereed to
ABTWZ, T
[17, 18].

We also comment that an idea that near-cusp structure should be followed by a crack

propagation into the fluid domain has been suggested in earlier works
crack1,crack2
[7, 8]. The

mechanism discussed in these papers seems different that in
LTW1,LTW2
[1, 2].

2. Singularity and viscous shocks

2.1. Evolving complex curve

The flow near a singular finger tip does not depend on details of a boundary away

from the tip of the finger. It is sufficient to consider a finger with a symmetry axis.

In Cartesian coordinates aligned with a finger axis (Fig.
finger
1), a finger is given by a

graph ±y(x). We recall a description of a viscous finger in terms of height function

Y (X, T )
TWZ
[15]. It is defined as an analytic function on a finite part of the complex

plane X = x + iy cut along the symmetry axis of the finger, such that the boundary

values are real and equal to the graph of the finger Y (X)X=x+±i0 = ±y(x, T ). Darcy

law can be expressed through the height function
TWZ
[15]:

∂T Y = −∂Xφ, (5) darcy2

where the analytic function φ(X) = ψ + ip is a complex potential of the flow, ψ is a

stream function, and p is the pressure.

The height function Y (X, T ) defines a complex curve (or Riemann surface) evolving

in time. Since at real X = x the height Y = ±y(x) is real, the curve is real:

Y (X) = Y (X).

In Ref.
TWZ
[15] it has been shown that in general the complex curve is hyperelliptic, i.e.,

Y 2
(X) is a polynomial of an odd degree. Its degree is preserved while the coefficients

evolve in time. §.

§ This is a part of a more general statement
ref
[22] - if, initially, a boundary of a fluid is algebraic, it

will remain algebraic under evolution according to the Darcy law. Close to a singularity the curve

8
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Integral Form of the Darcy Law

Vladimir Zakharov, 2010

d

dT
Im

�

B
(−iY )dX =

�

B
v × d� =

�

B
dψ = flux of fluid,

d

dT
Re

�

B
(−iY )dX = −

�

B
v · d� = −

�

B
dp = vorticity.

Im
�

∞
(−iY )dX = time

Re
�

all cycles
(−iY )dX = 0

A unique weak solution
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Im
�

∞
(−iY )dX = time

Re
�

all cycles
(−iY )dX = 0

Vladimir Zakharov, 2010

Boutroux condition/ Krichever
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Shocks and anti-Stokes lines

Vladimir Zakharov, 2010

Re
� X

(−iY )dX = 0, X ∈ shocks

Re
� X

(−iY )dX > 0, X → shocks
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y
2 = (x − e1)(x − e2)(x − e3)

Figure 2: Iso-pressre lines on x-plane. The branch points are exactly on the tips. The Whitham evolution
simply scales the graph by

√
t. The red line is the equi-pressure lines with nonzero pressure. They draw

the exact same line if the absolute values of the pressure are the same.

The branch points (e1, e2, e3) are the roots of the equation, 0 = 4x3 − g2x − g3, and they are given by

(e1, e2, e3) = (℘(ω), ℘(ω′), ℘(ω2)). e3 is the branch point on the real axis of the x-plane.
Before the cusp (t < 0) the one branch point moves as −2

√
−t and the other two moves as

√
−t.

After the cusp (t > 0) the branch points and the evolution of the elliptic invariants are summarized as
following.

(e1, e2, e3) =

√

3

h2 − 3
4

(−1, 1
2 + ih, 1

2 − ih)
√

t (6)

g2 = −12 t (7)

g3 = −12

√

3

h2 − 3
4

4h2 + 1

4h2 − 3
t3/2 ≈ −7.321762431 t3/2, (8)

where h ≈ 3.246382253744278875676. It is obtained by the relation m = 1
2 + 3

4
1√

9

4
+h2

where m is the

solution of the equation

(16m2 − 16m + 1)E(m) = (8m2 − 9m + 1)K(m). (9)

At the complex branch points, e1 and e2, the potential becomes

φ(ω) = 3i

(

η′
2 −

η2

ω2
ω′

2

)

= −
3π

ω2
. (10)

This means that the pressure at the complex branch point is zero and the stream function is given by the

above value (Prof. Wiegmann, it is not 2π
|ω|2 ).

2
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y2 = −(x + 2u(t))
�
x− u(t)

�2

u(t) =
√
−t
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Two generations of branching

11

Figure 4. A graph of shocks with two generations of branching triggered by the

singularity after the critical time, computed numerically. The blue line is the branch

cut of the height function inside the finger. The finger itself is not drawn.

10. Experimental realization

It will be interesting to see an experimental realization of a branching shocks in viscous

flows at small Reynolds numbers. Shocks may have different meanings depending on

experimental settings. In a Hele-Shaw cell shocks are narrow channels where an inviscid

liquid is compressed and sheared. This is the least likely realization. In visco-ellastic

fluids, granular flows and liquid micro-layers observation of shocks is more likely. There,

shocks are cracks.
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5

emerging shock pattern are directly related to ”physical” solutions of Painlevé I

equation:

uttt − 12uut = �, (2) P

where the Painlevé -function u(t) is a real function for real values of the

argument.

As it is seen in Fig.
Gamba
2, the Painlevé -function behaves drastically different at large

negative time t < 0 and large positive time t > 0. At t < 0 the Painlevé -function is

smooth. It falls to an oscillatory regime at t > 0.

The Painlevé and Hele-Shaw itself is related to a coordinate of the tip of the finger

e(t). The relation is different before and after passing through the singularity: at the

smooth phase (large negative T ) the tip progresses as e(T ) = −2u(t) < 0, T → −∞;

at large positive T (after the singularity) the tip retrieves, its position is equal slowly

moving position of minima of the Painlevé function e(T ) = u(tn) < 0, where tn is a

sequence of time, labeled by an integer n, such that u̇(tn) = 0. In both cases relation

between the time of the Hele-Shaw flow T and the time t of the Painlevé -equation

is

T =
�t

6
, T < 0; T =

�tn
6

, T > 0. (3) T

In fact, solution of the Hele-Shaw flow is not directly related the solution Painlevé -

function u(t) - solution of the non-linear equation, but rather to the Painlevé “wave-

function” Ψ(X, t)– solution of the linear ordinary differential equation associated

with Painlevé I equation:

�
∂2

t − 2u(t)
�
Ψ = XΨ (4) XY1

Hele-Shaw flow appears a semi-classical � → 0 limit of the Painlevé wave-function.

The argument X - a complex spectral parameter of the linear problem pays a role

of a complex coordinate of the fluid. In particular, shocks appear as Stokes level

lines of the Painlevé I “wave-function”. Elsewhere we will argue that even � �= 0

Painlevé equation provides a probabilistic interpretation of the flow: |Ψ(X, t)|2dXdX̄

can be seen as a probability measure of a certain stochastic excursion with a moving

boundary.

We think that the relation between the singular Hele-Shaw problem and Painlevé I

Painlevé  I

17

3. Hele-Shaw flow and physical solution of Painlevé I

3.1. Linear problem for Painlevé I

Painlevé I equation arises as a result of compatibility of two linear differential

equations satisfied by the“wave-function” Ψ(X, t) – a central object of this

study.

Let X̂ and Ŷ

X̂ = ∂2
t − 2u(t), −iŶ = −2∂3

t + 6u∂t + 3ut, T =
1

6
�t (29) XY

be two Hermitian differential operators. Then the linear problem reads

X̂Ψ = XΨ, Ŷ Ψ = i�∂XΨ. (30) L

The two equations are compatible only if u(t) obeys Painlevé I equation

utt − 6u2 = �t. (31) P1

Only then

[X̂, Ŷ ] = i�, (32) XY1

as it follows from (
L
30).

3.2. Painlevé equation as a quantized Hele-Shaw flow

Equation (
XY1
32) and (

XY
29) are to be compared with (

33
6) and (

44
19) describing a

smooth Hele-Shaw flow. One identifies the operators X̂, Ŷ , φ̂, u with their classical

counterparts X, Y, φ, −e, where we define φ̂ := −i�∂T = −6∂t. From this point

of view Painlevé equation is seen as a quantization of Hele-Shaw problem, when

the brackets in (
33
6) are replaced by the commutator in (

XY1
32): { , } → − i

�[ , ]. The

quantization introduces a new parameter � which regularizes singularities of the

flow. It will be sent to zero when a solution is found. This point of view has been

suggested in
TWZ
[15].

Quantization suggests a regularizing scheme for the Hele-Shaw flow: observables in

the classical flow are diagonal matrix elements of the corresponding operators. One

Y (X, t) = lim�→0(i�∂X) log Ψ(X, t)

� log Ψ|X→∞ →
4
5
X5/2 − t X1/2, |Arg|X < π.
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ψWKB
± (X, t) ∼ e±

1
�

R X(−iY )dX

Time-independent monodromy data:

Im
�

∞
(−iY )dX = time

Re
�

all cycles
(−iY )dX = 0

identical to the Darcy law

Boutroux, Krichever, Novikov-Grinevich
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� log Ψ|X→∞ →
4
5
X5/2 − t X1/2, |Arg|X < π.

Darcy law requires the asymptote

27

where H is given by (
D

50). The asymptotes of the WKB functions are given by the

same formula where H is replaced by H̄: ψWKB
± → ψ±(X, t). Functions ψ±(X) are

analytic functions on a plane cut by the finger Arg X = π.

Around the point X = u/2

Loosely speaking, the WKB - Painlevé wave-function is a linear combination of two

basis functions

ΨWKB = AS ψWKB
+ + BS ψWKB

− , (60) PH1

where coefficients AS and BS are different in different Stokes sectors labeled by S

are Stokes multipliers. More accurately, this form holds only on Stokes-level lines,

where both terms oscillate and are of the same order. Away from the level lines the

recessive term (as � → 0) must be dropped, unless the coefficient in front of the

dominant term vanishes. It follows from the governing condition (
V

37), that the term

to keep is ψWKB
+ regardless of a sector.

A problem of WKB form of physical wave-function thus reduces to finding Stokes

factors. According to isomondromy interpretation of Painlevé equation the Stokes

multipliers are time independent constants. According to the scaling property of the

solution, the Stokes multipliers also are �-independent constants.

6. Semiclassical wave-function and the Hele-Shaw flow

6.1. Darcy Law as an average over the period

It is easy but instructive to see that how doe the Darcy law follows from the

semiclassical wave-function. In the fluid, away from shocks, only one term ψWKB
+ in

(
PH1

60) is essential. At T > 0 the wave function oscillates as a function of time. Let us

see how it changes over the real period 2ω2.

First we notice that the term in (
WKB

56) placed outside of the brackets σ(t+λ)
σ(λ)σ(t)e

−ζ(t)λ is

periodic. The only change over the period comes from the slowly varying part. We

write the potential flow (
Y

33) as

iφ� = ��∂T � ≈
6

2ω2
log

ΨWKB(t + 2ω2)

ΨWKB(t)
= ∂T Ω− �

2
∂T log Y. (61)

ψWKB
± (X, t) ∼ e±

1
�

R X(−iY )dX
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2.5 Motion of the finger 15

Figure 4. Geometry of Stokes-level lines (black solid lines) before (left panel) and
after (right panel) transition. Before the transition neither Stokes-level line is a
shock. Four level lines emanate from the double point. After the transition the
double point splits into two branch points. Condition Re Ω > 0 on the remote part
of the finger arg X = π, |X| → ∞ uniquely determines configuration of shocks
Γ3,Γ2.

Blue-dashed lines are Stokes lines Im Ω = 0.physicalplane

singularity the finger retreats, moves to the left and triggers two shocks growing to

the right. The tip of the finger os a position of the branch cut extended toward

−∞. The scaling property shows that tip of the finger moves as
�

|T | but with an

abruptly change of the coefficient
LTW1,Gamba
[1, 12]

e(T ) =

�
−2
√
−T , T < 0,

−0.553594
√

T , T > 0.
(26) e1

In the next section we show that the envelope of Painlevé -function behaves in a

similar manner

u(T ) =

�
−1

2e(T ) =
√
−T , T < 0,

e(T ) = −0.553594
√

T , T > 0.
(27) u1
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Position of zeros of the physical wave-function

4

law. The integral form of the non-linear equation suggests an interpretation of the

Darcy law as evolution of a real Riemann surface (a complex curve with reality

conditions). In this interpretation, a singularity signals that the evolving Riemann

surface changes its genus.

A similar problem had been observed in a different field - dynamics of slow modulated

of fast oscillatory non-linear waves governed by soliton-like equations (see e.g.,
Novikov-book
[9]).

If a non-linear wave features a separation of scales, in the form of a slow modulation

of fast oscillations, the slow part is described Witham equations
Dubrovin-Novikov,Krichever
[10, 11]. Conversely,

the Witham equations can be interpreted as the evolution of Riemann surfaces‡

In Refrs.
LTW1,LTW2
[1, 2] we described hydrodynamics of shocks initiated by the most generic

cusp singularity, often referred to as a (2,3)-cusp. In local Cartesian coordinates

aligned with a cusp, the shape of a critical finger is given by y2 ∼ x3
, as in Fig.

finger
1.

Right before the occurrence of a (2,3)-cusp singularity, a critical Hele-Shaw flow is

described as the evolution of the simplest Riemann surface – a sphere. Right after

a singularity a sphere transforms into a torus (or elliptic complex curve). Exactly

the same transition appears in a semiclassical approximation of special, often called

”physical” solutions of the Painlevé I equation
Gamba, Grinevich-Novikov
[12, 13].

Figure 2. Illustration of a physical Painlevé -function by means of Witham

approximation: at T < 0 solution is smooth. It features fast oscillations at T > 0,

but the change of the period and amplitude remain smooth. SY will improve this

figureGamba

Appearance of the Painlevé equation in Hele-Shaw dynamics is not accidental. In

this paper we clarify this relation. We show that the Hele-Shaw singular flow and

emerging shock pattern are directly related to ”physical” solutions of Painlevé I

‡ An observation that a Hele-Shaw flow has a form of Witham equations appeared in Ref.
MKWZ
[14].

Smooth and oscillatory regimes of the Painleve function
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Hypothesis: 
 
The pattern is Stokes lines of higher order Painleve 
equations.
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