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An Example
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History

Placement of primordia is determined by a set of rules, the
most important being:

New primordia are formed periodically in the
largest available space left by the previous ones.

Pursuing this approach leads to the conclusion:
The ordering is explained due to the system’s trend
to avoid rational (periodic) organization, thus
leading to a convergence towards the golden mean.

Hofmeister (1868); Douady and Couder (1996); Atela, Golé,
and Hotton (2002).

Matt Pennybacker, The University of Arizona Fibonacci Patterns 3/12



The Shoot Apical Meristem

1 Rapid mitosis produces
undifferentiated cells.

2 Primordia form on the
generative annulus.

3 Existing primordia move
outward and continue
their development.

Model Statement
Mechanics and biochemistry
are the primary contributors
to primordium formation.

To begin, we will describe the two scenarios which we call regular and sunflower, by which
plant patterns are made. We will then introduce a third scenario which we call the inside-out
sunflower, which, together with the sunflower scenario, motivates our claim that Fibonacci patterns
are universal and may be obtained in a wide variety of pattern-forming physical systems. In Fig. 2,
we illustrate the regular process. The area near the apex of the SAM is divided into three regions,
a central zone, containing what we call a mush of undifferentiated cells, a constantly renewed
neighboring annular region where the skin, or tunica, of the plant has hardened and in which the
region the primordia (the bumps in the surface which later mature into fully developed phylla,
i.e. leaves, flowers, bracts) are generated, and an outer region to which the primordia formed
in what was previously a generative region are attached? and where they mature into phylla.
As a result of plant growth, a specific primordium, which is generated in region 2, will move
radially outward, keeping its angular position fixed. Meanwhile, a new generative region forms
behind it, and in it a pattern is formed. Due to plant growth, the new generating radius will
generally be at a larger distance from the apex than the old one. Therefore, because there is
an intrinsic wavelength dictated b the physical origin of the instability which causes the surface
to buckle and any underlying hormone (such as auxin) concentration to become nonuniform, the
new circumference at which the new pattern is to be formed may accomodate a different set of
modes with a different set of wavevectors. Of course, and this fact is central to the preference
for Fibonacci patterns, the choice between various competitors for the new pattern will be heavily
influenced by the bias and presence of the previously created pattern on the outer annular boundary
of the new pattern. In this first scenario, the pattern furthest away from the origin is the one
with the least number of circumferential wavelengths and the circumferential wavenumbers of the
phyllotactic pattern increase towards the apex. We shall learn later the reasons that the preferred
circumferential wavenumbers, all integers, belong to the Fibonacci sequence.

Figure 2: Diagram of the shoot apical meristem. In the regular process, cells are generated in
region 1, the pattern forms in region 2–the generative annulus, and the primordia further develop
into, for example, leaves as they move out to region 3.

In the second, sunflower, scenario, the seeds or florets, the central part of the sunflower head,
consists of patterns consisting of spiral modes with circumferential wavenumbers belonging to
Fibonacci sequences (Fig. 3) which decrease towards the plant apex. To understand this, we must
learn how both the flower heads and florets of sunflowers arise. Here we outline the description
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Growth Mechanisms

Mechanisms and models

w(r , α, t) Surface normal deformation, f (r , α, t) Airy Stress tensor fluctuation
g(r , α, t) Growth/auxin concentration fluctuation (continuum limit)

[Reinhardt, Meyerowitz, Traas et al]

ζwt + D∆2w + N∆χw + 1
Rα

∆ρf − [f , w ] + κw + γw3 = 0
1

Eh∆2f − 1
Rα

∆ρw + 1
2 [w , w ]+∆g = 0

gt = −Lg−H�2 g−�4g− κ̄1� (g�g)− κ̄2� (�g�2 g)− δg3 +β∆f

Canonical form: ut = −(�2 + 1)2u + �u + Quad− u3

Pattern formation and pattern evolution on plants
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Pattern formation and pattern evolution on plants

Mechanics:
Primordia appear as buckling of the surface of the
SAM, which can be modeled as a hard shell on an
elastic foundation.

Biochemistry:
Primordium locations are mediated by local
concentrations of the plant hormone auxin, which is
in turn regulated by the PIN1 protein.

Greene, Steele, and Rennich (1996); Jönsson, et al (2005).
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The Model Equations

Let w be the surface deformation field, f be the fluctuation
of the Airy stress potential, and g be the growth strain field.

Model Equations
wt = −∆2w− κw− γw3 − P∆χw + ν−1[f ,w]− C∆ρf
∆2f − C∆ρw + (2ν)−1[w,w] + ∆g = 0
gt = −Lg−H∆g−∆2g− κ̄1∇(g∇g)− κ̄2∇(∇g∆g)− δg3 +β∆f

Near the onset of pattern formation, the behavior is
governed more by the overall symmetries. We simplify this
model to include only the main ingedients.

Swift-Hohenberg Equation
ut = −(∇2 + k2

0)2u + εu + ϑ(∇u)2 − 2ϑ∇(u∇u)− γu3
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Aside: Why Hexagons?

Another Swift-Hohenberg Equation
ut = −(∇2 + 1)2u + εu + ϑu2 − γu3

Examine the the uniform
solution to find that modes
with

ε− (k2 − 1)2 > 0

are unstable. When do k1, k2,
and k3 = k1 + k2 all lie on the
unit circle?

Why hexagons?

{ ei�kj ·�x} compete

Quadratic interaction (strongest near onset)

ei �k1·�x · ei �k2·�x = ei(�k1+�k2)·�x

When do �k1, �k2, �k3 = �k1 + �k2 all have length k0?

Quadratic interactions favor hexagons

Pattern formation and pattern evolution on plants
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Simulation Results
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Local Spectra of Results
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Local Spectra of Results

Matt Pennybacker, The University of Arizona Fibonacci Patterns 10/12



Why Fibonacci?
outside of the active set at R = 8.

Figure 12: (a)-(b) The energy landscapes corresponding to the amplitude equations (??) at R = 5
and R = 8. There are two energy minima in Figure (b). The energy minimum J is continuously
evolved from the energy minimum I in Figure (a), while the energy minimum K starts to exist
only after R = 6.5. When the new minimum K starts to form, its (l2, l3)-value is far from the
(l2, l3)-value of the existing energy minimum. The two branches of energy minima have their
l5 = l2 + l3 < 0 and > 0, respectively. (c): The loci of optimal radial wavenumbers (in a range
of R) corresponding to the two branches of energy minima. (d-f) and (g-i): The amplitude curves
and the optimal wavevectors for the branch with l5 < 0, at R = 5, R = 7, R = 8, respectively. (f)
The amplitude curve for the branch with l5 > 0 at R = 7.

This calculation shows that there is a family of solutions to the family of dynamical system
parameterized by R that is dominated by modes with angular wavenumbers 2, 3, 5, 8, the amplitudes
and the optimal choice of (l2, l3) changing with R. The mode with angular wavenumber 7
consistently has an amplitude near 0, and it moves out of the active set. We may thus neglect
it from the dynamics and capture the the normal transition as R increases from 5 to 8 by an energy
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Thank You
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