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Biological vesicles

Biological vesicles are 
closed compartments of 
lipid bilayer. They are a 
basic tool of the cell for 
organizing metabolism, 
transport, enzyme storage, 
as well as being chemical 
reaction chambers. 



Giant Unilamellar Vesicles
• Large compared to biological vesicles
• Lipid bilayer:

- Unilamellar
- No proteins
- Liquid phase
- incompressible
- Impermeable to surrounding fluids

• Have non-zero excess area
• Different liquids inside and outside Experimental pictures from 

V. Kantsler, V. Steinberg, PRL 95, 258101 (2005)
V. Kantsler, V. Steinberg, PRL 96, 036001 (2006)

V. Kantsler, E. Segre, V. Steinberg, PRL 99, 178102 (2007)
V. Kantsler, E. Segre, V. Steinberg, PRL 101, 048101 (2008)



Dynamics in flows

• Tumbling, Trembling, and Tank-Treading 
motions in stationary shear-type flows

• Membrane wrinkling in time-dependent 
extensional flows

• Stretching transition in strong extensional 
flows

Multiple types of vesicle behavior were 
observed in external flows:



Stationary flow experiment
A vesicle placed in planar flow can experience three types 
of motion (ω - vorticity, s - strain rate):



Three different regimes

Tumbling: !=6,  S=10

Trembling: !=1.43,  S=10

∆Φ

Φ

Tank!Treading: !=0.5,  S=10



Wrinkling Experiment 1
Vesicle is immersed in non-stationary extensional flow with 

After the switch of the flow direction the vesicle starts its 
relaxation to a new stationary state

t < 0 t > 0

∂xVx = −∂yVy = −Ssign(t)



Wrinkling Experiment 2
Transitional dynamics of a vesicle significantly 
depends on the strength of the flow.

In weak flows the shape of vesicle remains smooth:

In strong flows wrinkles are formed on the membrane:



Wrinkles
• Wrinkles appear only in strong 

flows
• Their wavelength is much 

smaller than the vesicle size, and 
depends on the flow strength

• Wrinkles disappear when the 
vesicle reaches its new stationary 
state

• Similar membrane deformations 
have been observed in budding-
fission experiments (Solon et.al., 
PRL, 06)



Stretching Transition
In strong elongational flows tubular vesicles are 
transformed into dumbbells and experience pearling 
instability. 



Stretching: Critical slowdown

The data on the stretching of an individual vesicle, as a
function of the accumulated strain, !! " t _!, for different
values of the elongation rate, _!, are shown in Fig. 1 to-
gether with the corresponding image sequences. Two fac-
tors in the experiment—the observation time of a single
vesicle and the maximal extension within the field of view
of a given microscope objective—limit !! < 60 and the
normalized tubular extension L! < 2. Here, L! " L=L0 #
1, where L0 is the initial length. For the lowest three values
of _! in Fig. 1, L! saturates, while for the higher values, it
apparently diverges as a function of !! in the observation
frame of the vesicle extension. The transition between
these two types of vesicle dynamics occurs at a critical
value _!c. The precise value of _!c for each vesicle with a
given aspect ratio is defined by measuring the dependence
of the vesicle relaxation time T0 on _!, as explained in the
following, and by locating the peak [see inset (i) in Fig. 1].

Similar relaxation dynamics was observed for vesicles
with different aspect ratios L0=D0 from about 4.2 till 50.

Regarding the elongation process, for _! $ _!c, only a slight
stretching of the tubular shape vesicle is observed. At _!c,
tubular vesicles evolve into dumbbells. For _! % _!c, further
significant thinning and extension of the tether in the
dumbbell occurs. For even higher _!, the tube becomes
unstable, and a sequence of transitions to transient pearling
configurations with different number of beads are ob-
served. The number of beads decreases during the transient
stretching, until a stationary stretched dumbbell configura-
tion is established. Different conformation transitions with
different order of unstable modes are found depending on
the value of _!. Stretching sequences showing the pearling
are presented in Fig. 2.

Figure 3 summarizes our measurements for different
vesicles with different aspect ratios for 6 selected values
of _!= _!c. Even though the statistic is not large, particularly
for higher values of _!= _!c, it is sufficient to evidence the
large fluctuations for _!= _!c " 1. These data are obtained
using different vesicles with different initial aspect ratios
as well as for the same vesicle in different runs (repeated
stretching after retraction). As it is presented in the plot at
_!= _!c " 0:85, one can find two pairs of tracks for two

vesicles that show rather strong fluctuations as well as in
the plot at _!= _!c " 1. We did not proceed further with
quantitative characterization of the apparent enhanced
fluctuations to establish their source. It definitely requires
separate investigation based on large vesicle statistics that
will face experimental difficulties particularly due to se-
vere limitations to observe a single vesicle for a long time.
For _!= _!c $ 1, the higher the strain rate, the longer the time
to reach the steady state with maximum vesicle extension,
L!
m. In order to get a quantitative dependence on _! of the

relaxation time T0 of a single vesicle to its steady state,
each individual relaxation trace, similar to the ones shown
in Fig. 1, was either fitted by L!&t' ( 1# exp&#t=T0' for
_!= _!c $ 1, or by T0 " )!L!

!t *#1 for _!= _!c > 1. The normal-
ized and averaged form, for all vesicles, of the dependence
of T " hT0i on the scaled elongation rate, _!= _!c, was ob-
tained from either the averaged fits of the scaled individual
dependencies T0& _!= _!c' or from the fits of the ensemble
average traces in Fig. 3, and is presented in the inset in
Fig. 4. Significant increase in the vesicle relaxation time at
the conformation transition from the tubule-to-dumbbell

FIG. 1 (color online). Normalized vesicle extensions, L! "
L=L0 # 1, as a function of the accumulated strain, !!, for six
values of _! in s#1 started from the lowest curve till the highest
are shown: 0.11, 0.18, 0.21, 0.29, 0.31, 0.53. The vesicle has
L0=D0 " 8:8. Time sequences of vesicle images for some values
of _! are also presented in the plot. Inset (i): relaxation time T0

versus _!.

FIG. 2 (color online). Stretching of a
tubular vesicle. Parameters of the tube
are L0"66"m, D0"1:4"m,
L0=D0 ’ 47, #"5:4 +10#3 Pas. (a)
_! " 0:09 s#1. (b) _! " 0:14 s#1 (dumb-

bell mode instability). (c) _! " 0:19 s#1

(second mode instability—pearling).
(d) _! " 0:92 s#1. Scale bar is 10 "m,
numbers are !!.

PRL 101, 048101 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
25 JULY 2008

048101-2

Vesicle relaxation is slowed down in the vicinity of 
the critical strain rate



Vesicle membrane

A = (4π + ∆)R2 V = (4π/3) R3

• Two-dimensional incompressible liquid

• Rigid with respect to bending deformations

• Surface tension is not constant, but rather an 
adjusting quantity similar to pressure

• Impermeability and incompressibility 
implies the conservation of excess area Δ



Theoretical description

• 3d Stokes equation inside and outside with 
membrane stresses as boundary conditions

• 2d Stokes equation on the membrane

• Nonlinear and Nonlocal (integral) boundary 
equations describe the dynamics



Parameters

• Viscosity ratio 

• Membrane viscosity 

• Excess area 

• Strain rate 

• Relative vorticity

• Temperature T/κ ≈ 0.05" 1

ω/s ≈ 0.1÷ 10

sηR3/κ ≈ 0.1÷ 100

∆ ≈ 0.1÷ 5

ζ/ηR! 1

η̃/η ≈ 0.5÷ 5



Quasi-spherical vesicles

Vesicle shape is parameterized as

Ru

R
Excess area conservation law:

Spectral distribution:

Equations are strongly simplified for ∆! 1

r = R(1 + u)

u(t, θ, φ) =
∑

ulm(t)Ylm(θ, φ)

∑
|ulm|2 = ∆

∆l =
∑

m

|ulm|2



Dynamical equations
Vesicle dynamic is described by

â(∂t − ω∂ϕ)u = 10sij
rirj

r2 − 1
ηr3

0

δF
δu

where F =
∫

dA
(
σ + κ

2 H2
)

In the leading order over         only the second order 
√

∆

harmonics is excited:

u=
√

5∆
4
√

2π

[
sinΘ√

3
(1−3 cos2θ)+cosΘ sin2θ cos(2ϕ−2Φ)

]

a = 16
3

(
1 + 23

32
η̃
η + ζ

2ηr0

)



Dynamical equations 2

τ Φ̇ = S
2

[
cos(2Φ)
cos Θ − Λ

]
,

τΘ̇ = −S sinΘ sin(2Φ) + cos(3Θ)
τ =

7
√

π

12
√

10
aηr3

0

κ
√

∆

The resulting system of equations:

where                      and  
S = 14π

3
√

3

sηr3
0

κ∆ ,

Λ =
√

3
4
√

10π

√
∆ aω
s .

Only two parameters left!



“Linear” equations
Without high-order free energy corrections, equations 
have the following form:

τΘ̇ = −S sinΘ sin 2Φ
τ Φ̇ = S

(
cos 2Φ
cos Θ − Λ

)

They possess an integral of motion 

∂t sinΘ/(Λ− cos Θ cos 2Φ) = 0

Long-time behavior depends on initial conditions! 



“Nonlinear” corrections
Small non-linear corrections coming from the 
membrane free energy break integrability and produce 
limit cycles.

For            there are two time-scales in the problem.S ! 1



Phase diagram 125
Λ

S

√
3

2/
√
3

√
2

≈ 1.52

TrB̂ = 0
DetB̂ = 0

[TrB̂]2 = 4DetB̂

e3

e1

Tumbling

Trembling

Tank -Treading

Spinning
or

Tumbling

Oscillating relaxation

Damping relaxation

0 2 4 6 8 10 12
0

0.5

1.0

1.5

2.0

2.5

3.0

Figure 9. Complete phase diagram.

Λ

S

Λ = 2/
√
3

S
=
√
3

TrB̂ = 0

DetB̂ = 0
e0

e1

e4e5

e6

1.72 1.74 1.76 1.78 1.80 1.82 1.84 1.86 1.88 1.90
1.150

1.155

1.160

1.165

1.170

1.175

1.180

1.185

1.190

1.195

1.200

Figure 10. Phase diagram in the vicinity of the special point.

of the complete system of equations (54) shows that these solutions are unstable in the extended

space (with the variables J and ! included). Therefore, these solutions cannot be realized as a

tank-treading motion.

The phase diagram has a complicated structure near a special point S =
√
3," = 2/

√
3. A

vicinity of the point is depicted in figure 10, where the regions of coexistence of two different

stable points (green triangle) and of a stable point and of a limit cycle (fuchsia triangle) are

shown. In other words, the green region in figure 10 corresponds to coexistence of two tank-

treading regimes, whereas the fuchsia region in figure 10 corresponds to coexistence of the

tank-treading and trembling regimes. The picture in figure 10 can be obtained as a combination

of the pictures plotted in figures 5 and 6.

New Journal of Physics 10 (2008) 043044 (http://www.njp.org/)



Phase Diagram 2
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Critical slowdown
Vesicle dynamics is significantly slowed down in the 
vicinity of critical points:

• Trembling cycles:

• Tumbling cycles: 

• For strong thermal fluctuations:

T ∼ τ

(S − Sc)1/4δΛ1/2

T ∼ τ

(S −
√

3)1/2

T ∼ τ

(S − Sc)1/3D1/3



Key results

• Self-similarity of effective equations

• Complicated phase-diagram

• Multiple time-scales of the problem

• Critical slowdown



Wrinkling Experiment 1
Vesicle is immersed in non-stationary extensional flow with 

After the switch of the flow direction the vesicle starts its 
relaxation to a new stationary state

t < 0 t > 0

∂xVx = −∂yVy = −Ssign(t)



Dynamical equations
Quasi-spherical vesicle dynamics is described by

τ = κ/(ηR3)Where is the characteristic relaxation time. 

Al =
l(l + 1)(l2 + l − 2)

(2l + 1)(2l2 + 2l − 1)
∼ l/4

       is the average surface tension. It is a Lagrange 
multiplier which ensures the excess area conservation. 
It makes the equations strongly nonlinear!

σ(t)

τ u̇lm = S(t)δl2δm2 − (Γl + Alσ)ulm

Γl =
(l − 1)l2(l + 1)2(l + 2)
(2l + 1)(2l2 + 2l − 1)

∼ l3/4, l # 1



Surface tension and Buckling Instability
Surface tension is completely determined by the 
membrane shape:

σ = S(t)Re[u22]−Γ̄
Ā

Γ̄ =
∑

Γl|ulm|2 Ā =
∑

Al|ulm|2

After switching the external velocity, the surface tension 
becomes instantly negative:

σ(+0) = −S/A2

Most unstable mode corresponds to   l0 =
√

|S|/3A2, l! 1



First stage
During the first stage of the dynamics high order harmonics 
grow exponentially while surface tension remains constant. 
The distribution is centered near                    . This stage 
ends when the contribution of high order harmonics to the 
surface tension becomes dominant:

l0 ∼
√

S # 1

Duration of this stage can be estimated as τ/S3/2

It is much smaller compared to the characteristic 
timescale         associated with the dynamics of       .

(1− |u22|2) ∼ A2/Γ̄ ∼ S−1/2 # 1

τ/S u22



Second stage
During the second stage the value of surface tension is 
completely determined by high order harmonics: σ = −Γ̄/Ā

ulm(t) = C(t) exp(−Γlt/τ + Alρ) ρ = −
∫ t
0 dt′σ(t′)/τ

Formal solution of the dynamical equation has the form

Spectral distribution       is narrow, peaked at  
ρ̇ = −σ/τ = l2∗ = ρ/3t

l∗ =
√

ρ/3t

ρ = c(t/τ)1/3

This yields a closed equation
With formal solution

σ ∼ (t/τ)−2/3Surface tension decays as                      and the wavelength 
grows as λ = R/l∗ ∼ R(t/τ)1/3

∆l



 Third Stage

Using the ansatz  ρ(t) = S1/3f(St/τ) one obtains
df(x)

dx = f(x)
3x + 4 1−x

2−x

√
3

xf(x)

f(x) = x1/3
[
log C

√
Sx(2− x)

]2/3
Thus,

Maximal amplitude of wrinkles is achieved at t = τ/S

At this moment their wavelength is estimated as
λ = R/l∗ ∼ R (S log S)−1/3

During the last stage vesicle orientation changes 
significantly. Due to significant decrease of surface 
tension the dynamics of        is trivial: u22 u22 = 1− St/τ



Numerics vs experiment

Temporal dynamics
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Conclusions

• Vesicle membrane can experience buckling instability 
during the transient dynamics.

• Wrinkles wavelength smoothly grows to

• During the second stage evolution is characterized by 
the universal laws:

λ∗ ∼ R(S log S)−1/3

λ ∝ (t/τ)1/3 , σ ∝ (t/τ)−2/3



Challenges
• Rheology of vesicular solutions. Resonances in 

periodic flows ?

• Effect of membrane inclusions. Proteins, lipid rafts, 
multiphase membranes etc. 

• Biologically relevant processes. Transport along 
membrane nanotubes (Davis et. al., Nat. Rev. Mol. 
Cell. Bio. 2008)

• Soft matter machines, swimming vesicles (R. 
Lipowsky, 99)


