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Richardson Two-Particle Diffusion

Volcanic ash plume over K̄ılauea volcano

Meteorologist and applied mathematician Lewis
Fry Richardson proposed in 1926 that particle-
pairs advected by turbulence (e.g. a pair of
soot particles in a volcanic plume) would have
mean-square separation increasing with time
as the cube power

〈|x1(t)− x2(t)|2〉 ∼ t3.

This is Richardson’s t3-law.



Scale-Dependent Eddy-Diffusivity
,-i22 I>. Y. Richardson. 
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Richardson’s table of raw data

Richardson’s approach was semi-empirical. By
estimating “effective diffusivity” K = 〈|∆x|2〉/t
as a function of ` =

√
〈|∆x|2〉, he found from

data that

K(`) ∼ K0`
4/3.

He proposed that the probability density func-
tion of the separation vector ` = x1−x2 would
satisfy a diffusion equation

∂tP (`, t) =
∂

∂`i

(
K(`)

∂P

∂`i
(`, t)

)
with scale-dependent 2-particle eddy-diffusivity.
This equation predicts at long times that

〈|x1(t)− x2(t)|2〉 ∼ t3,

averaging over velocity realizations.



Similarity Solution

Richardson (1926) observed that there is an exact similarity so-

lution of his equation, given by the stretched-exponential PDF

P∗(`, t) =
A

(K0t)9/2
exp

(
−

9`2/3

4K0t

)
in three space dimensions. All solutions approach this self-similar

form asymptotically at long times.

Averaging `2 with respect to this density yields

〈`2(t)〉 = γ0t
3

with γ0 = 1144K3
0/81.



Kolmogorov Cascade Picture

A cartoon of the Kolmogorov cascade

In the Kolmogorov (1941) picture, velocity
differences across eddies of size ` have mag-
nitude

δu(`) ∼ (ε`)1/3.

This increases with `, so that larger turbulent
eddies have larger velocities.

A pair of particles as they separate thus expe-
rience greater relative velocities as they move
further apart. The outcome is an explosive
separation

〈`2(t)〉 ∼ g0εt
3,

even much faster than ballistic (∝ t2).

The (presumed universal) constant g0 is now
usually called “Richardson’s constant”.



Advection by Kolmogorov Velocity

A toy calculation: Assume that `(t) satisfies

d

dt
`(t) = δu(`) = (g0ε`)

1/3.

Separation of variables gives the exact solution

`(t) =
[
`
2/3
0 + (g0ε)

1/3(t− t0)
]3/2

.

For t− t0 � `
2/3
0 /(g0ε)

1/3 ≡ T0

`2(t) ∼ g0εt
3.



Fate of Particles Initially at the Same Point?

An odd feature of the previous result is that, if `0 = 0, then

`2(t) = g0ε(t− t0)3 > 0.

Two particles started at the same point at time t0 separate to a

finite distance at any time t > t0!

The same oddity may be seen in Richardson’s similarity solution,

which satisfies at initial time t0 = 0

P∗(`,0) = δ3(`).

All particles start with separation `(0) = 0. However, P∗(`, t) is a

smooth density for t > 0, so that `(t) > 0 with probability one.



Breakdown of Laplacian Determinism

According to Richardson’s results, Lagrangian fluid particles that
are advected by the fluid velocity u(x, t) starting at x0

d

dt
x(t) = u(x(t), t), x(t0) = x0

have the property that there is more than one solution. Doesn’t
this violate the theorem on uniqueness of solutions of initial-value
problems for ODE’s? No!

Loophole: The theorem requires that u(x, t) be x−differentiable.
A turbulent velocity field in a Kolmogorov inertial range is only
Hölder continuous

|u(x1, t)− u(x2, t)| ≤ C|x1 − x2|h

with exponent h
.

= 1/3.



Kraichnan White-Noise Advection Model

All the previous facts were noted in a seminal paper of Bernard, Gawȩdzki, and
Kupiainen (1998). They studied a soluble model of advection by a Gaussian
random velocity field with zero mean and covariance

〈uνi (x, t)uνj(x′, t′)〉 = [Dν
0δij − Sνij(x− x′)]δ(t− t′)

temporal white-noise and spatially rough for rν � r � L,

Sνij(r) = D1[(1 + h)δij − hr̂ir̂j]r2h

with 0 < h < 1, but smooth for r < rν. The velocity realizations uν(x, t) are
incompressible and only Hölder continuous with exponent h for ν ≡ D1r2h

ν → 0.

Richardson’s 2-particle diffusion equation holds exactly within this model

∂tP (r, t) =
∂

∂ri

(
Sνij(r)

∂P

∂rj
(r, t)

)
with r = x1− x2. Note Richardson’s original equation corresponds to h = 2/3

(a peculiarity of the white-noise approximation).



Random Advection Problem

Bernard et al. (1998) study the problem of stochastic particle advection,

d

dt
x(t) = uν(x(t), t) +

√
2κη(t), x(t0) = x0

perturbed by a Gaussian white-noise η(t) multiplied by
√

2κ.

The transition probability for a single particle in a fixed (non-random) velocity
realization u can be written as Feynman-type path-integral:

P ν,κ
u (x, t|x0, t0) =

∫ x(t)=x

x(t0)=x0

Dx exp

(
−

1

4κ

∫ t

t0

dτ |ẋ(τ)− uν(x(τ), τ)|2
)

In the limit ν, κ→ 0 (or infinite Reynolds-number Re = urmsL/ν) with Pr = ν/κ
fixed one would naively expect collapse to a delta-function,

P ν,κ
u (x, t|x0, t0)→ δ3(x− x(t)),

with x(t) the unique solution of ẋ = u(x, t), x(t0) = x0.



Spontaneous Stochasticity
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The distribution does not collapse! At least in
the Kraichnan model there is a nontrivial lim-
iting distribution Pu(x, t|x0, t0) over an infinite
family of solutions to the initial-value problem
ẋ = u(x, t), x(t0) = x0. (Le Jan & Raimond,
2002, 2004)

There is an obvious analogy with spontaneous

symmetry-breaking, e.g. a non-vanishing mean-

magnetization in a ferromagnet even in the

limit of zero external magnetic field.



More Chaotic Than Chaos!

Compare with what happens for a smooth velocity field (h = 1):

d

dt
`(t) = δu(`)

.
= A`.

Separation of variables now gives the exact solution

`(t) = `0e
A(t−t0).

The trajectories never “forget” their initial separations: `(t)→ 0 as `0 → 0 for any t > t0.

For smooth dynamical systems there is at most exponential deviation of trajectories. The
exponential growth rate

λ = lim
t→∞

lim
`0→0

1

t− t0

(
`(t)

`0

)
is the Lyapunov exponent and λ > 0 is the signature of chaos. Any imprecision in the initial
data is exponentially magnified, leading to loss of predictability at long enough times.

Spontaneous stochasticity corresponds instead to λ = +∞. The solution is unpredictable for
all future times, even with infinitely precise knowledge of the initial conditions!



Passive Scalar Advection

The scalar advection-diffusion equation

∂tθ + (uν·∇)θ = κ4θ,
describes the evolution of dye and other pas-
sive tracers in a turbulent flow: The exact solution is given by the Feynman-

Kac formula

θ(x, t) =

∫
d3x0 θ(x0, t0)P ν,κ

u (x0, t0|x, t)

=

∫
a(t)=x

Da θ(a(t0), t0)

exp

(
−

1

4κ

∫ t

t0

dτ |ȧ(τ)− uν(a(τ), τ)|2
)

for t0 < t. Now the stochastic equation

ȧ(τ) = uν(a(τ), τ) +
√

2κη(τ)

is solved backward in time from t to t0, with

final condition a(t) = x.



Dissipative Anomaly

Note that

d

dt

∫
d3x θ2(x, t) = −2κ

∫
d3x |∇θ(x, t)|2,

so that, naively, the integral is conserved for κ = 0.

However, in the infinite Reynolds-number, fixed Prandtl-number limit (ν, κ→ 0)

θ(x, t) =

∫
d3x0 θ(x0, t0)Pu(x0, t0|x, t).

Heuristically, molecular diffusion is replaced by turbulent diffusion. In particular, the scalar
intensity is still dissipated ∫

d3x θ2(x, t) <

∫
d3x θ2(x, t0), t > t0

even as ν, κ→ 0!

This is the scalar analogue of a dissipative anomaly of Onsager (1949) for fluid turbulence.

The Lagrangian mechanism is “spontaneous stochasticity.”



Laboratory Experiment

M. Bourgoin et al. Science 311 835–38 (2006)
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Table 1. Experimental parameters. f denotes the rotation rate of the discs, u′
r is

the RMS radial velocity, u′
z is the RMS axial velocity, FPS is the camera frame

rate, and δt is the time between frames. These data were taken with transparent
25 µm polystyrene microspheres. We estimate that the uncertainty in ε is
roughly 12%.

f(Hz) Rλ u′
r (ms−1) u′

z (ms−1) ε (m2s−3) η(µm) L/η τη (ms) TL/τη FPS δt (ms) τη/δt

0.30 200 0.039 0.026 7.09 × 10−4 192 365 36.8 51 1000 1.00 37
0.43 240 0.056 0.038 2.03 × 10−3 146 479 21.3 61 1600 0.625 34
0.62 290 0.083 0.054 6.26 × 10−3 111 630 12.3 74 3000 0.333 37
0.90 350 0.121 0.080 2.01 × 10−2 84 830 7.11 88 5000 0.200 36
1.29 415 0.181 0.116 6.17 × 10−2 64 1090 4.12 106 9000 0.111 37
1.86 500 0.262 0.169 0.196 49 1433 2.39 127 27000 0.037 65
3.50 690 0.487 0.315 1.24 30 2337 0.897 176 27000 0.037 24
5.00 815 0.669 0.440 3.39 23 3087 0.544 208 27000 0.037 15

Figure 1. Sketch of the experimental setup. The three cameras have an angular
separation of approximately 45◦ and are arranged in the forward scattering
direction from both lasers.

and to increase their power. The pulse rate of both lasers was controlled by a single frequency
generator. These pulses obviated the need for exact camera synchronization, since the cameras
only recorded particle images while the lasers fired. Additionally, the pulse width of the lasers
set the effective exposure time of the cameras, and was typically on the order of a few hundred
nanoseconds. As sketched in figure1, the cameras were placed in the forward scattering direction
from each laser to maximize the amount of scattered light collected by the camera sensors.

2.3. Calibration

While particle-finding can be performed in the image space of each camera, the stereomatching
and subsequent particle tracking steps require knowledge of the locations of the particle centres

New Journal of Physics 8 (2006) 109 (http://www.njp.org/)

Lagrangian Particle Tracking!

!" Seed flow with tracer 

particles!

!" Locate tracers optically!

!" Multiple cameras ! 3D 

coordinates!

!" Follow tracers in time!

Exp. Fluids 40:301, 2006!



Experimental Results

Reynolds numbers up to about 5×104

9 Institute of Physics !DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

 0.0001

 0.001

 0.01

 0.1

 1

 10

 100

 1000

10 000

 0.01  0.1  1  10  100

〈[
r i(

t)
 –

r 0
i]2

〉 
/ 
[1

1
/3

 
C

2
 (

εr
0
)2

/3
 τ

η
2
]

t / τη

Figure 3. Scale collapse of the mean-square particle separation at Rλ = 815.
The relative dispersion 〈|r(t) − r0|2〉 scaled by (11/3)C2(εr0)

2/3 is plotted
for 50 different bins of initial separations, ranging from 0–1 mm (≈0–43η) to
49–50 mm (≈2107–2150η). The solid line is a pure t2 power law, and is not a fit.
The data collapse on to the t2 law almost perfectly [21].

For t∗ & 1, corresponding to t & t0, the relative velocity changes slowly and we can
approximate

〈δui(t
∗)δui(t

′)〉 ≈ 〈δu(0)2〉, (9)

which is equivalent to 〈δu(r0)
2〉, the trace of the second-order Eulerian velocity structure function

tensor. Integrating (8) and grouping terms, we therefore have

〈|r(t) − r0|2〉 = 11
3 C2(εr0)

2/3t2, (10)

where C2 is again the scaling constant for the second-order Eulerian velocity structure function.
This expression, which we term Batchelor scaling, should hold for t & t0. For t ( t0, the initial
separation should no longer be a relevant parameter, and the particle pair is expected to obey the
Richardson–Obukhov law. Combining Batchelor’s scaling law with the Richardson–Obukhov
law, we can write the evolution of the mean-square pair separation in the inertial range as

〈|r(t) − r0|2〉 =






11
3 C2(εr0)

2/3t2, t & t0,

gεt3, t0 & t & TL,
(11)

where TL is the integral timescale.
We have previously reported the observation of a clear Batchelor scaling range at Reynolds

numbers up to Rλ = 815 [21]. When we plot 〈|r(t) − r0|2〉 scaled by Batchelor’s constant
(11/3)C2(εr0)

2/3, we see a collapse of the dispersion data for different initial separations on to a t2

power law with unit slope, as illustrated in figure 3 at Rλ = 815. Plotted in this fashion, with time
nondimensionalized by the Kolmogorov time τη, the data for each initial separation deviates from

New Journal of Physics 8 (2006) 109 (http://www.njp.org/)

15 Institute of Physics !DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  0.5  1.0  1.5  2.0  2.5

〈∆
r2 〉3/

2  q
(∆

r,t
)

 〈∆
r2 〉3/

2  q
(∆

r,t
)

〈 ∆
r2 〉3/

2  q
(∆

r,t
)

 〈∆
r2 〉3/

2  q
(∆

r,t
)

 〈∆
r2 〉3/

2  q
(∆

r,t
)

〈∆
r2 〉3/

2  q
(∆

r,t
)

(∆r / 〈 ∆r 2〉 1/2)2/3 (∆r / 〈 ∆r 2 〉1/2)2/3

(∆r /  〈∆r 2〉 1/2)2/3 (∆r /  〈∆r 2〉 1/2)2/3

(∆r /  〈∆r 2〉 1/2)2/3 (∆r /  〈∆r 2〉 1/2)2/3

(a) 0–1 mm

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  0.5  1.0  1.5  2.0  2.5

(c) 19–20 mm

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  0.5  1.0  1.5  2.0  2.5

(d) 29–30 mm

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  0.5  1.0  1.5  2.0  2.5

(e) 39–40 mm

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  0.5  1.0  1.5  2.0  2.5

(f) 49–50 mm

 1e-08

 1e-06

 0.0001

 0.01

 1

 100

 0  0.5  1.0  1.5  2.0  2.5

(b) 9–10 mm

Figure 10. The distance neighbour function for different initial separations at
Rλ = 815. The red straight line is Richardson’s predicted PDF, while the green
curved line is Batchelor’s. The symbols show the experimental measurements.
Each plot shows a different initial separation; for each initial separation, PDFs
from 20 times ranging from τη to 20τη are shown.

in t for all Reynolds numbers measured.We show the deviation from the Richardson and Batchelor
distance neighbour function predictions for the Rλ = 200 data in figure 13.

This is not the case if we consider q(r, t) without accounting for the nonzero initial separation
of the pair. As shown in figure 14, the raw distance neighbour function is strongly peaked around
the root-mean-square separation for short times. As time increases, q(r, t) spreads out, appearing

New Journal of Physics 8 (2006) 109 (http://www.njp.org/)



Modified Richardson Scaling

More success in looking for the modified Richardson scaling law:

〈r2/3(t)〉 − r2/3
0 ∼ CRε1/3t.

3

Figure 1. (a) The separation of two particles in time, compared with a modified

Richardson–Obukhov law, for different initial separations, ranging from 1 to

5mm. The Reynolds number is fixed at Rλ = 690, with a Kolmogorov scale of

η = 30µm. We observe similar behavior at other Reynolds numbers. (b) The
change of CR with TL/t0, shown for three Reynolds numbers.

experimentally [5]. In our previous measurements of relative dispersion [6, 7], we instead

found that the initial separation of the pair R0 plays an important role, as first suggested by

Batchelor [8]. He predicted that

〈δRiδRi〉 = (11/3)C2(εR0)
2/3t2, (2)

where δR(t) ≡ R(t) −R0 and C2 = 2.13± 0.22 is the scaling constant for the second-order
Eulerian velocity structure function [19]. Batchelor additionally predicted that this scaling law

should hold for t % t0, where

t0 ≡ (R20/ε)
1/3, (3)

may be regarded as the lifetime of an eddy of scale R0.

It has been suggested that the failure to observe the Richardson–Obukhov law is due to

the influence of particle pairs that separate anomalously slowly or quickly, so that they bring

in non-inertial-range effects [20, 21]. This will occur unless the inertial range is sufficiently

wide and the effects of both the dissipation and integral scales are negligible, requiring

very large Reynolds numbers. In addition, the finite measurement volume in experiments

may introduce a bias against quickly separating particle pairs [22]. We have therefore also

measured 〈R2/3(t)〉 − R
2/3
0 , which is less affected by the finite-volume bias and may display

scaling behavior at Reynolds numbers accessible in current experiments [6]. If the Richardson–

Obukhov law holds, then

(〈R2/3(t)〉 − R
2/3
0 )/R

2/3
0 = CR(t/t0), (t0 % t % TL, R0 % R % L), (4)

where CR should be a constant related to the Richardson constant g. The compensated plot

(〈R2/3(t)〉 − R
2/3
0 )/R

2/3
0 /(t/t0) should collapse to a plateau in the inertial range, independent

of initial separation R0. As shown in figure 1(a), plateaus, though short, do exist for t & t0. We

find, however, that the initial separation R0 again plays a role: t0 is the timescale of the transition

to the 〈R2/3〉 ∼ t scaling and the plateau values depend on R0. These observations support our

earlier argument that a very large separation between TL and t0 (corresponding to a very large

New Journal of Physics 10 (2008) 013012 (http://www.njp.org/)

Note that t0 ≡ (r2
0/ε)

1/3.



Göttingen Turbulence Tunnel
Why is it so difficult?!



Numerical Simulations

L. Biferale et al. Phys. Fluids 17 115101 (2005) employed numerical simulations of the

Navier-Stokes fluid equations on a 10243 grid at Reynolds numbers up to 6066

p!r,t" =
Ar2

!k0!1/3t"9/2 exp#−
9r2/3

4k0!1/3t
$ , !2"

where A= !3/2"8 /"!9/2" is a normalization constant. This
exhibits strong non-Gaussianity with a narrow peak at the
origin and very large tails and gives rise to the celebrated
scaling for the second-order moment

%r2& = g!t3. !3"

Here g=1144k0
3 /81 is the Richardson constant which is

supposed to be universal. This result was also derived by
Obukhov24 using Kolmogorov’s classical theory of turbu-
lence !K41".9

The Richardson PDF is perfectly self-similar; all posi-
tive moments behave according to the dimensional law rp

# t3p/2. The scaling !3" is notoriously difficult to achieve both
in laboratory experiments and in DNS on account of the
large separation of scales that is required to observe it. As a
result, estimates of g have varied widely, from 0.06 to 3.5.8

The main practical difficulties in achieving a long inertial
subrange are due to dissipative range effects at the ultraviolet
end of the spectrum, integral scale effects at the infrared end
of the spectrum, and the finite initial separation of the pairs.
In the dissipation range, pairs separate exponentially and
with widely varying growth rates—some pairs separate rap-
idly while others remain close together. This leads to the
formation of a broad distribution of separations. As a result,
slowly separating pairs !which remain in the dissipative
range" and rapidly separating pairs !which approach the in-
tegral scales" “contaminate” the statistics in the inertial
range. A very large Reynolds number is therefore required to
produce reliable Lagrangian statistics in the inertial range.

In Fig. 1 we plot the mean-square separation %r2& vs t,
normalized by the Kolmogorov microscales, $ and %$, re-
spectively. Although the curves begin to collapse at large t,
they do not display a t3 scaling and still show a dependence
on the initial separation. Thus, any attempt to extract the
value of the Richardson constant will be marred by the
memory of the initial separation. The simplest way to mea-
sure g is to plot %r2& scaled by the asymptotic prediction, !t3,

and look for a plateau. These curves are displayed in the
inset of Fig. 1. It is clear that none of them produces a good
plateau, and, given the spread of curves with different initial
separations, the value will be at best an order of magnitude
estimate subject to considerable uncertainty.

An alternative method, used in Refs. 13, 15, and 18,
consists of fitting a straight line to %r2&1/3 in a suitable time
interval. If Eq. !3" holds, this straight line, when extrapolated
back toward t=0, should pass through the origin and have a
slope of !g!"1/3. For all curves, we find a small nonzero
intercept whose value varies with r0. This introduces an extra
free parameter in the linear fit corresponding to the nonzero
intercept. The curve with the smallest nonzero intercept has
r0=2.5$ and gives a value of g=0.47 with an error of the
order of approximately 10% depending on the time range
!here taken to be 15%$& t&75%$". This value of g is smaller
than that found by Yeung and Borgas18 and Ishihara and
Kaneda,15 though still of the same order of magnitude, but
agrees well with that of Ott and Mann13 and Boffetta and
Sokolov.14

In order to make a more complete analysis of Richard-
son’s model, we compute the PDF of the separation distance.
The Richardson PDF relies on two phenomenological as-
sumptions: the first is that the eddy diffusivity is self-similar,
the second is that the velocity field is short-time correlated.
However, it is known that anomalous corrections to the K41
scalings exist !see, e.g., Ref. 25", and these are likely to
complicate the situation.

In Fig. 2 we compare the separation PDF for the smallest
initial separation, r0=1.2$, calculated from the DNS data,
with that predicted by Richardson, namely !2". For small
times !up to t'40%$", we observed a rapid change in shape
with the PDF showing a pronounced tail, which indicates
that while most pairs are still close together, some have
moved very far apart !not shown". At these times the curves
do not rescale, indicating that the early stages of the separa-
tion process are very intermittent. Here, the physics of the
dissipative range still exerts an influence on the separation
process and so we would not expect agreement with the Ri-
chardson PDF. Only for times in the range 40–70%$ do we

FIG. 1. The evolution of %r!t"2& /$2 vs t /%$ for the initial separations r0
=1.2$, r0=2.5$, r0=9.8$, and r0=19.6$. The straight line is proportional to
t3. Inset: %r!t"2& /!t3 for the same four initial separations starting from t /%$

'15.

FIG. 2. Comparison of the Richardson PDF with the DNS data. The curves
refer to data for r0=1.2$ at t=5.2%$ !solid line", t=7%$ !long dashed line",
t=14%$ !short dashed line", t=42%$ !dotted line", and t=70%$ !dot-dashed
line". The thick solid line is the Richardson PDF !2".
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My Numerical Results!

I have performed a study using turbulence data from numerical simulations on a 10243 grid
at Reynolds number 5065, available on-line in the public database at Johns Hopkins:

http://turbulence.pha.jhu.edu

I track 1024 particles (5× 105 pairs) that all satisfy ẋ = u(x, t) +
√

2κη(t), x(0) = x0.

Below κ = ν and 10ν. The results are averaged over 256 initial points x0:
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Plasma Magnetohydrodynamics

Hannes Alfvén, physics Nobel laureate (1970)

— “for fundamental work and discoveries in

magnetohydrodynamics with fruitful applica-

tions in different parts of plasma physics”

Sufficiently collisional plasmas obey the mag-
netohydrodynamics equations:

∂tu + (u·∇)u = −∇p+
1

4πρ
(B·∇)B + ν4u

∂tB + (u·∇)B = (B·∇)u + λ4B

∇·u =∇·B = 0,

for an incompressible plasma. ν = µ/ρ is the
kinematic viscosity and λ = ηc/4π is the mag-
netic diffusivity for the (Spitzer) resistivity η.

The first MHD equation is Newton’s 2nd law

and the second MHD equation—called the

induction equation—is a combination of Fara-

day’s law and Ohm’s law.



Magnetic Flux-Freezing

Ideal MHD (λ = 0) predicts that magnetic flux is “frozen-in” to the plasma
(Alfvén, 1942): magnetic field lines are advected by the plasma fluid velocity.

This result is usually formulated as the Alfvén Theorem on conservation of
magnetic flux through a material (Lagrangian) loop:∫

S

B0(a)·dS(a) =

∫
xt(S)

B(r, t)·dS(r).

It is widely assumed in astrophysics and plasma physics that magnetic flux is
“nearly frozen-in” for high conductivity (or high magnetic Reynolds numbers).

“The most important property of an ideal plasma is flux freezing.” —R. M.
Kulsrud, Plasma Physics for Astrophysics (2005)



The Magnetic Reconnection Problem

It is usually argued that magnetic reconnection cannot be explained by resistive MHD, because

the violations of flux-freezing are too slow at high conductivity:

“Flux freezing is a very strong constraint on the behavior of magnetic fields in astrophysics.
As we show in chapter 3, this implies that lines do not break and their topology is preserved.
The condition for flux freezing can be formulated as follows: In a time t, a line of force can
slip through the plasma a distance

` =

√
ηct

4π
(1)

If this distance ` is small compared to δ, the scale of interest, then flux freezing holds to a

good degree of approximation.”—R. M. Kulsrud (2005), Ch.13, Magnetic Reconnection

Most attempts to explain fast magnetic reconnection appeal to microscopic plasma mech-

anisms besides Spitzer resistivity which can decouple plasma particles and field lines over

larger distances, e.g. anomalous resistivity, Hall MHD effect, etc.



Breakdown of Flux-Freezing in Turbulent Plasmas

We argue instead that flux-freezing is strongly broken in MHD even at vanishingly small
resistivities, by the turbulent effect of spontaneous stochasticity. We saw earlier that

`2 ∝ λt

holds only for very short times, t�
√
λ/ε, whereas for t�

√
λ/ε

`2 ∝ εt3

independent of λ! Note that most high-conductivity plasmas are automatically turbulent.

In fact, there is a paradox of flux-freezing: It is usually argued that flux-freezing should
hold better and better as λ→ 0. However, if ν → 0 simultaneously and the plasma becomes
turbulent, then Lagrangian trajectories are no longer unique. Which fluid trajectory shall a
magnetic field line follow if there are infinitely many such trajectories???



Stochastic Flux Freezing for Non-Ideal Plasmas

The exact solution of the induction equation

∂tB + (u·∇)B = (B·∇)u + λ4B, B(t0) = B0

is given by the “sum-over-histories” formula

B(x, t) =

∫
a(t)=x

Da B0(a(t0))·J(a, t, t0) exp

(
−

1

4λ

∫ t

t0

dτ |ȧ(τ)− uν(a(τ), τ)|2
)

where the matrix J satisfies the ODE along the stochastic trajectory a(τ)

d

dτ
J(a, τ, t0) = J(a, τ, t0)∇xu(a(τ), τ), J(a, t0, t0) = I.

See G. L. Eyink, “Stochastic line motion and stochastic flux conservation for nonideal hy-
dromagnetic models,” J. Math. Phys. 50 083102 (2009)

Note that the final condition a(t) = x on the path-integral trajectories implies that they
correspond to solutions of the stochastic equation

ȧ(τ) = u(a, τ) +
√

2λη(τ)

integrated backward in time from t to t0.



Illustration of the Sum-Over-Histories

Three sample trajectories are shown (for a real
turbulent velocity field), illustrating how start-
ing magnetic field vectors at the initial time
are transported along the stochastic trajecto-
ries and then averaged to obtain the resultant
magnetic at the final time.
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Stochastic Alfvén Theorem
Flux-freezing holds on average:∫

S

B(r, t′)·dS(r) =

〈∫
at′,t(S)

B(a, t)·dS(a)

〉
.

Here 〈·〉 is average over the ensemble of random loops at earlier time:
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Note at′,t = x−1
t′,t are “back-to-label maps” for the stochastic forward flows.

The above result holds for all smooth surfaces S and for any pair of times t0 ≤ t < t′ ≤ tf
if and only if the magnetic field B(r, t) (for any velocity u) satisfies the induction equation
∂tB =∇×(u×B) + λ4B (Eyink, 2009a).



The Kazantsev-Kraichnan Dynamo Model

Kazantsev (1968) studied the kinematic dynamo model

∂tB =∇×(uν×B) + λ4B,

with Gaussian random velocity field with zero mean and covariance

〈uνi (x, t)uνj(x′, t′)〉 = [Dν
0δij − Sνij(x− x′)]δ(t− t′)

temporal white-noise and spatially rough for rν � r � L,

Sνij(r) = D1[(1 + h)δij − hr̂ir̂j]r2h

with 0 < h < 1, but smooth for r < rν.

Kazantsev (1968) found for Pr = ν/λ � 1 that there is a critical roughness
exponent hc, with kinematic dynamo for h > hc but not for h < hc.

Why? Stretching by velocity-gradients is much larger for h < hc!



Explanation of the Dynamo Transition

Eyink & Neto (2009) show that dynamo effect requires sufficient angular
correlation of independent pairs of line-vectors advected by the same velocity
realization that arrive simultaneously at the same space point:

The magnetic vectors arrive from a large volume ∝ R3(t) with R2(t) ∼ t1/(1−h)

(analogue of Richardson diffusion).

Many further exact results are given in Eyink & Neto (2009), such as the
decay rate of magnetic energy and the properties of “magnetic induction” in
the failed dynamo regime for h < hc.



Small-Scale Kinematic Dynamo in Hydrodynamic Turbulence

The stochastic Lundquist formula may be exploited numerically to study dynamo effect in

hydrodynamic turbulence by Lagrangian tracking of fluid particles. We show results using

10243 hydro DNS data from the JHU Turbulence Database: http://turbulence.pha.jhu.edu
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The asymptotic exponential growth range and Richardson t3-range begin at the same time!



Magnetic Reconnection and 2-Particle Dispersion in MHD Turbulence

Unlike in the kinematic dynamo regime, the effects of the Lorentz force
are significant in nonlinear MHD turbulence. The properties of 2-particle
dispersion depend upon the scaling laws of MHD turbulence.

Assuming the Goldreich-Sridhar (1995) scaling, δu(r⊥) ∼ (εr⊥)1/3, one obtains
the Richardson-type law

`2
⊥ ∼ εt3

for the transverse slippage of magnetic field lines in MHD turbulence.

Two-particle dispersion in MHD turbulence is still poorly understood. E.g.

A. Busse et al., “Statistics of passive tracers in three-dimensional magnetohydrodynamic

turbulence,” Phys. Plasmas 14 122303 (2007)

find that particle separation distance `‖ parallel to the local magnetic field
direction grows faster than separation `⊥ perpendicular to the field. Why?



Two Stochastic Invariants at Unit Prandtl Number

(Eyink, 2009a) Divergence-free fields u(r, t),B(r, t) satisfy the non-ideal, incompressible MHD
equations (with J =∇×B)

∂tu + (u·∇)u = J×B−∇p+ ν 4 u, ∂tB =∇×(u×B) + λ4B

over the time-interval [t0, tf ], for unit magnetic Prandtl number ν/λ = 1, iff for all closed,
rectifiable loops C and for any pair of times t0 ≤ t′ < t ≤ tf (with B =∇×A)∮

C

A(r, t)·dr =

〈∮
at,t′(C)

A(a, t′)·da

〉
(Alfvén Theorem)

∮
C

u(r, t)·dr =

〈∮
at,t′(C)

[u(a, t′) + B(a, t′)×R(a, t, t′)]·da

〉
(Kelvin Theorem)

Here at,t′(x) are “back-to-label maps” for stochastic forward flows xt,t′(a) solving

dxt,t′(a) = u(xt,t′(a), t)dt+
√

2ν d(t), t > t′, xt′,t′(a) = a,

and R(a, t, t′) is the Lagrangian-history charge density (charge per unit area) satisfying

∂tR(a, t, t′) = −J(xt,t′(a), t)(∇axt,t′(a))−1, t > t′, R(a, t′, t′) = 0.

Cf. Bekenstein & Oron (2000), Kuznetsov & Ruban (2000) for ideal MHD.



Further Extensions

* Hall MHD, two-fluid plasma equations (Eyink, 2009a)

* compressible flow, anisotropic transport (Eyink, in preparation)

These results all follow from a stochastic least-action principle for non-ideal
(resistive & viscous) magnetofluids, which extends the classical Maupertuis
principle to Hamiltonian fluids plus Laplacian-dissipation.

The stochastic Lagrangian conservation laws are the consequence of infinite-
dimensional particle-relabelling symmetry groups of the stochastic action
functional, by a Noether Theorem argument.

See Eyink (2009b) for a neutral viscous fluid.



Conclusion:

Flux-Freezing is Fundamentally Stochastic due to Resistivity +Turbulence

* Nonideal effects of resistivity and viscosity in hydromagnetics can be rep-
resented by perturbation of Lagrangian particle paths with random Brownian
motion. Magnetic flux is “frozen in” stochastically.

* As a consequence of a hydrodynamic effect—turbulent Richardson diffusion
—any microscopic plasma mechanism of line diffusion will be enhanced in the
presence of high-Reynolds-number turbulence.

* The turbulent dispersion at long times and large scales (inertial-range)
is independent of the precise microscopic dissipation. Magnetic line-motion
remains stochastic in the limit of large conductivity and small viscosity.

*Properties of Lagrangian particle-pair separation are critical to understand
fast dynamo and fast reconnection in turbulent MHD plasmas.
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