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Integrals of motion of periodic KdV

The periodic Korteweg-de Vries equation

4ut = 6uux − uxxx , u(x + T ) = u(x)

has an infinite number of integrals of motion of the form

Hn =
1

T

∫ T

0

Pn(u, u′, . . . , u(n+1)) dx , n = −1, 1, 3, 5, . . . ,

where the Pn are differential polynomials in u:

P−1 = −u

2
, P1 = −u2

8
, P3 = −u2

x + 2u3

32
, . . .

Consider a linear combination H = H2n+1 + c2n−1H2n−1 + . . . + c−1H−1,
ci ∈ R. The critical points of such a functional are solutions of the n-th
stationary KdV equation.
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Genus one solutions of KdV

For example, the critical points of the functional

H = H3 −
g2H−1

8
= − 1

32T

∫ T

0

(u2
x + 2u3 − g2u)dx

are stationary solutions of the usual KdV equation:

16
δH

δu
= uxx − 3u2 + g2 = 0.

What if we consider the functional H on the space of all periodic
functions?
The variation with respect to the period T gives the condition∫ T

0

u2
xdx = 0,

which has no real solutions.
We need to define the integrals Hn for arbitrary finite-gap solutions,
which are singular, complex and quasi-periodic.
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Extension of the Hamiltonians

The genus one solutions of KdV have the form

u(x) = 2℘(x + x0),

where ℘(x) = ℘(x |ω, ω′) is the Weierstrass ℘-function corresponding to
the elliptic curve Γ:

Y 2 = E 3 − g2E − g3 = (E − E0)(E − E1)(E − E2).

The quasi-momentum differential dQ is defined by the properties:

dQ ∼ dz

z2
, z = E−1/2, Im

∮
γ

dQ = 0 ∀ cycle γ.

The expansion of dQ at infinity gives the Hn:

Q = z−1 +
∞∑

n=0

H2n−1 z2n+1.

Igor Krichever, Dmitry Zakharov Critical points of integrals of soliton equations



Extension of the Hamiltonians

We define the extended KdV integrals as

Hn = Re Hn

Question: Does the extended Hamiltonian H3 − g2H1/8 have a critical
point on the space of all genus one spectral data?
A curve Γ is a critical point of H3 if and only if the differential YdE is
real-normalized, i.e. if

Im

∮
γ

YdE = 0 ∀ cycle γ.

This is known as the Boutroux–Krichever condition. It has appeared in a
number of physical problems, such as

Hele-Shaw flows
Distribution of zeroes of orthogonal polynomials
2D gravity

(Fucito, Gamba, Martellini, Ragnisco, 1992) There exists a unique curve
Γ satisfying this condition:

g3 =
4h2 + 1

(4h2 − 3)3/2
g

3/2
2 , h ≈ 3.246382
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The moduli space Mg ,1(n)

Let Mg ,1(n) denote the moduli space of smooth Riemann surfaces Γ
with a marked point P and an (n + 1)-jet of local coordinates [z ] at P.
We define a collection of functions on Mg ,1(n) and determine their
critical points.

Let E be the unique real-normalized Abelian integral with a pole at P of
the form

E = z−n + O(z) near P, Im

∮
γ

dE = 0 ∀ cycle γ.

Let z be the unique coordinate in the jet [z ] such that E = z−n exactly.
Let q(t) = qmtm + · · ·+ q0 be a polynomial. There exists a unique
real-normalized Abelian integral Q

Q =
m∑

j=0

qjz
−j + O(z) near P, Im

∮
γ

dQ = 0 ∀ cycle γ.
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Coordinates and functions on Mg ,1(n)

Expand the differential QdE at P:

QdE =

n+m∑
k=0

Tkz
−k−1 +

∞∑
j=1

Hjz
j−1

 dz .

Fix a basis of cycles Ai , Bi and consider the periods of dE and dQ

τE
Ai

=

∮
Ai

dE , τE
Bi

=

∮
Bi

dE , τQ
Ai

=

∮
Ai

dQ, τQ
Bi

=

∮
Bi

dQ,

and the A-periods of QdE :

ai =

∮
Ai

QdE .

The functions Tk , τE
Ai

, τE
Bi

, τQ
Ai

, τQ
Bi

, ai are coordinates on Mg ,1(n), the
functions Hj are the Hamiltonians that are of interest to us.
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Hierarchy of foliations on Mg ,1(n)

Let Λ ⊂Mg ,1(n) denote a joint level set of the functions T1, . . . ,Tn−1.

Let LE ⊂ Λ denote a leaf along which the periods of dE are constant:

δ

∮
γ

dE = 0 ∀δ ∈ Tp(LE ) and ∀ cycle γ.

Let LQ ⊂ Λ denote a leaf along which the periods of dQ are constant:

δ

∮
γ

dQ = 0 ∀δ ∈ Tp(LQ) and ∀ cycle γ.

Let L ⊂ Λ denote a leaf along which the periods of both dE and dQ are
constant:

δ

∮
γ

dE = δ

∮
γ

dQ = 0 ∀δ ∈ Tp(L) and ∀ cycle γ.
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The extended Hamiltonians

We now define a real-valued function on Mg ,1(n) and study its critical
points on the leaves of the foliations defined above. Consider the
expansion of QdE :

QdE =

n+m∑
k=0

Tkz
−k−1 +

∞∑
j=1

Hjz
j−1

 dz .

Let cj , dj ∈ R be real coefficients. Consider the following function on
Mg ,1(n):

H =
M∑

j=1

(cjReHj + dj ImHj) .
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Critical points on H
Theorem (Krichever, Z.) Let D denote the intersection of the
zero-divisors of dE and dQ.
A. The point (Γ,P, [z ]) is a critical point of H restricted to L iff there
exists a meromorphic function Y on Γ with a pole at P

Y =
∞∑
j=1

(cj − idj)z
−j + O(z) near P,

with poles at the divisor D, and no other singularities.
B. (Γ,P, [z ]) is a critical point of H restricted to LE iff

Im

∮
γ

YdE = 0 ∀ cycle γ.

C. (Γ,P, [z ]) is a critical point of H restricted to LQ iff

Im

∮
γ

YdQ = 0 ∀ cycle γ.

D. (Γ,P, [z ]) is a critical point of H restricted to Λ iff Y satisfies both.
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Proof

Consider a deformation δ ∈ Tp(Λ), and consider the

Tp(Λ) → Ω(Γ,P,E ,Q), δ 7→ (δQ|E )dE

Here Ω(Γ,P,E ,Q) is the space of multi-valued differentials on Γ having
at most a simple pole at P and jumps along the cuts proportional to dE
and dQ with real coefficients.
Theorem (Krichever, Phong, 1997) Let D =

∑
µsQs be the intersection

of the zero divisors of dE and dQ. Then the image of Tp(Λ) under this
homomorphism f is the subspace ΩD(Γ,P,E ,Q) ⊂ Ω(Γ,P,E ,Q) of
differentials having zeroes at Qs of orders µs . In particular, if the zero
divisors of dE and dQ do not intersect, then this map is an isomorphism.

There exists a real-normalized Abelian integral Y with the correct
principal parts. We have

δH = Re ResP (Y δQ|EdE ) = − 1

2π
Im

(∮
∂Γ

Y δQ|EdE

)
.

Plugging in the possible δQ|EdE , we get conditions A-D.
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The moduli space Mg ,N(n)

Let n = (n1, . . . , nN) be a multi-index. Let Mg ,N(n) denote the moduli
space of smooth Riemann surfaces Γ with marked points P1, . . . ,PN , an
(n1 + 1)-jet of local coordinates [z1] at P1, and nα-jets of local
ccordinates [zα] at Pα.
Let E be the real-normalized Abelian integral with poles at Pα of the
form

E = z−n1
1 + O(z1) near P1, E = z−nα

α + O(1) near Pα, Im

∮
γ

dE = 0.

Let qα(t) be polynomials of degrees mα ≤ nα, let RQ
α be imaginary

numbers adding up to zero. Let Q be the real-normalized Abelian integral

Q =
mα∑
j=1

qα,jz
−j
α + RQ

α log zα + O(1) near Pα, Im

∮
γ

dQ = 0
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Coordinates on Mg ,N(n)

Consider the expansion of QdE at Pα:

QdE =

nα+mα∑
k=0

Tα,kz
−k−1
α − nαRQ

α z−nα−1 log zα +
∞∑
j=1

Hα,jz
j−1
α

 dzα.

Consider the periods of the differentials dE and dQ:

τE
Ai

=

∮
Ai

dE , τE
Bi

=

∮
Bi

dE , τQ
Ai

=

∮
Ai

dQ, τQ
Bi

=

∮
Bi

dQ,

and the A-periods of the differential QdE :

ai =

∮
Ai

QdE .

The main difference with the one-point case is that the Hα,j are no
longer globally well-defined on Mg ,N(n). However, their imaginary parts
Im Hα,j are well-defined.
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Hierarchy of foliations on Mg ,1(n)

Let Λ′ ⊂Mg ,N(n) be a leaf along which the functions Tα,k for
k = 1, . . . ,mα + nα are constant:

δTα,k = 0 ∀k > 0 and ∀δ ∈ T (Λ′).

Let Λ ⊂ Λ′ be a leaf along which all the functions Tα,k are constant:

δTα,k = 0 ∀k ≥ 0 and ∀δ ∈ T (Λ).

Let LE ⊂ Λ denote a leaf along which the periods of dE are constant:

δ

∮
γ

dE = 0 ∀δ ∈ Tp(LE ) and ∀ cycle γ.

Let LQ ⊂ Λ denote a leaf along which the periods of dQ are constant:

δ

∮
γ

dQ = 0 ∀δ ∈ Tp(LQ) and ∀ cycle γ.

Let L ⊂ Λ denote a leaf along which the periods of both dE and dQ are
constant:

δ

∮
γ

dE = δ

∮
γ

dQ = 0 ∀δ ∈ Tp(L) and ∀ cycle γ.
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The Hamiltonian H and its critical points

Let dα,j for α = 1, . . . ,N, j = 1, . . . ,Mα be real constants. The function

H =
∑
α,j

dα,j ImHα,j

is well-defined on Mg ,N(n).
Theorem (Krichever, Z.) Let D denote the intersection of the
zero-divisors of dE and dQ.
A. The point (Γ,Pα, [zα]) is a critical point of H restricted to L iff there
exists a meromorphic function Y on Γ with a pole at P

Y = i
Mα∑
j=1

dα,jz
−j
α + O(1) near Pα,

with poles at the divisor D, and no other singularities.
B. (Γ,Pα, [zα]) is a critical point of H restricted to LE iff

Im

∮
γ

YdE = 0 ∀ cycle γ.

Igor Krichever, Dmitry Zakharov Critical points of integrals of soliton equations



C. (Γ,Pα, [zα]) is a critical point of H restricted to LQ iff

Im

∮
γ

YdQ = 0 ∀ cycle γ.

D. (Γ,Pα, [zα]) is a critical point of H restricted to Λ iff Y satisfies both.
E. (Γ,Pα, [zα]) is a critical point of H restricted to Λ′ iff Y also satisfies
the condition

Y = i
Mα∑
j=1

dα,jz
−j
α + O(zα) near Pα.
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