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Outline

@ A study of the situation in which— u(-,t) is not continuous
in L? (in the strong topology)
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Outline

©

A study of the situation in which+— u(-, t) is not continuous
in L? (in the strong topology)

©

The singular set§(u) and thel.2 concentration setvF-"(u)

©

Three estimates on Leray weak solutions

Lower bounds on the concentration rateMFLz(u)

Microlocal defect measures, and ideas of the proof
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Navier — Stokes equations
Theequations of motiomf an incompressible viscous fluid

du+ (u-V)u=—-Vp+rAu
V-u=0 D)

Initial data

ux,0) =up(x), V-up=0
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Navier — Stokes equations
Theequations of motiomf an incompressible viscous fluid

du+ (u-V)u=—-Vp+rAu
V-u=0 D)

Initial data
ux,0) =up(x), V-up=0

Space-time domain
D=R® (xt)eR¥xRt:=Q

Alternatively
D=T% (xt)eT*xR"=Q

A bounded smooth domain C R3 — we leave this open.
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Leray weak solutions

The usual definition of aveak solutiorovert € [0, T:

@ The pair(u(x, t), p(x,t)) is adistributional solutiorof (1)
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Leray weak solutions

The usual definition of aveak solutiorovert € [0, T:

@ The pair(u(x, t), p(x,t)) is adistributional solutiorof (1)

Q@ Integrability conditions

ueL>([0,T|;L*(D)) N L*([0,T];HY(D)), )

pelX3Q)  (Sohr& vonWahi(1986))
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Leray weak solutions

The usual definition of aveak solutiorovert € [0, T:

@ The pair(u(x, t), p(x,t)) is adistributional solutiorof (1)

Q@ Integrability conditions

ueL>([0,T|;L*(D)) N L*([0,T];HY(D)), )

pelX3Q)  (Sohr& vonWahi(1986))

© Theenergy inequalitys satisfied

t
%/D|u(x,t)|2dx+u/o /D|Vu(x,s)|2dxds§ %/D|uo(x)|2dx @3)
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Definition (Singular set)

Given a weak solutioriu, p) of (1), thesingular seS(u) C Q is the set of
space-time points at whial(x, t) is not locally bounded.
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Given a weak solutioriu, p) of (1), thesingular seS(u) C Q is the set of
space-time points at whial(x, t) is not locally bounded.

That s, (xo, to) ¢ S(u) if there is a neighborhooB; (X, tg) such that

u € L*(Br (o, to)) (4)
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space-time points at whial(x, t) is not locally bounded.

That s, (xo, to) ¢ S(u) if there is a neighborhooB; (X, tg) such that

u € L°(B; (%o, to)) (4)

This makes sense due to a theorensefrin (1962which implies that if
(Xo0,to) & S(u), then for allk (and with somé < o < 1)
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Definition (Singular set)

Given a weak solutioriu, p) of (1), thesingular seS(u) C Q is the set of
space-time points at whial(x, t) is not locally bounded.

That s, (xo, to) ¢ S(u) if there is a neighborhooB; (X, tg) such that

u € L°(B; (%o, to)) (4)

This makes sense due to a theorensefrin (1962which implies that if
(Xo0,to) & S(u), then for allk (and with somé < o < 1)

oXu(x, t) € C*(B, /2(%o, to)) (5)

Serrin’s condition (4) is actually € L3LP(B;(xo, tg)) for % + % <1
Improved byStruwe (1995}%0 equality, withs < oo
And by Escauriaza, Seregin and Sverak (20@8) € L>°L3(Q (xo, to)),
for Q, parabolic cylinders
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Theorem (Leray (1934))
Givenuy € L?(D) divergence free, then there existseast one weak solutiop
to (1) globally in time. Weak solutions satisfy

ueL=([0,TEL3(D) n L0, TEHYD) peLd@Q

loc
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Givenuy € L?(D) divergence free, then there existseast one weak solutiop
to (1) globally in time. Weak solutions satisfy

ueL=([0,TEL3(D) n L0, TEHYD) peLd@Q

loc

A lot is known about such solutions, including weak contipui

ue C(L2: weak topology

as well as

3
uelito, S+
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Theorem (Leray (1934))
Givenuy € L?(D) divergence free, then there existseast one weak solutiop
to (1) globally in time. Weak solutions satisfy

ueL=([0,TEL3(D) n L0, TEHYD) peLd@Q

loc

A lot is known about such solutions, including weak contipui

ue C(L2: weak topology

as well as

e L¥(LD), §+ 2<p<6

Unigueness and global regularity are unknown
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Upper bounds on the singular set

@ The singular se§(u) is closed, by definition
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Upper bounds on the singular set
@ The singular se§(u) is closed, by definition

@ The set ofsingular times(u) = mS(u) € R has zeradl/2-Hausdorff
dimensional measurg eray, Foias& Teman)

HY?(r(u)) =0 (7)
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Upper bounds on the singular set
@ The singular se§(u) is closed, by definition

@ The set ofsingular times(u) = mS(u) € R has zeradl/2-Hausdorff
dimensional measurg eray, Foias& Teman)

HY?(r(u)) =0 (7)

Theorem partial regularity Caffarelli, Kohn & Nirenberg (1982))

If (u, p) is asuitableweak solution of1) then the parabolic one-dimensional
Hausdorff measure d¥(u) is zero;

PH(S(u)) =0 (8)
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Upper bounds on the singular set
@ The singular se§(u) is closed, by definition

@ The set ofsingular times(u) = mS(u) € R has zeradl/2-Hausdorff
dimensional measurg eray, Foias& Temam)

HY?(r(u)) =0 (7)

Theorem partial regularity Caffarelli, Kohn & Nirenberg (1982))

If (u, p) is asuitableweak solution of1) then the parabolic one-dimensional
Hausdorff measure d¥(u) is zero;

PH(S(u)) =0 (8)

@ The solutions constructed by Leray are suitable.
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Restrict to a time slice

e ForT fixed, the singular s := S(u) N {t = T} in each time slice is at
most one-dimensional

HYSr) =0 9)
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Restrict to a time slice

e ForT fixed, the singular s := S(u) N {t = T} in each time slice is at
most one-dimensional
H(Sr) =0 (9)

@ Suitable weak solutions are those satisfyingal energy inequality

T T
/%|u(7t)|2¢dx‘ +V/ /‘VU(,t)‘ZQOdth (10)
D D
< %/ /|u atcpr@) dxdt
+/ / p+%|u(-,t)|2)u-Vgodxdt
o Jo
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Three inequalities
@ Theenergy inequality

t
%/ |u(x,t)|2dx+z// / IVu(x, )2 dxds< %/ 1Uo()|2 dx
D 0 JD D

and its consequences under interpolation
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Three inequalities
@ Theenergy inequality

t
%/ |u(x,t)|2dx+z// / IVu(x, )2 dxds< %/ 1Uo()|2 dx
D 0 JD D

and its consequences under interpolation
@ Foias, Guillopé & Temam (1981), Chemin (2004)

h
/ U 0)e dt < 400, VT € RF (11)
0
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Three inequalities
@ Theenergy inequality

t
%/ |u(x,t)|2dx+z// / |Vu(x, s)|2 dxds< %/ |ug(x)|2 dx
D o Jo D

and its consequences under interpolation
@ Foias, Guillopé & Temam (1981), Chemin (2004)

h
/ U 0)e dt < 400, VT € RF (11)
0

Theorem (Biryuk & C. (2008))
LetBgr(0) C L?(D), and define
Ar, = {(0(8))eers « [€]1A(E)] < R} (12)

If R2// 2r° < vR1 thenAg, N Br(0) is a (future) invariant set for Navier —
Stokes flow.
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@ That s to say, if initial data satisfiesy(¢)| < % then for all timet > 0

a(e, )] < % e (13)
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o That is to say, if initial data satisfiegy(¢)| < El‘ then for all timet > 0

Ry

G, )] < GE

V¢ (13)

Corollary (B & C (2008))

If the initial data satisfiesto(&)| < =, then additionally for allT > 0

\5\’

/ (&, 9)[?ds < 5

GE (14)

Walter Craig (McMaster University) On the size of the Navier — Stokes singular se March 29 2010 11/30



o That is to say, if initial data satisfiegy(¢)| < El‘ then for all timet > 0

Ry

G, )] < GE

/3 (13)

Corollary (B & C (2008))

If the initial data satisfiesto(&)| < =, then additionally for allT > 0

\5\’

/ (&, 9)[?ds < 5

GE (14)

@ Proof of the theorem and corollary given at end of talk if thiertime.

The quantitysup [|[£|0(&, 1) ||~ scales like théV norm
sup [|oxu(-, t)||.2 (for which there are no known bounds).
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Energy spectral function

@ The estimate (13) has consequences on the behavior of the
energy spectral function

E(k 1) = / o€ H2ds(e) (15)
Sd-1:1¢|=k

in dimensionsl = 2 andd = 3
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Energy spectral function

@ The estimate (13) has consequences on the behavior of the
energy spectral function

E(k 1) = / o€ H2ds(e) (15)
Sd-1:1¢|=k

in dimensionsl = 2 andd = 3

@ Indeed wherd = 3 a uniform upper bound

0 < Eky= [ EoPase

A7k? x Ri_ 47 R2 (16)
ke 1

IN
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Energy spectral function
@ Whend = 3 the time average df(k,t)

_ (£ )12
B = g [ [, oo asea

R2 47R2 1
Ark? x 2 = —2 17
e vTk? vT k2 (17)

IN

Contrast this with the Kolmogorov exponent

1
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Energy spectral function
@ Whend = 3 the time average df(k,t)

_ (£ )12
B = g [ [, oo asea

R2 47R2 1
Ark? x —2. = ——2 17
e vTk vT k2 (17)

IN

Contrast this with the Kolmogorov exponent
1

o However | would rather talk about its consequences on theactexr of
the singular se$r(u) in cased = 3
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Energy inequality

@ The energy; ||u(-, 1)/, could be discontinuous &t e 7(u).
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Energy inequality

@ The energy; ||u(-, 1)/, could be discontinuous &t e 7(u).

o Or else it may be continuous, but nonethel¢§s&1(-,t)\|ﬁ2 is unbounded
on[T — 0, T| foranyd
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Energy inequality

e The energy%||u(-,t)||f2 could be discontinuous at e 7(u).

e Orelse it may be continuous, but nonethelgSsi(-, t)[|%, is unbounded

on[T — 4, T| foranyd
e Decompose the set of singular timeg!) into
T(U) =711 Um
wherer; are theenergy discontinuities

1= {T s limsup|ju(-, )[[% > u(-, T)|IE}
t—T—

andr, = 7(u)\7 is the remainder
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Lower bounds on the singular set

Theorem (Arnold & C. (2010))
If To € 71 is an energy discontinuity farthen

“dim” (WF(u)) > 1 (18)

@ Dimension count:
S(u) N {t = To} := Sr,(u) is a subset oR>
while thewave front seWWF(u) is a subset o8*(R?), which is5
dimensional
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Outline of the result

o Identify theL2 concentration sed-" (u) C S(u) as
ageometric subseif R3

@ Probe the solution with Weyl calculus pseudodifferentia¢i@tors

o Identify theL2 discontinuities with alefect measureandWF-*(u) with
its support

@ Argue by contradiction, using the estimate (13) and the dated
convergence theorem, if the solution concentrates Wfsz(u) on a set
which is too small
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ThelL? concentration set
@ Suppose thafy € 71, whenu(x, t) is not strong.? continuous.

Definition (L? concentration set)
The pointxg ¢ S{J if there exists > 0 such that

t“T* ||U('>t)||EZ(B,(x0)) = ||U(‘7TO)||52(BF(XO)) (19)
— 10

ThusL? concentration is associated withpaint setsy. € &3
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ThelL? concentration set
@ Suppose that, € 71, whenu(x, t) is not strong.? continuous.

Definition (L? concentration set)
The pointxg ¢ gf; if there exists > 0 such that

t“_l_m7 HU('>t)HEZ(B,(x0)) = ||U(‘7TO)||EZ(BF(XO)) (19)
— 10

ThusL? concentration is associated withpaint setsy. € &3

o The setst is closed
Indeed norm convergence plus weak convergence impliesgstro
convergence, and a, (x1) C B, (xg) shares this strong convergence
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ThelL? concentration set
@ Suppose that, € 71, whenu(x, t) is not strong.? continuous.

Definition (L? concentration set)
The pointxg ¢ g]‘-j if there exists > 0 such that

t“_l_m7 HU('>t)HEZ(B,(x0)) = ||U(‘7TO)||EZ(BF(XO)) (19)
— 10

ThusL? concentration is associated withpaint setsy. € &3

o The setst is closed
Indeed norm convergence plus weak convergence impliesgstro
convergence, and a, (x1) C B, (xg) shares this strong convergence
@ Sinceu(-, t) is smooth outside the singular s&f,(u),

Sk C Spy(u) (20)
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Local behavior irx and¢

@ The Fourier transfornii(, t) € Lip as a function of time

@ Takexg € Sff) and localize the convergence question

V(X 1) == (u(xt) — u(x, To))e(X) , 0<¢eC(Br(x)) (21)
Proposition
Ast — T, then¥(&,t) — O pointwisein ¢ € R3 J

@ What causes a lack of strong convergendess ofL? massat |¢| — oo
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Weyl calculus

@ Given a pointxg € Sff) we testfor energy concentration using the Weyl
pseudodifferential calculus

a¥(x, D)v(x / dE0VaY ey iy (22)

fora(x,¢) € &

(2
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Weyl calculus

@ Given a pointxg € Sff) we testfor energy concentration using the Weyl
pseudodifferential calculus

a¥(x, D)v(x / dE0VaY ey iy (22)

fora(x,¢) € S);.

@ A microlocal tesof the energy is

(v|a(x,D)v // (X, & )W[V](x, &) dxds (23)

whereW/|v| is the Wigner transform of

1

W (x.€) := / N +y/2ux—y/2)dy  (24)

(2r)?
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microlocall? defects

@ The operators(x, D) areL? bounded for(x, ¢) € 525
Whenevel(-, t) converges strongly ta(-, Tp) on By (Xp), for
V(X 1) := (u(x,t) — u(x, T))p(x) then

lim (a|W[v(t)]) =0 (25)

t—>T0_
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microlocall? defects

@ The operators\”(x, D) areL? bounded fom(x, ) € Sg(;
Whenevel(-, t) converges strongly ta(-, Tp) on By (Xp), for
V(X 1) := (u(x,t) — u(x, T))p(x) then

lim (a] Wv(t)]) = 0 (25)
t—=Ty

@ However ifu(-,t) convergesveakly but not stronglyo u(-, Tp), it is
detected by a microlocal defect measure M (S*(R?)).

Theorem (L. Tartar (1990), P. Gérard (1991))
Let .y, be a microlocal defect measurel'cmt_)T(; v(x,t). Suppose that for all
symbolsa € S’»io homogeneous degree zero

lim (a| W[v( // a(Xx, &) 1y (dXxdQ) = (26)

t—=Ty

thenyuy, = O andu(-,t) converges stronglin L?(B; (xo)) to u(-, To).

v
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the L2 wave front seWF-’

Definition
Let A be the set of all microlocal defect measuresof vast — T, . Define
the L? wave front set

WF T, == | supp(rx,) 27)
A

Walter Craig (McMaster University) On the size of the Navier — Stokes singular se March 29 2010 21/30



the ); Hormander symbol classes ang=

@ Oneprobesthe set\NF)%jTo with symbolsa Sg(;, witho<d<p<1

For examplea(x, &) = cp(x)x(@) € Sgo forO<p<1

By standard theory, the operata¥(x, D) are bounded oh?.
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the ); Hormander symbol classes ang=

@ Oneprobesthe set\NF)%jTo with symbolsa € 525, with0<d<p<1

For examplea(x, &) = go(x)x(@) eSpforo<p<i

By standard theory, the operata¥(x, D) are bounded oh?.

@ Suppose thad < a(x, &) < lis such that

lim (v|(1 —a)¥(x,D)v) =0 (28)
t—T,

then ,
WFL 1, C supp(a)

andsupp(a) contains the set in which’ mass is being transported to
infinity, microlocally nearxg
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L2 concentration at infinity

@ Given test symbols(x, £), thevolume growthof supp(a) gives an upper
bound on the size of the set bf concentration in neighborhoods of

L2
WF -

o Considera(x, &) € S); such thab < a < 1,

lim ((1—a) |Wlv(t)]) =0 (29)
=Ty
and
vol (mgsupp(a) N Br(0)) ~ RM (30)
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L2 concentration at infinity

@ Given test symbols(x, £), thevolume growthof supp(a) gives an upper
bound on the size of the set bf concentration in neighborhoods of

L2
WF -

o Considera(x, &) € S); such thab < a < 1,

lim ((1—a) |Wlv(t)]) =0 (29)
=Ty
and
vol (mgsupp(a) N Br(0)) ~ RM (30)

Definition (size of the concentration set MtF)%jTO)

B (V) := inf(13) (31)

Walter Craig (McMaster University) On the size of the Navier — Stokes singular se March 29 2010 23/30



The L2 wave front set

Theorem (Arnold & C. (2010))

The seWF)%jTO C WFy,T,(u) is not too small (if it is nonempty), in that

Bro(V) > 1

(32)
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The L2 wave front set

Theorem (Arnold & C. (2010))

The seNVF)%jTO C WFy,T,(u) is not too small (if it is nonempty), in that

Bro(V) > 1 (32)

This is essentially a lower bound in each fiberSf(R?)
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proof of the theorem thak N Br(0) is invariant

o For fixed¢ the fieldo(¢) € CZ € C3
Because of incompressibility- (0(¢) =0
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proof of the theorem thak N Br(0) is invariant
o For fixed¢ the fieldo(¢) € CZ € C3
Because of incompressibility- (0(¢) =0

Proposition
The functioni(¢, t) is Lipschitz continuous as a functiontdbr every¢
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proof of the theorem thak N Br(0) is invariant

o For fixed¢ the fieldo(¢) € CZ € C3
Because of incompressibility- (0(¢) =0

Proposition

The functioni(¢, t) is Lipschitz continuous as a functiontdbr every¢

@ The Fourier transform satisfies

—vlefole) ~ ot [ae - )i o

(33)
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@ Suppose thatu(-)| > < Rand consider the vector fiekiu). when
|0(¢)| = Ry/|¢|. The radial component is

re(0(é) - X(u)e) < —v[¢[*(Re/[¢])* + <R1/|£\>\§|% (34)

and therefore the LHS isegativewhenR?/./(27)3 < vRy
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@ Suppose thatu(-)| > < Rand consider the vector fiekiu). when
|0(¢)| = Ry/|¢|. The radial component is

re(0(¢) - X(u)e) < —vI¢[*(Re/[€])* + (Rl/lf\)\ﬂ% (34)

and therefore the LHS isegativewhenR?//(27)3 < vRy

@ A similar argument holds when a forcirigx, t) is present
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proof of corollary

o A fact about the vector fieldk(0) is that solutions obey

)
(e, T2 — [Go(&)? + 2 /0 €[2/a(¢, b2 dt

-

(again setting = 0O for simplicity)
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proof of corollary

o A fact about the vector fieldk(0) is that solutions obey

T
age, T2 - |Uo(f)|2+2y/0 ePloGe.0 Pt
T

(again setting = 0O for simplicity)

o Writing 12(¢) = v [ |¢]*|0(é, 1) dt
this gives an inequality

2
gl (€) — 5 <0 (36)
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Proof of main theorem

Taking into account the local character of the problem, da result states.

Conjecture (A & C (work in progress))
Suppose that is the Hausdorff dimension of the ﬁtﬁ then

Bro(V) > a+1 (37)
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e Assume thatl, (v) < 1. Choosea € 525 with above support properties
and volume growths,, (v) < 8 < 1, and test/(-, t)

lim (aW[v]) = lim /va‘”(x, D)vdx (38)
t—=Ty t—=Ty
= im [ on] [ amevce + n2 0E 0290

wherea(r, ¢) is the Fourier transform of with respect tox.
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@ Assume thati,(v) < 1. Choosea ¢ S); with above support properties
and volume growths,, (v) < 8 < 1, and test/(-, t)

lim (aW[v]) = lim /va‘”(x, D)vdx (38)
t—=Ty t—=Ty
= im [ on] [ amevce + n2 0E 0290

wherea(r, ¢) is the Fourier transform of with respect tox.
@ For eachy, the volume growth ofuppa(n, ¢) is bounded byrR* 7
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@ Assume thati,(v) < 1. Choosea ¢ S); with above support properties
and volume growths,, (v) < 8 < 1, and test/(-, t)

lim (aW[v]) = lim /va‘”(x, D)vdx (38)
t—=Ty t—=Ty
= im [ on] [ amevce + n2 0E 0290

wherea(r, ¢) is the Fourier transform of with respect tox.
@ For eachy, the volume growth ofuppa(n, ¢) is bounded byrR* 7
@ There is now a majorant: for each

|a(n, )I19(& +n/2.0)[[9(€ —n/2,0)] < am, IE +n/2)HE—n/2)7t
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@ Assume thati,(v) < 1. Choosea ¢ S); with above support properties
and volume growths,, (v) < 8 < 1, and test/(-, t)

lim (aW[v]) = lim /va‘”(x, D)vdx (38)
t—=Ty t—=Ty
= im [ on] [ amevce + n2 0E 0290

wherea(r, ¢) is the Fourier transform of with respect tox.
@ For eachy, the volume growth ofuppa(n, ¢) is bounded byrR* 7
@ There is now a majorant: for each

|a(n, )I19(& +n/2.0)[[9(€ —n/2,0)] < am, IE +n/2)HE—n/2)7t

@ This is integrable ovef. Indeed
/(*) de < /<r>—2rﬁ dr < +o0 (39)
g

Thedominated convergence theorémplies that as — T, the limit
vanishes.
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Happy 70th birthday Volodya. = Thank you
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