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Navier – Stokes equations

Theequations of motionof an incompressible viscous fluid

∂tu + (u · ∇)u = −∇p + ν∆u

∇ · u = 0 (1)

Initial data
u(x, 0) = u0(x) , ∇ · u0 = 0

Space-time domain

D = R
3 (x, t) ∈ R

3 × R
+ := Q

Alternatively
D = T

3 (x, t) ∈ T
3 × R

+ = Q

A bounded smooth domainD ⊆ R
3 – we leave this open.
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Leray weak solutions

The usual definition of aweak solutionovert ∈ [0, T]:

1 The pair(u(x, t), p(x, t)) is adistributional solutionof (1)

2 Integrability conditions

u ∈ L∞([0, T]; L2(D)) ∩ L2([0, T]; Ḣ1(D)) , (2)

p ∈ L5/3
loc (Q) (Sohr& vonWahl(1986))

3 Theenergy inequalityis satisfied

1
2

∫

D
|u(x, t)|2 dx+ ν

∫ t

0

∫

D
|∇u(x, s)|2 dxds≤ 1

2

∫

D
|u0(x)|2 dx (3)
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Definition (Singular set)

Given a weak solution(u, p) of (1), thesingular setS(u) ⊆ Q is the set of
space-time points at whichu(x, t) is not locally bounded.

That is,(x0, t0) 6∈ S(u) if there is a neighborhoodBr(x0, t0) such that

u ∈ L∞(Br(x0, t0)) (4)

This makes sense due to a theorem ofSerrin (1962)which implies that if
(x0, t0) 6∈ S(u), then for allk (and with some0 < α < 1)

∂k
xu(x, t) ∈ Cα(Br/2(x0, t0)) (5)

Serrin’s condition (4) is actuallyu ∈ LsLp(Br(x0, t0)) for 3
p + 2

s < 1
Improved byStruwe (1995)to equality, withs < ∞
And by Escauriaza, Seregin and Sveràk (2003)to u ∈ L∞L3(Qr(x0, t0)),
for Qr parabolic cylinders
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Theorem (Leray (1934))

Givenu0 ∈ L2(D) divergence free, then there existsat least one weak solution
to (1) globally in time. Weak solutions satisfy

u ∈ L∞([0, T]; L2(D)) ∩ L2([0, T]; Ḣ1(D)) p ∈ L5/3
loc (Q) (6)

A lot is known about such solutions, including weak continuity

u ∈ Ct(L
2
x : weak topology)

as well as

u ∈ Ls
t (L

p
x) ,

3
p

+
2
s

=
3
2

2 ≤ p ≤ 6

Uniqueness and global regularity are unknown
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Upper bounds on the singular set
The singular setS(u) is closed, by definition

The set ofsingular timesτ(u) = πtS(u) ∈ R
+ has zero1/2-Hausdorff

dimensional measure(Leray, Foias& Temam)

H1/2(τ(u)) = 0 (7)

Theorem (partial regularityCaffarelli, Kohn & Nirenberg (1982))

If (u, p) is asuitableweak solution of(1) then the parabolic one-dimensional
Hausdorff measure ofS(u) is zero;

P1(S(u)) = 0 (8)

The solutions constructed by Leray are suitable.
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Restrict to a time slice

ForT fixed, the singular setST := S(u) ∩ {t = T} in each time slice is at
most one-dimensional

H1(ST) = 0 (9)

Suitable weak solutions are those satisfying alocal energy inequality

∫

D

1
2|u(·, t)|2ϕ dx

∣

∣

∣

T

t=0
+ ν

∫ T

0

∫

D
|∇u(·, t)|2ϕ dxdt (10)

≤ 1
2

∫ T

0

∫

D
|u(·, t)|2

(

∂tϕ + ν∆ϕ
)

dxdt

+

∫ T

0

∫

D

(

p + 1
2|u(·, t)|2

)

u · ∇ϕ dxdt
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Three inequalities
1 Theenergy inequality

1
2

∫

D
|u(x, t)|2 dx+ ν

∫ t

0

∫

D
|∇u(x, s)|2 dxds≤ 1

2

∫

D
|u0(x)|2 dx

and its consequences under interpolation
2 Foiaş, Guillopé & Temam (1981), Chemin (2004)

∫ T

0
‖u(·, t)‖L∞ dt < +∞ , ∀T ∈ R

+ (11)

Theorem (Biryuk & C. (2008))

LetBR(0) ⊆ L2(D), and define

AR1 := {(û(ξ))ξ∈R3 : |ξ||û(ξ)| < R1} (12)

If R2/
√

2π
3

< νR1 thenAR1 ∩ BR(0) is a (future) invariant set for Navier –
Stokes flow.
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3 That is to say, if initial data satisfies|û0(ξ)| < R1
|ξ| then for all timet > 0

|û(ξ, t)| <
R1

|ξ| , ∀ξ (13)

Corollary (B & C (2008))

If the initial data satisfies|û0(ξ)| < R1
|ξ| , then additionally for allT ≥ 0

ν

∫ T

0
|û(ξ, s)|2 ds≤ R2

2

|ξ|4 (14)

Proof of the theorem and corollary given at end of talk if there is time.

The quantitysupt ‖|ξ|û(ξ, t)‖L∞ scales like theBV norm
supt ‖∂xu(·, t)‖L1 (for which there are no known bounds).

Walter Craig (McMaster University) On the size of the Navier – Stokes singular set March 29 2010 11 / 30



That is to say, if initial data satisfies|û0(ξ)| < R1
|ξ| then for all timet > 0
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|û(ξ, s)|2 ds≤ R2

2

|ξ|4 (14)

Proof of the theorem and corollary given at end of talk if there is time.
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Energy spectral function

The estimate (13) has consequences on the behavior of the
energy spectral function

E(k, t) :=

∫

Sd−1:|ξ|=k
|û(ξ, t)|2 dS(ξ) (15)

in dimensionsd = 2 andd = 3

Indeed whend = 3 a uniform upper bound

0 ≤ E(k, t) =

∫

S2:|ξ|=k
|û(ξ, t)|2 dS(ξ)

≤ 4πk2 × R2
1

k2 = 4πR2
1 (16)
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Energy spectral function

Whend = 3 the time average ofE(k, t)

〈E(k, ·)〉 :=
1
T

∫ T

0

∫

S2:|ξ|=k
|û(ξ, t)|2 dS(ξ)dt

≤ 4πk2 × R2
2

νTk4 =
4πR2

2

νT
1
k2 (17)

Contrast this with the Kolmogorov exponent

E(k) ∼ C
1

k5/3

However I would rather talk about its consequences on the character of
the singular setST(u) in cased = 3
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Energy inequality

The energy1
2‖u(·, t)‖2

L2 could be discontinuous atT ∈ τ(u).

Or else it may be continuous, but nonetheless‖∇u(·, t)‖2
L2 is unbounded

on [T − δ, T] for anyδ

Decompose the set of singular timesτ(u) into

τ(u) := τ1 ∪ τ2

whereτ1 are theenergy discontinuities

τ1 := {T : lim sup
t→T−

‖u(·, t)‖2
L2 > ‖u(·, T)‖2

L2}

andτ2 = τ(u)\τ1 is the remainder
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τ(u) := τ1 ∪ τ2

whereτ1 are theenergy discontinuities

τ1 := {T : lim sup
t→T−

‖u(·, t)‖2
L2 > ‖u(·, T)‖2

L2}

andτ2 = τ(u)\τ1 is the remainder
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Lower bounds on the singular set

Theorem (Arnold & C. (2010))
If T0 ∈ τ1 is an energy discontinuity foru then

“dim” (WF(u)) ≥ 1 (18)

Dimension count:
S(u) ∩ {t = T0} := ST0(u) is a subset ofR3

while thewave front setWF(u) is a subset ofS∗(R3), which is5
dimensional
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Outline of the result

Identify theL2 concentration setSL2
(u) ⊆ S(u) as

ageometric subsetof R
3

Probe the solution with Weyl calculus pseudodifferential operators

Identify theL2 discontinuities with adefect measure, andWFL2
(u) with

its support

Argue by contradiction, using the estimate (13) and the dominated
convergence theorem, if the solution concentrates ontoWFL2

(u) on a set
which is too small
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TheL2 concentration set
Suppose thatT0 ∈ τ1, whenu(x, t) is not strongL2 continuous.

Definition (L2 concentration set)

The pointx0 6∈ SL2

T0
if there existsr > 0 such that

lim
t→T0

−

‖u(·, t)‖2
L2(Br(x0))

= ‖u(·, T0)‖2
L2(Br (x0))

(19)

ThusL2 concentration is associated with apoint setSL2

T0
∈ R

3

The setSL2

T0
is closed

Indeed norm convergence plus weak convergence implies strong
convergence, and anyBr1(x1) ⊆ Br(x0) shares this strong convergence
Sinceu(·, t) is smooth outside the singular setST0(u),

SL2

T0
⊆ ST0(u) (20)
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Local behavior inx andξ

The Fourier transform̂u(ξ, t) ∈ Lip as a function of time

Takex0 ∈ SL2

T0
, and localize the convergence question

v(x, t) := (u(x, t) − u(x, T0))ϕ(x) , 0 ≤ ϕ ∈ C∞
0 (Br(x0)) (21)

Proposition

Ast → T−
0 thenv̂(ξ, t) → 0 pointwisein ξ ∈ R

3

What causes a lack of strong convergence isloss ofL2 massat |ξ| → ∞
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Weyl calculus

Given a pointx0 ∈ SL2

T0
wetestfor energy concentration using the Weyl

pseudodifferential calculus

aw(x, D)v(x, t) =

∫∫

eiξ·(x−y)a(x+y
2 , ξ)v(y, t) dydξ (22)

for a(x, ξ) ∈ S0
ρδ.

A microlocal testof the energy is

〈v |aw(x, D)v〉 =

∫∫

a(x, ξ)W[v](x, ξ) dxdξ (23)

whereW[v] is the Wigner transform ofv

W[v](x, ξ) :=
1

(2π)d

∫

eiξ·yv(x + y/2)v(x− y/2) dy (24)
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microlocalL2 defects
The operatorsaw(x, D) areL2 bounded fora(x, ξ) ∈ S0

ρδ

Wheneveru(·, t) converges strongly tou(·, T0) on Br(x0), for
v(x, t) := (u(x, t) − u(x, T))ϕ(x) then

lim
t→T−

0

〈a |W[v(t)]〉 = 0 (25)

However ifu(·, t) convergesweakly but not stronglyto u(·, T0), it is
detected by a microlocal defect measureµ ∈ M(S∗(R3)).

Theorem (L. Tartar (1990), P. Gérard (1991))

Letµx0 be a microlocal defect measure oflimt→T−

0
v(x, t). Suppose that for all

symbolsa ∈ S0
10 homogeneous degree zero

lim
t→T−

0

〈a |W[v(t)]〉 :=

∫∫

S∗(R3)
a(x, ξ)µx0(dxdSξ) = 0 (26)

thenµx0 = 0 andu(·, t) converges stronglyin L2(Br(x0)) to u(·, T0).
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theL2 wave front setWFL2

Definition

LetA be the set of all microlocal defect measuresµx0 of v ast → T−
0 . Define

theL2 wave front set
WFL2

x0T0
:=

⋃

A

supp(µx0) (27)
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theS0
ρδ Hörmander symbol classes andWFL2

Oneprobesthe setWFL2

x0T0
with symbolsa ∈ S0

ρδ, with 0 ≤ δ < ρ ≤ 1

For examplea(x, ξ) = ϕ(x)χ( ξ′

〈ξ1〉ρ
) ∈ S0

ρ0 for 0 < ρ ≤ 1

By standard theory, the operatorsaw(x, D) are bounded onL2.

Suppose that0 ≤ a(x, ξ) ≤ 1 is such that

lim
t→T−

0

〈v|(1− a)w(x, D)v〉 = 0 (28)

then
WFL2

x0T0
⊆ supp(a)

andsupp(a) contains the set in whichL2 mass is being transported to
infinity, microlocally nearx0
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L2 concentration at infinity

Given test symbolsa(x, ξ), thevolume growthof supp(a) gives an upper
bound on the size of the set ofL2 concentration in neighborhoods of
WFL2

x0T0
.

Considera(x, ξ) ∈ S0
ρδ such that0 ≤ a ≤ 1,

lim
t→T−

0

〈(1− a) |W[v(t)]〉 = 0 (29)

and
vol

(

πξsupp(a) ∩ BR(0)
)

∼ R1+β (30)

Definition (size of the concentration set forWFL2

x0T0
)

β̄x0(v) := inf(β) (31)
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TheL2 wave front set

Theorem (Arnold & C. (2010))

The setWFL2

x0T0
⊆ WFx0T0(u) is not too small (if it is nonempty), in that

β̄x0(v) ≥ 1 (32)

This is essentially a lower bound in each fiber ofS∗x0
(R3)
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proof of the theorem thatA∩ BR(0) is invariant

For fixedξ the fieldû(ξ) ∈ C
2
ξ ⊆ C

3

Because of incompressibilityξ · û(ξ) = 0

Proposition

The function̂u(ξ, t) is Lipschitz continuous as a function oft for everyξ

The Fourier transform satisfies

∂tû(ξ) = −ν|ξ|2û(ξ) − iξ
√

(2π)3
Πξ

∫

û(ξ − ξ1) · û(ξ1) dξ1

:= X(u)ξ (33)
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Suppose that‖u(·)‖L2 ≤ Rand consider the vector fieldX(u)ξ when
|û(ξ)| = R1/|ξ|. The radial component is

re(û(ξ) · X(u)ξ) < −ν|ξ|2(R1/|ξ|)2 + (R1/|ξ|)|ξ|
R2

√

(2π)3
(34)

and therefore the LHS isnegativewhenR2/
√

(2π)3 < νR1

A similar argument holds when a forcingf (x, t) is present
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proof of corollary

A fact about the vector fieldX(û) is that solutions obey

|û(ξ, T)|2 − |û0(ξ)|2 + 2ν

∫ T

0
|ξ|2|û(ξ, t)|2 dt

=
2

√

(2π)3
im

[

∫ T

0
û(ξ) ·

∫

û(ξ − ξ1) · ξ1 û(ξ1) dξ1dt
]

(35)

(again settingf = 0 for simplicity)

Writing I2(ξ) = ν
∫ T

0 |ξ|4|û(ξ, t)|2 dt
this gives an inequality

I2(ξ) − R2

2ν
√

(2π)3
I(ξ) − R2

1

2
≤ 0 (36)
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Proof of main theorem

Taking into account the local character of the problem, the real result states.

Conjecture (A & C (work in progress))

Suppose that̄α is the Hausdorff dimension of the setSL2

T0
, then

β̄x0(v) ≥ ᾱ + 1 (37)
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Assume that̄βx0(v) < 1. Choosea ∈ S0
ρδ with above support properties

and volume growth̄βx0(v) < β < 1, and testv(·, t)

lim
t→T−

0

〈a|W[v]〉 = lim
t→T−

0

∫

vaw(x, D)v dx (38)

= lim
t→T−

0

∫

dη
[

∫

ã(η, ξ)v̂(ξ + η/2, t)v̂(ξ − η/2, t) dξ
]

whereã(η, ξ) is the Fourier transform ofa with respect tox.
For eachη, the volume growth ofsupp̃a(η, ξ) is bounded byR1+β

There is now a majorant: for eachη

|ã(η, ξ)||v̂(ξ + η/2, t)||v̂(ξ − η/2, t)| ≤ |ã(η, ξ)|〈ξ + η/2〉−1〈ξ − η/2〉−1

This is integrable overξ. Indeed
∫

ξ
(∗) dξ ≤

∫

〈r〉−2rβ dr < +∞ (39)

Thedominated convergence theoremimplies that ast → T−
0 the limit

vanishes.
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ã(η, ξ)v̂(ξ + η/2, t)v̂(ξ − η/2, t) dξ
]
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This is integrable overξ. Indeed
∫

ξ
(∗) dξ ≤

∫

〈r〉−2rβ dr < +∞ (39)

Thedominated convergence theoremimplies that ast → T−
0 the limit

vanishes.
Walter Craig (McMaster University) On the size of the Navier – Stokes singular set March 29 2010 29 / 30



Happy 70th birthday Volodya. Thank you
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