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Parallel array of small Josephson junctions (Microwave
mixer)

F. Boussaha and M. Salez, Observatoire de Paris
I =100pumw = 7um, [; = 1pm, wj = lum.

base electrode (Nb)

insulating layer (SiO) top electrode (Nb)

@ Interaction between junction and microstrip
@ Coupling between junctions

@ Design of devices
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Resistively Shunted Junction Model

y Cqu,— AT_“’D= 0 Inline current feed )
(Ow) a P (tw)
I/ AN / 1=
N /A
AN VA
(0:0) o X

Ct,ou—QL(P+JCsin(p+cx(pt =0

COy — V(1VP) + Jesin(o )+¢f—0

L = piodo branch inductance, C capacity / surface, Jc critical current
density,
a = 1/R quasiparticles, ¢ = %

v =0 (1) inline (overlap)

Boundary conditions
Pylxeqory = doH F (1 - V)il Py lyefowy = $V§/

Assume L constant
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Maximum current for static solution : experiment
M. Salez et al, J. of Appl. Physics (2007)
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A device : F. Boussaha and M. Salez

Device |w | a1 | ax| a3 | az | a5

A 512122164 |76 82
in wm, junctions 1 x 1
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Normalized 2D model

y Cpod, - A¢=0  Inline current feed
(o:w) p Lp (w)
AN Va =
AN ll
©0) toy X

A N
C(pn—élfp+Jcsin(p+o((pt =0

Vi — D + g(x, y) ke +sin(p) + ap:] =0
Units of length, time and flux )\, = %7 1= ,/C’j—?"

Wp

_ _ Cc _ 1 o)
g=10, K= 1, a=g\/7&

Boundary conditions
Pxlx=01 = HF (L= )55, @yly—ow = Fry;

What to do ? Global analysis, 2D numerics, Reduced model
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Outline of talk

© The 1D discrete/continuous model

@ Static solutions /yax(H)
Analysis

© Inverse problem

© Dynamics
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The 1D long wave continuous/discrete model

1D continuous model

Expand ¢ on transverse Fourier modes

o(x,y,t) = 2W/ (y_*) "‘Zn 0¢n(X t)cos( y) )

0 mode

bre — bxx + 18X,y = 0)(Kee + age +sing) = v}
=

w;/w "rescaling” of A\j(=1) into Aefr = %J >1

JGC et al, J. of Modern Physics C, vol. 7, No. 2, 191-216, (1996).

A long wave electrodynamic model of an array of small Josephsc



The 1D long wave continuous/discrete model

1D continuous model and 1D continuous/discrete model

it — Pxx + &d [Sin(¢) + a(bt] =~/I.

w?/(dw) |x—a;] < d/2

= J -

ga(x) { 0 elsewhere

Total current of junction constant : fol gqdx = sz/w_

¢ with different d, v = 0.5, static regime.

1 Josephson junction, | =2,1,0.5,0 With 3 Josephson junctions.
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limg o [275)3 bit — dox + 8a(sin(9) + ad)dx = —[6x]2" + -L(sin(6la) + adels)
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The 1D long wave continuous/discrete model

1D continuous/discrete model

n junctions device

Gt — Pxx + Z did(x — a;) [Kper + sin(P) + ape] = y% ,

i=1
, ox(0;t) = H—(1-v)v/2, 9
with, { ou(lit) = H+(1—v)y/2. and d; = w7 /w.
Advantages :

© Evolution of ¢ is not neglected in the linear part.

@ Interaction between the junction and microstrip is considered in
time and in space.

© Approach remains coherent when we change, independently, the
position and area of each junctions.

© Non uniform devices, 0 — 7 junctions..
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Static solutions Imax(H)

Maximum static current

Maximal ~ for H given.

—Pxx + Z did(x — a;)sin(¢) = y% ,

i=1
i { P00 = H—(1-v)y/2,
Wlth,{ (b/(/; t) — H+(1—V)§/2

Yoy disin(¢;) =

J. G. C. and L. Loukitch, SIAM J. of Appl. Math. (2007)
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Static solutions Imax(H)

Numerical methods

shooting method : Polynomial by part depends on ¢(a;) and v (H, v
fixed)

Pi(x) = —%(X2 —a?) + (H —(1- y)%) (x —a1) + ¢(a1)
Pira(x) = P1(x) + 35y dm sin(Pon(am))(x — am)
Boundary value problem, nonlinear system : n =5

2

p=1-vig =v—f(x)

H—(l—u)z - u+dlsin(1111—f1):07

2 a — ap
*ququszin(wz —f)=0,

a — a2 a — ay

Yg — P Y3 — P .

BT BT dsin(ys — ) =0,

ay — a3 a3 — ap
_M+M+d4sin(w4_f4):0’

a5 — ag ay — a3
Ho )L 5T L e sin(ws — ) = 0.

2 a8 — a,
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Static solutions Imax(H)

The Periodicity Ymax(H) = Ymax(H + Hp)

li = aj11 — aj, and Imin = min;(/;)

- Harmonic array : If /; is a multiple of I, for all i then

_ 27
Hp - Imin

- General case, if [; = p;j/qj, pj and g; are integers, then

_ LCM(q1;.--:qn—1)
HP =27 HCF(p1;...;ipn—1) *

3
2.5 f
= =
=
—= 1.5 i
a 4
inline ‘ ‘
o.5 overlap e

37T (Shas Shas 127t 157t 187t 217°T

21:1,32:1+%and33:1+%+%.

Hp = 2wLCM(2;3)/HCF(3;5) = 12m.
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Static solutions Imax(H)

Magnetic shift

Cl{a1,...,an}, C2{a1+¢,...,an+c}, same l, v, d;
Ymax(H)|c2 = Ymax(H + H.)|c1 avec H, = vvy(a, + a1 — 1)/(2/)

W

bt
i N
PN D WD

R

/=10, v =1 a —a; =15,a3 —ap=25,a —a3 =2
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Static solutions Imax(H)

Effects of v/, | et d; : convergence

Ag e ] :i \v : s
/=28, 16 et 64 di=103et0.1l.

Ymax(H) with v # 0 — ymax(H) with v = 0 (same circuit)
when v (Z,- dj) /=0

Inline and overlap — magnetic approximation for d; — 0
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Static solutions Imax(H)

Magnetic approximation,

di — 0, ¢(x) = Hx+ C, for dj < 1
¥(H) =YL, djsin(Haj + C),

o Z,N: d; cos(Haj)
Cmax(H) = arctan <ZJN11;jsin(Haj{)> ,

Ymax(H) = | 3711 dj sin (Haj + cmax(H)) |

J. H. Miller et al, Appl. Phys. Lett. 59, 3330, (1991).

A long wave electrodynamic model of an array of small Josephsc



Static solutions Imax(H)

Magnetic approximation, experiments

M. Salez et al, J. of Appl. Physics (2007)
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A and B devices

F. Boussaha and M. Salez

Device w' ay ap az an ag
A 5 2 22 [ 64 | 76 | 82
B 7 2 20 | 64 | 75 | 82

in um, junctions 1 X 1

A long wave electrodynamic model of an array of small Josephsc



Static solutions Imax(H)

Symetric device :

Symetric device : aj = —a_j et dj = d_j,
For junction j position a; and strength d; = w?/w
Properties

© Moving junction unit does not change Ymax(H)

9 P)/max(H) = ’Ymax(_H)
© Current maximum for cax(H) = £7/2,
’Ymax( ) |d +2Z(n+1 /2 d-cos(Haj)|

Three junctions : Imax(H) = |do + 2d; cos(Haj)|
—
a_ 71 30—0 31—1 d_ :dl
h=0  dp=1 d = 2 —3 (Likharev)
: ] [ =] ~ T V”/7‘
/3 ¥\,//_\\7£ — ~

27 " 2n 0 ™ o =¥ ™ = B
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Inverse problem

Inverse problem : position and sizes of junctions from
meax(H)

J.G.C. and L. Loukitch, Inverse Problems, 2008

Proposition

Assume a 4 (H) even, periodic of period H, and strictly positive.
The array is harmonic and the positions of the junctions are given
by aj = i2w/Hp where i is an integer. Their strengths d; are given
by

H,
d,-:d,-:/j/ " g(H) cos(Hai)dH , Vi€ {0,...,n/2} . (1)
p Jo
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Inverse problem

Equidistant junctions

5 pulse ! po !
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Inverse problem

Non equidistant junctions

triangle
same d;

lf A 1_ \ / i : R .
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Inverse problem

Inverse problem : square Yy,ax(H)

0.3

magn. approx.
inline >
o0.25

0.15

o.1

0.05

—27Tt —37/2 —7TT —Tu/2 /2 TT 37c/2 27T

i 01 2 3 4
=h 2 3 4
ord: | 2n| 0| — sin(27h) 0 sin(4mh)

bis 2

o
—_
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Dynamics

High voltage solution

Rotating phase approximation ¢ =~ Vit + ¢,(x)

—@v +V Zj:l did(x — aj) = v7

buxlx=0=H = (1 =1v)3, dvylx=r=H+(1-v)3

Solution exists if V= ﬁjdj

Simplify problem v =¢— o,

et = o+ Sy G(x — &) [ + i +sin( + W) = <] =0

Boundary conditions x|x—0 =0, ¥x|x= =0
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Dynamics

Adapted spectral problem

Uit — Prx + D11 did(x — 3j)kipee = 0

BCs x|, =0

h(x, t) = eip(x)

o+ 2 [+ 571 did(x — )] 0 =0,

k = 0 — standard (harmonic) cosine Fourier modes

k # 0 — new modes, non harmonic
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Dynamics

k = 0, single junction in cavity

AU + dy (mplt +sin(ehy) — dll) ~0,

7 2 .
Ay + (BF) Ap + 2l (avn, +sin(ier) — ) =0,
ohmic mode : cavity driven by junction,
a¢z|a—7/da=0 ) [(bx :J—r = dasm(‘b‘a)_'}/ .

junction mode : ¢ behaves the same in the whole circuit,
sin(¢la) + agela —v/da =0, [p3t = —

16 16

12 "a'— 12 |
§ 8 8
a u;/“’ a
O““ a 8 o a 8
o(a, t): junction mode ohmic mode
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Dynamics

Dissipative kink solution x, H < 1

One junction only

bt — Vo + d10(x — a1) [a¢t +sin(e) — dﬂ _0,

Solution of wave equation  ¢(x;t) = f(x £ t) = (&)
0

Solution in junction  af’ +sin(f) — 54 =

Y(x,t) =
2arctan (1 —2a/(x £t + C)) + 2km , forxtt< C,
/2, forx+t=C, ke

2arctan (1 —2a/(x £ t+ C)) +2(k+ 1), forxtt>C,

Velocity =1, width increases with o
Kinks can exist for a few junctions if ¥; <1
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Dynamics

I — V curves of the 5 junction device, kK =0

d(x;t), x € [0;1], t =08k, k€N
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et LA L\\//A\\
ooat:i bl ﬁgglﬁi e ] a a, a8 20
0.02 Assﬁg 'ij,“srlﬁﬁgﬂ 1 lim. junction : V = 37r/l, v =0.07
R it I T O PR ol
012345678 9101112131415161718192021 26T Sjonc. 77
Vin i =11/
I — V curves of the device of the top photo, 5 junc- ..
tions, d; = 0.025, k =0, « =03, H=0, v =0. . i\ T\‘\\\\\ \ WY \\\\‘\\ \
lim. soliton(V) = Inax(H) = 0.125 ARARRRRARAAAN A
lim. junction(V) = Wi
?_, dj cos(Va;) /1171/71771711177)
SUPke{i ..... jn} i COJS(Vak) [ VieV)2+1- aV] * 2

a; ay a; azag 20

aVY T d

lim. soliton : V =27 //, v = 0.125
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Dynamics

Same device but k > 0
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X — 3j)h}¢tt = O
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A long wave electrodynamic model of an array of small Joseph



Dynamics

Conclusion

Statics well understood

Dynamics

@ Localized sine nonlinearities (junctions) excite the whole
spectrum of a cavity

@ Small capacity miss-match (x ~ 0)
IV curve well understood (resonances, kinks)

@ Large capacity miss-match (x > 0)
Linear problem dominates, new eigenfrequencies and
eigenmodes
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