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Introduction

Introduction: solitons in BVPs?

• In 1972&1973, Zakharov and Shabat solved the IVP for focusing and
defocusing NLS via IST. Each soliton corresponds to a discrete
eigenvalue of the scattering problem.

• But BVPs still offer some surprises.

• Main approaches to the BVP:
- Extension to the whole line [Ablowitz-Segur, Fokas, Tarasov, Habibullin]
- Simultaneous spectral analysis of Lax pair + global relation [Fokas]
- Other methods [Degasperis-Manakov-Santini, Sabatier. . . ]

• In all these approaches:
- the problem only truly becomes linear for certain kinds of BCs,

called linearizable BCs.
- the relation between solitons and discrete eigenvalues is exactly

the same as in the IVP.

• But there are some issues. . .
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Introduction

NLS solitons on the half line?

• NLS on the half line:
iqt + qxx − 2ν|q|2q = 0 , 0<x<∞, t>0 ,

q(x ,0) given (ν = ∓1, focusing/defocusing)

• Linearizable BCs: homogeneous Robin,
qx (0, t)− α q(0, t) = 0 , α ∈ R .

Special cases:
α→∞: Dirichlet BCs, q(0, t) = 0.
α = 0: Neumann BCs, qx (0, t) = 0.

• In the IVP, a discrete eigenvalue kj = (Vj + iAj )/2 yields a soliton

qs(x , t ; Aj ,Vj , ξj , ϕj ) = 2Aj sech[2Aj (x − Vj t − ξj )] ei[Vj x+2(A2
j −V 2

j )t+ϕj ] .

• But the soliton solution does not satisfy the BCs.
So, the BVP admits no soliton solutions?

• Numerical solutions show that solitons are reflected at the boundary.
But, the soliton velocity is the real part of the conserved eigenvalue!
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IST for NLS on the whole line

IVP for NLS: eigenfunctions

• Matrix Lax pair for NLS:
µx − ik [σ3, µ] = Qµ , µt + 2ik2[σ3, µ] = −

(
iQQσ3 + iQxσ3 + 2kQ

)
µ ,

σ3 =

„
1 0
0 −1

«
, Q(x , t) =

„
0 q
νq∗ 0

«
.

• Jost solutions: µ(1,2)(x , t , k) s.t.
lim

x→−∞
µ(1)(x , t , k) = I , lim

x→∞
µ(2)(x , t , k) = I .

• Analyticity:
µ(1,L) &µ(2,R): Im k < 0 , µ(1,R) &µ(2,L): Im k > 0 .

• Scattering matrix: (time independent)

µ(1)(x , t , k) = µ(2)(x , t , k) eiθσ3A(k)e−iθσ3 ∀k ∈ R ,
θ(x , t , k) = kx − 2k2t .

• Analyticity: a11(k): LHP, a22(k): UHP, a12(k),a21(k): none.

• Symmetry k → k∗ of the eigenfunctions. As a result,
a22(k) = a∗11(k∗) =: a(k), a12(k) = νa∗21(k) =: b(k) .
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IST for NLS on the whole line

Discrete eigenvalues, inverse problem and solution
• Discrete eigenvalues: (bounded eigenfunctions)

k1, . . . , kJ in UHP s.t. a22(kj ) = 0: µ(1,R)(x ,t ,kj ) = bje2iθ(kj )µ(2,L)(x ,t ,kj ),
k̄1, . . . , k̄J in LHP s.t. a11(k̄j ) = 0: µ(1,L)(x ,t ,k̄j ) = b̄je−2iθ(k̄j )µ(2,R)(x ,t ,k̄j ).

Symmetries: k̄j = k∗j (eigenvalue pairs), b̄j = −b∗j .

• Norming constants: (from residue relations)

Cj = bj/ȧ22(kj ), C̄j = b̄j/ȧ11(k̄j ) = −C∗j .

• Riemann-Hilbert problem:
M− = M+(I− R) ∀k ∈ R,

Sectionally meromorphic matrices:
M+(x , t , k) =

`
µ(2,L) , µ(1,R)/a22

´
, M−(x , t , k) =

`
µ(1,L)/a11 , µ

(2,R)´.
The jump matrix R contains the reflection coefficient ρ(k) = b(k)/a(k).

• Reconstruction formula: q(x , t) = −2i limk→∞ k M12(x , t , k).
(sum from discrete spectrum plus integral from continuum spectrum).

• Pure soliton solutions = reflectionless solutions [ρ(k) ≡ 0]
q(x , t) is obtained from the solution of an algebraic system.
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NLS on the half line with linearizable BCs Dirichlet BCs

Dirichlet BCs
• Define the odd extension of the potential: ∀x ∈ R,

Qext(x , t) = Q(x , t) Θ(x)−Q(−x , t) Θ(−x) ,

Θ(x) = Heaviside step function.
Then use the IST for the IVP.

• Symmetry x → −x of the potential⇒ symmetry of the eigenfunctions:
µ(1)(x , t , k) = µ(2)(−x , t ,−k) ,

• Combine with usual ones⇒ further symmetry of scattering coeffs:
a(−k∗) = a∗(k), b(k) = −b(−k) .

• Theorem: the discrete spectrum has the following properties:
(i) the number J of discrete eigenvalues in the UHP/LHP is even;
(ii) discrete eigenvalues appear in quartets: {±kn , ±k∗n }N

n=1 ,
Here N = J/2 = number of discrete eigenvalues in each quadrant.

• Label the discrete eigenvalue symmetric to kn as kn′ = −k∗n .
Relation between the norming constants associated with kn & kn′ :

bnb∗n′ = −1 , CnC∗n′ = 1/ȧ2(kn) .
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NLS on the half line with linearizable BCs Neumann BCs

Neumann BCs
• Use the even extension of the potential:

Qext(x , t) = Q(x , t) Θ(x) + Q(−x , t) Θ(−x) .

• Symmetry of eigenfunctions and scattering matrix:
µ(1)(x , t , k) = σ3µ

(2)(−x , t ,−k) , a(−k∗) = a∗(k), b(k) = b(−k) .

(The symmetries of b(k) are those of the FT of odd/even functions.)

• The same symmetry applies for the discrete spectrum.
(But here self-symmetric eigenvalues can arise: kn′ = kn when kn = iκn,
so J is not necessarily even.)

• Norming constants of symmetric eigenvalues:
bnb∗n′ = 1 , CnC∗n′ = −1/ȧ2(kn) .

• One-soliton solutions of the BVP: N = 1 & b(k) = 0.
Let k1 = (V + iA)/2 and Cj = AjeAjξj +i(ϕj +π/2), j = 1, 2. Then

ξ1 + ξ2 =
1
A

log
(

1 +
A2

V 2

)
, ϕ2 − ϕ1 = 2 arg

(
A + i V

)
+ ναπ ,

Dirichlet BCs: να = 0; Neumann BCs: να = 1.
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NLS on the half line with linearizable BCs Robin BCs

Robin BCs
• An extension of the potential is also possible here. Approaches:

- use a k -dependent extension
- use a particular kind of auto-Bäcklund transformations

• Either way, one obtains the same result:
a(k) = a∗(−k∗), b(k) = f (k)b(−k),

where
f (k) = (2k − iα)/(2k + iα).

α = 0 and α→∞: recover Neumann & Dirichlet BCs.

• Same symmetries as before apply for the discrete eigenvalues.

bnb∗n′ = f (kn) , CnC∗n′ = −f (kn)/ȧ2(kn) ,

• No self-symmetric eigenvalues are possible for any α 6= 0.

• Pure one-soliton solutions:

ξ1 + ξ2 =
1
A

log
(

1 +
A2

V 2

)
+

1
2A

log
[

V 2 + (A− α)2

V 2 + (A + α)2

]
,

ϕ2 − ϕ1 = 2 arg
(
A + i V

)
+ π − arg

[
V + i(A− α)

V + i(A + α)

]
.

G. Biondini (SUNY at Buffalo) Solitons, BVPs and a NL method of images Frontiers in NLWs, 3/20/2010 11 / 25



NLS on the half line with linearizable BCs Robin BCs

Robin BCs
• An extension of the potential is also possible here. Approaches:

- use a k -dependent extension
- use a particular kind of auto-Bäcklund transformations
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NLS on the half line with linearizable BCs Relations between eigenvalues and norming constants

Relations between eigenvalues and norming constants

• Recall CnC∗n′ = −f (kn)/ȧ2(kn), and let Cj = AjeAjξj +i(ϕj +π/2) as before.

• Recall that the analytic scattering coeffs obey trace formulae:

log a(k) =
JP

j=1
log
„

k − kj

k − k∗j

«
+

1
2πi

∞R
−∞

log |a(k ′)|2

k ′ − k
dk ′ .

• In particular, for reflectionless solutions,

ȧ(kj ) =
JQ ′

m=1
(kj − km)

ffi
JQ

m=1
(kj − k∗m) ,

where the prime denotes that the term with m = j is missing.

• The symmetry of the discrete spectrum then yields

ξn + ξn′ = (∗)− 1
An

NP
m=1

′ log
[(Vn−Vm)2 + (An−Am)2][(Vn+Vm)2 + (An−Am)2]

[(Vn+Vm)2 + (An+Am)2][(Vn−Vm)2 + (An+Am)2]
,

ϕn − ϕn′ = (∗)− 2
NP

m=1

′ arg
[Vn−Vm + i(An−Am)][Vn+Vm + i(An−Am)]

[Vn+Vm + i(An+Am)][Vn−Vm + i(An+Am)]
,

where kn = (Vn+iAn)/2,
(∗) denotes the terms in the one-soliton case.
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Soliton behavior Soliton reflection

Soliton reflection
• physical solitons = solitons located at x > 0,

mirror solitons = their symmetric counterparts (since they can be
thought of as reflected images).

• Since kj = (Vj + iAj )/2 and kn′ = −k∗n , it is An′ = An and Vn′ = −Vn.

• The apparent soliton reflection at the boundary is a soliton interaction
in which norming constants are s.t. the appropriate BCs are satisfied.

• After the collision the solitons re-emerge intact (as usual),
but the role of physical and mirror soliton has been swapped.

• WLOG, label the discrete eigenvalues s.t. V1 ≤ · · · ≤ V2N .
(Vj < 0⇒ left-going solitons; Vj > 0⇒ right-going solitons.)

• As t → −∞, the physical solitons have eigenvalues k1, . . . , kN ,
the mirror solitons kN+1, . . . , k2N .
As each soliton is reflected, kn and kn′ = k2N−n+1 switch role.
As t →∞, the physical solitons have eigenvalues kN+1, . . . , k2N ,
the mirror solitons k1, . . . , kN .
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Soliton behavior Soliton reflection

Soliton reflection: Dirichlet BCs

-5 0 5

0.0

0.5
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1.5

2.0

x

t

A = 2, V = −2, ξ = 5, ϕ = 0.

Left: 3D plot of |q(x , t)|.
Right: contour plot including the mirror soliton to the left of the boundary.
Note: these and all other figures show exact solutions, not numerical simulations.

Note that a mirror soliton is needed to satisfy the BCs even when V > 0.
Of course in this case the soliton reflection occurs at t < 0.
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Soliton behavior Soliton reflection

Soliton reflection: Neumann BCs
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A = 2, V = −2, ξ = 5, ϕ = 0.
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Soliton behavior Soliton reflection

Soliton reflection: Robin BCs
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x

t

α = 3; A = 2, V = −2, ξ = 5, ϕ = 0.

(Here for x < 0 the contour plot shows the analytic continuation of the solution to
the negative real axis using Bäcklund transformations, not qext(x , t , k).)
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Soliton behavior Multi-soliton solutions

Soliton reflection: N > 1
These results are not limited to one-soliton solutions of the BVP, nor to reflectionless solutions:
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Top: A1 = 2, A2 = 3/2, V1 = −3, V2 = −1, ξ1 = 12, ξ2 = 8, ϕ1 = ϕ2 = 0, Dirichlet BCs.

Bottom: A1 = 1, A2 = 3, V1 = V2 = −1, ξ1 = ξ2 = 10, ϕ1 = ϕ2 = 0, Dirichlet BCs.
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Soliton behavior Reflection-induced shift

Reflection-induced shift

• Since any soliton interaction yields a position shift, so does the reflection.

• Interaction-induced position shift: δξj = ξ+
j −ξ

−
j .

Compare long-time asymptotics q(x , t) ∼
t→±∞

PJ
j=1 qs[x , t ; Aj ,Vj , ξ

±
j , ϕ

±
j ].

• WLOG, take Vn < 0: the position shift resulting from the interaction of a
physical soliton with its mirror is

δξn,n′ = −(1/An) log
(
1 + A2

n/V
2
n
)

= −δξn′,n .

• But since the physical and mirror solitons interchange roles, a second
contribution exists to the total reflection-induced position shift:

∆ξn = ξ−n + ξ−n′ − δξn ,

• Simplest case: N = 1:

∆ξ =
1
A

[
log

(
1
A2 +

1
V 2

)
+

1
2

log
(

V 2 + (A− α)2

V 2 + (A + α)2

)]
.

An explicit formula also exists ∀N ∈ N.

• Importantly, the reflection shift depends on the BCs! (Cf. N = 1 figs.)
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Soliton behavior Reflection-induced shift

Reflection-induced shift (cont’)

Left: the contributions to the total reflection-induced shift.
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Right: a soliton reflection with a large, BC-induced shift.
(A = −α = 2, V = −1, ξ = 5 and ϕ = 0)
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Soliton reflection in other settings
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Defocusing NLS with non-zero BCs at infinity
Recall that in the IVP for the defocusing case with |q(x , t)| → qo as |x | → ∞:
- continuous spectrum: (−∞,−qo] ∪ [qo,∞);
- discrete spectrum {k1, . . . , kJ} ⊂ (−qo, qo);
- kj = 0: black soliton; kj 6= 0: gray soliton.

In the BVP:
- discrete eigenvalues appear in symmetric pairs: kn′ = −kn;

corresponding symmetry relations exist for the norming constants.
- a black soliton (self-symmetric eigenvalue) always exists with Dirichlet BCs.
- no black soliton exists for Neumann BCs or Robin BCs.

Left: 1 gray soliton (plus the always present black soliton). Right: Neumann BCs; 1 gray soliton.
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AL on the natural numbers with certain linearizable BCs
Ablowitz-Ladik lattice:

i q̇n + (qn+1 − 2qn + qn−1)/h2 + |qn|2(qn+1 + qn−1) = 0.

Scattering problem:

Φn+1 =

»„
z 0
0 1/z

«
+

„
0 qn

rn 0

«–
Φn .

IVP: discrete eigenvalues appear in quartets:
{zj , z∗j , 1/zj , 1/z∗j }, with |zj | ≤ 1.

BVP: Discrete eigenvalues appear in octets: zn′ = −z∗n ,
and corresponding relations exist for the norming constants.

Left: BC q0(t) = 0. Center: BC q1(t) = q−1(t). Right: BC q0(t)− q1(t) = 0.
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Conclusions

Conclusions

• Main results:
- discrete eigenvalues appear in symmetric pairs/quartets;
- norming constants of symmetric eigenvalues are uniquely determined;
- soliton reflection is the role swap of physical and mirror soliton;
- a reflection-induced shift exists, with two components;
- results apply with any number of solitons and with radiation

(but only for linearizable BCs).

• Obvious similarities with method of images in electrostatics.
But, unlike electrostatics, here the symmetries of discrete eigenvalues
and norming constants are not assumed a priori, but rather derived as
a necessary consequence of the BCs via the IST.

• Same phenomena arise in focusing/defocusing NLS and AL.
The method applies to some other integrable NLEEs, (e.g., SG, Toda. . . ),
but probably not to those w/o reflection symmetry (as w/ linear PDEs).
Also, what happens to solitons for BVPs on finite domains?

G. Biondini (SUNY at Buffalo) Solitons, BVPs and a NL method of images Frontiers in NLWs, 3/20/2010 25 / 25



Conclusions

Conclusions

• Main results:
- discrete eigenvalues appear in symmetric pairs/quartets;
- norming constants of symmetric eigenvalues are uniquely determined;
- soliton reflection is the role swap of physical and mirror soliton;
- a reflection-induced shift exists, with two components;
- results apply with any number of solitons and with radiation

(but only for linearizable BCs).

• Obvious similarities with method of images in electrostatics.
But, unlike electrostatics, here the symmetries of discrete eigenvalues
and norming constants are not assumed a priori, but rather derived as
a necessary consequence of the BCs via the IST.

• Same phenomena arise in focusing/defocusing NLS and AL.
The method applies to some other integrable NLEEs, (e.g., SG, Toda. . . ),
but probably not to those w/o reflection symmetry (as w/ linear PDEs).
Also, what happens to solitons for BVPs on finite domains?

G. Biondini (SUNY at Buffalo) Solitons, BVPs and a NL method of images Frontiers in NLWs, 3/20/2010 25 / 25



Conclusions

Conclusions

• Main results:
- discrete eigenvalues appear in symmetric pairs/quartets;
- norming constants of symmetric eigenvalues are uniquely determined;
- soliton reflection is the role swap of physical and mirror soliton;
- a reflection-induced shift exists, with two components;
- results apply with any number of solitons and with radiation

(but only for linearizable BCs).

• Obvious similarities with method of images in electrostatics.
But, unlike electrostatics, here the symmetries of discrete eigenvalues
and norming constants are not assumed a priori, but rather derived as
a necessary consequence of the BCs via the IST.

• Same phenomena arise in focusing/defocusing NLS and AL.
The method applies to some other integrable NLEEs, (e.g., SG, Toda. . . ),
but probably not to those w/o reflection symmetry (as w/ linear PDEs).
Also, what happens to solitons for BVPs on finite domains?

G. Biondini (SUNY at Buffalo) Solitons, BVPs and a NL method of images Frontiers in NLWs, 3/20/2010 25 / 25



Main references

- Biondini & Hwang, J. Phys. A 42, 205207 (2009) [NL images for focusing NLS]

- Biondini & Hwang, Applic. Anal. 89, 627 (2010) [NL images for AL]

- Biondini & Bui, in preparation [NL images for defocusing NLS]

- Biondini & Hwang, Inv. Probl. 24 065011 (2008) [IBVP for AL with general BCs]

- Ablowitz & Segur, J. Math. Phys. 16, 1054 (1975)
- Fokas, Phys. D 35 167 (1989)
- Bikbaev & Tarasov, J. Phys. A 24, 2507 (1991)

Tarasov, Inv. Probl. 7, 435 (1991)
Habibullin, Theor. Math. Phys. 86, 28 (1991)

- Degasperis, Manakov & Santini, JETP Lett. 74, 481 (2001);
Degasperis, Manakov & Santini, Theor. Math. Phys. 133, 1475 (2002)

- Fokas, Its & Sung, Nonlinearity 18, 1771 (2005)
- Zakharov & Shabat, Sov. Phys. JETP 34, 62 (1972); 37, 823 (1973)
- Ablowitz, Prinari & Trubatch, Discrete and continuous NLS systems (2004)
- Faddeev & Takhtajan, Hamiltonian methods in the theory of solitons (1987)

(plus many others omitted due to space constraints)

G. Biondini (SUNY at Buffalo) Solitons, BVPs and a NL method of images Frontiers in NLWs, 3/20/2010 25 / 25


	IST for NLS on the whole line
	NLS on the half line with linearizable BCs
	Dirichlet BCs
	Neumann BCs
	Robin BCs
	Relations between eigenvalues and norming constants

	Soliton behavior
	Soliton reflection
	Multi-soliton solutions
	Reflection-induced shift

	Soliton reflection in other settings
	Defocusing NLS with non-zero BCs at infinity
	Ablowitz-Ladik lattice on the natural numbers

	Conclusions
	Appendix

