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ABSTRACT

We introduce a new type of sparse CSS quantum error correcting code based on
the homology of hypermaps. Sparse quantum error correcting codes are of interest
in the building of quantum computers due to their ease of implementation and the
possibility of developing fast decoders for them. Codes based on the homology of
embeddings of graphs, such as Kitaev’s toric code, have been discussed widely in the
literature and our class of codes generalize these. We use embedded hypergraphs,
which are a generalization of graphs that can have edges connected to more than two
vertices.

We develop theorems and examples of our hypermap-homology codes, especially
in the case that we choose a special type of basis in our homology chain complex.
In particular the most straightforward generalization of the m x m toric code to
hypermap-homology codes gives us a [(3/2)m?,2,m] code as compared to the toric
code which is a [2m? 2, m] code. Thus we can protect the same amount of quantum

information, with the same error-correcting capability, using less physical qubits.
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CHAPTER 1

INTRODUCTION

This dissertation introduces a new type of quantum error correcting code which we
will call hypermap-homology quantum codes. We also provide examples and analysis
of said codes.

Quantum computers may be able to provide significant speedups over classical
computers in certain problems. The most famous example is factoring integers us-
ing Shor’s algorithm, where the quantum algorithm is exponentially faster than any
known classical algorithm. They may also be able to simulate quantum systems
faster than classical computers. However quantum noise (such as undesired unitary
evolution of a quantum state or undesired measurements) makes building quantum
computers difficult. Quantum error correction may be able to provide an answer to
these problems. The quantum fault tolerance theorem roughly says that if we can
implement quantum gates with error probability per unit of time below some thresh-
old then by concatenating quantum codes (i.e. building sufficiently many layers of
quantum error correction into our gates) we can get the error rate arbitrarily low.
We will not go into the details of such practicalities, instead looking at quantum sta-
bilizer codes as mathematical objects. See [NCI10| for more information on quantum
computing and error correction.

We consider binary CSS (Calderbank-Shor-Steane) codes, a special case of stabi-
lizer codes (see Chapter [2|for definitions and details). CSS codes are defined by two F,
matrices Hy, Hz such that Hx H. = 0. These codes have parameters [N, K, D] where
K information qubits are encoded into N physical qubits with minimum distance D.
A minimum distance D code can correct any errors on |(D — 1)/2] qubits.

It was shown non-constructively in [CS96] that there exist CSS codes with K/N
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fixed and D ~ ¢N for a constant c¢. Codes with this property are called good. However
it is not known if sparse good CSS codes (codes with Hy and H; sparse) exist.
Sparse quantum codes are interesting for at least two reasons. The first is that sparse
classical codes such as Low Density Parity Check (LDPC) codes are known to have
performance as good as any codes while also having efficient suboptimal decoders.
Being able to decode quickly is important in applications such as quantum fault
tolerance. The second reason is that in physical implementations of quantum codes,
the matrices can correspond to connections between the physical qubits. So a sparse
quantum code can mean that the qubits are connected to few neighboring qubits
which can lead to easier implementation.

In [Kit03] a family of sparse codes called toric codes were introduced which have
parameters [2m?,2,m], thus K is fixed and D ~ (1/v/2)v/N. Despite their relatively
poor performance toric and toric-like codes have promise in that they may be easy to
implement and decode as discussed above. In [MMMO04] sparse graph quantum codes
inspired by classical LDPC codes were introduced. However the most practically
successful class of such codes, the ‘bicycle codes’, are expected to have D bounded
above by a constant as N increases.

Codes with growing distance have been suggested in the years since. We summa-
rize some attempts with Table In [Z&m09] it was suggested that looking at K D?

may be a way to compare toric-like codes so we include this information also.

Code K D K D?
Good codes [CS96] ~ N ~ caN ~ c3N*?
Bicycle codes [MMMO4] ~c N | expect < ¢y ~ csN
Toric code [Kit03] 2 (1/vV/2)V'N N

Systolic freedom [FMLO02|, [Fet11] ¢ ~ co/Nlog N | ~ c3Nlog N

Hypergraph-product [TZ09], [KP12] | ~ ;N ~ ¢V N ~ c3N?

Cayley graph [Z&ém09] ~c N ~cylog N | ~c3N(log N)?

Cayley graph repetition [CDZI1] | v2VN | (1/v2)VN (1/V/2)N3/?

TABLE 1.1. Some code constructions.
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Some results constraining the parameters of toric-like codes have been proved. In
[Fet11] it is shown that codes based on the homology of a fixed surface have a bound
D? < ¢N. Similarly in [BPTI0] it is shown that for ‘geometrically local’ codes on a
2D lattice we have K'D? < N. Another relevant result is Gallager’s proof in [Gal62]
that classical LDPC codes of column weight two cannot have minimum distance d
linear with blocklength n. This result does not imply that CSS codes with column
weight two matrices cannot achieve D ~ ¢N but it does make it quite unlikely. It is
our hope (as yet unrealized) that our codes may be able to avoid these limits.

Hypergraph based quantum codes have been proposed in [TZ09] (based on prod-
ucts of hypergraphs) and [SB12]. However to our knowledge no codes based on
homology of hypermaps have been suggested before.

Our interest in hypermap-homology codes initially came from considering the
existing construction of codes from homology of embeddings of graphs. In these
constructions the fact that an edge is connected to only two vertices in classical
graphs leads to one of the matrices in the CSS construction having column weight two.
Hypermap-homology codes are based on embeddings of hypergraphs - a generalization
of graphs where an edge can be connected to more than two vertices. Unfortunately,
in our examples we make a choice of basis that does lead to the relevant matrix
having column weight two. However our construction is still a generalization of codes
based on graph homology and in Example 4.24] we can see that the straightforward
generalization of the toric code to hypermap-homology codes has better parameters (it
can store the same amount of information, with the same error correction capability,
in less qubits). We see this as a proof of concept that hypermap-homology codes can
be useful.

We will not discuss decoding of our codes. They are quantum LDPC codes so can
be decoded by standard belief propagation techniques as in [MMMO04]. However the
example of decoding toric codes show that this may not work particularly well. See

for example [DCP10] for specialized techniques that may be able to be extended to
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hypermap-homology codes.

In Chapter 2 we give the background knowledge required in classical coding theory,
quantum mechanics on qubits, and stabilizer codes. In Chapter 3 we give an exposi-
tion of how we can create CSS codes from Fy-chain complexes, including from graphs
embedded in surfaces and planar codes which come from grids in the plane with cer-
tain holes removed. In Chapter 4 we give the required background in hypermaps and
hypermap homology before introducing hypermap-homology codes and their analysis.
Appendix A is a short discussion of computer software that we developed to compute
parameters of hypermap-homology codes.

The work in this dissertation that to our knowledge is original is:

1. an explanation that CSS codes can be constructed from any Fs-chain complex

in Section [3.1]

2. an exposition of planar codes that fills in some of the more intuitive arguments

from the literature in Section [3.3

3. propositions expressing different ways to understand hypermap-homology in

Section [4.3| and

4. definitions and methods to determine the weight of hypermap-homology codes

with a certain type of basis in Sections .4 and [£.5] We also include examples.
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CHAPTER 2

BACKGROUND

2.1 Classical codes

(Classical information theory and coding theory were initiated by the works of Shannon
and Hamming in 1948 and 1950 respectively. This section draws from a number of
sources including [NCI0], [Mac03], [RUO8] and [Gurl0] to give an introduction to
binary linear codes.

Consider the vector space 5 with the non-degenerate symmetric bilinear form
o)y = w
i

We write elements of F as column vectors. Define an [n, k] binary linear code C' to
be a k-dimensional subspace of Fj, with elements of C' called codewords. We say that
G € M,«x(F,) is a generator matriz for C if C = G(F%). A matrix H € M,,x,(F2)
is called a parity check matriz for C if C' = ker(H). Since G is injective we know
that G is full rank i.e. rank(G) = k. However, since F3/ker(H) = im(H) we have
dim(im(H)) = n— k so with our definition H does not have to be full rank. We allow
the parity check matrix to include m > n — k conditions of which m — (n — k) must
be redundant. This is purely for convenience; many of our code constructions will be
via specifying parity check matrices which may not necessarily be full rank.

Furthermore we have HG = 0 because columns of G are elements of C' and H
times an element of C'is 0.

To form a generating matrix for a code C' choose a basis for C' and place these as
columns of G. Then we can generate all the codewords by adding basis codewords
i.e. multiplying G by some =z.

To form a full rank parity check matrix for C' we consider the orthogonal comple-
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ment

Ct={yeFy:y-v=0foralzeC}

called the dual code of C'. One thing to note is that we do not necessarily have
CNC*+ = {0} (for example even weight codewords are orthogonal to themselves).

However our bilinear form is non-degenerate so we do still have
dim(C) + dim(C*) = dim(F3)

and thus dim(C*) = n — k. Now choose a basis for C* and use this as the rows of H.

To show that H is a parity check matrix for C' we need
C={rxelFy: Hx = 0}.

If x € C then Hx = 0 because each row of H is orthogonal to all elements of C'. If
Hz = 0 then we know that z is orthogonal to a basis for C* and is thus orthogonal
to C+. Thus z € (C)*+ = C (to see this last equality note that C' C (C+)* and that
dim(C*+) + dim((C+)*) = n).

We now claim that C* is a [n,n — k] code with generator matrix H” and parity
check matrix G”. To see that H” is a generator matrix notice that the rows of H are
a basis for C* and thus any column vector in C* can be written as a sum of columns
of HT. For the parity check matrix: if x € C* then z is orthogonal to all elements
of C so is orthogonal to columns of G so G'x = 0. Finally if GT2z = 0 then z is
orthogonal to a basis of C' so is orthogonal to C' so x € C*.

We now explain error correction with an [n, k] code. To transmit u € F§ we send
& = Gu. Then some error r € F} (it may be the trivial error » = 0) occurs and we
receive y = x + r. The decoding algorithm is to decide that the sent codeword is a
codeword x* € C' which is closest to y. Here closest is with respect to the Hamming
distance

dy(a,b) = number of elements in which a and b differ.
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Then to recover the information we decode to the unique u* € F§ which corresponds
to z*.

With this in mind, when designing a linear code we would like codewords to be
far apart. The minimum distance d of a code is the minimum of dy(a,b) for all
a # b € C. For linear codes this minimum distance is also the minimum weight of

nonzero codewords where the weight of a codeword is
wt(a) = dy(a,0) = number of 1’s in a.
To see this, we have

d= aré})ienc dy(a,b) = CLr7£1bi€nC wt(a +b) = Cerg{?o} wt(c).

We will refer to such a code as an [n, k, d]-code.

2.2 Quantum mechanics on qubits

This introduction to quantum mechanics for quantum computing follows [NC10] with
some simplifications. Our quantum computing model is based on qubits (named for
quantum bits) although more general qudits (quantum digits) or other systems are

possible. Choose a basis of C? (called the computational basis) to be

o= s f]

We now give some postulates for the quantum mechanics of qubits.

1. The state of n qubits is an element of H,, = (C?)®". We work with vectors which
are normalized to have (1|¢)) = 1 and consider states differing multiplicatively
by € with § € R to be equal. More concretely, |1/) € H,, can be written as

) = Z a;|i)

i€FD
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where [i) = |iyia... 1) = |in)|i2) - |in) = |i1) ® |ia) @ -+ ® |i,,) are all just
different notations for the same thing. The normalization condition means

S ai* = 1.

2. The evolution of the system is described by a unitary transformation. That is,
the state |1)) of the system at time ¢; is related to the state |¢)') of the system
at time ty by U = U(ty,t2) € U(H,,) via [¢') = Ul).

3. Given an observable M (a Hermitian operator on H,,) with spectral decomposi-
tion M =) mP,, we can measure a state [¢)) with respect to M. The result
of the measurement is m with probability p(m) = (¢|P,,|¢) and if the result is
m then the new state is Py, [¢)//p(m).

The following proposition justifies the commonly used statement that commuting

observables can be measured ‘simultaneously’.

Proposition 2.1. If observables M, ..., My commute then we can measure 1)) with
respect to these in any order and have the same probability of measurement and state

outcome.

Proof. Since the M, are Hermitian they are diagonalizable and since they commute
they are mutually diagonalizable. Write M; = Zm m; P; . Notice that PimiPiM =
5mz‘m; 4ym; and ‘Pi:min:mj = Pj,mjpim% ifi#j.

If we first measure with respect to M; then we get result m; with probability

p(m;) = (Y| Pm,|Y) and new state |¢') = P, [¢¥)//p(m;). Measuring this new
state with respect to M; gives result m; with probability

: y_ P, Pim Pim, P,
plms) = 1Py ) = i, Dl (ol

and new state

Bjm, [9) Py Pim V)

VPmy) I, P,

¥)
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Thus measuring with respect to M; and M; in either order is equivalent to measuring
with respect to M;M; = Zmzm] Pjm; Pim,. So measuring My, ..., My in any order is

equivalent to measuring M ... Mj. O

2.3 Stabilizer codes

The stabilizer code formalism, first introduced by Gottesman in [Got97], is a way of
describing quantum codes somewhat analogous to linear codes in the classical setting.
Our discussion in this section mainly follows [NC10] and, in parts, [MMMO04].

Define the Pauli matrices

ol L E VA B A i Pt

They can be easily seen to be Hermitian and unitary and checked to satisfy the
following relations:

X?=y?=72=1,
XY =iZ ZX=iY YZ=iX,
YX=-iZ XZ=-iY ZY=-iX.

Let U(H,) be the group of unitary operators on the space of n qubits. Define
the Pauli group to be the group G,, inside U(H,,) generated by operators of the form
A ® - ® A, where each A; € {I,X,Y,Z}. We will sometimes use notation where
we omit the tensor signs or include only the non-identity operators. For example
XI1Y = X Y3 € G5 is shorthand for X @ I ® Y.

Using this notation we have X Y7, =il € GG,,. Thus the group G,, must contain
{#£I,£il}. But this is enough to ensure GG, is closed under products and inverses: if

c,d € {£1,+i} and A;, B; € {I, X,Y, Z} then we have

=1
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and

n -1 n
<C®A1> =c" ®Az
i=1

=1

and thus

G, = {C®Ai: ce{xl,+i}, A € {I,X,Y,Z}}.

i=1
Proposition 2.2. If we call elements of the Pauli group Pauli operators we have the

following facts.

1. Pauli operators commute if and only if they have an even number of places with

different non-identity matrices. If they do not commute then they anti-commute.
2. Squaring a Pauli operator gives £1.
3. A Pauli operator cé A; 1s Hermatian iof and only if c = +1.
i=1
Proof. These follow easily from our multiplication rule above and the relations

among the Pauli matrices. O]

Now for S < G,, define Vg C H,, to be the set of vectors stabilized by S i.e.

Vo = {|v): s|o) = o) for all s € S}.

It is easy to check that Vg is a subspace of H,, and that we can write

Vs = () Via)-

SES

Proposition 2.3. The subspace Vs # 0 only if —1 ¢ S. In this case we have S
abelian, £iI ¢ S and the relations g*> = I and g' = g for all g € S.

Proof. If —1 € S then |[¢) = —|¢) so [¢) =0 for all |¢) € V.

If S is not abelian then there exists M, N € S such that MN = —NM, then
MNMTNT = —1 € 8. If £il € S then (£il)?> = —1 € S. Also for any g € S we have
g*==+I. So —I ¢ S implies +iI ¢ S and g*> = I for all g € S. Then ¢g* = I implies

g" = g because ¢ is unitary. L]
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Define a stabilizer group to be a abelian subgroup S < G, with —1 ¢ S. The
stabilizer code given by S is V.
Recall the definitions of the normalizers and centralizer of a subgroup: the nor-

malizer of the stabilizer group S in G,, is

N(S)={Ee€G,: EgE' € Sforall g€ S}
and the centralizer is

C(S)={E € G,: EgE" = g for all g € S}.

Clearly C'(S) € N(S) but in this case the inclusion is true in the opposite direction
also: if £ € N then EgE! = £gEET = £g. So since EgET € S we must have plus
not minus and FgET = g.

We will often work with generators for S such that S = (g1, ..., gn). Note that F
commutes with all elements of S if and only if it commutes with all the generators.
To prove this: using the fact that the g; commute and square to one, a general g € S
can be written as g = gi' - - - g5 with ¢ € {0,1}. Then if £ commutes with each g,
it commutes with g.

We now describe the error correction process. Our errors are elements of GG,,. We
start with a state |1)) € Vs then after error E occurs the system is in state E|¢). If

S ={q1,...,9m) then the syndrome of an error operator E is

where (3, € {0,1} is defined by the equation
Egi = (-1)’g,E.

Now the stabilizer generators g; are commuting Hermitian operators so are ob-

servables that can be measured simultaneously. Each observable g; has eigenvalues
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+1 (because g7 = I) and the projectors onto the +1 and —1 eigenspaces are (I +g;)/2
and (I — g;)/2 respectively. Thus

I+ g
2

4z

g = (+1) 5

If 5; is the syndrome of g; then measuring g; gives result + with probability

) = ol (50 £

(Wl) + 3 (1Bl El)
(=) Wlg B EL)
(1) (o)

+

+

+
N RN~
—~

|

—_

S~—

e

NP RN RN

|
o

Thus the outcome of the measurement is deterministic and depends only on the
syndrome of the error, not the state |¢).
If we have a collection of errors with distinct syndromes then we can correct the

errors. In fact more is true as we will now see.

Theorem 2.4. Suppose {E;} is a set of error operators such that E]TE;c ¢ C(S)\ S
for all j,k. Then {E;} is correctable.

Proof. First note that Eg, = (—1)"gE can be rewritten as E'g; = (—1)%g,ET so
E' has the same syndrome as E. Let 8(E;) = (B;1,-- ., Bjm) and similarly for B(E}).
Then

ElErgi = (—1)P1(—1)%1 g EI By,
so E,El € C(S) if and only if (—=1)%(—1) = 1 for all I if and only if £, and Ej,
have the same syndrome. Thus the theorem to be proved can be restated as: a set

of errors is correctable if errors with the same syndrome differ by an element of the

stabilizer.
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If the syndrome corresponding to E; is unique then we can correct the error by
applying the operation E]T-, so the state becomes E}Ej |Y) = |¢). If we have two errors
E; and Ej, with the same syndrome then, by assumption in the theorem, E;Ek eSs.

Thus even if we use the ‘wrong’ operator, EJT instead of E,Z, to correct we still have

E!Eilp) = [v). O

Define the distance of a stabilizer code to be the minimum weight (number of non-
identity components) of a Pauli operator in C'(S) \ S. Then by the theorem above a
distance d stabilizer code can fix errors on any |(d — 1)/2]| qubits. We will say Vg is

an [n, k, d] quantum code if Vg is a 2¥ dimensional subspace of H,, with distance d.

2.4 Check matrix representation

Define a function r: G,, — F2" by writing ¢ as a string of X’s times a string of Z’s,
forgetting the constant out the front, and then writing those strings in binary. For
example g = X1Y =i(XIX)([1Z) and r(g) = 101001.

Notice r(gg') = r7(g) +7(¢') and that kerr = {£I,+il}. Also for any string in F2"
we can find an operator that maps to it. Thus G,,/{+I, +il} = F2" (an isomorphism
of a multiplicative group with the additive group of F3"). Define the effective Pauli
group to be G, = G, /{&I,+il}. We will choose coset representatives of G,, of the

form .
X4
i=1
where each A; € {I,X,Y, Z},
Now if S is a stabilizer group then since —I ¢ S we have no pairs of elements
differing by —1 or +il so S = r(95).
Define
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Now write A = [2(g) 2(g)] and define the twisted product

r(g) ©r(g") = r(g)Ar(g")" = z(g) - 2(g) + 2(g) - z(¢).

Then we claim that g and ¢’ commute if and only if 7(g) ® r(¢’) = 0. To see this,
note that wherever g and ¢’ have different non-identity matrices in a position, we get
exactly one one in the sum for the twisted product.

The generators for S = (gq,...,gm) are said to be irredundant if removing any

generator makes the group smaller.

Proposition 2.5. The generators g; of a stabilizer group are irredundant if and only

if the collection of r(g;) are linearly independent.

Proof. The rows are linearly independent over Fy if and only if Y a;r(g;) = 0 with
aj = 1 for some j. But > a;r(g;) = 0 if and only if [] g/ € {£I,+il}. But this can
only be I because it is in S and —1 ¢ S. So some a; = 1 if and only if g; = H#]‘ g:"

i.e. g; is dependent on the other generators. O

So, if we create a matrix of rows which have twisted product zero and which are
linearly independent then that defines a stabilizer group (choose the g; corresponding

to the r; to be the one with ¢ = 1). If we write the matrix as
A - [Al AQ}

then the condition that all pairs of rows have twisted product zero becomes A; AL +
A, AT = 0.

To decode in the check matrix representation we need to find the syndrome of
an error . As discussed earlier this depends on whether EF commutes with the
generators ¢;. Thus we need to take the twisted product of rows of the check matrix
A with r(E). In practice if we write [2(E) z(E)] instead of r(E) = [¢(E) z(E)]

then we can instead use the normal Fy matrix product. Once again, if the error has
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unique syndrome then it can be decoded and also if errors with the same syndrome
differ by elements of the stabilizer they can be corrected.

We now develop a formula for the dimension of a stabilizer code.

Lemma 2.6. If S = (g1,...,gm) with irredundant generators and —I ¢ S then for
each i there exists h; € G,, such that h;g; = (—1)%ig;h; (i.e. h; anti commutes with

gi and commutes with all other g;).

Proof. This is equivalent to solving A[z(h;) x(h;)] = e; which can be done because

A has linearly independent rows. [

Now for x € F5* define

he = [[ 0 and E, = {|¢): g;|¢) = (—=1)"[¢)}.

Notice that h,g; = (—1)% g;h,.

Proposition 2.7. If S = (g1, ..., gm) with irredundant generators and —I ¢ S then
dim Vg = 2n—m.

Proof. The g; are commuting and diagonalizable so we can simultaneously diago-

nalize them. This gives

M. = P E..

z€Fy
Now we claim that Ey = E, for any x. To see this we have the linear map h,: Fy —
E,. This has the correct codomain because if |¢)) € Ey then gjh,|¢)) = (—1)%hy|1))
o hg|1)) € E,. There is also the linear map hl: E, — E, for which [¢)) € E, has
g;ht|Y) = (—=1)%hlg;l) = hi|y) so hl|y) € Ey. These two maps are inverses of each
other and thus we have dim(H,) = 2™ dim Ey. But Vg = Ej so we conclude that
dim Vg = 2", [
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2.5 CSS codes

A Calderbank-Shor-Steane (CSS) code is a stabilizer code built out of two classical

codes. We give a definition allowing not necessarily full rank matrices similar to the

one in [TZ09).

Proposition 2.8. Assume that parity check matrices Hx and Hy define classical
binary linear codes Cx and Cy of length n and that Hx HL = 0 (this is equivalent
to C% C C'x which is equivalent to C’)L( C Cz). Then the stabilizer code with binary

check matrix

[Hy o0
A‘[o HZ]’

is a quantum [n, k,d]| code where
k =n — dim(Cx) — dim(Cy)

and

d = min{wt(c): c € (Cy \ C%) U (Cx \ CH)}.

Proof. We have Cx = ker(Hyx) and Cz = ker(Hyz) and thus Cs = im(H%) and

C% = im(HY%). For the dimension of the code we have

k = n — # independent rows of A
=n —dim(im H}) — dim(im H%)

=n — dim(Cy) — dim(Cy).
Next, recall that the distance of a quantum stabilizer code is
d=min{wt(E): E € C(S)\ S}
Notice that

S =(X*Z" aisarowof Hx,bis arow of Hz) = {X*Z": a € Cx,b € O3}
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where X is notation for X{*--- X% . Now for X¢Z’ € C(S) we need X?Z° to
commute with X for o’ € Cx. Notice X*Z° X = (—1)¥"* X% X*Z® so we must have
a' -b =0 for all a’ € Cx so b € Cx. Similar arguments show a € C so, ignoring

global phase factors,
C(S) = {XaZbZ a < Cz,b € Cx}

For each X?Z? at least one of X* and X° has lesser weight. Thus there exists a
minimum weight vector in C(S) \ S of the form X® or Z° so the formula in the

proposition follows. O

2.6 An example of a stabilizer code

We describe Steane’s 7 qubit code. Begin with the classical [7,4] Hamming code C
specified by the parity check matrix

0
H =10
1

o = O

0
1
1

O O =

1 11
011
1 01

This code can correct one error because the syndromes of the 8 weight-zero and
weight-one errors are distinct. The code also has C*+ C C: the codewords in C* are
linear combinations of rows of H but the rows of H are all orthogonal to all rows of
H. Define a CSS code by Hx = Hz = H. Then this is an [n, k,d[ code with n =7
and k =7—3—3=1. To find d = min{wt(c): c € C'\ C*}, note that there are no
elements of weight less than or equal 2 because no column or sum of two columns of
H is equal to 0. Furthermore the sum of the first three columns is 0 so 1110000 € C'
and this codeword is not in C* because no sum of rows of H is equal to it. Thus

d = 3 and we have a [7, 1, 3] CSS code.
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CHAPTER 3

MAP-HOMOLOGY CODES

In this chapter we give an exposition of some code construction techniques from the

point of view of homology. We begin with the most general case.

3.1 Codes from Fs-chain complexes

Let (C,, ds) be a chain complex of finite dimensional Fo-vector spaces

_>Cz+1—+1>01_)0z—1_>

(of course this means that 0; o 9;1; = 0) and as usual define the homology vector
spaces H; = ker(9;)/im(0;41).

We fix bases of the C; and use [-] to denote matrices with respect to these bases. Let
Hx = [0;], adim C;_; x dim C; matrix, and Hz = [0;41]7, so Hyz is a dim C; 1 x dim C;
matrix. Then HxH% = [0; 0 0;41] = 0 so we can form the [n, k,d] CSS code with

_[Hx 0
A_[o HZ]'

We have n = dim C; and also notice H; = ker(Hx)/im(H%) = Cx/C%. From our

binary check matrix

discussion of classical dual codes we have dim(Cy) + dim(C5) = dim(C;). This gives

To understand the set C; \ Cx we can consider the dual complex. We now
justify the intuitively reasonable idea that taking transposes of Hx and HZ leads to

cohomology.
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Dualizing the chain complex

ai 8,'
_)C’l+1_+l>c’z_> i1 —> e

gives
Cr e Cr id Cr
e U O = G e

where Cf = Hom(C};, Fo) and 9] (¢) is defined by 0} (¢)(v) = ¢(0;(v)). To check that

the dual complex really is a complex we have

(07410 97)(0)(v) = 0;11(97 () (v) = 97 (9)(Dis1(v)) = ¢(0:(Di11(v))) = 0.
Having fixed a basis for each C; we have a non-degenerate bilinear form (, ): C; x

C; — Fy given by (a,b) = [a] - [b]. Then C; = Cf by ¢;: a — (a,-). Now define
§; = ;1 0 0F o 1);_1 and then since

(]
_ .41 * -1 * _ .1 * * _
0it100; =t 00001 0 O oy = Y1005, 0 0f o)1 =0
we have a chain complex

(—CZ+1<;10Z<—CZ_1<—

The definition of §; gives us ©;(6;(v)) = 0f(¢i—1(v)) for all v which implies
(0;(v),w) = (v,0;(w)) for all v,w. In particular if C; has basis v, ..., Vqm¢c, and
Cit1 has basis w1, ..., Waimc,,, then we have (6;(v;), wr) = (vj, 0;(wy)). For the right

hand side of this equality we have
(vj, Oi(wr)) = [vj] - [Oi(wk)] = €; - [Di]ex = (O]

and similarly (&;(v;), wx) = [0;]r; which gives us [§;] = [0;]T. With our earlier defini-
tions Hy = [0;] and Hz = [0;41]" we then have [§;] = HL and [6;11] = Hz.

Define the cohomology vector space H* by

H' = ker(8;41)/im(0;) = ker(Hz)/im(H%) = Cz/Cx.
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Once again we have

k = dim(C;) — dim(C%) — dim(C3%)
= dim(Cy) — dim(Cy)
= dim(Cy/C%)
= dim(H").

Recall that d = min{wt(c): c € (Cx \ C%) U (Cz\ C%)} so the minimum weight
can be found by looking at elements of C'y and C'z; whose classes are not zero in H;

and H' respectively.

3.2 Codes from graphs on surfaces

The idea of creating CSS codes from graphs embedded on surfaces has been discussed
in a number of papers. See for example [Zém09] for an introduction to this and see
[LZZ04] for an introduction to graphs embedded in surfaces. Let ¥ be a compact,
connected, oriented surface (i.e. 2-manifold) with genus g. We consider cellular ho-
mology with coefficients in [y (see [Hat02] for an introduction to algebraic topology).

It is well known that
I, if k=0or2
(F2)29 k=1

0 otherwise.

2

Hy(%)

Define an embedding of an undirected (simple) graph G in ¥ to be a function
G — Y that takes vertices of G to distinct points in ¥ and edges in G to simple paths
in ¥ (i.e. images of injective continuous functions [0, 1] — ) that intersect only at
common vertices. We will denote such an embedding by (X, G). Define a face of the
embedding to be a maximal connected subset of > that does not intersect G. A 2-cell
embedding is one where all the faces are homeomorphic to open disks; we shall only

consider 2-cell embeddings. A 2-cell embedding is also called a map.
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Notice that a 2-cell embedding is actually a 2-dimensional CW complex and thus
we have the standard cellular homology with Iy coefficients as follows. Let V, E| F' be
sets of vertices, edges and faces of (X,G) and V, &, F be Fao-vector spaces with bases

V, E, F respectively. Then we have a chain complex
B2 o O
0O=-F=&E—=V—=0

where 0, takes a face to the sum of the edges around that face and 0, takes an edge
to the sum of the vertices adjacent to that edge. We can then check that 0, o 0, takes
a face to twice the sum of the vertices around the face i.e. zero.

So we have H;((2,G)) = ker 9,/ im 0y and by homotopy invariance we know that
Hi((%,G)) & Hi(X) = (Fy)*. Create a code from the chain complex as discussed
in Section This gives Hx = [01], a |[V| x |E| matrix that we can think of as the
(unsigned) vertex-edge incidence matrix. Similarly Hy = [3,]7 is an |F| x | E| matrix,
the face-edge incidence matrix.

We now discuss the way we will understand Cx \ Cz in this context. Define the

(Poincaré) dual of an embedded graph (3, G) to be the embedded graph (X, G*) with:
e One vertex of G* inside each face of G,

e For each edge e of GG there is an edge e* of G* between the two vertices of G*

corresponding to the two faces of G adjacent to e.

Then the faces of G* correspond to the vertices of G. To see this, notice that a vertex
of G is adjacent to a set of edges of G and the corresponding edges of G* form the
boundary of a face.

So identifying the set of edges in G* with the edges of G we can consider the
homology chain complex for (2, G*):

0V B e F oo
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where 01 (v) is the sum of edges of G adjacent to v and d(e) is the sum of faces of G

adjacent to e. This shows that [§;] = [01]7 = H% and [6s] = [0s]" = Hz so
H,((Z,G*) 2 ker Hy/im Hy, = C/Cx = H((Z,G)).

Also (Z,G*) is a CW complex structure for ¥ so Hy (3, G*)) = F3Y.
So from (3, G) we have constructed a CSS code with parameters [n, k, d] where n

is the number of edges of G, k = 2¢g and
d = min{wt(c): c € (Cx \ C5) U (Cz \ C¥)}.

Elements of C'x are cycles of the graph G (equivalently subgraphs where each vertex
is adjacent to an even number of edges) and similarly elements of C'; are cycles of G*.
Elements of C'y \ C'5 are cycles whose homology class is not zero i.e. non-boundary
cycles. So d is the lowest weight (i.e. shortest) non-boundary cycle in G or G*.
There is a way to understand the lengths of cycles of G* just looking at G. A
cycle in G* corresponds to a collection of faces of G where each face is edge-adjacent
to an even number of faces in the collection. The length of the cycle is exactly the
number of edges of G that we cross as we traverse the cycle. Call this the ladder

distance of the cycle.

Example 3.1 (Toric codes). Toric codes were suggested by Kitaev (see for example
[IDKLPO02]). Fix a positive integer m and embed an m x m square grid G in the torus
(see Figure where m = 4 and we represent the torus by a square with left and
right edges identified and top and bottom edges identified). Then G* is isomorphic
to G (see Figure|3.2|for the m = 4 case). We have n = 2m?, the number of edges and
k = 2g = 2. The minimum weight non-boundary cycles are the straight vertical and
horizontal cycles of length m so d = m. Thus the toric code from the m x m grid is
a [n, k,d] = [2m?,2,m] code. From this we see k = 2 is constant, d = \/; and thus
kd* = n.



) ) ) )
-/ -/ -/ -/
) ) ) )
/ / / /
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/ / / /

FIGURE 3.1. A toric code with m = 4.

(\ M) /)
) ) ) )
/ / / /
) ) ) )
-/ -/ -/ -/
) ) ) )
/ / / /
) ) ) )
/ / / /
(/ \/ \)

FIGURE 3.2. A toric code and its dual with m = 4. The dual is shown in red.
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3.3 Planar codes

The following is an attempt to make more explicit discussion in [DKLP02] and
[BMDQT7]. Planar codes have similar properties to the toric code but allow some
choice of parameters and so we can use them to show the tradeoffs in code construc-
tion from homology of graphs. They also have the practically desirable property that
they can be implemented in a plane rather than a torus.

Begin with a m X n grid of vertices with h ‘holes’ (edge-contiguous collections
of faces together with interior edges and vertices) removed. Think of this as a CW
complex I' with 1-skeleton G' and 2-cells for each of the non-removed squares in the
grid attached to G by homeomorphic maps from S* to the boundary of the square.
Each of these attaching maps have degree 1. We will also define an embedding of
G = G into the sphere S? where we further attach a 2-cell to each of the removed
holes and to the outer boundary of the grid.

This graph G has at most mn vertices and at most (m — 1)n + (n — 1)m edges
while G has at most (m — 1)(n — 1) faces and G has at most (m — 1)(n — 1) 4+ 1
faces. The graph G has a (Poincaré) dual graph G* on the sphere. As discussed in
Section this gives us matrices Hy and Hy and since 0 = H,(S?) = Cx/Ck we
have C'x = C'% and thus of course Cy = Cz. In words this says all cycles of G and
G* are boundaries.

From the CW complex I' we have an Fo-homology chain complex
0O=F—=EE=V—=0

and as in Section |3.1| we construct matrices Hx and H.

Note Hy is the vertex-edge incidence matrix of G so Hy = H x and Hz is the face-
edge incidence matrix of T so it can be formed from Hy, the face-edge incidence matrix
of G, by removing the rows corresponding to the removed faces. These observations

imply that Cyx =Cyx and Cy C (.
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The planar grid with A holes removed is homotopy equivalent to a bouquet of
h circles and thus has H;(T') = (F3)" and so we have an [N, k,d] code with N <
(m—1)n+ (n—1)m and k = h.

To calculate d we notice that

Cx \ Cf = éX \ Cé
=C7\Cz
— {boundaries of G} \ {boundaries of G'}

and

Cz\ Cx = Cz\ Cx
=Cz\ Cy
— {cycles of G*} \ {cycles of G*}.

Thus a minimum weight element of Cx \ C% is a boundary of a removed hole
and a minimum weight element of C; \ Cx is a cycle of G*, which we can think of
as a cycle of G* except we don’t have to check that there an even number of edges

adjacent to the vertices corresponding to removed faces. So

d = min{length of boundaries of removed faces,

paths between holes or paths from holes to edge of grid}.

Example 3.2. We remove an [ x [ hole (including removing (I — 1)? vertices and
2[(1 — 1) edges) from the middle of a square grid. See Figure for an example with
[ = 2. The boundary of the hole is distance 4/ so place the hole at a ladder distance
4l away from the edge. Then the grid has m = n = 9] — 1 so we have a code with
N =2(91—1)(91 —2) —2I(l — 1) ~ 160I%, k = 1 and d = 4l. So in this case k = 1 is
constant and d ~ v/0.1N with kd?> ~ 0.1N.



FIGURE 3.3. A planar code where we have removed one 2 x 2 square hole.
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Example 3.3. At the opposite extreme, remove 1 x 1 holes arranged in a [ x [ square
grid from a larger square grid, each at distance 4 away from each other. See Figure
3.4 for an example with [ = 2. Nowm =n =4(1+1) so N = 2(4]+4)(41+3), k = 2
and d = 4. So we get k ~ 3z N with d = 4 constant and kd® ~ 0.5N.

FIGURE 3.4. A planar code where we have removed a 2 x 2 grid of 1 x 1 square holes.

Example 3.4. Remove [ X [ holes arranged in [ x [ grid, each hole 4] ladder distance
away from other holes and edges. See Figure [3.5|for an example with [ = 2. Then we
must have m =n = (4)(I + 1) + 1 = 41> + 5. Then N = 2(4i* + 51)(4l* + 51 — 1) —

2(21(1 — 1)) ~ 300*, k = I* and d = 4. So in this case k ~ /55N, d ~ {/2EN and
kd® ~ EN.
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FIGURE 3.5. A planar code where we have removed a 2 x 2 grid of 2 x 2 square holes.
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CHAPTER 4

HYPERMAP-HOMOLOGY CODES

4.1 Hypermaps

A hypergraph can be thought of as a generalization of a graph, where edges can be
connected to more than two vertices. A hypermap is an embedding of a hypergraph
in a surface. We will give definitions below of topological hypermaps that follow
this intuition and of combinatorial hypermaps that are described instead by a pair of
permutations. We will explain that they really are the same object and show how to
go back and forth between them. Our discussion of hypermaps follows [CM92] with
some differences, particularly in our choice of graphical representation. Note that,
following this source, we multiply permutations left to right. We will however write

the action of o on i as o(i) so that with our convention we have (ao)(i) = o(a(i)).

Definition 4.1. A hypergraph with n darts is a pair of partitions V and E of B =
{1,...,n}. We call the elements of V' wvertices and the elements of E edges. Noting
that each dart (element of B) is in one vertex and one edge, we say that it is incident
to that vertex and that edge. A hypergraph is connected if whenever a union of

elements of V' equals a union of elements of E then this union is empty or the whole

of B.

For a graphical representation of a hypergraph we will use the bipartite graph
representation (in the context of hypermaps this is usually called the Walsh repre-
sentation, after [Wal75]). Represent vertices as circles, edges as squares and darts as
line segments between the edge and vertex they are incident to. We will label darts
by their number, written counterclockwise of the dart with respect to edges.

For us hypergraphs and hypermaps will always be considered to be labeled (darts,
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vertices, edges and faces each have a label). We will usually not label vertices, edges

and faces explicitly, instead labeling them by the set of labels of adjacent darts.
Notice that a hypergraph is connected if and only if its bipartite graph represen-

tation is connected (the definition for a hypergraph to be connected is equivalent to

the bipartite graph having only one connected component).

Definition 4.2. A topological (oriented) hypermap is a 2-cell embedding of the bi-
partite graph representation of a connected hypergraph in a compact, connected,

oriented surface.

Now this surface has a genus g and the bipartite graph embedding satisfies Euler’s
formula:

# vertices — # edges + # faces = 2 — 2g.

Let |F'| be the number of faces of the embedding of the bipartite graph. Then noting
that the bipartite graph has |V| + |E| vertices, n edges and |F| faces we can derive

an Euler formula for topological hypermaps:
V|4 |E|+ |F| =n+2-2g.

Definition 4.3. A combinatorial (oriented) hypermap is a pair (o, «) with o, € S,

such that (o, «) is transitive on B.

We now describe the process to go back and forth between topological and combi-
natorial hypermaps. Given a topological hypermap, we define o and « by o (i) being
the dart which is counterclockwise of dart ¢ with respect to the vertex incident to ¢
and «(i) being the dart which is clockwise of dart ¢ with respect to the edge incident
to i. To show (o, a) is transitive we note that since the hypergraph in the definition
of a topological hypermap is connected there is a path from one dart to any other
which we can take by using ¢ and «.

1

Now note that the orbits of o are V' and the orbits of o are E. Also notice a™ ‘o

goes clockwise around the interior of a face: start at a dart whose label is inside the
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face, a™! takes it counterclockwise around an edge, then o takes a™'(i) clockwise

1

around a vertex. Thus the orbits of = ¢ are the faces of the topological hypermap.

Permutation | Orbits are Ordering
o vertices counterclockwise
Q@ edges clockwise
a~lo faces clockwise
Labels are counterclockwise of darts w.r.t. rotation about edges.

TABLE 4.1. Table of conventions for hypermaps.

To go from a combinatorial hypermap to a topological hypermap we form a poly-

Lo, If the cycle is (iy,...,iy,) then place the labels iy,. .. iy,

gon for each cycle of a~
inside the polygon on darts that go from vertex to edge as we travel clockwise. Out-
side the polygon place the label @ (i;) on the dart counterclockwise of i; with respect
to rotation about edges.

Notice each label in B is on the inside of precisely one polygon (because a~'o

is a partition of B) and on the outside of precisely one polygon (because a~! is a
permutation so takes the inside partition to a partition). So we can now specify a
new topological space to be the polygons glued according to their labelings (i.e. the

disjoint union of the polygons modulo identifying the corresponding edges).

Proposition 4.4. The space so constructed is a compact connected oriented surface
and the subspace given by the now-identified edges can be thought of as the bipartite
graph representation of a connected hypergraph. This construction of a topological
hypermap is an inverse process to the construction of combinatorial hypermaps given

above.

Proof. To see that the space is a surface (i.e. a 2-manifold) we check that each point
has a neighborhood homeomorphic to R2. This is certainly true inside each polygon,
it is true on darts since we are gluing exactly two darts together and it is true at

vertices and edges because at each one we have a cyclic order of darts around it. The
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surface is compact because there is a finite number of polygons. The hypergraph (i.e.
the 1-skeleton) is connected because (o, ) is transitive and this together with the
interior of the polygons being connected gives us that the surface is connected. The
surface is oriented because each polygon has the clockwise orientation and so when we
glue together polygons at darts, those darts have opposite orientations. The second

sentence follows by construction. O

Example 4.5. Consider the square below to be a torus (identify boundary: top
with bottom and left with right) then interpret it as the Walsh representation of a
topological hypermap.

1
(02 e ]2
2y Y
5 3
es 0 (o))

g L N

7

FIGURE 4.1. A topological hypermap.

The combinatorial hypermap coming from it is (o, ) with
c=(1836)(2547), a=(1234)(56728)
and from this we can calculate

ato=(17)(28)(35)(46).

4.2 The dual hypermap

The following definition can be found in |[CP80].
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Definition 4.6. The dual of a combinatorial hypermap (o, ) is
(), d) = (a to,a™).

We can see that (o/)7 1o’ = (a™!)"lalo = o so duality switches vertices and

1

faces while fixing edges (the orbits of a~! are the same as the orbits of a). Also

" -1 7 1

o’ = (a/)7'¢’ = o and o = (a™')"! = «a so the dual of the dual is the original
hypermap.
Our definition of the dual of a topological hypermap is similar to the one in

[Maz11].

Definition 4.7. A dual of a topological hypermap H = (X,I") is a topological hy-

permap H* = (X,,, ['*) which we will now describe.
1. Xop is the surface X with the opposite orientation.
2. The edges of H* are the edges of H.
3. There is precisely one vertex of H* for each face of H, inside that face.

4. The darts of H* go from vertices of H* to edges around the corresponding face

of H.

5. To label the darts of H* we draw the primal hypergraph in black and the dual
hypergraph in red. Also draw a dotted line between red vertices and black
vertices (this gives the canonical triangulation of [LZZ04]). Then each black
label is inside one triangle: copy that label to the solid red line without leaving

the triangle.

We will not discuss isomorphisms of combinatorial or topological hypermaps (see
for example [LZZ04]). But we do need a stronger notion of isomorphism of topological

hypermaps that corresponds to equality of combinatorial hypermaps.
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Definition 4.8. We say topological hypermaps H = (3,I') and H' = (X/,I") are
strongly isomorphic, and write H = H', if there exists an orientation-preserving

homeomorphism u: ¥ — ¥’ with u|r giving an equality of hypergraphs.

Proposition 4.9. The dual of a topological hypermap is unique up to strong isomor-

phism and (H*)* = H.

Proof. If H* = (3., ) and H* = (X,,, ['*') are both dual hypermaps of H then
we can see pictorially that there exists an orientation-preserving homeomorphism
w: Bop — Bop with vertices and darts of H* taken to vertices and darts of H*'. Since
the labels are specified by the definition of a dual this is enough to give H* = H*'.
Now we check that H is a dual of H* and thus this uniqueness gives us (H*)* =
H. O

Proposition 4.10. The combinatorial hypermap corresponding to the topological dual

of a hypermap is equal to the combinatorial dual of the hypermap.

Proof. It is important to remember that the dual has the opposite orientation so
all the conventions in Table are reversed. Say we begin with a combinatorial
hypermap H = (o,a) which of course has combinatorial dual H* = (a~'o,a™!).
Consider a cycle (i1, .. .,i,) of a 'o. This is a face of H and so gives us a vertex of the
topological dual with the darts iy, ..., %, clockwise around it. Our usual convention is
to take vertices counterclockwise but on the dual graph we go clockwise so the vertices

lg. Similarly, cycles of « are edges of H

of H* give us exactly the permutation o~
counterclockwise and if we take them in H* clockwise then we get the permutation

a1 as desired. n

Example 4.11. If we start with a hypergraph embedded on a torus as pictured in



FIGURE 4.2. A hypermap with four square and four octagon faces.
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Figure then we have a hypermap with

o= (12420)(2 14 9)(3 11 13)(4 18 23)(5 21 17)(6 7 10)(8 16 12)(15 19 22),
a=(123)(456)(789)(10 11 12)(13 14 15)(16 17 18)(19 20 21)(22 23 24), and

oo = (1116 21)(2 24 4 7)(3 14)(5 18)(8 10)(9 16 23 15)(12 13 19 17)(20 22).
Then, using (¢/,a’) = (™o, a™1), we see the combinatorial dual has

o/ = (1116 21)(2 24 4 7)(3 14)(5 18)(8 10)(9 16 23 15)(12 13 19 17)(20 22)

o' = (132)(465)(798)(10 12 11)(13 15 14)(16 18 17)(19 21 20)(22 24 23), and

~

(a')"'o" = (1 24 20)(2 14 9)(3 11 13)(4 18 23)(5 21 17)(6 7 10)(8 16 12)(15 19 22).

In particular (o/)~'o’ = 0. Notice that this is the same as the topological dual in

Figure 4.3| as long as we orient the surface in the opposite way i.e. cycle around

vertices clockwise, edges counterclockwise and faces counterclockwise.

4.3 Hypermap homology

Our theory of homology of hypermaps comes from [CM92]. Our main difference is
that we are working over Fo-vector spaces instead of over Z-modules.

Let V, &, F, VW be Fy-vector spaces with bases V, E, F, W respectively where W =
{wy,...,w,} . Define do: F — W by do(f) = Zief w; extended linearly and
di: W — V by di(w;) = vs; + v54-13). Here we use the notation vs; for the ele-
ment of V' containing i (there exists a unique such vertex because V' is a partition of
B).

Also define 2: € — W by 1(e) = > _.__ w; extended linearly. Notice ¢ is an injection

i€e

(dy is also), and then define a projection map p: W — W/i(E).

Proposition 4.12. We have dy ody =0 and dy o1 = 0.



FIGURE 4.3. The octagon-square hypermap with its dual drawn in red.
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Proof. We have (di o da)(f) = di(3_ic;wi) = Y ic; Vi + Dicf Usa—i(s)- Now both
of these sums are the vertices around the face f so extending linearly d; o dy = 0.

Similarly (dy 02)(e) = di(D,c. Wi) = D ice Usi T D ice Vsa—1(;) and both of these sums

i€e

are the vertices adjacent to e. O]

From this we can define 0;: W/i(€) — V by 01(w+1(£)) = di(w) and 0> = podb.

Then we have the commutative diagram below.

F—® w4 .y
NP2

W/UE)
From this we see 0y 0 0, = dy o dy = 0. So we have a chain complex
FEAWhE By

Ve = NyesVisy-

First we see that if V has basis vy,...,vy| then im 9, has basis v; — v; for j =
2,...,|V]|. This set is linearly independent because the v; are a basis of V and it
spans im0y because 0;(w;) = vs; + Usa-15) = (V1 + Usa-15)) + (v1 + v5;). Thus

dim(im0y) = |V| —1 and dim Hy = 1.

Next ker 0, = {f € F: do(f) € +(€)} which has the same dimension as ds(F)N2(E)
because ds is injective. But an element in this intersection corresponds to both a union
of cycles of a0 and a union of cycles of . But such a union must be empty or the
whole of B and so dim Hy = dim(ker d;) = 1.

From this we have dim(im 0y) = dim F — dim(ker ;) = |F| — 1 and dim(ker 0,) =
dim(W/u(€))—dim(im ;) = |W|—|E|—(|V|-1) = n—|V|—|E|+1. So then dim H, =
dim(ker 0y) —dim(im 0y) = (n—|V|—=|E|4+1)—(|F|-1) = n+2—|V|—|E|—|F| = 2g.

The following well known lemma allows us to create a homomorphism of homology

groups induced from a homomorphism of chains.
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Lemma 4.13. If we have a commutative diagram of vector spaces and vector space

homomorphisms (i.e. linear functions)

AQ f2 Al f1 N AO

N

92 g1
BQ > Bl BO

with fio fo = 0 and g1 0 go = 0 then 1(im fy) C im gy, Yy(ker f1) C ker g which

gives us a homomorphism

ker fi R ker gq

($).: im fo img,
Proof. An element of ¢;(im f3) is of the form ¢;(fa(az)) = ¢2(¢2(az)) € imgs.
Next an element of ¢y (ker f1) is of the form y(a;) with fi(a;) = 0. But then

g1(¥1(ar)) = Yo(fiar)) = 1o(0) = 0 so 1(a1) € ker g;.
Then we can define (¢1).(a; +1im f2) = 11 (a1) +im g and the facts above give us

that this function is well defined and has an allowable codomain. Linearity follows

from the linearity of ;. O]

The next lemma gives us a condition on the above diagram that lead to an iso-

morphism of homology.

Lemma 4.14. If we have the setup in Lemma and furthermore we have

Y1(im fy) = im gy,
Y (ker f1) = ker g1, and
ker ¢y Nker f; Cim fo

then (11)« is an isomorphism.

Proof. We have (). a surjection because 1; is a surjection from ker f; to ker g;.
To see (). is injective, if (¢1)«(a; + im fo) = 0 for a; € ker f; then v¢r(a;) €
imgy = ¥1(im f3) so ¥1(a1) = ¥1(fa(az)) and thus ¢1(a; — fa(az)) = 0 and also
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filay — fa(as)) = 0so a; — fa(az) € keripy Nker fi Cim fo so a3 — fo(az) = fa(ah) so

a; = fa(ay + ab) € im fy as required. O

The following proposition gives us another way of looking at hypermap-homology

which may be informative.

Proposition 4.15.
i ker 81 ~ ker dl

H = .
YT imd,  imdy +0(€)

Proof. Consider the following diagram.

dy

Fa& 2% oy

%
lﬂ F lp lid
o1 Y

F—2swneE) 2

This diagram is commutative because p((da®?)(f+e€) = p(da(f)) = Oa(f) = Oa(mr(f+
e)) and 0;(p(w)) = di(w). Next note that

imdy = im(p o dy) = p(imds) = p(imdy B 1)
and using the fact that p is surjective,
ker ) = {p(w): O (p(w)) =0} = {p(w): dy(w) = 0} = p(kerd,).

Finally, ker p = ¢(€) C im(dy & 2) so by Lemma we have p, an isomorphism.
[

Next we consider how to relate hypermap-homology to the homology we can get
by considering the embedded bipartite graph representation of the hypermap. The
chain complex of this ‘classical homology’ is

FiEwhvee

where dy and d; are defined by dy(f) = Zief Wi + We—1(;y and di(w;) = vs; + es

extended linearly.



20

Proposition 4.16. B
_ ker o ~ ker d;

it ~ TN
"Timd,  imd,

Proof. Consider the following diagram
F
F

where ji(w; +1(€)) = w; + wq-1(;). This is well defined because

w(e(e)) = Zwi + Zwa‘l(i) =0.

ice ice

2 ownE) —2 sy

oy yac

Os 01
d

The diagram is commutative because

(Do (f)) = p (Z wz) =D Wi+ we-igy = da(f)

icf icf
and

dl(u(wl -+ 2(5))) = El(wz + wa_l(i))
= Usi + €3i + Usa-1(5) T €3a-1(p)
= Uz + Usa-1(4)

= 5’1(101 + Z(g)

We have im dy = im (0 9;) = p(im d;) and the earlier lemma gives us pu(ker 9;) C
ker d;. We now aim to prove the other inclusion.

If x € ker d; then at each edge (i.e. square vertex of the bipartite graph represen-
tation) of the hypermap there are an even number of adjacent darts of z. Choose an
ordering w;,, w;,, . .., w;, _, of the darts at each edge so that there are no other darts
in x as we go counterclockwise from wj,, to wy, . Then if the darts in between w;,,

and w;,,,, are wy,, ..., wy, we have p(w; +w, + -+ wy, +1(&)) = w; + w;. Now by
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linearity, since all darts in x are adjacent to one edge of the hypermap, this gives us
a recipe to write x = p(w +1(€)) for some w € W.

Finally, note that if w = ), ,w; for some index set I then pu(w + 1(€)) =
(O ey wi + &) = i (Wi + wa-14)). Thus if p(w + +(€)) = 0 then w is fixed
by a~! and must be in 2(€) so in fact  is injective. Thus Lemma m shows that fi,

is an isomorphism. O
This gives us three ways to think about Hi:
1. 0y-cycles in W/i(€) modulo dy-boundaries,
2. di-cycles in WW modulo ds-boundaries and -boundaries, or

3. al—cycles in W modulo dy-boundaries.

4.4 Hypermap-homology codes

Choose a basis for W/1(€) (the bases for F and V have already been fixed).

Let Hx = [01] and HL = [0:]. Then we have HxHL = [0; 0 5] = [0] = 0 so
we can create a CSS code from Hx and Hz. Now Hx is a |V| x (|W| — |E|) matrix
and Hz is a |F| x (|W] — |E|) matrix. By the theory of CSS codes this code has
parameters [|[W| — | E|,2g, D] with

D = min{wt(c): c € (Cx \ C5) U (Cz\ Cx)}
where Cx = ker(Hy), Cx = im(HZ%), Cyz = ker(Hyz) and C = im(HY).

Example 4.17. In this example we create a hypermap-homology code from example

4.11} Since W/1(E) = (wy, we, ws, ..., Wy | w1 + wo + w3, ..., Was + Wo3 + Way) We
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may take as a basis wq, ws, wy, ws, . . ., wez. Choosing this basis we can calculate
(1 1000 0000O0O0OO0O0OT11 0]
01 00100O0O011TO0O0O0O0OTO0O®O
100000011 1TO0O0O0O0O0O0
e — 001 1000O0O0O0O1O0O0O0OOQ01
710001 000000011000
0010111 10O0O0O0O0O0O0O0
0000O0O1T1O0O0O0O1TT1TO0O0O0OTPO0
0000000O0O1TO0O0O0CT1TT1T1 1}
and ~ _
101 1000100O0O01T1O00
01 101000O0O0O0O0O0O0T1TT1
1 100000O0OO0O1TO0OO0OO0ODO0OO0ODO0
I 000100O0OO0OO0OO0O1TT1O0O0®O0O
27100 0001100000000 0
0000110011 1O0O000O01
00000OO0O11T1O0O0O11O0O0O0
0 00000O0O0O0O0OO0OO0OTT1 0
In both matrices the columns are labelled by wy, ws, wys, ws, wr, ws, ..., wez. In
Hx the rows are labelled by vertices vy, ...,vs while in Hz the rows are labelled by
faces fi,..., fs. We give a few examples of how to compute these matrices:

01(wip) = V510 + V312 = V6 + V7

Oa(f1) = w1 + w1 + we + wey = w1 + Wy + w5 + wi1 + Wig + Wao.

By computer search (see Section |[A.1]) we calculate D = 2 so this is a [16,2, 2]

code.

Example 4.18. The hypermap in Figure has 48 darts, 16 vertices, 16 edges and
16 faces. We choose a basis for W/1(E) corresponding to all the darts except the ones

to the bottom right of each edge. Computer search shows that the minimum distance

is 3 and thus this is a [32, 2, 3] code.

Example 4.19. The hypermap in Figure has 32 darts, 8 vertices, 8 edges and 16
faces. The dual hypermap can be seen in Figure [1.6, We choose a basis for W/u(€)
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corresponding to all the darts except the ones below each edge. Computer search
shows that the minimum distance is 4 and thus this is a [24, 2, 4] code. Compare this

to the toric code of minimum distance 4 which is a [32, 2, 4] code.

Example 4.20. The hypermap in Figure is based on a graph embedding from
[GKNO3| which is described as the dual of the line graph of a cube. We choose a
basis for W/i(€) corresponding to all the darts whose labels are not divisible by 6.

Computer calculations show that this gives rise to a [20,2, 3] code.



FIGURE 4.4. A hypermap with hexagonal faces, embedded on a torus.
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FIGURE 4.5. A hypermap with square faces, embedded on a torus.
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FIGURE 4.6. A hypermap with square faces, embedded on a torus. The dual hyper-

map is shown in red.
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FIGURE 4.7. A hypermap based on the dual of the line graph of a cube.
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4.5 Finding weights given a special basis

We choose, for each edge of the hypermap, one dart adjacent to that edge. Call this
set of darts S, for ‘special darts’. Then we choose a basis of W/4(€) which is W'\ S.
With a basis chosen we have a weight function on W/1(€) with the weight of x +1(€)
given by the number of nonzero basis vectors in its representation in this ‘special
basis’.

If we look at the proof of Proposition then we see that p: kerd; \ imdy —

kerd, \ imd, is a bijection. Thus we can say that
minwt(Cx \ C7) = minwt{p ' (z): v € kerd; \ imd,}.

Now we seek to understand how we can find the weight of p~!(x) given z. We can
choose an ordering of the darts around each edge using two cases. If the special dart
adjacent to the edge is in x then choose the pairing of darts so that the edge is at
the end of a pair not the start. If the special dart is not in x then we can choose an
ordering of the darts so that the special dart is not between two paired darts. In both
cases p~ () does not contain any special darts. Now p~1(z) is uniquely determined
and we have chosen a representation of u~!(x) without any special darts so the weight

of p~!(x) is just the number of darts in its sum. We see also that

Wil (@) = 5 wila)+

# of non-x darts as we go counterclockwise around edges avoiding special darts.

One way to understand this is to imagine that at each of the darts that we skip as
we go around an edge our cycle traverses that dart twice. Then every cycle in ker d;
can be thought of as a cycle that does not skip darts around edges and p~! of that
cycle is of weight half the weight of the cycle.

With the basis W \ S chosen then we can identify vector spaces with their duals

in the standard way and then the coboundary operators are given by transposes of
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boundary operators. If we look at the matrices d; = H)T( and d9 = H, then we see
that 0, takes vertices to non-special darts and d, takes non-special darts to faces so

we will identify (W/4(€))* with W/(S). Thus our hypermap-cohomology will be
VA W/HS) B F
where

91(v) = sum of non-special darts whose 0;-boundary contains v

= map-boundary of face v in dual hypermap without special darts
and

da(w;) = faces whose dr-boundaries contain w;
= fBZ' + f9special dart of es; -

We can also consider the classical cohomology of the bipartite graph representation

of the hypermap. This is

VAWER Fge
where
01(v) = map-boundary of face v in dual-hypermap
and

32(“&‘) = f5i + es;.

Proposition 4.21. B
_ ker 09 ~ ker 05

H' S
im 6, im0y
Proof. Consider the diagram
v w2 eaF
l@d J/ﬂ' l)\
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where 7 is the projection W — W/(S) and A is defined by A(f;) = f; and A(e;) =

faspecial dart of e; -

This diagram is commutative because
§1(v) = map-boundary of face v in dual hypermap without special darts = (5, (v))

and

A(G2(w;)) = A(fsi + es;)
— fai + fgspecial dart of es;

= da(m(w;))

because fsi + fspecial dart of e5; = 0 Precisely when w; € S.

Now im d; = im(7 0 6;) = m(im 6;) and as usual we know that m(ker &,) C ker ds.
We now show the opposite inclusion. If = € ker d,, define w € W to contain all the
darts of  and then for each edge of the hypermap, if there are an odd number of
darts in x adjacent to that edge, add the special dart adjacent to that edge to w.

Clearly 7(w) = x, we now claim that w € ker ;. To see this, note that
Ad2(w)) = da(m(w)) = da(2) = 0

and

da(w) = 02 (ZM) =3 (fsites) = fa

iel iel iel
because each edge has an even number of darts of w adjacent. Thus A(ds(w)) = 62(w)
and w € ker d, as desired.

Finally if w € ker m N ker 65 then w is a sum of special darts which is a classical
cycle in the dual hypermap. In particular each edge is adjacent to an even number of
darts in w. But each edge is adjacent to only one special dart in the whole hypermap
so we must have w = 0. Thus ker 7 Nker dy C im d; and Lemma tells us that

is an isomorphism. O
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Corollary 4.22. There is a bijection
m: ker§y \ im &, — ker 8y \ im 6,

which takes non-boundary cycles of hypermap-cohomology to non-boundary classical

cycles of the dual hypermap.

Corollary 4.23. minwt(Cz \ Cx) is given by the minimum weight of a non-boundary
classical cycle in the dual hypermap where non-special darts have weight 1 and special

darts have weight 0.

Example 4.24. Take an m x m square grid hypermap embedded on the torus with
m even and the special darts chosen to be the darts underneath each edge (see Figure
for the hypermap and its dual in the m = 4 case, where the special darts are
those with labels divisible by 4). Then we have an [N, k, d| code with N =n — |E| =
2m? — (1/2)m? = (3/2)m? and k = 2g = 2.

For minwt(Cz \ C5) notice that there is a path in the dual hypermap of length
2m with half of the darts special darts. Also there are no paths in the dual hypermap
of classical weight less than 2m so minwt(Cy \ Cx) = m.

For minwt(C'x \ C) notice that a horizontal or vertical classical cycle 2 € kerd; \
im d, in the hypermap has wt(u~'(x)) = m. To see this is the minimum weight, if
z € kerd; \ im dy then z is not a boundary so without loss of generality = has at least
m horizontal darts. But u(u~t(z)) = x and u takes w; to w; plus w; rotated around
an edge. Therefore i acting on one dart can only ever lead to 1 horizontal dart so we

must in fact have wt(pu=*(z)) > m.

Thus we have a [(3/2)m?,2,m] code with k =2 and d = /2N, so kd* = §N.

4.6 Future work

Many questions about hypermap-homology codes remain unanswered. We mention a

few of them here:
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. Must hypermap-homology codes with a special basis satisfy kd? < ¢N for some

constant c?
. Can we analyze hypermap-homology codes with a non-special basis?

. Can we find families of hypermaps which lead to better performance than the

square grid hypermap?
. Can we construct ‘planar hypermap-homology codes’?

. Can we analyze the performance of randomly generated hypermap-homology

codes?
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APPENDIX A

SOFTWARE

A.1 Matlab software for hypermap-homology codes

We implemented an object-oriented package in Matlab to work with hypermap-
homology codes. This includes classes for permutations, hypermaps and CSS codes.
The use of this package in this dissertation is restricted to determining the parameters
[n, k, d] of a code generated by an input hypermap (o, «). We now describe the simple
algorithms we use to do this.

First we check if (o, a) < S, is transitive. This algorithm comes from [HEOOQ5].

Algorithm 1 CheckTransitive(o,q)

Require: o,a € S,

Ensure: Output whether (o, «) is transitive
1: Set Orbit = {1}
2: repeat

3 fort=1,...,ndo

4: Set Orbit = Orbit U {o (i), (i)}

5. end for

6

7

8

9

. until Orbit did not change in last iteration
: if |Orbit| = n then
return ‘Yes’
. else
10: return ‘No’
11: end if

After finding the matrices Hx and Hyz using the definitions in Chapter [4] we can

then determine the parameters of the associated code.
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Algorithm 2 FindParameters(Hx,Hz)

Require: Binary matrices Hy and Hy with H XH% =0
Ensure: Output parameters [n, k, d]

e e e o T s T e T e T o S
© 0 NPT R Ry o

Set n = width of matrix Hyx
Find rank(Hx) and rank(Hz) by putting these matrices in RREF
Set k =n —rank(Hx) — rank(Hyz)
Find generator matrices GGx, GGz by finding nullspace of Hx, H
Set kx to the height of Gx and kz to the height of G,
Set d = 0o
for all u € F}* do

Set ¢ = Gxu

if 0 < wt(c) < d and GLc # 0 then

Set d = wt(c)
end if

: end for
. for all u € F}? do

Set ¢ = Gzu

if 0 < wt(c) < d and G%c # 0 then
Set d = wt(c)

end if

: end for
: return n, k., d
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