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Introduction

We consider elliptic curves as part of Diophantine Geometry, a com-
bination of Geometry and Number Theory. In Number Theory we are
interested in finding solutions to equations in rational numbers. How-
ever these equations describe geometric objects and studying them from
this point of view has proven to be fruitful.

Elliptic curves are the next step up from conics, a well understood
field of study (conics are defined by quadratic equations, elliptic curves
are defined by cubics). The difficulties in taking this step can be seen
when we consider the Hasse-Minkowski Theorem. This says that a
quadratic polynomial in two variables with rational coefficients has
a rational solution if and only if it has real solutions and solutions
in Q, for every prime p. This correspondence is sometimes called the
local-global principle — to find information about an equation globally,
consider it locally at each prime.

However the analogue of the Hasse-Minkowski Theorem does not
hold for cubic equations. Despite this local methods are still very useful
but we are now interested in cases where this kind of method fails.

An elliptic curve can be thought of as the points on a curve E: y? =
23 +ax+b. A geometric group law can be defined on these points turn-
ing them into an abelian group. As we are doing number theory we
are interested in studying the points with rational coordinates, denoted
E(Q). The Mordell-Weil theorem says that this group is finitely gener-
ated. By the fundamental theorem of finitely generated abelian groups
this means that

E(Q) = Etors (Q) @ ZT

where Fis(Q) is the set of points of finite order. We can fairly easily
find Eiors(Q). The real challenge is finding r, the rank. This process of
finding r is called descent and is the main focus of this thesis.

We can show from the equation just given that finding r is equiva-
lent to finding E(Q)/mE(Q) for some positive integer m. We can find
an exact sequence

0 — E(Q)/mE(Q) — gm) —— Il[m] — 0.

vi



INTRODUCTION vii

where S is computable. The thing that prevents us from calculating
E(Q)/mE(Q) is II[m]| which measures the failure of the local-global
principle. Thus we are interested in understanding S, the Selmer
group, and 111, the Tate—Shafarevich group. Much of our work is finding
useful ways to think about and work with these groups.

We assume basic knowledge of abstract algebra, especially fields
and abelian groups. Exposure to Galois theory and Algebraic number
theory would be useful although we provide appendices that outline
the main definitions and results we need. There is a small amount of
topology used although this is not necessary if the reader is willing to
take some results on faith.

The first two chapters give the necessary background in Galois co-
homology and algebraic curves. In the third chapter we introduce el-
liptic curves and study their geometry. The next two chapters give us
the background we require in p—adic numbers and local methods for
studying elliptic curves. Finally in chapter six we study descent, as
we have discussed above. Then chapter seven completes the proof of
the Mordell-Weil theorem by looking at heights, a concept of ‘size’ of
points on an elliptic curve. In chapter eight we explore two practical
methods to calculate the rank of elliptic curves in a special case.



CHAPTER 1

Some group cohomology

Before moving onto the more geometric aspects of our study we first
need some algebra. This section will be used occasionally throughout
the thesis but is used mostly in the section about twists and later on
when we discuss descent.

Homological algebra began in algebraic topology but is now used
in nearly all parts of algebra and number theory. The basic object is
the exact sequence.

Definition 1.1. An exact sequence is a set of objects (for example
abelian groups) with morphisms (for us group homomorphisms) between
them
e Ay P A Ay s
such that Im f;_1 = Ker f; for all j.
A short exact sequence is an exact sequence of the form

0—sA—top2tec—2yp.

Note that in a short exact sequence f is injective, g is surjective
and Im f = Kerg

1.1. Finite group cohomology — H° and H'

We now give the basic definitions of the two cohomology groups we
are interested in, following [12], appendix B.

Note that since we are working with abelian groups we write our
groups additively; however there will be occasions when we need to
write our groups multiplicatively.

Definition 1.2. Let G be a finite group that acts on an abelian group
M. Denote the action of 0 € G onm € M by m +— m°. Then M is a
(right) G-module if for all m,m' € M and 0,7 € G,

ml =m (m 4+ m/)cr =m° 4 mla (m0'>7 =m°".
Definition 1.3. If M and N are G—modules, a G-homomorphism s
a homomorphism ¢: M — N of abelian groups commuting with the

1



2 1. SOME GROUP COHOMOLOGY
action of G; that is, for allm € M and o € G.
¢(m?) = ¢(m)°”.
Definition 1.4. The 0**-cohomology group of the G-module M is the
group of G—invariant elements of M
HG, M) =M% ={mec M |m’=m foraloc G}.
We define H' as the quotient of two other groups.

Definition 1.5. Let M be a G—module. The group of 1-cocycles from
G to M, denoted Z'(G, M), is the group of maps £: G — M under
addition satisfying the cocycle condition

§(or) = &(0)" +&(7).

The group of 1-coboundaries from G to M, denoted B'(G, M), is
the group of maps £&: G — M wunder addition where there exists an
m € M such that, for alloc € G

E(o) =m? —m.

We can check that BY(G, M) C Z'(G, M) and then we define

HY(G, M) = %

We will use {z} to denote the coset x + B'(G, M) throughout this
thesis.

Example 1.6. If the action of G on M is trivial, that is m? = m
for all o € G, then we have H°(G,M) = MY = M. Also, cocycles
are simply homomorphisms and the only coboundary is the zero map.

Thus H'(G, M) = Hom(G, M).

Example 1.7. Let L/K be a finite Galois extension with Galois group
G = Gal(L/K). Then we have the Galois action of G on L defined by,
forall z € L and 0 € G,

27 =0 '(x).
Then we can check that for z,y € L and 0,7 € G,
a) vt =17Y(z) = x.

b) (x+y)7 =0 (z+y) =0 (z) +0 ' (y) =a"+y".
¢) 27" = (o7) " Ha) =7 (07 (2)) = 77} (=7) = (27)".

Thus L is a G—module.



1.2. USEFUL RESULTS 3

Example 1.8. If M and N are G-modules then the set of G-module
homomorphism from M to N is a G—module under the action f +— f7
where f? is defined by
fo(m) = f(m? )"
for all m € M. To check this we see that
a) fY(m) = f(m* ) = f(m) for all m € M so f! = f.
-1 -1 -1
b) (f+9)7(m) = (f+g)(m® )7 = f(m? )7+g(m? )7 = f7(m)+
g°(m) for allm € M so (f +9)° = f7 + ¢°.
C) fO'T(m) — f(m(ch) )O’T _ (f(mT o )O’)T — fO'(mT )T — (fO')T(m)
for all m € M so f77 = (f7)".

1.2. Useful results

Group cohomology allows us to express the ideas of descent in their
most efficient form. Many of the concepts in this thesis were developed
before the machinery of group cohomology was invented but we feel
that this is the best way to show them.

The next theorem shows the power of this approach, going from a
short exact sequence to a long exact sequence with lots of new infor-
mation.

Theorem 1.9. Let

0 Pt N 0

be an exact sequence of G-modules. Then there is a long exact sequence

OHHO(va) HHO(GaM) HHO(GﬁN)

2~ HYG,P) —= H G, M) — H'(G, N)
where 0 is the connecting homomorphism.

Proof. First note that if p € PY then ¢(p)’ = ¢(p°) = é(p). Thus
d(p) € MC. Similarly if m € MY then ¢(m) € N so we can define
our maps in the top row just to be restrictions of ¢ and 1, denoted

¢|PG = gbl and ZZJ|MG == QZJ/.

For the maps on the bottom row define
¢": H'(G,P) — H'(G,M) by {&}—{¢po&}

and
" HY (G, M) — HY(G,N) by {&} v {¢oé}.



1. SOME GROUP COHOMOLOGY

The connecting homomorphism is defined by

§:n— {o— ¢ H(m” —m)}

where we choose m € M such that ¥ (m) = n. Now n € N¢ so n® = n,
implying ¥ (m)? = ¢(m). Now ¢ is a G-module homomorphism so
P(m? —m) =0som’ —m € Kery = Im¢ and we can apply ¢! as
in the definition. To check ¢ is well defined note that if there exists
m’ € M such that ¢(m') = n = ¢(m) then »(m —m’) = 0. Thus
m —m’ € Kerty = Im¢ and therefore there exists p € P such that
m —m' = ¢(p). Then

¢~ (m7 —m) — ¢~ (m" —m') = ¢~ ((m —m)” — (m —m'))

=¢ ' ((o(p)” — ¢(p))
=p” —p

meaning that

{o= o (m? —m}={o— ¢ ' (m" —m'}.

We rewrite our diagram

NG

0 pé ME

o mva,p) - BV G, M) - HY(G, N)

and give the proof of exactness in five parts:

a)
b)

Exactness at PC.

Injectivity of ¢ follows from injectivity of ¢.
Exactness at M¢.

For Im ¢ C Ker' note that ¢’ o ¢’ = 0 since ) o ¢ = 0.
For the other inclusion, if m € Kerv’ then m € Kerty = Im ¢
so m = ¢(p) for some p € P. We need to show that p €
P, But m® = m so ¢(p)° = ¢(p) and since ¢ is a G-module
homomorphism ¢(p?) = ¢(p). Then by the injectivity of ¢,
p° = p and thus p € P% so m € Kerv'.

Exactness at N©.

Note that for m € MY (§04/)(m) = {0 — ¢~ (m? —m)}.
Now m? —m = 0 since m € M% so (6 o ¢')(m) = {0}. For
Keré C Imv’ take n € Kerd C N¢ and find m such that
¥(m) = n. Then 6(n) = {o — ¢~ (m” —m)} = {0} so m? —
m = ¢(p” — p) for some p € P. Now form m' = m + ¢(p)
and calculate ¢ (m') = ¥(m) + 1 o ¢(p) = ¥ (m) = n. From
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above (m — ¢(p))° = (m — ¢(p)) for all 0 € G so m' € M and
n=1(m') € Imy’
d) Exactness at H'(G, P).

For n € NY (¢" 0 6)(n) = {0 — m° —m} = {0}. For
Ker¢” C Imd, take {{} € Ker¢” C H'(G,P). This means
that for some m € M, ¢(¢(o)) = m? —m for all 0 € G. So
we can see that ¢(m)” = (m?) = Y(¢(£(0))) + ¢ (m) = ¢(m)
giving us ¥(m) € N¢ Then {{} = {0 — ¢~ (m? —m)} =
d(¢p(m)) € Imé.

e) Exactness at H'(G, M).

To see that Im¢” C Kervy” note that ¢ o ¢ = 0 implies
that {1 o ¢ 0 £} = {0}. For the other inclusion take {{} €
Kery” C H'(G,M). Then there exists an n € N such that
¥(&(0)) = n” —n for all o € G. Now 1) is surjective so there
exists m € M such that n = ¢ (m) and then ¥({(0)) = ¥(m)7 —
(m) so Y(&(o) — m? +m) = 0. Now define ¢': G — M by
¢ (o) =&(o)—m7+m for all o € G. We can see that {'} = {£}
and ¥ (&'(0)) = 0 for all 0 € G. Thus &'(0) € Kery = Im ¢ so
we can define ”: G — P by £"(0) = ¢~ (¢'(0)). Then since ¢ is
injective & inherits all of ¢’s properties and {¢"} € H*(G, P).
Then {€} = {€'} = {60 &'} € Im "

U

Our next theorem allows us to obtain a nice correspondence between
related cohomology groups.

Definition 1.10. Let H be a subgroup of G. Then a G-module M 1is
clearly a H-module. Define a restriction homomorphism

Res: HY(G, M) — H'(H,M) by

Res: {¢} — {¢[n}-
If H< G then M is a G/H module under the action m°® = m?
where the right hand side is the action of G on M. Using the following
diagram

G M
li jT
G/H — \MH

where 1: x — xH and j is the obvious inclusion we can define an
inflation homomorphism

Inf: HY(G/H, M) — H*(G,M) by
Inf: {¢} — {jo&oi}.
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Theorem 1.11. Let M be a G—module and H <<G. Then the following
sequence is exact.

Res

0—= HYG/H, M) 2 gY(G, M) -2 HY(H, M).

Proof. For exactness at H'(G/H, M) we require Inf to be injective,
that is if Inf{¢} = {0} then {£} = 0. Say &: G/H — M* is a cocycle
such that Inf{¢} = {0}. Thus there exists m € M such that

(joloi)(oc)=m’ —m forall o €@.
Since ¢ maps ¢ — o0 H we have for all T € H

(jokoi)(to)=m™ —m = (jooi)(o) =m’ —m.
Thus m™ —m? =0forallc € Gand 7€ Hsom” =mforall T € H.
Therefore m € M and for all cH € G/H, ((cH) = m°® —m =
m? —m so {£} = {0}.

For exactness at H'(G, M) we first show that ResolInf = 0. Say
we have a cocycle £: G/H — M*. Then for all 7 € H, i(1) = H so
£(i(1)) = &(H) = 0. Thus ResoInf{¢} = {0}.

Next we show that Ker(Res) C Im(Inf). Suppose we have a cocycle
¢: G — M such that Res{¢} = {0}. Then there exists m € M such
that £(7) = m™ — m for all 7 € H. Now define a cocycle ¢': G — M
by &'(0) = &(0) —m? + m for all o € G. We can see that {¢'} = {£}
and that ¢'(7) =0 for all 7 € H. Then for ¢ € G and 7 € H we have

(r0) =& ()7 +&(0) =¢' (o).
So we can see that ¢'(0) depends only on the class of 0 € G/H. So we
can define ": G/H — M*¥ by ¢"(cH) = (o). To see £” maps onto
M* we need £"(cH)™ = £"(0H) for all 7 € H. We have
"(oH)=&"(oTH) =& (07)
= (o) +&(r) =€ (o)
— gll(O_H)T‘
So finally Inf{¢"} = {¢'} = {¢} so Ker(Res) C Im(Inf).
U

We wish to study Galois cohomology, especially the action of G =
Gal(K/K). In this section we work in finite Galois extensions and later
we shall pass to the limit. First we require a well known lemma that
we have taken from [9].

Lemma 1.12 (Dedekind’s Lemma). Let G be a group and K a field.
Then any finite set of elements in Hom (G, K*) is linearly independent



1.2. USEFUL RESULTS 7

over K. That is, if for ¢; € K and &: G — K* homomorphisms,
> ¢i& =0 (the zero function) then ¢; =0 for all i.

Proof. By contradiction. Let {&;,...,&,} be a minimal linearly de-
pendent set when & € G* are given. So there exists ¢; € K not all zero
such that

Z ci&i(o) =0 for all o € G.

If ¢; = 0 then we can omit & from our linearly dependent set, con-

tradicting minimality. Thus we can assume ¢; # 0 for all 7. One

homomorphism G — K* cannot be dependent so we may assume that

n > 2. So & # &, that is, there exists 7 € G such that & (1) # &(7).
Multiplying our earlier equation by & (7) we get

Y (ci€i(7))&i(o) =0 for all o € G.

]

Since &; is a homomorphism this implies

Z ci&i(to) = Z(CZ@;(T))@(J) =0 forall o € G.

i %

Subtracting our two sums we have

> bi&i(o) =0 for all 0 € G where b; = ¢;(&i(7) — &(7)).

Now by # 0 so this is a nontrivial linear dependence between the ¢&;

involving at most n—1 §;’s (since by = 0). This contradicts minimality.
0

Theorem 1.13. Let L/K be a finite Galois extension and let G =
Gal(L/K). Then
HY(G,L*) = 0.

Proof. Take £: G — L* such that £(o7) = £(0)7&(T). We require
a € L* such that (o) = a”/a. Following [10] we choose a nonzero

¢ € L and form
b= &(r)c

TEG
Now b # 0 since then Dedekind’s lemma would imply that ¢” = 0 for
all 7 € G. Then

= &r)cT =) %cm =&0) ") &(ro)c.

TG TeG TeG
Now multiplication by ¢ merely permutes the elements of G so

Zf(TO‘)CTU = Zf(T)cT =b.

TEG TEG
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Thus

b7 =¢&(0) b so §(0) =
So HY(G, L*) = 0. O

1.3. Galois cohomology

Let K be a perfect field, K an algebraic closure and G = Gal(K /K).
To do group cohomology with the infinite group G we need new defini-
tions to take into account its topology. Recall that the open subgroups
are those fixing some finite extension of K. For the material on infinite
Galois theory and limits in algebra that we require see [9].

Definition 1.14. A discrete G—module is an abelian group M on which
G acts such that the action is continuous for the profinite topology on
G and the discrete topology on M.

In [7] Milne claims that this condition is equivalent to requiring
that
M =Uyg M where H is open in G.

Example 1.15. The group K* with the Galois action of G is a discrete
G-module because B
K*=UL"

where the union is over the finite extensions L of K contained in K.

We can define H° exactly as before but the H' definition must be
adjusted.

Definition 1.16. Let M be a G-module. Then define
HY(G,M)=MC%={me M |m’=m foraloc G}

The group of continuous 1-cocycles from G to M, denoted Z},_ (G, M),
is the group of continuous maps &: G — M satisfying the cocycle con-
dition

E(or) = (o)™ +&(7).
We can check that BY(G, M) C Z! (G, M) and then we define

cont
zZL (G, M
6 = g

We repeat Milne’s assertion that
HY (G, M) =lim H'(G/H, M™)
where H runs through the normal subgroups of G.

The proof of Theorems 1.9 and 1.11 are identical for G an infinite
group. Now we show how to extend the other proof from last section.
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Theorem 1.17. Denote the group of m-th roots of unity by pm =
{Ce K*| (™ =1}. Then
a) (Hilbert Theorem 90)
HY(G,K*) =0.

b) Assume that char(K) does not divide m (or char(K) = 0).
Then

HYG, ) = K*/K*™.
Proof.
a) HY(G,K*) = li_n)lHl(Gal(L/K),L*) = 0.
b) We have a sequence

)

1 Hm K — [ 1

where i: ( — ( is inclusion (the codomain is correct since can
solve (™ —1 = 0 in K*) and m: z + ™. Then i is obviously
injective and m is surjective since working in K*. Now for
¢ € Pm, ¢ =150 Im (i) C Ker (m). To see the other inclusion
let € Ker (m). Then 2™ =1 80 € py, = Im (7). Thus our
sequence is exact. Now take Galois cohomology to find a long
exact sequence

0 —> HYG, ) — H(G, K*) — H(G, K*)

—= HYG, pyp) —= H'(G,K*) —= H'(G, K™").
The connecting homomorphism is given by

a:b—{o— (7/0}
where we fix E_[_( * such that g™ = . B
Now HY(G,K*) = (K*)¢ = K* and H'(G,K*) = 0 by
Hilbert Theorem 90. So we have an exact sequence
K* > K* —> HY(G, ptyn) — 0.
By the first isomorphism theorem,
K
Ker(a) Im (o).
But Ker () = Im (m) = (K*)™ and « is surjective. So we have
K
()™

=~ HY(G, pm)
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via the bijection

a: {b} — {o— 57/5}.



CHAPTER 2

Algebraic curves

Elliptic curves, our object of study, can be analysed using many
different methods. We emphasise the algebraic methods rather than
complex analysis or explicit polynomial calculation. For this reason
we need some algebraic geometry. To prevent half this thesis being
on algebraic geometry we omit most of the proofs. We follow [12]
in our exposition and refer the interested reader to the standard (but
notoriously difficult) [4] for details.

2.1. Affine varieties

We begin by studying affine space and its subsets defined by zeros
of polynomials. Let K be a perfect field. Let K be an algebraic closure
of K and G = Gal(K/K).

Definition 2.1. Affine n—space (over K) is the set of n—tuples

A" =A"(K)={P=(z1,...,7,) |z € K }.
Similarly, the set of K-rational points in A" is the set
An(K) :{P: (ZL’l,...,fL'n) | x; € K}

Recall that the Galois group, G, acts on K and that we can char-
acterise K by K = {x € K |27 =z for all G}. We can extend this
action to A"; for 0 € G and P € A" define

P7=(af,...,27).

rn

Then A™(K) may be characterised by
A"(K)={PecA"|P°=PforalloeG}.
Let K[X] = K[X,...,X,] be a polynomial ring in n variables and
I C K[X] an ideal. For each I we have a subset of A"
Vi={PeA"| f(P)=0forall fel}

This is just formalising the idea of graphing solutions to the polynomial
equations. We will eventually be studying cases where we have only
one curve in I — an elliptic curve.

11



12 2. ALGEBRAIC CURVES

Definition 2.2. An (affine) algebraic set is any set of the form V. If
V' is an algebraic set, the ideal of V' is given by
IV)={feK[X]: f(P)=0forallP€V}.

An algebraic set V is defined over K (denoted V/K ) if its ideal I(V)
can be generated by polynomials in K[X]. If V is defined over K the
set of K-rational points s

V(K) =V NnAYK).

For f € K[X] and P = (x1,...,2,) € A" we have the action of
o € G on f(P) by

f(P)a _ (Z Cix;i’l e x;i,n)a'

DI GG

= f7(P7).
This concurs with our earlier discussion — A" is a G-module and
we have an action on the G-module homomorphisms by f7(P) =

f(P?7")7. Note that if f € K[X] then for ¢ € G and P € A", since
the coefficients stay fixed under the action of G,

f(P7) = f(P)7.
If V is defined over K this means that P € V implies P? € V so the
action of G on A" induces an action of G on V. Once again we see

V(K)={PeV:P =PforalloeG}.

Definition 2.3. An affine algebraic set V' is called an (affine) variety
if 1(V') is a prime ideal in K[X]. Let V/K be a variety. Then the
affine coordinate ring of V/K is defined by
V=7
- I(V/K)
The affine coordinate ring is an integral domain and its quotient field,
denoted K(V'), is called the function field of V/K. Similarly we define

Ky = KX

and K (V) as its quotient field.

To see how G acts on K[V], note that f € K[V] is defined up to
addition of polynomials vanishing on V' so is well defined as a map
f:V — K. Now G acts on f by acting on its coefficients, so since V
is defined over K, G maps I(V') to itself. This gives us the action of G
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on K[V] which we can extend to an action on K (V). We denote the
action of o on f by f? and note that

f(P)7 = [7(P7).

From the above definitions we can already see the interplay between
the algebraic and geometric ideas. The variety is a geometric idea
and to it we associate the algebraic structure of the affine coordinate
ring. We will be using algebraic geometry to answer questions about
elliptic curves over the rationals — questions of number theory. However
algebraic geometry allows us to use geometric ideas such as the concepts
of dimension and smoothness, which we now introduce.

Definition 2.4. Let V' be a variety. The dimension of V, denoted
dim(V'), is the transcendence degree of K(V') over K.

We can see that the dimension of A™ is n since it has Xi,..., X,
as algebraically independent transcendental elements. Also if V' C A"
is given by a single non-constant polynomial equation

f(Xy,...,X,) =0,

then dim (V') = n— 1. This is because factoring out by f(X) is equiva-
lent to expressing one of the variables X; in terms of the others so there
are only n — 1 algebraically independent transcendental elements.

Definition 2.5. Let V be a variety, P € V and fi1,..., fm € K[X] a
set of generators for [(V'). Then V is non-singular (or smooth) at P
if the m X n matrix

dfi
)
(an 1<i<m,1<j<n

has rank n — dim(V'). If V is non-singular at every point, then we say
that V' is non-singular.

Let V be given by a single non-constant polynomial equation
f(Xq,...,X,) =0.

Then, as we have seen dim(V) =n —1so P € V is a singular point if
and only if

9 of

PV == s (P =0,
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2.2. Projective varieties

Projective space is used to make our theory more consistent — for
example in projective space two lines always meet, parallel lines meet
‘at infinity’. To define this abstractly we consider projective space as
lines in affine space of one higher dimension.

Definition 2.6. Projective n—space (over K), denoted P or P"(K),
18

P" = {(xg,...,7,) € A"}/ ~
where ~ s an equivalence relation defined by
(270,...,33”) ~ (y0a--'7yn)

if there exists A € K* such that x; = \y; for all i. An equivalence class

is denoted (xo: -+ : x,) and the x; are called homogenous coordinates
for the point in P". The set of K-rational points in P" is the set
P"K)={(xo: -+ :2,) | x; € K}.
Definition 2.7. Let P = (z¢: -+ : x,) € PY(K). The minimal field
of definition for P (over K) is the field
To Tn .
K(P)=K (—, e —) for any i such that x; # 0.
€Z; ZT;

The Galois group acts on P™ by acting on homogenous coordinates.
We can check that this respects the equivalence relation ~ and that

P"(K)={P eP"| P° =P forall 0 € G},
and
K(P) = fixed field of {c € G | P7 = P}.
Definition 2.8. A polynomial f € K[X] = K[Xo,...,X,] is homoge-
nous of degree d if
fAXo, ..., X,) = XN f(Xo,..., X,)
for all A € K. An ideal I C K[X] is homogenous if it is generated by

homogenous polynomials.

Now we notice that for a homogenous polynomial f, if (xg, ..., x,) ~

(Yo, - -, Yn) then f(xg,...,x,) = 0 if and only if f(yo,...,yn) = O.
Thus it makes sense to ask whether f(P) = 0 for some P € P" and we
can associate to each homogenous ideal, I, a subset of P"

Vi={PeP"| f(P)=0forall fel}.
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Definition 2.9. A (projective) algebraic set is any set of the form V;.
If V is a projective algebraic set, the (homogenous) ideal of V', denoted
I(V), is the ideal in K[X] generated by

{f € K[X]| f is homogenous and f(P) =0 for all P € V'}.

Such a V is defined over K, denoted V/K, if its ideal I1(V') can be
generated by homogenous polynomials in K[X|. If V is defined over K
the set of K-rational points of V' is the set

V(K)=VnNnP"K).

Also
V(K)={P eV | P’ =P foralocecG}.
Definition 2.10. A projective algebraic set is called a (projective)

variety if its homogenous ideal I(V') is a prime ideal in K[X].

To see the connections between affine and projective space consider
the inclusion

;0 A" — P
Wi, yn) = (it gt L gt o).
Let U; ={P = (z¢: -+ : x,) € P" | z; # 0} then we have a bijection
9_1:Ui—>An
Zo Ti—-1 Tit+1 Tn
(xo: ...:xn)H — , g —

which identifies A™ with the set U; in P™.

Now let V' be a projective algebraic set with homogenous ideal
I(V) C K[X]. Then V N A™ is an affine algebraic set with ideal I(V N
A") C K[Y] given by

IVAAY) = {f(Vi,... .Y, 1Y, ... Vo) | f(Xo,.... X,) € I(V)}.

Any projective variety V is covered by subsets V N Uy, ...,V NU,,
each of which is an affine variety. The process of replacing f(Xo, ..., X,)
by f(Y1,...,Y;1,1,Y;, ..., Y,) is called dehomogenisation with respect
to Xl

For any f(Y) € K[Y], let

f*(XO7,Xn):Xflf <_0 i—1 i1 n)7

XZ-’”' XX e e
where d is the degree of f. We say that f* is the homogenisation of f
with respect to X;.
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Definition 2.11. Let V be an affine algebraic set with ideal 1(V') and
consider V' as a subset of P" via the map

vV C A" %P

The projective closure of V', denoted V, is the projective algebraic set

whose homogenous ideal 1(V') is generated by {f*(X) | f € I(V)}.

Theorem 2.12.
a) Let V be an affine variety. Then V is a projective variety and
V=VnA"
b) Let V be a projective variety. Then V N A™ is an affine variety
and either

VNA"=0 or V=V nNA"r

c¢) If an affine (respectively projective) variety V is defined over K
then V' (respectively V-0 A" ) is also defined over K.

Proof. Omitted. See [4]. O

In view of these results we can now identify an affine variety V' with
a unique projective variety. The points of V' —V are called the points at
infinity on V. We will abuse our notation as in the following example.

Example 2.13. Let V be the projective variety given by
V:Yi=X3417.

This is really the variety in P? given by the homogenous equation
V27 = X8 41727,

the identification being X = X/Z and Y =Y/ Z_ . This variety has one

point at infinity, (0: 1: 0), obtained by setting Z = 0. Thus

V(Q) ={(z,y) € AYQ) | y* = 2° + 1T} U {(0: 1: 0)}.
In fact V is an elliptic curve and we will be taking this point of view
most of the time — considering it as an affine curve with one point at
infinity that we treat as a special case.

Now we define the properties of a projective variety V' in terms of
the affine subvariety V' N A".

Definition 2.14. Let V/K be a projective variety and choose A™ C P"
so that VN A™ # (). The dimension of V' is the dimension of V N A™.
The function field of V', denoted K(V'), is the function field of V N A™
and similarly for K(V).

The variety V' is non-singular (or smooth) at P if V N A™ is non—
singular at P.
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2.3. Maps between varieties

Now we consider algebraic maps between projective varieties.

Definition 2.15. Let Vi and Vo C P" be projective varieties. A rational
map from Vj to V5 is a map of the form

o: Vi —= V3

gb:(f[))"'vfn)a

where f; € K(V}) are such that for every point P € V; at which they
are all defined

o(P) = (fo(P),..., fu(P)) € Va.
If Vi and Vy are defined over K then G acts on ¢ by
¢7(P) = (fg(P),...., [7(P)).
Notice that for all 0 € G and P € V}

¢(P)7 = ¢7(P).

If there is some A\ € K* such that \f; € K(Vy) for all i then ¢ is said
to be defined over K. It can be proven (using some group cohomology)

that ¢ s defined over K if and only if ¢ = ¢ for all 0 € G.

Definition 2.16. A rational map

¢o=(fo, -, fa): Vi = V2

is regular at P € V; if there is a function g € K(V}) such that

a) each gf; is reqular at P; and
b) for some i, (¢f)(P) #0.
If such a g exists, set

o(P) = ((9fo((P), -, (gfa)(P)).

A rational map which is reqular at every point is called a morphism.

Definition 2.17. Let Vi and V5 be varieties. We say that Vi and V5
are isomorphic and write Vi = Vs, if there are morphisms ¢: Vi — Vy
and : Vo — Vi such that v o ¢ and ¢ o) are the identity maps on V;
and Vy respectively. We say Vi /K and V,/K are isomorphic over K if
such ¢ and v can be defined over K.
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2.4. Curves

A curve is a projective variety of dimension one. Our first result is
that for smooth curves, a rational map is always defined at every point.

Theorem 2.18. Let C be a curve, V C PN a variety, P € C' a smooth
point, and ¢: C' — V a rational map. Then ¢ is reqular at P. In
particular, if C 1s smooth then ¢ is a morphism.

Proof. Omitted. See [12] I1.2.1. O

Theorem 2.19. Let ¢: Cy — Cy be a morphism of curves. Then ¢ is
either constant or surjective.

Proof. Omitted. See [4] 11.6.8. O

Let Cy/K and Cy/K be curves and ¢: ¢y — C3 a non-constant
rational map defined over K. Then composition with ¢ induces an
injection of function fields fixing K,

¢*: K(Cy) — K(Cy)
¢ f=T[foo

Definition 2.20. Let ¢: C; — C5 be a map of curves defined over K.
If ¢ is constant define the degree of ¢ to be 0; otherwise define

deg(¢) = [K(Ch): ¢"K(Co)].
We will require the following two results in a later chapter.

Corollary 2.21. Let C; and Cy be smooth curves and let ¢: C7 — Cy
be a map of degree 1. Then ¢ is an isomorphism.

Proof. Omitted. See [12] 2.4.1. O

Theorem 2.22. Let ¢: C; — Cy be a non-constant map of smooth
curves defined over a perfect field K. Then for all but finitely many
Q S 027

67H(Q)] = deg(¢).

Proof. Omitted. See [4], I1.6.8. O

2.5. Twists of a curve

This section is necessary for when we discuss principal homogenous
spaces, which give a geometric interpretation of a particular cohomol-
ogy group. We discuss it here as we are working for a general field K,
whereas later on we specialise.
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Definition 2.23. Let C/K be a smooth curve. The isomorphism group
of C, denoted Isom(C), is the group of isomorphisms from C' to itself
(defined over K ).

Definition 2.24. A twist of C'/K is a smooth curve C'/K which is
isomorphic to C over K. We identify two twists if they are isomorphic
over K. The set of twists of C'/ K, modulo K—isomorphism, is denoted
Twist(C/K).

In the next theorem we discuss H'(G,Isom(C)). For an elliptic
curve C, the group Isom(C) is non-abelian so we require a non-abelian
group cohomology theory. We have not provided one, but read [12]
B.3 for the details.

Theorem 2.25. Let C/K be a smooth curve. For each twist C'/K of
C/K, choose an isomorphism ¢: C' — C and define a map &: G —
Isom(C) by £(o) = ¢7¢~ L. Then

a) The map £ is a 1-cocycle (that is, {(oT) = &(0)7E(T) ).

b) The cohomology class {£} is determined by the K —isomorphism
class of C', independent of the choice of ¢. We thus obtain an
mjective map

Twist(C/K) — H' (G, Isom(C)).

c) This map is a bijection.

Proof.

a) Calculate {(07) = ¢77¢™! = (6707 1)"(¢7¢~") = £(0)7E(7).

b) Let C"/K be a twist of C'//K which is K-isomorphic to C'.
Choose a K-isomorphism ¢: C” — C and K-isomorphism
0: C" — C". We must show that the cocycles ¢°¢~! and 171~ *

are cohomologous.
Use the following diagram to define o = ¢fo~*

C// 6 > C/

N

C
then calculate a? (7 ™1) = ¢707¢9 =77~ = ¢707¢)~!. Now 6
is defined over K so a” (v ™1) = ¢70y~ = (¢7¢ 1) (g~ ) =
¢°¢ta. Thus ¢7¢p~' = a(¢¢Y~Ha™! and our cocycles are

homologous.

To see injectivity, suppose C'/K and C”/K give the same

cohomology class in H'(G,Isom(C)). Since these are twists of
C we have K—isomorphisms ¢: C' — C and ¢: C"” — C. The
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twists C" and C” being cohomologous implies that there exists
an « € Isom(C') such that

a®(p~ ™) = (6797 )a
for all o € G. Now define a map 0: C” — C by 6 = ¢~ 'ar).

By construction this map is a K—isomorphism but we want to
show that it is actually defined over K. To see this calculate

g° = <¢0)71(060'w0') — (¢J)71<¢0¢71&w) — ¢71aw =6.
Therefore C” and ¢ are K—isomorphic so are the same element
of Twist(C/K).
Omitted. See [12] to see how, given £: G — Isom(C), to
construct the function field K (C)¢ and from this the curve in
Twist(C/K).
O



CHAPTER 3

Elliptic curves

3.1. Elliptic curves as algebraic curves

The genus is a quantity that is useful for the classification of alge-
braic curves. Genus zero curves are those which are equivalent to the
projective line, for example conics. These have either no rational points
or infinitely many and are well understood. Curves with genus greater
than one have only a finite number of rational points by a deep result
conjectured by Mordell and proved by Falting. For more discussion see
[12].

We study curves of genus one with a distinguished point. Although
we haven’t actually defined genus we only need the results from the
following theorem.

Definition 3.1. An elliptic curve E s a curve of genus 1 with a dis-
tinguished point, O € E. The elliptic curve is defined over K, written
E/K, if E is defined over K as a curve and O € E(K).
Theorem 3.2. Let E be an elliptic curve defined over K.

a) There exist functions x,y € K(F) such that the map

¢: E—P*  ¢=(z,y,1)
gives an isomorphism of E/K onto a curve given by a Weier-
strass equation
C:y? + a1y + asy = 2° + asx® + ayx + ag

with a; € K, such that $(O) = (0: 1: 0).
b) Any two Weierstrass equations for E are related by a linear

change of variable of the form

r=u’r +r
y =uy + su’r’ +t

with u,r,s,t € K,u # 0.

c) Conversely, every smooth cubic curve C' given by a Weierstrass

equation is an elliptic curve defined over K with origin O =
(0:1:0).

21
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./'/-\/
N

\
FIGURE 1. An elliptic curve, drawn over the reals.

Proof. Omitted. See [12]. O

3.2. Weierstrass equations

We have asserted that any elliptic curve can be given by a Weier-
strass equation

y2 + a2y + azy = x + a2x2 + a4x + ag

where a; € K, together with O, the “point at infinity”. We also require
that the curve is non-singular, so has no cusps or self intersections. An
example is shown in Figure 1, where we consider the point at infinity
to be the point infinitely far to the top and bottom of the graph.

Note that if the field we are working over has characteristic not
equal to two then we can complete the square, replacing y by %(y —
a1x — az). We are following [12] and will do all algebra by computer
in appendix A. This gives us

E: y? = 423 + byx® + 2bsx + bg,

where
bg :a%+4a2, b4 = 2a4—|—a1a3, b(; :a§+4a6.
We also define

2 2 2
bs = ajas + 4azas — ajazay + azas — ay,

A = —b2bg — 8b — 27b2 + Obybybg.

If the characteristic of our field is not two or three we can make a
further change of variables,

() o (E2302 Y
! 36108
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giving the equation
E:y? = 2® — 27cqx — Hdc,
where
Cqy = bg - 24b4 and Cg = bg + 36[)264 - 216b6

If we have char(K') # 2, 3 then we may assume that an elliptic curve
has Weierstrass equation

E:y =2+ Az + B.
For this curve we can calculate that
A = —16(4A% + 27B%).
Now we show the significance of the discriminant.
Theorem 3.3. A curve given by a Weierstrass equation is nonsingular
if and only if A # 0.
Proof. Let E be given by
E: f(x,y) = y* + axy + azy — 2° — axr® — ayx — ag = 0.

To see that the point at infinity is never singular consider the projective
curve

F(X,Y,2)=Y?*Z4+a, XY Z+a3Y 7*— X~y X*Z—ay X Z*—as 2> = 0
at the point O = (0: 1: 0). Since
oF

8_Z(O) =1#0,

we see that O is a non-singular point on F.

Now suppose that E is singular, say at Py = (zo,%0). We can
translate this point to the origin by a change of coordinates

r=2"+x9 y=9 +1y
that leaves A unchanged. Now note that f(0,0) = —ag, %(O, 0) =—ay
and %(O, 0) = a3. Soif (0,0) € E is a singular point then £ must have
a Weierstrass equation of the form
f(@,y) =y* + ey — aga® — 2° = 0.

Direct calculation shows that A = 0.

Now suppose that E is non-singular. We aim to show A # 0. To
simplify calculations assume char(K') # 2 (a proof in this case can be
found in appendix A of [12]). So we can assume that F is given by

flz,y) = y* — 42® — bpa® — 20y — b

Now if this equation were to be singular, say at Py = (¢, yo) then:
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FIGURE 2. The group law on an elliptic curve.

a) %(mo, Yo) = 2yo = 0. Thus yo = 0 and then zy must be a root
of 4I‘3 + bg.l'z + 2b4I + b6.
b) &L (2o, yo) = 1222 + 2by + 2b4 = 0.

So we require zy to be a double root of g(x) = 423 + byx? + 2byx + bg.
But a polynomial has a multiple root if and only its discriminant is
zero. We can calculate that disc(g) = 16A so F is non-singular implies
that A is non-zero. O

3.3. The group law

Definition 3.4. Let E be an elliptic curve given by a Weierstrass equa-
tion. Given P, Q) € E, draw the line from P to Q) until you hit the curve
again. This forms another point on the curve. Now draw a line from
the point at infinity, O, through this new point. The point where this
line intersects the elliptic curve again is P+ Q).

This definition relies on a line in P? intersecting an elliptic curve
E at exactly three points (counting multiplicity). This follows from
Bezout’s Theorem (see [4]) however as we provide explicit formulae
below we can simply take this as our definition. If P = () or one of P
and () equals O then our definition takes some interpreting. Because we
only have one point at infinity we can usually get away with considering
O as a special case.

If we are trying to find 2P, then P and () are the same point. In
this case we take the line between P and ) to be the tangent line at
P and proceed in the same manner as above. If the line from P to @)
doesn’t intersect the curve anywhere on the finite plane (in our figures
this means the line is vertical) then we say that it intersects the elliptic
curve at O — this is why we needed to include this point on our curve.
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Then the line from O to O, the “line at infinity”, intersects the curve
at O. Thus P+ Q = O.

Note that this definition is symmetrical, the line between P and @)
is the same as the line between (Q and P so P+ Q) = Q + P. Also note
that if we want to calculate P 4+ O then the line between these two
points is the same as the line between O and the point where the first
line intersects the curve. This means P+ O = P and O is the identity
of our group.

From our geometric group law we can provide an explicit algorithm
to add points on an elliptic curve. These formulae come from [12] where
they are developed from the above ideas using conceptually simple but
somewhat tedious coordinate geometry.

Algorithm 3.5. Let E be an elliptic curve given by
y2 + a1xy + azy = 2%+ agr® + agr + ag.
(a) If By = O then —O = O. Otherwise let Py = (zo,%) € E.
Then
—Fy = (20, —Yo — 120 — a3).

(b) If one of P, or P; equals O then use P+ O = O+ P = P, if
r1 = x9 and y; + yo + a1x2 + az = 0 then P; + P, = O. Otherwise let
P1+P2:P3 Wlthplz(l'l,y,L) e F.

then calculate
Ao T T ey
T9 — I1 Ty — T1

- 323 + 2a221 + ay — a1y and
2y1 + a1 +as

—ZC? + aqxq + 2@6 — asy .
V= if 21 = x9.
2y1 + a1x1 + as
(So y = Ax + v is the line through P, and P, or tangent to E if
P=P,.)
Then P; = (x3,y3) where

x3:A2+a1)\—a2—x1—x2
ygz—()\+a1)I3—V—CL3.

Theorem 3.6. The addition law on an elliptic curve, E, as given in
Algorithm 3.5, has the following properties:

a) P+ O =P forall P E.
b) P+Q=Q+ P foral P,Q € E.
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c) Let P € E. There is a point of E, denoted —P, so that
P+ (-P)=0.
d) Let P,Q,R € E. Then
(P+Q)+R=P+(Q+R).

In other words, the addition law makes E into an abelian group
with identity O. Furthermore:
e) Suppose E is defined over K, that is, given by

y2 + a1y + azy = 3+ a2x2 + ayx + ag with a; € K.
Then the points on the curve with coordinates in K
BE(K)={(x,y) € K*: y* + ayvy + azy = ° + apx® + ayx + ag} U {O}
form a subgroup of E.

Proof.

a) By definition.

b) The addition formulae given above are symmetrical. If you swap
P, and P, then A and v remain the same.

c) —P is defined above and has this property.

d) Omitted. Can draw some pictures or calculate some sums to
convince yourself. The most illuminating proof is by the Riemann—
Roch Theorem as in [12].

e) If P, P, € E(K) then we can see that P, + P, = (z3,y3) where
the coordinates are given by rational functions (quotients of
polynomials) in the variables x;,y;, a;, all of which are in the
field K. This means that x3,y3 € K, that is P, + P, € E(K).
Therefore F(K) is a subgroup of E.

g

Theorem 3.7. Let E/K be an elliptic curve. Then the equations giving
the group law on E define morphisms

+:ExFE—FE and — F—>FE
(P, ) — P+ Py P~ —P.
Proof. First, the subtraction map
(z,y) = (z, -y — a1z — a3)

is a rational map of a smooth curve E so is a morphism. Next choose
() # O and define a translation map 7¢: £ — E by

79: P— P+Q.
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By the addition formula given earlier this is a rational map so is a
morphism. Furthermore it has an inverse, 7_g, so is an isomorphism.
Consider the general addition map +: F x £ — E. From our addi-
tion formula it is a rational map except possibly at points of the form
(P, P),(P,—P),(P,O) and (O, P).

To deal with these cases we use translation maps. Write 7; for o,
and consider the composition

-1 -1
TLXT2 + 1 T2

¢ ExEX 2 ExE E E E.

Since the group law on F is commutative and associative these maps
act by

(P1, Po) — (Pi+Q1, Po+Q2) — Pi+Q1+Po+Q2 — Pi+P+Qo — Pi+D.

Thus the rational map ¢ agrees with the addition map whenever they
are both defined.

Since the 7;’s are isomorphism, ¢ is an isomorphism except possibly
at points of the form

(P=Q1,P—Q3) (P—Q1,—P—Q2) (P—Q1,—Q2) (—Q1,P—Q2).
But we can choose any (Q1, (2 that we please. Thus we can find a finite
set of rational maps

¢1a¢27"'a¢n:ExE—>E

such that
a) ¢y is the addition map.
b) For each (P, P») € E x E, some ¢; is defined at (P, P,).
c) If ¢; and ¢; are both defined at (P, P,), then ¢;(P, P) =
0;(P1, Py).
Then addition is defined on all of £ x E so is a morphism. U

Although we are primarily interested in non-singular curves when
we study these curves we consider them ‘modulo p’ and sometimes have
to consider curves that possibly have singular points.

Definition 3.8. Let E be a curve given by a Weierstrass equation.
Then the non—singular part of the curve, denoted F,, is the set of
non-singular points of E.

Theorem 3.9. Let E be a curve given by a Weierstrass equation with

A = 0. Then the group law makes E, s into an abelian group

Proof. Omitted. See [12] for the two cases:
a) ¢4 # 0 implies F has a node and F,; = l:(*
b) ¢4 = 0 implies F has a cusp and E, = K.
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O

There is an effective method for calculating the torsion subgroup
of an elliptic curve defined over Q. We present the following theorem
which, although not the method used in practice, is good enough for
our purposes.

Theorem 3.10 (Lutz—Nagell Theorem). Let E/Q be an elliptic curve
with discriminant A. Suppose P € E(Q) is a non-zero torsion point.
Then z(P),y(P) € Z and either 2P = O or y(P)? divides A.

Proof. Omitted. See [12] for a fancy proof using formal groups or [13]
for an elementary proof using coordinate geometry. O

We give a sketch of the calculation for an elliptic curve that we shall
study later.

Example 3.11. Let E/Q be given by
Y =2 + 227 — 3z = x(x — 1)(x + 3).

We calculate A = 283% = 2304. We can easily see that E(Q)[2] =
{0,(0,0),(—3,0),(1,0)} since if 2P = O then P = —P so we must
have y = 0. To find other points we know that > | A and y is
an integer so we can conclude that the only possibilities for y? are
1,22,24 26 98 32 2232 2632 2832 For each of these we have the equa-
tion
23 +22° =3 -y =0

for which we only have to check a finite number of possible integer
solutions (those dividing y?). For example y* = 223% = 36 gives x =
3 s0 (z,y) = (3,£6) gives us two more points on E(Q). Following
through this example gives us

Etors(@) = {07 (07 0)7 <_37 0)7 (17 0)? (37 :t6)7 (_17 iZ)}

We can calculate that 2E;,5(Q) = {O, (1,0)} so that | Eiors(Q) /2 Eiors(Q)| =
4 (this fact will be important later).



CHAPTER 4

p—adic numbers and Hensel’s lemma

A useful method of discovering whether an equation has solutions
in integers is consider the equation modulo some prime. The numbers
we are about to define generalise this. For example saying that an
equation is solvable 3—adically means that it has a solution modulo 3"
for all n.

4.1. p—adic numbers

We define the p—adic integers as an inverse limit and then construct
the p—adic numbers from them, following [11|. For each n > 1 form
A, = Z/p"Z. Then we have a map ¢,,: A, — A,_; defined by ¢,,: a —
a (mod p"~1). Note that (A,, ¢,) forms an inverse system indexed by
the integers.

Definition 4.1. The p—adic integers are the ring
Ly = liinAn.

Recall that this means that x € Z,isx = (..., 2y, ..., x;) where, for
alln > 1, z, € A, and ¢, 1(xn11) = x,. We consider Z, C [[, -, 4,
so addition and multiplication are defined coordinate wise. Notice that
we have an inclusion i: Z — Z, by i: a — (...,a (mod p"),...,a
(mod p)).

Theorem 4.2. Let [p"] denote the map ‘multiplication by p"’ and €,
map x to its nth component. Then the following sequence is exact.
[p"]

0 Zy Z, > A, 0

Proof. To see that Ker[p"] = 0, if pxr = 0 then (...,p,...,p,0) X
(cooy @y, xo,x) = 0, that is pz, 41 = 0 for all n > 1. This implies
that x,11 = p"yns1 for some y, 11 € A1 Then z,, = ¢pi1(2p51) =0
for all n > 1 implying x = 0.

Note that e(p"z) = p"z,, = 0 (mod p") so Im [p"] C Kere,. For
the other inclusion, if €,(z) = 0 then z, = 0 (mod p"). Thus z,y =
0 (mod p") for all m > 0 and therefore =, = p"Ynim for some

29
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Ynem € Apym- Then z = (... xp01,2,,0,...,0) = p"(- .., Yns1s Yn, Un
(mod p™1),...,y, (mod p)) € Im [p"].

For surjectivity, for alla € A, takex = (...,a,...,a,a (mod p"~ '), ...

(mod p)) € Z,. Then ¢,(x) = a. O

>~

From this short exact sequence we can conclude that Z,/p"Z,

A, =7/p"L.

Theorem 4.3.

a) An element x € Z, is invertible if and only if p does not divide
x.

b) Ewvery nonzero element of Z, can be written uniquely in the form
p"u with u € Z;j andn > 0.

Proof.

a) We first prove the statement for A,,. If x € A, is not divisible by
p then x ¢ pA, so its image in A; is not zero. Since Ay = Z/pZ
is a field then this is invertible. Therefore there exists y € A;
such that zy = 1 (mod p), that is zy = 1 — pz for some z € Z.
Then noting that

=14pz+p°22+...

1—pz
=1+pz+p*22 4+ ... +p" 2" (mod p"),

we see that zy(1+pz+...+p" 12"1) =1 (mod p") and thus
x is invertible.

To prove our statement for Z,, note that if p|x; for any
i € Z then since z,, = x; (mod p), p|z, for all n € Z. Thus
p 1 « implies p 1 z,,, meaning each x,, is invertible and we can
form 27! = (..., z;%, ... 20 h).

b) If x € Z, is nonzero then there exists a largest n such that z, =
0 (otherwise all coordinates of = are zero). Then p” | z,,41 since
Gns1(zpi1) = 0. Thus 2,41 = p"upyq for some u,y1 € Apig
such that p { u,4+1 (otherwise 2,41 = 0). Now for all m > n+1,
Ty = Tpy1 (mod p™*t) so then p, |, and z,, = p"u,, for some
Uy, € A,,. Thus

=00 .., Tp11,0,...,0) =p" (..., Upt1, Upn, ..., U1)

where u; = 1,1 (mod p?) for all i < n.

We have u; = u,41 (mod p) for all ¢ so p { u,41 implies that
p1tu; for all i. That is p{ u and w is a unit.

To see that x = p™u is a unique expression of this form, note
that n is uniquely determined by the above process and that if
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r = p"u = p"v for u,v € Z; we can simply cancel p" to see that
u=wv.

U

Definition 4.4. For a nonzero v € Z, write v = p"u. The p-adic
valuation of z, denoted v,(z), is n. Set v,(0) = co.

With this valuation we can show that Z, is an integral domain.

Theorem 4.5. For z,y € Z,,
) uy(zy) = vy(x) + uy(y).
b) vy(z,y) = min(v,(z), vp(y)).
¢) Z, is an integral domain.
Proof.

a) If z = 0 or y = 0 then both v,(zy) and v,(x) +v,(y) are infinite
so equality holds. Otherwise say z = p™u and y = p™v with
n,m > 0 and u,v € Z;. Then

vp(zy) = v, (2" uv) = n+m = vy(z) + v,(y)

since uv is a unit.

b) If x = 0 or y = 0 then v,(z +y) = min(v,(z),v,(y)). Otherwise
again say r = p"u and y = p™v with n,m > 0 and u,v € Z;,.
We have three cases:

(i) If n < m then

vp(z +y) = vp(p"u+ p"v) = vp(p" (u + p"M0))
= n = min(vp(z), v,(y))-
This follows since p t u implies that p 1 (u + p™ "v).
(ii) Similarly, if m < n then
vp(® 4 y) = m = min(v,(x), vp(y)).

(iii) If m = n then x +y = p*(u+v). Now u+v € Z, so
u+v = plw for some [ > 0 and w € Z;. Then

vz +y) = vp(p”+lw) =n+1>n=min(v,(z),v,(y)).

c) Say a,b € Z, such that ab = 0. Take the p-adic valuation of
both sides and we see that

vp(a) + v,(b) = 0.

Thus either a = 0 or b = 0 and Z, is an integral domain.

We have the following topological facts about Z,.
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Theorem 4.6.

a)
b)

c)

2y, 15 compact.

The topology on Z, is the same as the topology generated by
d(z,y) = |z — y| where |z| = p~*@) for all x € Z,.

7 1s dense inside Z,.

Proof. We give A, the discrete topology and [[ ~, A, the product
topology (the coarsest topology for which the projection maps p;: [[ 4,
A; are continuous).

a)

Note that Z, = (), B; where

B; = {(z;) € [ [ An | disr(wit1) = i}

We will show that the B; are closed. Then noting that the
A, are compact (every cover is already finite because A, is
finite) and recalling that the product of compact sets is compact
(Tychonoff’s Theorem) and that a closed subset of a compact
set is compact we can conclude that Z, is compact.

To see B; is closed we take (y;) ¢ B; and construct an open
set around (y;) that does not intersect B;. We have ¢;+1(vyi+1) =
z # y;. Then we can form the sets p; '(z) and p;. (5 (vi))
both of which are open. Thus the intersection of these two sets
in [T A, is open. We can see that (y;) is in this intersection and
that it is disjoint with B;.

First we show that the collection {p"Z,} forms a basis of neigh-
bourhoods of zero. If U is an open set containing zero then it
is a union of sets of the form

i
=1

where Y; C A; with equality for all but finitely many 7. Let n
be the largest integer such that Y, # A,. Then if z € p"Z,,
x=1(...,a,0,...,0) € U where the last n digits are zero. Thus
p"Z, C11Y: CU and {p"Z, | n € N} forms a basis for neigh-
bourhoods of zero. Thus if U is an open set around zero then

U= Up”Zp
nel
for some I C N. Now if ¢ > j then p'Z, C p’Z, so
U= U P Ly = pin

nel
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where ¢ is the minimum of the n’s. Now if U is an open set
around a point x then U — x is an open set around zero so
U = p'Z, + z. Now a general open set is a union of open sets
around points so the collection {x +p"Z, | x € Z,,n € NU{0}}
is a basis for the induced topology.

Now note that x € p"Z, if and only if |z| < p~". The metric
topology has basis given by open balls B(x,r) = {y € Z, |
|lz—y| < r}. We show that the two bases are equal thus showing
all open sets are equal and the topologies are equal. First note
that for an open ball B(xz,r), the fact that |z| only takes on
values of p~" for integer n means that B(z,r) = B(x,p™") where
p~" ! <r < p™. Then we can see that x + p"Z, = B(z,p™")
and that B(z,r) = B(z,p™") = x + p"Z,.

c¢) For Z to be dense in Z, we require for each x € Z, a sequence
of integers that converges to z. If x = (..., z,,...,z;) then the
sequence of integers (z,,) satisfies this as can be seen by

|z, — x| = (..., 2y — Tp41,0,...,0)| <p™"
U

Definition 4.7. The field of p—adic numbers, denoted Q,, is defined
to be the field of fractions of the ring Z,.

We have the following immediate facts.

Theorem 4.8.

a) Q, = Z,[p7"].

b) Every x € Qy, can be written uniquely as x = p"u where n € Z
and u € Zy. Use this to define the p-adic valuation on Q, by
vp(p"u) = n and v,(0) = oco.

c) Forx € Q,, vy,(x) >0 if and only if v € Z,.

Proof.
a) First note that zero is in both rings. If x € Q, is not zero
then =z = ]% where n,m > 0 and u,v € Z; Thus v =

p"(wo™ ) (p~)™ € Z,[p~']. Conversely, if x € Z,[p~'] is not zero
then for some n,m > 0 and u € Z;, v = plu(p~ )™ = p T €Q,.
b) If x € Q;, then there exists n,m > 0 and u,v € Z; such that

x—p“—p m(yph. Nowsaythatalsofors,t20andw z €
Z:, v =% = p~t(wz""). However since 2% = p

ptz ptv tz
conclude that p™ Swv = p"*tuz and thus that p"~ ( -1 =

p*~Y(wz~1). Thus the representation of z is unique.

we can
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c) ForxGQp,ifvp(m)ZOthenfornZOanduEZz,x:]%E
Zy. Conversely if x € Zj, for some n > 0 and u € Z;, v = 7%
so vp(z) > 0.

]

Definition 4.9. Define the p-adic absolute value |- |: Q, — R by
‘x’ — pivp(x)‘

Theorem 4.10. The p—adic absolute value satisfies the following prop-
erties for all z,y € Q,

a) |z| =0 if and only if x = 0.
b) |zy| =[] - |y|.
¢) |z +y| < max{|zl],[y[} with equality if |z] # |y|.

Proof.
a) If |z| = 0 then v,(z) = oo so x = 0. Conversely [0] = p~> = 0.
b) If z or y are zero then trivially true. Otherwise let z = p"u and
y =p™v for n,m € Z and u,v € Z;. Then

n+m —(n+m)

lzy| = [p" " uv| = p =p "p " = |zlyl.

c¢) If x or y are zero then trivially true. Otherwise let z = p"u and

y =p"v for n,m € Z and u,v € Z;. Then if n # m, without
loss of generality take m < n and we have

[z +yl = [p"(u+p"")| = p™" = max{|z], |y[}
since p { w implies p { (u + p* ™). If m = n then
|2+ yl = [p"(u+0)] <p™" = max{z], |y[}.
U

This theorem shows that | - | is a norm on Q,. The third condition
is the wultrametric inequality which is stronger than the usual triangle
inequality. It can be shown that Q) is the completion of Q with respect
to the p—adic absolute value. In fact the only completions of Q are Q,,
for each prime p, and R. For this reason we use the notation Q. = R,
considering the real numbers as the ‘infinite-adic numbers’.

Define the topology on @, to be induced by the metric d(x,y) =
|z — y| and then we have the following.

Theorem 4.11.

a) Z, is an open subring of Q,.
b) Q is dense in Q,.
c) Let E/Q, be an elliptic curve. Then E(Q,) is compact.
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First note that x € Z, if and only if v,(z) > 0, that is if and
only if |z| < 1. For Z, open in Q, we need for all x € Z, an
e > 0 such that for all y € Q,, |z — y| < € implies y € Z,.

For © € Z, take e = 1. If |z| = |y| then y € Z, so assume

|z| # |y|. Then |z — y| = max{|z|, |y|} < 1 means that |y| <1
SO Y € L.
If x € Q, we need a sequence (x,) with x, € Q such that
r, — x. Now z = p™u for some m € N and u € Z;. Now
u € Z, and Z is dense in Z, so there exists a sequence (u,,) with
u, € Z such that u, — u. Let z,, = p™u, and then

|z — x| = |p" (up — u)| = p " |u, —u| — 0 as n — 0.

We give P?(Q,) the quotient topology defined by the map g: Q;’,\
{(0,0,0)} — P?(Q,) (the finest topology for which ¢ is contin-
uous). By multiplying by a suitable power of p we can choose
a representative of a point in P?(Q,) to be (z; : x5 : x3) with
r; € Zy and at least one x; not divisible by p (so z; € Z;). Note
that Z; is a closed subset of a compact set and is therefore
compact. Thus

P*(Q,) = Q2 X Ly X L) U q(Zy X Loy % L) U q(Zyy X Ly X L)

is a union of continuous images of compact sets and is therefore
compact. If we let f(z,y) = y*+a1xy+azy—r3 —asz* —asx —ag
then F(Q,) = f~'({O}) is a preimage of a closed set under a
continuous map and so is closed and therefore compact.

O

4.2. Hensel’s lemma

We prove Hensel’s lemma, following |7].

Lemma 4.12. Let f(Xy,...,X,) € Z[Xy,...,X,], and let a € Z"
such that for some m >0 andr > 1,

f(a) =0 (mod p*™*")

but for some i,

(5 ) @#0 (od )

Then there exists b € Z™ such that

b=a (mod p™'")
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and
f(b) =0 (mod p*™t 1),

Proof. We use the Taylor expansion

f(X) = f(a)+ i 88;; (a)(X; — a;) + terms of higher degree in (X; — a;).

Now by assumption there exists k¥ < m + r — 1 such that p* divides
%(a) for all 4 but there exists some j such that p**! does not divide

%(a). Then p**™*1 divides both f(a) and ;—)](:(a)pm+7“. For all i # j

set h; to zero and using the fact that p { aa—){j(a)/pk we can set h; =

3L ()
—% ax;jk (mod p™~*+7). Then

hi =0 (mod p™ ")

f(a) 5%, ()
e B

p
and
f((l) + i af (a)h'pm-‘rl =0 (mod p2m+7"+1).
— 0X; !
Thus f(b) =0 (mod p?™*r+l). O

Theorem 4.13 (Hensel’s Lemma). Let f(Xy,...,X,,) € Z[Xy,..., X,],
and let a € Z' such that for some m > 0,

f(a) =0 (mod p*™*t1)

but for some i,

af m+1
(54) (@ #0 (mod ).
Then there exists b € Z7 such that f(b) =0 and b= a (mod p™*).

Proof. Applying the above lemma with » = 1, we find asg,, 2 such
that ag,ie = a (mod p™*) and f(agms2) =0 (mod p*™*2). Applying
the lemma again with » = 2 we find ag,,13 such that as,, 13 = agmio
(mod p™*?) and f(azms3) = 0 (mod p*™3). Continuing in this way
we find a sequence a, ag;, 12, G2mis, - - .. Write

a4 = Qam+1 = (a2m+1,1, A2m+1,25 - - - aa2m+1,n)
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and similarly for as,,1 0 and so on. Then for ¢+ = 1,2, ..., n define

CL(z) = ( <5 Qom42.4y a2m+1yi) € Zp-

Then define b = (a(y, ..., aq)) and we can see that b = a (mod p™*!)
and

J®) = f (1 @z ) = lim flazmi,) =0,
O

Example 4.14. Let f(X) € Z[X] and let f(X) € F,(X) be the poly-
nomial formed by reducing it coefficients modulo p. Let a € Z be such

that @ € T, is a simple root of f(X). Then 5—;;(&) # 0 so %(a) # 0

and by Hensel’s Lemma there exists b € Z, such that f(b) = 0.

4.3. Krasner’s lemma and Gal(@p/(@p)

We can show that @p /Q, is a Galois extension and thus form G, =
Gal(@p /Q,). Later on we shall require an injective map from G, into

G = Gal(Q/Q). To prove this map exists we require Krasner’s Lemma.
For this we require some development of absolute values on extensions

of Q,.

Definition 4.15. For a field K, a map |- |: K — R is called an
absolute value on K if for all x,y € K

a) || > 0 with equality if and only if x = 0,

b) |zyl = |z[ - [yl and

c) |z +y| < |z + |yl
Theorem 4.16. Let K be complete with respect to an absolute value
| - |k and let L be a (possibly infinite) separable algebraic extension of
K. Then |- |k extends uniquely to an absolute value ||y on L. If L/ K

1s a finite extension then L is complete with respect to the extended
absolute value.

Proof. See [8]. O
Lemma 4.17 (Krasner’s Lemma). Let o, € @p. If

8 —al <[’ —qf
for all conjugates o' # « of o then o € Q,().

Proof. Let K/Q,(/) be the normal closure of the field extension Q, (v, 3)/Q,(5).
Let 7 € Gal(K/Q,(8)). Now Q,(/) is a finite extension of Q, therefore
has a complete extended valuation. Now the above theorem gives us
an absolute value | - | on K and we can define another absolute value
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on K by |a|" = |7(a)|]. Now |-|"=|-] on Q,(5) so the above theorem
tells us that |- | = || on K so |7(a)| = |a| for all « € K. Then

B—1(a)]|=|r(B-a)|=[8—a] <|a'—al.
Thus
la = 7(a)| =|a— B+ 8 —7(a)|
< max{|a — A, (8 — 7(a)[}
<la—d|.

So we can see that since 7(«) is a conjugate of a we must have 7(a) = «
and thus a € Q, (). O

For polynomials f = Y a;2' € K|x] define || f|| = max {|a;|}. This
allows us to have a concept of closeness for polynomials. We prove the
triangle inequality: if f =" a2 and g = _ b;z’ then

1f + gl| = max{[a; + b;}
< max{|a;| + |b;|}
< max{|a;|} + max{|b;|}
=[£Il + llgll

Corollary 4.18. Let f(x) be a degree n monic irreducible polynomial
in Qp[z] and let o be a root of f. Then any monic degree n polynomial
g sufficiently close to f is also irreducible and has a root 3 such that

o€ @p(ﬁ)
Proof. Firstly note that if

g(z) =2a" + ”z,i bz’
i=1
and ( is a root of g then
n—1
B == bl
i=1
s0|B|" < max{|b;3|}. Thus |8]" < |c;] for j < nso|B] < |b;|Y =9 <

lgll.
Now

Say ||f — ¢g|| < € then
gl = 11f + 9= FIL<fI +1lg = FIL < IfI] + €
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If 3 is a root of g then writing f = " a;z" we have
FB)] = I(f = 9)(B)]
<3 Jas = bilIBT
< emax{1,|5'|"}
< emax{L, (|[f]| +€)"}.
We also have |f(5)| = [[ |3’ — | so we know that for at least one 4,
8" — il < e max{L, (||f]| + )}
(otherwise our bound is violated). So if we take e sufficiently small
we have | — o] < |y — | for all j # i. Now let K/Q, be the
normal closure of Q,(a;, 5')/Q, there exists o € Gal(K/Q,) such that
o(a;) = a. Then o(f') = B where 3 is some conjugate of 3. Then
6 —af = |o(F" — ai)l
= |6 —
<lo; —ay| forall j
= |o(i — a;)
= | — oy for all k.
Then by Krasner’s lemma a € Q,(5). O

Corollary 4.19. If 0 € G), fizes Q, and Q then it fizes @p.

Proof. Take o € @p. Then a has minimum polynomial

f(@) = [[@ - a) € Qlel.
Since Q is dense in Q, we can choose a monic polynomial g € Q[z]
with rational coefficients arbitrarily close to f and a root § € Q such

that o € Q,(3). Then the condition that o fixes Q, and Q implies that
o fixes a. 0

Theorem 4.20. The map from G, — G defined by o — olg is well
defined and injective.

Proof. Every element of Q has a minimum polynomial in Q[X] which
by the definition of Q splits in Q. Since Galois maps take elements to
other roots of their minimum polynomial this means that

olg:Q—Q
and thus our map from G, to G is well defined.

For injectivity consider o,7 € @p. Then both these maps fix Q,
so o7 ! fixes Q,. Now if o|g = 7|g then o7~ fixes Q. The above
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corollary tells us that o7~! fixes all of @p so ¢ = 7 and our map is
injective. U]



CHAPTER 5

Elliptic curves over Q,

5.1. Reduction modulo p

Let £/Q, be an elliptic curve with Weierstrass equation
y? 4 arzy + asy = 2 + a2 + aux + ag.

We can clear out the denominators by making a change of variables
x oy )
T, =\ 5 3
(z,y) (u2 3
and thus find a Weierstrass equation with a; € Z,. Then A € Z, since

it is a combination of the a;’s. Then noticing that v, maps onto Z we
can find the equation with v,(A) as small as possible.

Definition 5.1. Let E/Q, be an elliptic curve. A Weierstrass equation
is called a minimal equation for E at p if v,(A) is minimised subject
to the condition that all a; € Z,.

We denote the operation ‘reduction modulo p’ from Z,, — Z,/pZ, =
F, = Z/pZ by a — a. Having chosen a minimal Weierstrass equation
for £/Q, we can reduce its coefficients modulo p to obtain a curve over
F,:

E:y* + ayxoy + asy = 2% + aox® + aur + as.

The curve E/Q, is called the reduction of E modulo p.

We can write a point P € E(Q,) as P = (x¢: yo: 20) where
Zo, Yo, 20 € 2y and gcd(xo,yo,z_o) = 1. Then we have a map ‘reduc-
tion modulo p’ from E(Q,) — E(F,) defined by P +— P = (Zo: §o: Zo)-

Definition 5.2. Let E/Q, be an elliptic curve with reduction E/Q,.
We say E has good reduction over Q, if E is non-singular.

Theorem 5.3. Let £/Q, be an elliptic curve with discriminant A. If
p1 A then E has good reduction over Q,.

Proof. The discriminant is defined as a polynomial in the a;’s. Since
reduction modulo p is a homorphism we can calculate the discriminant
of F to be A (mod p). Thus FE is nonsingular if p{ A. O

41
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We require one example of a curve that does not have good reduc-
tion.

Example 5.4. The plane projective curve
Ey:Y?Z =X°
has a cusp at S = (0 : 0 : 1). There exists an isomorphism Ey(F,) \
{S} — F,.
Proof. See [7]. O

5.2. p—adic filtration
Let E have good reduction over Q,. We define groups

E<Qp) - El(@p) - EQ(QP) C-e
and consider their quotients.
Define
E Q) ={P € E(Q,) | P=0}.
We can see that E'(Q,) consists of (z: y: z) such that p divides = and

z but does not divide y.

Then go on to define
"(Q,) = 1@, | *8) ¢n

for n > 1.
Theorem 5.5. The filtration

E(@p) - El(Qp) C--
has the following properties:

a) The map P — P defines an isomorphism E(Q,)/E'(Q,) —
E(F,).

b) Forn > 1, E"(Q,) is a subgroup of E(Q,) and the map P
p‘"% (mod p) is an isomorphism E™(Q,)/E"™(Q,) — F,.

c) The filtration is ezhaustive, that is N, E™(Q,) = {O}.

Proof.
a) We show that the sequence

0—— El(@p) - E<Qp> - E(Fp) —0

is exact. The reduction map P*(Q,) — P*(F,) maps lines to
lines so the map E(Q,) — E(F,) is a homomorphism.
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We have inclusion E'(Q,) — E(Q,) so the first map is injec-
tive. Exactness at E(Q,) follows from the definition of E'(Q,)
since P € E(Q,) maps to O if and only if P € E*(Q,).

To see surjectivity of the reduction map we use Hensel’s
Lemma. Let

3

f($,y)=y2+a1:1:y+a3y—:v — as® —ayr —ag =0

be a minimal Weierstrass equation, f(z,y) the corresponding
polynomial reduced modulo p and P = (a, 3) € Ens(F,). Since
P is non—singular, we know either
of 5 of
or

3, D) #0 a—y(P)#O-

Without loss of generality say the former is true. Choose y, €
Z, with yo = 3 and consider

f(xayO) = 0.

Reduced modulo p, this equation has « as a simple root since
%(O&, y_O) 7é 0.
Then by Hensel’s Lemma we can lift o to an z¢ € Z, such that
To =« and f(xg,y0) = 0. Then P = (zg,yo) € E°(Q,) reduces
to P.
Since the characteristic of Q,, is zero we can take our Weierstrass
equation to be y? = 3 4+ ax +b. We proceed by induction.
We know that E*(Q,) is a subgroup of F(Q,) so assume that
E™(Q,) is a subgroup. Say P = (x :y:2) = (¢/z:y/z:1) €
EY(Q,). Say x/z = p ™y and y/z = p~™'yy where m,m’ € Z
and zg,yo € Z. Then since P is on I we have

p 2y = pTmad 4 ap ™y + b

Taking the p—adic valuation we see that —2m’ = —3m. Since
m,m’ are integers there must exist k € Z such that m = 2k and
m’ = 3k. In fact v,(z/y) = v,(x/2) —v,(y/2) = =2k — (—3k) =
k.

Now if P = (x : y : 2) € E"(Q,) \ E"™(Q,) then k =
vp(z/y) = n so we can write

P=(p o :p "y : 1) = (p"xo: yo : p™").

In fact for any P € E™(Q,) either the above is true or P €
E"H(Qy) so

P = (pnﬂxf) “ Yo ¢p3n+3) = (p"x0 : Yo 1p3nzo)~
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Thus for all P € E"(Q,) we can write P = (p"xo : yo : p*"20)
where v,(yo) = 0 and g, 29 € Z,.
Then P being on E implies that

p"yezo = pPay 4+ ap™xozy + bp” 2.
Dividing by p*" and defining Py = (% : 9o : Z0) we see that P,
lies on the curve Ey/F, defined by
Ey:Y?Z = X°.

We have a map from E™(Q,) — Ey(F,) given by P — P, that
can be seen to be a homomorphism by the geometric group
law (here we use our inductive hypothesis). We can see that
Ker(P — Py) = E"(Q,) since P = (p"xqy : yo : p*"20) €
E™(Q,) maps to (0 :1:0) if and only if p | g and p | 2o but
Pt yo. From this we see that £"1(Q,) is a subgroup of E(Q,).

To see that Im(P — Fy) = Ey(F,) \ {S} take a nonsingular
point (2 : 9o : %) on Ey(F,). By Hensel’s lemma it lifts to a
point (z :y: z) on

P"ys20 = PPy 4+ ap M wozg + bp

In 3
<0
which is the image of a point (p"xg : yo : p*") € E"(Q,).
Then the composition
z(F)

P— FPy—
(R

given by
pa(P)

y(P)
is the required isomorphism.
fP=(x:y:2) e, E"Q,) then x/y € p"Z, for all n > 1
which implies that x = 0 and y # 0. This tells us that either
x =0 or y* = bz2. However P € F*(Q,) implies that p | z and
p 1z but if y* = b2? then p | z implies p | z. Thus z = 0 and
P=(x:y:2)=0:y:0)=0.

P—

0



CHAPTER 6

The theory of descent

A natural number—theoretic question is to discover the structure of
an elliptic curve over the rationals, and more generally over a number
field, K. We will eventually prove a special case of the following the-
orem, proved for K = Q by Mordell in 1922 and for general K (and
also for abelian varieties, not just elliptic curves) by Weil in 1928.

Theorem 6.1 (Mordell-Weil Theorem). Let K be a number field and
E/K an elliptic curve. Then the group E(K) is finitely generated.

We will see in Chapter 8 that to prove this we need the following
result.

Theorem 6.2 (Weak Mordell-Weil Theorem). Let K be a number field,
E/K an elliptic curve, and m > 2 an integer. Then E(K)/mE(K) is
a finite group.

It is also true that if, for one m, we can find the generators for
E(K)/mE(K) then we have an effective procedure to find the genera-
tors for E(K). Unfortunately an effective procedure to find generators
for E(K)/mE(K) is not known, although we will present a method
that often works.

We begin by making the simplifying assumptions that K = Q and
m = 2 so we are studying 2—descent for elliptic curves defined over the
rational numbers.

6.1. The Kummer sequence

Firstly we set some notation. If A is an abelian group, let A[2] =
{a € A|2a=0} be the 2-torsion subgroup of A. Let G = Gal(Q/Q)
and let £/Q be an elliptic curve. We use {x} to denote the coset of x
for elements of our cohomology groups.

To find 2—torsion points we have to solve 2P = O which amounts to
solving polynomials with rational coefficients. So we have the 2-torsion
points £(Q)[2] and the rational 2-torsion points £(Q)[2]. Define the
following sequence

0 — E@)2] - E@) — E@) —0

45
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where f: P+ P and [2]: P+ 2P. We can easily see that f is injective

so Ker (f) = 0. Also for all P € E(Q) we can find @ € E(Q) such that
2() = P by solving equations with rational coefficients. This means

that [2] is surjective so Im ([2]) = E(Q). Finally, if P € E(Q)[2] then

2]P = O so Im (f) C Ker ([2]). Also if P € Ker ([2]) so 2P = O then

P € Im (f). Therefore Im (f) = Ker ([2]) and our sequence is exact.
Now we take Galois cohomology to find this long exact sequence

0 — H(G,E(Q)2]) — H(G,E(Q) — H(G, E(Q))

—~ H'(G,E(Q)[2]) —= H'(G, E(Q)) — H'(G, E@Q)).

Now drop the first two terms and note that H°(G, E(Q)) = E(Q)¢ =
E(Q). This gives us a long exact sequence

E(Q) —% E(Q) —~ H\(G, E@)[2]) ~— H'(G, B[Q)) 2~ H'(G, E(Q))

where
[2]: P — 2P,
: P— {o— N° — N}
where we fix N € E(Q) such that 2N = P. Also
7546 e 4€)

where ¢’ is just an extension of the codomain of ¢ (i.e. given £: G —

E(Q)[2] we define ¢': G — E(Q) by &'(0) = (o) for all 0 € G). Finally
2 {¢r = {26}
where 2¢ is defined by (2€)(0) = 2(¢(0)) for all 0 € G.

Now we can use the first isomorphism theorem to shorten this se-
quence. We know that E(Q)/Ker (0) = Im(4) and since Ker (§) =
Im ([2]) = 2E(Q) we can define amap u: E(Q)/2E(Q) — HY (G, E(Q)[2])
by

p: {P} — §(P).
On the other side we replace HY(G,E(Q)) by Ker(2) = Im (f') =
H'(G, E(Q))[2]. Both these operations preserve the exactness and give
us the following theorem.

Theorem 6.3. Let E/Q be an elliptic curve. Then the following se-
quence, the Kummer Sequence, is ezact.

0 — E(Q)/2E(Q) —~ H'(G, E@)[2]) —— H'(G, E@))[2] — 0.
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6.2. Principal homogenous spaces

We now give a geometric interpretation of the group H'(G, E(Q))
by associating to each element a twist of E called a homogenous space.
First we define a homogenous space and we will come back to showing
the connection to cohomology. This section is heavily based on the
exposition from [12]. Let K be a perfect field and G = Gal(K /K).

Definition 6.4. Let E/K be an elliptic curve. A (principal) homoge-
nous space for E/K is a smooth curve C/K together with a morphism
w: C'x E— C defined over K such that

a) u(p,0)=p forallpeC.

b) 1u(u(p, P), Q) = plp, P+ Q) for all p € C and P,Q € E.
c) For all p,q € C there is a unique P € E satisfying u(p, P) = q.

We denote u(p, P) by p @ P. This means that b) is ‘just’ the
associative law,

peP)eQ=ps(P+Q),
but also distinguishes between addition on the elliptic curve, +, and
the action of C on E, ®.
Because in c¢) we have a unique element P such that p & P = ¢ we
can define a subtraction map on C by

v:Cx(C—FE

v(q,p) is the unique P € E such that u(p, P) = q.

We will denote v(q,p) by ¢ © p.
We can now prove that the & and © notations provide us with the
correct intuition.

Lemma 6.5. Let C/K be a homogenous space for E/K. Then for all
p,q € C and P,Q) € E:

a) pu(p, O) =p and v(p,p) = O.
b) u(p,v(q,p)) = q and v(u(p, P),p) = P.
) v(u(g, Q), ulp, P)) = v(q,p) +(Q — P).

In other words:
a) pd®O=pandpop=0.
b)p@(¢ep) =qand (p®P)Sp=P.
) (qpQ)o (e P)=(¢op) +(Q—P).

Proof.

a) Firstly, u(p,O) = p is part of the definition of homogenous
space. Next note that v(p,p) is the unique element that gives
w(p,v(p,p)) = p but we have u(p, @) = p. So by uniqueness
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v(p,p) = O.

b) By the definition of the subtraction map, u(p,v(q,p)) = ¢q. Re-
placing the first argument of v with pu(p, P) we have

p(p, v(u(p, P),p)) = pu(p, P).
Again by the uniqueness of v we have v(u(p, P),p) = P.

¢) By the definition of v we have ¢ = u(p,v(q,p)). Now adding Q
to both sides we have

p(q, Q) = p(p(p, v(q,p), Q).

By b) in the definition of homogenous space we have

pu(n(ps v(g,p), Q) = up, (g, p) + Q).
Now add and subtract P and use the definition b) again so

(g, Q) = pulp, P+ v(q.p) +Q — P)

= pulp, P),v(q,p) + Q@ — P).

Now by the uniqueness of v we have

v(pu(q, Q) ulp, P)) = v(g,p) + @ — P.

O

Next we can show that a homogenous space for E is always a twist
of E (recall that means is isomorphic over K).

Theorem 6.6. Let E/K be an elliptic curve and C /K be a homogenous
space for E/K. Fiz a point py € C' and define a map

0: FE—C O(P)=po® P.
Then:

a) The map 0 is an isomorphism defined over K(po). In particular
C/K is a twist of E/K.
b) Forallpe C and P € E

p@P=00""(p)+P).
c) For allp,qe C
gop=0""(q) —07'(p).
d) The subtraction map v is a morphism defined over K.

Proof.
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a) Note that the action of £ on C'is, by definition, defined over K.
This means that (p ® P)? = p? & P?. To see that 6 is defined

over K (pg) note that Gal(K (po)/K(po)) ={c € G|l =po}.
So for o € Gal(K (po)/K (po)), we have

0(P)” = (po @ P)° =pg © P =py® P? = 0(P7).

Since §(P)? = 67(P?) this implies that 7 = 0 and 6 is de-
fined over K(py). We can find 671(q) = ¢ © po. Then for all
q € C,|071(q)] =1 s0 0 has degree 1 and therefore is an isomor-
phism (using theorems 2.6¢ and 2.4.1 from [12]).

b) Since 6 is an isomorphism it has an inverse. Then 0~'(p) is the
unique point of £ that when added to py gives p. Thus,

00~ (p)+P)=(po®@0 ' (p) ®P=p& P.

¢) We add and subtract py (recall this is actually using the earlier
Lemma) to see,

0 (q) =07 (p) = (o ® 0 (q)) © (o6 ' (p) =qSp

d) The subtraction map is a morphism since by (¢), ¢ © p =
6='(q) — 0~'(p). Thus we can see that it is the composition
of the morphisms 67!, addition on an elliptic curve and taking
the negative of a point on an elliptic curve. To check that v is
defined over K, for any o € G,

(gep)” =09 —-0"() =0"(q) —0"(p),

since subtraction on E is defined over K. Then, since p is
defined over K we can add and subtract p§ and rearrange to

(Gep)’ =P (@) @ (p) = ©p°

where the last equality is by definition of §~!. From this we can
see that v = v for all 0 € GG and thus v is defined over K.

O

Definition 6.7. Two homogenous spaces C/K and C' /K for E/K are
equivalent if there exists an isomorphism 0: C — C' defined over K
such that for allp € C' and P € K

O(ped P)=0(p) & P.

We can easily check that this is an equivalence relation on the set
of homogenous spaces.
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Definition 6.8. The collection of homogenous spaces of E, modulo
equivalence, is called the Weil-Chatalet group for E/K and is denoted
WC(E/K). The equivalence class containing E is called the trivial
class.

Theorem 6.9. Let C'/K be a homogenous space for E/K. Then C' /K
is in the trivial class if and only if C(K) is not empty.

Proof. If C'/K is in the trivial class then there exists an equivalence
(K—isomorphism) §: E — C. Now we claim that 6(O) is a K-rational
point on C'. For this we require (0)? = 6(O) for all ¢ € G. But

0(0)” = 67(07) = 6(0)
since 6 is defined over K and O € E(K). Thus #(O) € C(K) so C(K)

is nonempty.
Conversely, suppose py € C(K) then

6: E— C defined by 6(P)=py® P

is an isomorphism over K(py) = K. For 6 to be an equivalence we
require for all P, € F,

gP+Q)=0(P)dQ

le.pp @ (P+Q)=((p®P)dQ.

But this is part of the definition of homogenous space so is satisfied. []

Our main aim in this section is to show a bijection between the
Weil-Chatalet group and a cohomology group. The result we have just
proved shows that this will give us a tool to help us study the diophan-
tine problem of checking whether a curve has any rational points.

Lemma 6.10. Let §: C/K — C'/K be an equivalence. Then for all
pgeC

0(q) ©0(p) =q O p.
Proof. We add and subtract p & ¢,
0(q) ©6(p) = ([0(a) ® (S Q)] ©6(p)) + (¢S D).

Then by the compatibility of 0, 0(q) ® (p©q) =0(¢® (p S q)) = 0(p).
Thus

0(qg) ©0(p) = (0(p) ©0(p)) +(qep) =0 +qop=qOp.
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Theorem 6.11. Let E/K be an elliptic curve. Then there is a bijection
WC(E/K) — HY (G, E(K))
defined by choosing a point py € C' and then sending
{C/K} = A{o—pf S po}-
Proof. Firstly note that {o +— pJ © po} is a cocycle since

pi" ©po = (05" ©pg) + (05 © po)
= (PG5 © o)™ + (P5 © po)-
To see that our map is well defined suppose C’/K is equivalent to
C'/K by a K—-isomorphism 0: C'— C". Let p; € C’. Then
P © po = 0(p) © 6(po)
= (5 ©1p) + [(B(po) © 1) — (6(po) © pp)]-
Thus pJ © po and py & p; are cohomologous as we required.
To see that our map is injective suppose p§ © py and py © pj are
cohomologous so there exists Py € F such that
Py ©po = (p7 ©1p) + (F5 — Fo).
Define a map 0: C' — C’ by
0(p) = po @ (p © po) + Fo.
Clearly 6 is an isomorphism and 6(p@® P) = 0(p) & P for all p € C and
P € E. To see that 6 is defined over K check
0(p)” =p5 © (0" ©p5) + 1y
=y ® (p” © po) + Po + [(05 © 1) ® Py — Po — (p§ © po)]
=0(p”)
where the term in brackets is zero because p§ © py and py © p|, are
cohomologous. B B
To see surjectivity let {¢} € H'(G,E(K). Now embed E(K) in
[som(FE) by sending P +— 7p where 7p: Q — @ + P. Consider {£}
as being in H'(G,Isom(E)) and then by Theorem 2.25 there exists a
curve C'/K and a K-isomorphism ¢: C' — FE such that for all 0 € G
¢TodTt =T,
Define p: C x E— C by
u(p, P) = ¢~ (6(p) + P).
We aim to show that C'/K is a principal homogenous space over E/K

with cohomology class {¢}. Firstly we show that for p,q € C there is
a unique P € E such that u(p, P) = q. If u(p, P) = q then ¢~ (¢(p) +
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P) =¢qso P = ¢(q) — ¢(p) is uniquely determined. To see that p is
defined over K, we let 0 € G and compute

pup, P)7 = (¢71)7(¢7(p7) + P7)
= ¢~ ([¢(p7) — &(0) + P7] +€(0))
= u(p”, P7)
Thirdly to find the cohomology class associated to C'/K choose py =
¢~ 1(O) (recall that we can choose any py € C'). Then

p; —po=(¢7)"1(O0) — ¢~ (O)
= ¢ (O +¢(0) — ¢ 1 (O)
=¢&(0)

6.3. Selmer and Tate—Shafarevich group

We can carry out a similar process as in our earlier 2-descent theory
but with the p-adic numbers, Q,, instead of Q. Let G, = Gal(Q,, Q)
and for p =2,3,5,...,00 we have a short exact sequence

0 — B(Q,)/2B(Q,) —= H'(G,, E@,)[2) —= H'(G,. E@,))[2] — 0.

We have the inclusion i: Q — @Q, and by Krasner’s Lemma we have

an injective map j: G, — G. For a map {: G — E(Q) we can use the

following commutative diagram to define ¢': G, — E(Q,).

G— > BQ)

-

3 =
Gp - E(Qp)
Putting together our exact sequence for the rationals and the prod-
uct of the exact sequence for each p we get the following commutative
diagram with exact rows (all products are over p = 2,3,5,...,00).

0 f

E(Q)/2E(Q) —— H'(G, E(Q)[2)) H'(G,BE(Q))[2] —0

lﬁl l&g l@g
0 [T E(Q,)/2E(Q,) M2 [T H'(G,, B@,)2) — = [T H' Gy, B@,))2] —> 0
The new maps are defined by

(61)p: {P} — {P},
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(62)p: {&} = {jo&oi}
and
(03)p: {€} = {j oo}

Now consider the map H'(G, E(Q)) — [[ H'(G,, E(Q,)) defined
by {§} = ({jofoi}),2,. We call the kernel of this map the Tate-
Shafarevich group, III. We can easily see that II1[2] = Ker (65).

A useful way to think about the Tate-Shafarevich group is to recall
that H'(G, E(Q)) = WC(E/Q). Thus we can think of the elements
of IIT as homogenous spaces that have a Q,rational point for every
prime p (that is are locally trivial). A nontrivial element of III is a
homogenous space that is locally trivial but has no rational point.

Define the 2-Selmer group by S® = Ker (630 f') and we can see
that we have a short exact sequence (both these kernels are in the
top row so just need to check that the maps fit together nicely). To
summarise:

Theorem 6.12. Let E/Q be an elliptic curve. Then the following
sequence (the descent sequence) is ezact.

0 — E(Q)/2E(Q) — §&) — M2 — 0.

In the next section we will prove that S® is finite. This implies
that £(Q)/2E(Q) is finite, the Weak Mordell-Weil Theorem. It also
implies that III[2] is finite. Although we can show that III[m] is finite
for all m it has not been proven that III is finite.

We can also see from this exact sequence that the Selmer group
contains information on both of the groups we are interested in — there
is an isomorphic copy of F(Q)/2E(Q) inside S® and any point that
is not in this copy maps to a nonzero point in III[2]. The hard part is
finding out where a point in the Selmer group comes from.

6.4. Finiteness of the Selmer group

In this section we shall prove the finiteness of the Selmer group,
S C HY G, E(Q)[2]), following [7]. This proof is quicker than the
standard proof in [12].

Firstly we work up to a lemma proved in [7], using material from re-
duction of elliptic curves over QQ, and a theorem from algebraic number
theory.

Lemma 6.13. Let E/Q, be an elliptic curve with good reduction and
let n be an integer such that p does not divide n. Then for P € E_(Qp)

there exists Q € E(Qp) such that P = nQ if and only if P =nQ for
some Q) € E(F,).
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Proof. If P = nQ then P = nQ.
Conversely, recall the filtration

E(Q,) C B (@) C E*(Q,) C

where )
EQ ~ F
El (6p) - E<Fp)
and, for alln > 1
En(@p) ~F
E’n—i—l(@p) - P

So by assumption there exists a ()g € E(Q,) such that

nQy =P (mod E'(Q,)).
This means that P —n@Qy € E*(Q,). Then since

EY Q)

Q)

and p does not divide n we can see that multiplication by n is an
isomorphism, therefore there exists @Q; € E*(Q,) such that

p—nQo=nQ; (mod E*(Q,)).
Continuing on in this way we can find Q; € E*(Q,) such that

P—n) Q; € E"(Q,).
i=0
Then by the compactness of E(Q,),

ZQz Q€ E(Q,) and nQ =P

[l

Lemma 6.14. For any finite extension k of IF,, there exists an exten-
sion K of Q, with the following properties:

a) [K: Q)] = [k: Fy].

b) The integral closure R of Z, in K is a principal ideal domain
with p as its only prime element (up to associates) and R/pR =
F,.

Lemma 6.13 remains true with Q, replaced by such a K.

Proof. See [5] Theorem I11.3.9 and Propositions 11.2.4 and 11.2.7. O
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Lemma 6.15. Let E/Q be an elliptic curve with discriminant A.
For any v € S® and prime py not dividing 27 there exists a fi-
nite unramified extension, K, of Q,, such that v maps to zero in

HY Gy, B(K)[2]).

Proof. For v € S® ¢ HY (G, E(Q)[2]), we can see by the diagram
used to define S that 6,(y) maps to zero in H'(G,, E(Q,)). Then
by exactness of the bottom row there exists a {P} € E(Q,)/2E(Q,)
such that { P} — 0(7). Now E has good reduction at p so there exists
a field K (by Lemma 6.14) such that P € 2E(K) (by Lemma 6.13).
Then by the following commutative diagram

E(Q)/2E(Q) HY(G, E(Q)[2])

|

E(Qy)/2E(Q,) —— H'(G,, E(Q,)[2])

|

E(K)/2E(K) — H'(Gg/x, E(K)[2])

we can see that v € S maps to zero since { P} is in the kernel of the
vertical arrow on the left hand side. O

Now we can prove the finiteness of the Selmer group in a special
case.

Theorem 6.16. Let E/Q be an elliptic curve with E(Q)[2] C E(Q).
Then S® is finite.

Proof. We know that since E(Q)[2] is a group of order four with no
element of order four that

E(@) [2] = M22-

as groups. Since all points of order two are rational points then G acts
trivially on both sides so this actually an isomorphism of G—modules.

So,
H1<G7E(@)[2]) = Hl(G7IJ’2 X l'l'2> = H1<Gul'l’2) X Hl(GalJ’Z)-
Now by Theorem 1.17.b
Hl(Gv /*l’2) = Q*/Q*2
So we can see that

HY(G,EQ)2]) = (Q"/Q™)*.
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Now take v € S®. By multiplying by the square of a suitable
rational number we can consider v as mapping to

<(_1)e<oo> [T, (-1)° Hpe’(m)

where €(p), €'(p) =0 or 1.

Now, by the above lemma, for any prime py not dividing 2A there
exists a finite unramified extension, K, of Q,, such that v is in the
kernel of the vertical arrows.

HY(G,E@Q)]2]) —— @/

i ¢

HY (G gy, BK)[2]) — (K*/K*?)

1%

We know that the element corresponding to + is in the kernel of the
map from (Q*/Q*?)? — (K*/K*?)?, so (=1)®) []p® is a square in
K. This implies that €(py) = 0 since we know that py is not a square
in K. But we can see that ord,, ((—1)) [ p®) = e(py).

Therefore the order of any py not dividing 2A is zero and thus
v = £pi'py ... .pr where ¢, = 0 or 1 and the p; are the primes that
divide 2A. Thus there is only a finite number of choices for v and S®

must be finite. O

This approach can be extended to the case where the points of order
two are not necessarily rational. We don’t quite have the background
to do this rigorously but if we take the extension of some preceding
theorems on faith we can sketch the approach. Find a finite extension

L of Q such that E£(Q)[2] C E(L). The next lemma shows that to prove
S@(E/Q) finite it suffices to show that S (E/L) is finite (S®(E/L)
is defined analogously to S®(E/Q)).

Lemma 6.17. For a finite Galois extension L of Q the kernel of
SO(E/Q) — SP(E/L)
is finite.
Proof. It suffices to prove that the kernel of the map
Res: HI(G@/Q, EQ)2) — Hl(G@/L,E(@)[Q])

is finite.
First define a homomorphism

1: G@/Q — GL/@ by

i: 0oL
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Now o[, = 1 if and only if o € Gg,;. Thus Ker (i) = Gg,;, < Gg/qo-
Also i is surjective since for all o € G g we can define a 0’ € G /o by

, o(z) ifzel
U(x):{m(> ifa:;L

such that i(¢’) = 0. Then by the first isomorphism theorem

So then the inflation-restriction exact sequence (Theorem 1.11)

with G = G@/Q, H = G@/L and M = E(Q)[Q] is
0— H'(Grq, B(L)[2]) =~ H'(Ggq, EQ)[2) = H' (G E@Q)[2)).

Thus we see that Ker (Res) = Inf (H'(Gp g, E(L)[2])) and thus the
finiteness of G /g and E(L)[2] implies that the kernel of Res is finite.
O

The other thing that we need to emulate our proof in the special
case is the following lemma.

Lemma 6.18. Let S be a finite set of primes. Let N be the kernel of
the map

a v (ordy(a) (mod 2)): L*/L** — BpesZ/2Z.
Then there is an exact sequence
0—Us/U: —= N — Cs[2].

Proof. For a € Oy, define vy(a) for prime ideals p of Oy, by
(a) =T p.
p

Then extend this to a/b € L by vy(a/b) = vy(a) — vy(b). For a finite
set S of prime ideals of L we have the following exact sequence (see
appendix)

0 Ug L* v (@) @p¢5Z —(Cg——0.

This gives us inclusion Us — L* which induces inclusion Ug/U, g —
L*/L*. In fact Us/U3 — N since x € Ug maps to zero in ®ygsZ. For
a € N we know that 2 | vy(a) so we can define the map to Cg[2] by
a— ¢ = (vy(a)). Then 2¢ = (vy(a)) = 0 in Cg by the exact sequence.

For exactness we require Ker(N — Cs[2]) = Us/U2. If a €
Ker(N — Cs[2]) then a — ¢ = (vy(a)/2) = 0. Thus there exists
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€ L* such that v,(3) = vy(r)/2. Then vy(a/[%) = vy(a) —2v,(8) = 0
so a/* € Ug and {a} € Ug/U2 maps to c. O

From this we can see that
N

___C
Us/Us ~
We know (see appendix C) that Ug is finitely generated (so Us/U2
is finite) and Cyg is finite. Thus a quotient of N by a finite group is

contained in a finite group so N is finite.
Let S be the set of primes dividing A. Now since Gy, acts trivially

on E(Q)[2] C E(L) ,we have
HI(G@/U E(@)[Q]) = H1<G@/L7 H2)2 = L*/L*z'
Then v € SP(E/L) corresponds to an element of N so S@(E/L) is

finite.
Thus we have proven

Theorem 6.19 (Weak Mordell-Weil Theorem for m = 2 and K = Q).
Let E/Q be an elliptic curve. Then E(Q)/2E(Q) is a finite group.

Cs[2).

Proof. By the descent sequence, there is an injective map from E(Q)/2E(Q)
to S@). But we have just proved that S is finite. Therefore E(Q)/2E(Q)
is finite. O
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The Mordell-Weil theorem

7.1. The descent procedure

So far we know that E(Q)/mE(Q) is finite. This is not enough to
show that F(Q) is finite. We need a concept of ‘size’ of points on an
elliptic curve so that we can show that there are only a finite number
of points of small size. In this section we give the conditions we would
like this ‘size’ function (called a height function) to have and show that
the existence of such a function implies the finiteness of E(Q).

Theorem 7.1 (Descent Theorem). Let A be an abelian group. Suppose

we have a function
h:A—R

satisfying:

a) Let QQ € A. There is a constant Cy, depending on A and Q, so
that for all P € A,

h(P + Q) < 2h(P) + C4.

b) There is an integer m > 2 and a constant Cy, depending on A,
such that for all P € A,

h(mP) > m*h(P) — C,.
c) For every constant Cs,
{PeA|hP)<Cy)

s a finite set.

Then we call h a height function for A. Further, suppose for the in-
teger m in (ii), the quotient group A/mA is finite. Then A is finitely
generated.

Proof. Choose points Q)1,...,Q, € A to represent the finite number
of cosets in A/mA. Let P € A and write

P=mP, +@Q;, forsomel <13 <.
Continue in this way writing
P,y =mP,+@Q,;, forall1 <n <.
59
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Now for any j,

1
A(P) < —(h(mP;) + Cy) from (b)
1
= 5 (MPje1 = Q) + Co)
1 /
< w(2h(Pj_1) + C] + Cy) from (a),
where we take (' = maximum of the constants from (a) for Q = —Q;
for 1 <i¢ <7r. Now
1
h(P,) < — (2h(Pn-1) + C1 + Cy)
2 1 , 1,
< 55 Qh(Pas) + C1 + Co) + —5 (C) + )

4 121,
@Mﬂm+&ﬁ+myq+@>

<.
2\" 1 2 on-17

g(ﬁ) h(P)+{W+ﬁ+ +W](01+C2)
2 \" O+ C

: (W) P 12—22 (%)

< 27"h(P) + (C] + C3)/2 since m > 2.
The inequality (%) follows since
12 ol 2!

w—i—ﬁ—i-...—i—

m2n — £ 2
Jj=1

1
m2—2’

Now taking n sufficiently large we have
h(P,) <1+ (C]+ Cy)/2.
From our definition of the P, we can write
P=m"Py+) m'Q,
j=1
then every P € A is a linear combination of points in the set
which is finite by (c). O
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7.2. Heights on E(Q)

Take an elliptic curve F/Q. We have seen that we can fix a Weier-
strass equation of the form

E:y*=2>+Ax+B
with A, B € Z. Now we define a height function on E(Q).

Definition 7.2. Fort € Q, writet = p/q as a fraction in lowest terms.
The height of t, denoted H(t), is defined by

H(t) = max{[p|, |q[}
The height on E(Q) is the function

hy: E(Q) — R
[ logH(z(P)) ifP#0O
hx(P)‘{og fP=0

Now we show that this is a height function as we discussed in the
last section.

Theorem 7.3.

a) Let Py € E(Q). There is a constant Cy, depending on Py, A, B,
such that for all P € E(Q),

he(P + Py) < 2h,(P) + Ch.

b) There is a constant Cy, depending on A, B, such that for all
P e EQ),

hy(2P) > 4h,(P) — Cs.
c) For every constant Cs, the set
{P € E(Q) | ha(P) < C5}
finite.
Proof.

a) We may assume Py # O and P # O,+F, by taking C; >
max{h,(FR), h.(2F)}. Then writing

a b apg b
P=(z,y)= (ﬁ’ﬁ) Py = (z0,%) = (d_g’d_%)
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in lowest terms (we showed that you could do this in the proof
of Theorem 5.5.b) the addition formula gives

2
2(P + Py) = <y yo) e

T — X9

_ (zxo+ A)(z 4+ w0) + 2B — 2yyo
N (x — x9)?
(aag + Ad*d3)(ad? + aod?®) + 2Bd*d§ — 2bdbody

(ad? — agd?)? '
Now cancellation only decreases the height and the denominator
is an integer so

|$<P + P())’ S |(aa0 + Ad2d8)(ad3 + a0d2) + 2Bd4dé — 2bdb0d0|
and using the triangle inequality we can say that
H(z(P+ Py)) < C;max{|al®, |d|*, |bd|},

where C only depends on A, B, ag,by,dy. Since P is on the
curve 4% = 23 + Az + B we see that

v = a® + Aad* 4 Bd°,

Slo)
b < €7 max{|al*’?, |d|*}.
Thus
H(z(P + By)) < Cf' max{|al*,|d|"} = C7"H(x(P))*.
Taking logarithms gives
hy(P + Py) < 2h,(P) + C4
where C} = log(C4") depends only on A, B, ay, by, dy.

b) We may assume that 2P # O by choosing Cy > 4h,(T) for each
T € E(Q)[2]. Then writing P = (z,y) the duplication formula
gives

xt — 2Ax? — 8Bx + A?

2P) —
z(2P) 123 + 1Az + AB

We define
F(X,2)=X*—-2AX?7*> -8BX 73 + A*Z*
G(X,Z)=4XZ + 4AXZ* + ABZ*.

Then if x = a/b in lowest terms

2(2P) = %
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Now using Maple (see appendix) we can see that ged(F,G) = 1
and thus we can find fi, g1, f2, g2 € Q[X, Z] such that

(X, 2)F(X,2) + g1(X, 2)G(X, Z) = 4AZ"
f(X,2)F(X,Z) + ¢2(X, Z2)G(X, Z) = 4AXT.
Using Maple we can find
f(X,2) =12X°Z + 16AZ3
91(X,7) = -3X* +5AXZ* + 271BZ°
f2(X,Z) = 4(4A4° 4 27TB*) X® — 4A’BX*Z
+4A(A® +22B*)X 7% + 12B(A® + 8B*) Z°
9(X,Z) = A°BX® + A(5A® + 32B*) X*Z
+2B(13A% + 96 B*) X Z* — 3A%(A® + 8B*) Z°.
Let § = ged(F(a,b), G(a,b)) then from the above equations we

can see that ¢ divides 4Ab7 and 4Aa” so since ged(a,b) = 1 we
see that 0 | 4A. Therefore |§] < |[4A|, and so

max{F(a,b),G(a, b)}

H(x(2P)) > Ty

The same identities give

[4Ab| < 2max{fi(a,b), g1(a, b)} max{F(a,b),G(a,b)},

14Aa”| < 2max{fa(a,b), ga(a,b)} max{F(a,b), G(a,b)}.

Also, looking at the definition of fi, f2, g1 and go we see that
max{f1(a,b), g1(a,b), f2(a,b), g2(a, b)} < C'max{lal, [b]*},

where C' is a constant depending on A and B. Combining our
inequalities we have

max{|4Aa’|, [4Ab"|}
< 2C max{|al’, [b]"} max{F(a,b), G(a,b)}

Now cancelling max{|a|?, |b|?|} and noting max{|a|*, |b]*} >
max{|al, |b|} we see that

max{F'(a,b),G(a,b)}
|44
Since H(x(P)) = max{|al, |b|} we have
H(z(2P)) > (2C) ' H(x(P))

> (2C) ' max{|al, |b|}.
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c¢) For a constant C' the set
{teQ|H) <C}

is finite. Given any x there are at most two values of y for which
(x,y) is a point of E. Therefore

{P € EQ) | ha(P) < Cs}

is also finite.

From this we can now prove:

Theorem 7.4 (Mordell-Weil Theorem over Q). Let E/Q be an elliptic
curve. Then the group E(Q) is finitely generated.

Proof. Firstly £(Q) is an abelian group. By Theorem 6.19 E(Q)/2(EQ)
is finite and we have just seen that there is a height function h, on
E(Q). So by Theorem 7.1, E(Q) is finitely generated. O

7.3. Rank of an elliptic curve

From the Mordell-Weil theorem and the fundamental theorem of
finitely generated abelian groups we can conclude that

E(Q) = Etors(@) @ Zr

for a nonnegative integer r, called the rank of E.
This implies that

E(Q) ~ Etors (Q) Zr
2E(Q) 2F.(Q) 277
and since Z" /27" = (Z/27)" we can then calculate

. EQ2EQ)
|Etors(Q)/2Et0rs(@)| ‘

Then the descent sequence gives us
‘ 5(2)| | 5(2)}
= < .
‘Etors«@)/QEtors(Q)’ X ‘HI[QH o ’Etors(Q)/QEtors(Q)‘

Thus we can use the Selmer group to bound the rank, and if we can
find the Tate-Shafarevich group, calculate it exactly.

It is conjectured that there are elliptic curves of arbitrarily large
rank. As of 2006 the highest rank curve known is at least rank 28 (see

21”
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[2]), with Weierstrass equation

v  + oy +y = 2° — 2% — 2006776241557552658503
32082093385427509302303121789565022+
34481611795030556467032985690390720374855944359319180

361266008296291939448732243429.
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CHAPTER 8

Complete 2—descent in practice

The process of 2-descent is calculating generators for E(Q)/2E(Q)
when ITI[2] = 0 (if III[2] # O then our methods only give us a bound
for the rank although it may be possible to carry out a higher descent).
There are three situations with different methods for each.

a) Complete 2-descent. Used when E(Q)[2] C E(Q).
b) Descent via two-isogeny. Used when E(Q)[2] # 0.

c¢) General 2-descent. Used for any E(Q)[2].

We only study the first method, giving the standard approach based
on homogenous spaces and an alternative due to Flynn.

8.1. Complete 2—descent

Firstly say that E(Q)[2] = {O, (e1,0), (e2,0), (e3,0)} so y* = (v —
e1)(x — ex)(x — e3). Define S = {p | p divides 2A} and Q(S,2) =
{b € Q*/Q* | vy(b) =0 mod 2 for all p ¢ S}. Thus Q(S,2) is the
elements that can be written as +pi'p5*...pSs where ¢, = 0 or 1 and
the p; are the primes that divide 2A. Note that we have the following
commutative diagram where f and a are isomorphisms and ¢ is an
injective homomorphism:

E(Q)/2B(Q) —*— (Q*/Q2)?

| |
H'(G, E@2) 5 H'(G. 2’

with the maps defined as follows. Define
§: {P}— {o— M° — M}

where we fix M € E(Q) such that 2M = P.
Next
f:{& = ({6} {&})
where
1 ité(o) =0 or (e,0)
“@—{—1ﬁ&ﬂ—@ﬁwu%m

66
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and
[ 1 if&(o) = O or (ey,0)
Mﬁ_{—lﬁﬂ@z@ﬂﬂ“@ﬁn

Finally
‘ Vb
a: {b} — {OH—\/Z_)}.

Now looking at the above proof we see that ¢ = a~'o fod is an
injective homomorphism into Q(S,2)%. If we could describe ¢ explic-
itly then we could give an algorithm to find E(Q)/2E(Q). However
finding a~! explicitly seems hard. Instead, from [12] we can take the
following explicit description which can be proved to be an injective
homomorphism by direct computation.

T —e,x—ey) ifxFer e

(
) (B=2er—eg) ifz=e
Pz, y) = (612 261’ Z;Zf) if © = ey

From this we can find the image of the points in E(Q)[2]. For (by,by) €
Q(S,2)? that are not the image of one of these points, to check if they
are the image of any point in E(Q)/2E(Q) we need to find (z,y) €
E(Q) and 21,22 € Q* such that ¢(z,y) = (b12},b223). This gives us
the equations

blz% =1x — ey, bgzg =2 — ey and

y' = (z—e1)(z —ey)(x — e3).

Now let z3 = y/(b1bez122) so

2 27 2
2 Y _ bizfbozi(x —e3)  x —e3
P pR2a222 V2032222 biby

Thus we now have another equation blbgzg = x — e3. This can be

combined with the two similar equations to give us
blz% - b2222 = e9 — €7 and

bIZ% - blbgz§ = €3 — €.

We can see that (by,bs) is the image of a point in F(Q)/2E(Q) if
and only if we can find solutions (21, 29,23) € Q* x Q* x Q. If we
can find a solution then working backwards we have a point (x,y) =
(b12? + e, b1by212923) on our curve E.

The equations b;2? — by23 = ey — ey and b1z} — bibazi = e3 — €3
describe a curve in P which is actually the homogenous space corre-
sponding to the pair (b1, bs).
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So we have the following process for carrying out complete 2-
descent. It is not a true algorithm as sometimes we can’t be sure
whether some of these equations have solutions.

Algorithm 8.1 (Complete 2—descent). Let E/Q be an elliptic curve
given by
' = (v —e1)(z —ex)(w —e3) with er,ese3 € Q.

a) Calculate the discriminant, A, and find Q(S,2) = {£p{'ps* ... p5" | &; =
0 or 1 and p; divides 2A}.
b) Find the images of O, (e, 0), (e3,0), (e3,0).
c) For all (b1, by) € Q(S,2)? that are not one of these images check
if it is the image of a point in F(Q)/2FE(Q), that is find solutions
of the above equations. We have various tools for this:
(i) Check if it has a solution over R.
(ii) Check if it has a solution over Q,.
(iii) Use the homomorphism property of the map. Adding
a point on the curve corresponds to multiplying by its

(b1, b).
8.2. Examples

Firstly we study an elliptic curve that we can perform descent upon
successfully. This example is exercise 10.13 in [12].

Example 8.2. Let E/Q be given by y? = x(x—1)(z+3) = 23+222—3z.

We have seen that A = 2304 = 2% x 32 and that
Etors(@) = {07 (_37 0)7 (Ou O)v (]-7 0)7 (37 6)a (37 _6>7 (_]—a 2)7 (_]—’ _2>} = Z/4ZXZ/2Z

Following our algorithm we set S = {2,3} and Q(S,2) = {£1,+2,+3, £6}.
Next we check where the points of order two map to. We have

O~ (1,1) (0,0)+— (=3,-1)
(1,0) — (1,4) = (1,1) (=3,0) — (—3,—4) = (-3, —1).

Note that some of our points map to the same (by,by). This doesn’t
violate the injectivity of ¢ because they differ by an element of 2FE(Q).
For example (—3,0) = (0,0) + (1,0) and (1,0) = 2(3,6).

Now we list how we found or ruled out solutions, for each (b1, by) €
Q(S,2)?, to the equations

(84) blzf — blbgzg =—3

a) Have O — (1,1) and (0,0) — (=3, —1).
b) If by < 0 and by > 0 then (8.3) has no solution in R.
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c) If by > 0 and by < 0 then (8.4) has no solution in R.

d) If b is even then (8.4) gives us 0 =1 (mod 2) so no solution in
Q.

e) If by =0 (mod 3) and by = 0 (mod 3) then (8.3) gives us 0 = 1
(mod 3) so no solution in Q.

f) If by = 1 and by = 2 then we have equations z? — 222 = 1 and
2% — 225 = —3. Subtracting we have z3 — z3 = 2. By Gauss’
lemma any solution will be in integers and we know that there
are no integers whose squares differ by 2. Therefore there are
no solutions.

g) Ifby = 1and by = 0 (mod 3) then (8.3) gives us 22 = 1 (mod 3)
and (8.4) gives us 22 = 0 (mod 3), thus there is no solution in
Qs.

h) If b; = 3 and by = 1 then we can see that (8.3) gives us 23 = 2
(mod 3) which has no solution, thus there is no solution in Qs.

i) If by = 3 and by = 2 then we have the equations 327 — 223 =
1 and 327 — 62§ = —3 which has the solution z; = 1,z =
1,23 = 1. This gives us the point on the elliptic curve (b;z7 +
€1, blb221222’3) = (3, 6)

j) Ifby = —1 and by = —1 we have —27+22 = 1 and —2?—2% = —3.
By Gauss’ lemma any solution will be in integers and we know
that the only integers whose squares differ by 1 are 1 and 0.
However we require z1, zo € Q* so there are no solutions.

k) If b = —1 and by = —2 then we have the equations —z% +223 =
1 and —2%—322 = —3 which has the solution z; = 1,29 = 1, 23 =
1. This gives us the point on the elliptic curve (—1, —2).

1) If by = —1 and by = 0 (mod 3) then we can see that (8.3)
gives us 27 = 2 (mod 3) which has no solution, thus there is no
solution in Qs.

m) If by = —3 and by = —2 then we can see that (8.3) gives us
222 =1 (mod 3) which has no solution, thus there is no solution

in Qg.

Now this tells us that, choosing representatives, E(Q)/2FE(Q) =
{0,(0,0),(3,6),(—1,2)}. Then

S, EQPEQ 4_

B EtorS(Q)/2Et0rs<Q>’ 4

Thus 7 = 0 and E(Q) = Eios(Q). We can also see that all our locally
trivial homogenous spaces had rational points so III[2] = 0.
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Our next example is the first homogenous space that we see that is
locally trivial but does not have a rational point, that is, a nontrivial
element of the Tate-Shafarevich group.

Example 8.5. The elliptic curve X?+Y3+6022 = 0 has a homogenous
space 3X3 4+ 4Y? 4+ 573 = 0. This curve has a point in Q, for every p
but has no rational point.

Proof. To see that X3 + Y3 + 6023 = 0 is an elliptic curve note that
(1,—1,0) is a rational point. For the proof that it has homogenous
space 3X?3 +4Y3 + 57% = 0 see [6]. That it has a point for every Q,
is exercise 10.12 in [12|. The hard part of the proof, proving there is

no rational point, requires arithmetic in Q(v/60) and can be found in
[1]. O

8.3. Complete 2—descent without homogenous spaces

In this section we discuss an approach due to Flynn of performing
complete 2-descent without homogenous spaces. We need the following
fact proven using formal groups in chapter 7 of [3].

Theorem 8.6. Let £/Q, be an elliptic curve. Then

E@) | _ |E(@,)2]
2E@Q)| 12l

where | - |, is the p—adic valuation.

Since we are interested in complete 2-descent we know that F(Q)[2] C

E(Q) so |E(Q,)[2]| =4 and we have

2 ifp=cc
‘M =< 4 ifp#£2,00
2B(Qy) 8 ifp—2
Now consider the diagram
@
E(Q)/2E(Q) Q(S,2)

b
E(Qy)/2E(Qy) — (Q/Q7)*.

where
T —e,x—ey) ifxFep e

(
¢($,y) = 261_62761 - 62) ifx=¢
(

ey —e1,2=8)  ifr=ey

1,1) if (z,y) =0
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and 7, and j, are induced by Q — Q, (they are not necessarily injec-
tive).

To understand the groups Q; / Q;;Q we need a little more work.
Theorem 8.7. A p-adic number x € Q}, is a square if and only if

a) p= o0 case: > 0.

b) 3 <p < o case: x = p"u where n is even and (%) =

1
c) p=2 case: x = 2"u where n is even and u =1 (mod 8).

Proof.

a) Qs = R and the real non-zero squares are exactly the positive
reals.

b) If x is a square then z = p"u = (p™v)* = p*™v?. By the
uniqueness of this representation n = 2m is even and u is a

square so (%) = 1.
Conversely if x = p™u where n is even and (%0) =1 let

f(z) = 2 — u. Then (%) = 1 implies there exists v3 = ug # 0

(mod p) and then f'(vy) = 2vg # 0 (mod p) since p is odd.
Then by Hensel’s lemma vy lifts to a root v € Z,. Then x =
pnu — meUQ — (me)Q.
c) See [11].
0

Theorem 8.8. Let p be a prime number. Then if v € Z; such that

B
p
{£1} if p= o0
Q/Q;? =< {1,p,v,pv} if3<p<oo
{£1,42,£3, 46} ifp=2

Proof. If z € R then modulo |z| = 4/ |x|2, r = +1 (mod R*?).
If 2 = p'u € Q for 3 < p < oo then either u is a square or

<ﬂ> = —1. In the latter case

)

Thus uv is a square so v~ 'v = (u™')?(uv) is a square. Then x = p"u =
(Lorp)x (Lorw) (mod Q) sox € {1,p,v,pv}.

For u € Z3 we know that u is a square if and only if u = 1 (mod 8).
Now if u = 3 (mod 8) then since 3 € Q5 we have 37! € Q} and then
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37lu =1 (mod 8) and 37'u = v? for some v € Q4. Then u = 3v? =
3 (mod Q3?). Similarly if v = 5 (mod 8) then u = —3 (mod Q3?)
and if u = 7 (mod 8) then u = —1 (mod Q3%). Thus, since we have
22 € Q% = 2"u = (Lor2) x (oneof +1,£3) (mod Q;*). So
v € {+1,+2,+3, +6). 0

Consider the inclusion map j,: Q*/Q** — Q:?/Q:?. See that kernel
of j, is exactly elements that are not squares in Q* but are squares
in Q5. Thus Ker(j,) = QN (Q;?/Q*?). So for the restricted map

Jp: Q(s,2)* — (Q;Q/Qf)Z we have
(8.9) Ker (j,) = Q(S,2)% N (Q:2/Q2)?

In Flynn’s approach we have members of F(Q) that we suspect gen-
erate £(Q)/2E(Q). We let H be the image of these points under ¢
and then for each p € S calculate j, ' (6,(E(Q,)/2E(Q,))). To find
E(Q,)/2E(Q,) we consider our candidate points and find any other
points by searching — we know when we’ve found them all by Theorem
8.6. Hopefully knowing that Im ¢ < j'(¢,(E(Q,)/2E(Qy))) for each
p will give us enough information to conclude that Im¢ = H.

Algorithm 8.10 (Complete 2-descent without homogenous spaces).
Let E/Q be an elliptic curve given by

> = (v —e1)(z —ex)(w —e3) with ep, ez e3 € Q.
Say we have a set A C E(Q) that we think generates E(Q)/2E(Q).
a) Calculate the discriminant, A, and let S = {primes p | p divides A}U
{2,000} and Q(S,2) = {£p]'p? ... p" | ¢, = 0 or 1 and p; divides 2A}.
b) Calculate H = ¢(A).
c¢) For each p in S (or until we can conclude that H = Im ¢).
(i) Find Q/Q:2.
(ii) Find Ker j, = Q(S,2)*N(Q}?/Q**)? (just need to consider
whether each element of Q(S,2)? is a square in Q).
(iii) Test whether A generates E(Q,)/2E(Q,) using

|E(Qp)/2E(Qy)| = 4/12l;.

If A doesn’t suffice, find points on F(Q,) that will gener-
ate E(Qp)/2E(Qy).

(iv) Calculate j, ' (¢p(E(Qp)/2E(Qy))) = (Ker j,, H, any other points found)

and use the fact that Im¢ < j,(¢,(E(Q,)/2E(Qy))) to
refine our knowledge of what Im ¢ could be.

We compute F(Q)2E(Q) for the same example as we did earlier.
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Example 8.11. Let E/Q be given by y? = z(z — 1)(x + 3) = 23 +
222 — 3.
We can calculate that A = 2304 = 28 x 32. Also we can use the
Nagell-Lutz theorem to find
EtOTS(Q) - {07 (_37 0)7 (O’ O)? (17 0)7 (37 6)’ (37 _6>7 (_1’ 2)’ (_1’ _2>} - <(07 0)7 (37 6)>

Following our algorithm we set S = {2,3, 00} and Q(S,2) = {1, £2,+3, £6}
50 (8,2 = (—1,1),(2,1), (3,1), (1,-1), (1,2), (1,3)). We aim to
show that A = {(0,0),(3,6)} generates E(Q)/2E(Q).

Note that ¢: (0,0) — (=3,—1) and ¢: (3,6) — (3,2) so H =
#(A) = ((—3,-1),(3,2)). We now consider each prime in S.

a) For p = oo we calculate

Q:/Q;? = R*/R* = {£1} and

Ker joo = Q(S,2)* N (R™/Q")* = ((2,1), (3, 1), (1,2),(1,3)).
We know |E(R)/2E(R)| = 2 so have E(R)/2E(R) = ((0,0))
since (—3,—1) # (1,1). Therefore we have
Im ¢ < j ' (¢oo(E(R)/2E(R)))
= (Ker joo, H)
=((2,1),(3,1),(1,2),(1,3),(=3,-1),(3,2))

b) For p = 3 we see that —1 is not a square modulo 3 so
Q3/Q3° = {#1, 43} = ((1,-1),(1,3), (=1,1),(3,1))  and

Keer - @(Sa 2>2 n (@;2/@*2)2 = <<_27 1)7 (17 _2)>‘
We know |E(Q3)/2E(Q3)| = 4 so have F(Q3)/2E(Q3) = ((0,0),(3,6))
since (—3,—1) # (3,2) # (1,1). Therefore we have

Im ¢ < j5 ' (43(E(Qs)/2E(Qs)))
= (Ker js, H)

= <(_27 _1)7 (17 _2)7 (_37 _1)7 (37 2)>

c¢) For p =2 we have
Q5/Q3” = {£1,+2, 43,46}

S0 Jo is injective and Ker j, = ((1,1)). We know |E(Q2)/2E(Q2)| =
8 and we have two independent generators (since (3,2) # (-1, —2) #
(1,1)) so we need to find another generator. We choose small
integers x and check whether y?> = z(z + 3)(x — 1) gives us a
square in Q3 that is not a rational square. Setting z = 7 gives
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us y> =7 x 10 x 6 = 22(105). Now 105 = 1 (mod 8) so there
exists v € Qf such that (7,v) € E(Q2). Then

¢2: (77 7) = (77 6) = (_176)
since —7 =1 (mod 8) so —7 € Q}2. Therefore

Im ¢ < j, ' (42(E(Qy) /2E(Qy)))
= (Ker jo, H,(—1,6))
= <(_37 _1>7 (37 2)7 (_17 6))
From these three cases (actually only need the third and one of the first
two) we can conclude that Im¢ = H and thus that E(Q)/2E(Q) =

(A) ={0,(0,0),(3,6),(—1,2)}. Then as before we conclude that r =
0.

This example shows us (compare length of Example 8.2 with that
of Example 8.11) that when we suspect that we know generators for
E(Q)/2E(Q) it can be more efficient to carry out descent without
homogenous spaces. However homogenous spaces are still useful for
finding points.



APPENDIX A

Maple calculations

First we show that the change of variables

y—y =5y - az—as)

converts

y2 + a1xy + azy = 23+ axr® + agx + ag
to

y? = 42° 4 by + 2b4x + bg
where by = a? + 4as, by = 2a4 + ajaz and bg = a% + 4ag.
> ybar:=1/2%(y-al*x-a3):
> latex(collect (expand(-4*(ybar~2+al*x*ybart+a3*ybar-x~3-a2*x~2-a4*x-a6)),x));
42°+ (a1 +4a2)2” + (2al a3 +4ad)z —y* +a3” +4ab
Next, if we send

@) ) = (

x—3by y

36 ﬁ)
we convert

y? = 42° 4 by + 2b4x + bg
to
y2 =23 — 2Teqx — bdeg

where ¢4 = b3 — 24b, and cg = b§ + 36b9bs — 216bg.
> xbar:=(x-3%b2)/36:
> ybar:=y/108:
> latex(collect(expand(-11664* (ybar~2-4*xbar~3-b2*xbar~2-2*b4d*xbar-b_6)) ,x));

x® + (648 b4 — 2702%) x — y* — 1944 b4 b2 4+ 11664 b_ 6 + 54 b2°

This next calculation shows that a curve with Weierstrass equation
y? =23+ Axr + B has A = —16(4A% + 27B?).

> al:=0:
> a2:=0:
> a3:=0:
> ad:=A:
> a6:=B:
> b2:=al"2+4x*a2:
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b4 :=2%ad+al*a3:

b6:=a3"2+4*ab:
b8:=al"2*ab+4*a2*ab-al*ald*ad+a2*a3d3~2-a4"2:
Delta:=-b272*%xb8-8*b4~3-27*b6"2+9*b2*b4*b6 :
latex(Delta);

42° + (a1? +4a2)2* + (2al a3 +4af) v —y* + a3 +4ab

Now for transformation (z,y) — (z,y) = (r + 7,y + sz + 1) we see

that A is invariant

V V V V V V V VvV

b2:=al"2+4x*a2:

b4 :=2*xad+al*a3:

b6:=a3"2+4*a6:

b8:=al"2*ab6+4*a2*ab-al*a3d*ad+a2*a3~2-a4"2:
Delta:=-b2"2*b8-8%b4~3-27*b6~2+9%b2*b4*b6 :

xbar:=x+r:

ybar:=y+s*xx+t:

latex(collect (expand ((ybar~2+al*xbar*ybar+a3*ybar-xbar~3-a2*xbar~2-a4*xbar-a6

—2*+(—a2 —3r+al s+ s*) 2*+((2s+ al )y +2st —af +al rs+al t —2a2r —31° + aF s

V VV V V V V V V V.YV

ml:=2%s+al:
m3:=a3+al*r+2*t:
m2:=a2+3*r-s”~2-al*s:
m4 :=-a3*s+tad-2xgxt+2*%a2*kr-alxt+3*r~2-al*r*s:
m6:=ab-a3d*xt+r-3-al*r*t+al*r-~2+ad*r-t~2:
n2:=ml1"2+4*m2:
n4:=2*xm4+mi*m3:
n6:=m3"2+4*mb :
n8:=m1"2*m6+4*m2*m6-ml*m3*md+m2*m3~2-m4~2:
Delta2:=-n2"2*n8-8*n4"3-27*n6"2+9*n2*nd*n6 :
simplify(Delta2-Delta);

0

For a Weierstrass equation of the form y? + a1zy = 2® + as2? we

show that A = 0.

V V V V V V VYV

a3:=0:

a4:=0:

a6:=0:

b2:=a1"2+4x*a2:

b4 :=2%ad+al*a3:

b6:=a3"2+4*ab:
b8:=al1"2%ab6+4*a2*ab-al*al3*ad+a2*a3d3~2-a4"2:
Delta:=-b2"2*%b8-8*b4~3-27*b6"2+9*b2*b4*b6 ;

Delta := 0
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Our next calculation shows that for g(x) = 42 + byx? + 2b4x + b,
disc(g) = 16A.
b2:=al1"2+4*a2:
b4 :=2*ad+al*a3:
b6:=a3"2+4%ab6:
b8:=al"2*ab+4*xa2*%ab-al*a3*ad+a2*a3~2-a4"2:
Delta:=-b2"2*b8-8*b4~3-27*b6~2+9*b2*xb4*b6:
g1 =4*x"3+b2*x~2+2%b4*x+b6 :
simplify(discrim(g,x)-16*Delta);

0

Finally, for two polynomials F' and G we find f, g1, f2, g2 such that
fiF + G =4AZ"7 and foF + go.G = 4AXT.
> Fi=x"4-2%xA*xx"2%z"2-8*Bxx*z~3+A~2%z"4:
> G:=4%x"3*xz+4xAxx*z~3+4*B*z"4 :

V V. V V V V V

> gcd(F,G);
1
> Delta:=4*%A"3+27*xB"2:
> gcdex(F,G,4xDelta*xz"7,x,’f1’,%gl’):
> latex(f1);
12 2% + 16 AZ®
> latex(gl);

—32° 4+ 5 Axz® + 27 B2*
> gcdex(F,G,4xDeltaxx"7,x,’£2’,7g2%);
> latex(f2);
4(4A% 4 27TB*) 2 — 4A?Ba®z + 4A(A® 4 22B%)22* + 12B(A% 4 8B?)2°
> latex(g2);
A?Ba® + A(5A® +32B%) 22 +2B(13A% + 96 B*)12* — 3A%(A® + 8B*)2°



APPENDIX B

Some Galois theory

We have included this chapter as a quick introduction to infinite
Galois theory. The details can be found in [9]. First we define a Galois

group.

Definition B.1. If L/K is a field extension, a K—automorphism of L
is an isomorphism o: L — L such that o(a) = a for all a € K. The

collection of all K—automorphisms of L, with group operation compo-
sition, is called the Galois group of L/K and denoted Gal(L/K).

Example B.2. It can be shown that Gal(Q(v/2)/Q) = {1,0} = Z/27Z
where (a 4+ bv/2)! = a4+ bv/2 and (a + bv/2)7 = a — bv/2.

This example gives the right intuition. If L = K(ay,...,q,) is a
finite algebraic extension of K then any o € Gal(L/K) is determined
once we know all the o(a;). Furthermore if f; is the minimum polyno-
mial of a; then o(«;) must be one of the roots of f; in L.

Definition B.3. Let L/K be a (finite or infinite) extension of fields
with Galois group G. We say that L/ K is a Galois extension if any of
the following equivalent conditions are satisfied.
a) L/K is algebraic and LY = K.
b) L/K is separable and L is a splitting field over K of a set of
polynomials.
c) L/K is a splitting field over K of a set of separable polynomials.

Let M ={M | K CMC L[M: K] < ocoand M/K Galois}.
Then it can be shown that

G = lim Gal(M,/K)

where the M; range over M. Thus the Galois group of an infinite
extension L/K is a projective limit of finite Galois groups and we can
understand it by considering those groups.

Example B.4. Let Q be an algebraic closure of Q. Then Q/Q is an
infinite extension since for every IV there exists a polynomial over Q of
degree N. The roots of such a polynomial are in Q so [Q: Q] > N for
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every N. Also, Q/Q is a Galois extension since it is the splitting field
of all the polynomials in Q[z], which are all separable.

We can place a topology on G = Gal(L/K), called the Krull topol-
ogy, and then the fundamental theorem of Galois theory gives a corre-
spondence between the intermediate fields of L /K and closed subgroups

of GG.



APPENDIX C

Some algebraic number theory

The following gives the main definitions and results that we need
from algebraic number theory. All this (and more) can be found in [8].

Definition C.1. A number field K is a finite extension of Q.
Definition C.2. The ring of integers of a number field K is defined
by

Ok = {a € K | « satisfies a monic polynomial with integer coefficients}.

Definition C.3. For ideals a and b define their product by

ab = {Zaibi | a; € a,b; € b}.

Theorem C.4 (Unique factorisation of ideals). Every ideal of O can
be written uniquely as a product of prime ideals.

Definition C.5. A fractional ideal of Ok is an K-submodule a for
which there exists a d € O \{0} such that da C A. We say a fractional
ideal 1s principal if it can be generated as an Qx-module by a single
element.

Definition C.6. Denote the group of fractional ideals of QO by F and
the subgroup of principal fractional ideals by P. The class group of O
is the quotient group Cl(Qg) = F/P.

Theorem C.7 (Finiteness of the class number). The class group is
finite.

Theorem C.8 (Dirichlet Unit Theorem). The group of units of Ok is
finitely generated.

A more efficient way of expressing these facts is the following.

Theorem C.9. Let K be a number field. Then the following sequence
1s exact where the direct sum is over all nonzero prime ideals of Qg

0 O% K* Dple Cl(Og) —=0

with Q% finitely generated and Cl(Qf) finite.
80
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To generalise this exact sequence slightly we need a way to define
the class group directly by the exact sequence.

Theorem C.10. If A and B are abelian groups and f: A — B is a
group homomorphism then define the cokernel of f by

Coker (f) = B/Im (f).

Then there exists an exact sequence

0 — Ker (f) A B Coker (f) —=0

Proof. Follows immediately from the definitions. U
Using this idea we can generalise our above exact sequence.

Theorem C.11. Let K be a number field and T be a finite set of prime
ideals of K. Let Up = Ker (K* — @pgrZ) and Cp = Coker (K* — @perZ).
Then we have an exact sequence

0 UT K* @pgTZHCT —0

where Ur s finitely generated and Cr is finite.

Proof. The Dirichlet-Chevalley-Hasse unit theorem (see [5], Theorem
8.2) tells us that Uy is finitely generated. The map i: @p¢r Z — ®pZ
induces an injection from C7 to the full class group C' = Coker(K* —
®pZ). Thus the finiteness of Crp follows from the finiteness of C. O
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