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Introduction

We consider elliptic curves as part of Diophantine Geometry, a com-
bination of Geometry and Number Theory. In Number Theory we are
interested in finding solutions to equations in rational numbers. How-
ever these equations describe geometric objects and studying them from
this point of view has proven to be fruitful.

Elliptic curves are the next step up from conics, a well understood
field of study (conics are defined by quadratic equations, elliptic curves
are defined by cubics). The difficulties in taking this step can be seen
when we consider the Hasse–Minkowski Theorem. This says that a
quadratic polynomial in two variables with rational coefficients has
a rational solution if and only if it has real solutions and solutions
in Qp for every prime p. This correspondence is sometimes called the
local-global principle — to find information about an equation globally,
consider it locally at each prime.

However the analogue of the Hasse–Minkowski Theorem does not
hold for cubic equations. Despite this local methods are still very useful
but we are now interested in cases where this kind of method fails.

An elliptic curve can be thought of as the points on a curve E : y2 =
x3 +ax+b. A geometric group law can be defined on these points turn-
ing them into an abelian group. As we are doing number theory we
are interested in studying the points with rational coordinates, denoted
E(Q). The Mordell–Weil theorem says that this group is finitely gener-
ated. By the fundamental theorem of finitely generated abelian groups
this means that

E(Q) ∼= Etors(Q)⊕ Zr

where Etors(Q) is the set of points of finite order. We can fairly easily
find Etors(Q). The real challenge is finding r, the rank. This process of
finding r is called descent and is the main focus of this thesis.

We can show from the equation just given that finding r is equiva-
lent to finding E(Q)/mE(Q) for some positive integer m. We can find
an exact sequence

0 // E(Q)/mE(Q) // S(m) // X[m] // 0.

vi
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where S(m) is computable. The thing that prevents us from calculating
E(Q)/mE(Q) is X[m] which measures the failure of the local–global
principle. Thus we are interested in understanding S(m), the Selmer
group, and X, the Tate–Shafarevich group. Much of our work is finding
useful ways to think about and work with these groups.

We assume basic knowledge of abstract algebra, especially fields
and abelian groups. Exposure to Galois theory and Algebraic number
theory would be useful although we provide appendices that outline
the main definitions and results we need. There is a small amount of
topology used although this is not necessary if the reader is willing to
take some results on faith.

The first two chapters give the necessary background in Galois co-
homology and algebraic curves. In the third chapter we introduce el-
liptic curves and study their geometry. The next two chapters give us
the background we require in p–adic numbers and local methods for
studying elliptic curves. Finally in chapter six we study descent, as
we have discussed above. Then chapter seven completes the proof of
the Mordell–Weil theorem by looking at heights, a concept of ‘size’ of
points on an elliptic curve. In chapter eight we explore two practical
methods to calculate the rank of elliptic curves in a special case.



Chapter 1

Some group cohomology

Before moving onto the more geometric aspects of our study we first
need some algebra. This section will be used occasionally throughout
the thesis but is used mostly in the section about twists and later on
when we discuss descent.

Homological algebra began in algebraic topology but is now used
in nearly all parts of algebra and number theory. The basic object is
the exact sequence.

Definition 1.1. An exact sequence is a set of objects (for example
abelian groups) with morphisms (for us group homomorphisms) between
them

. . . // Ai−1

fj−1 // Ai
fj // Ai+1

// . . .

such that Im fj−1 = Ker fj for all j.
A short exact sequence is an exact sequence of the form

0 // A
f // B

g // C // 0 .

Note that in a short exact sequence f is injective, g is surjective
and Im f = Ker g

1.1. Finite group cohomology – H0 and H1

We now give the basic definitions of the two cohomology groups we
are interested in, following [12], appendix B.

Note that since we are working with abelian groups we write our
groups additively; however there will be occasions when we need to
write our groups multiplicatively.

Definition 1.2. Let G be a finite group that acts on an abelian group
M . Denote the action of σ ∈ G on m ∈M by m 7→ mσ. Then M is a
(right) G–module if for all m,m′ ∈M and σ, τ ∈ G,

m1 = m (m+m′)σ = mσ +m′σ (mσ)τ = mστ .

Definition 1.3. If M and N are G–modules, a G–homomorphism is
a homomorphism φ : M → N of abelian groups commuting with the

1
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action of G; that is, for all m ∈M and σ ∈ G.

φ(mσ) = φ(m)σ.

Definition 1.4. The 0th–cohomology group of the G–module M is the
group of G–invariant elements of M

H0(G,M) = MG = {m ∈M | mσ = m for all σ ∈ G}.

We define H1 as the quotient of two other groups.

Definition 1.5. Let M be a G–module. The group of 1–cocycles from
G to M , denoted Z1(G,M), is the group of maps ξ : G → M under
addition satisfying the cocycle condition

ξ(στ) = ξ(σ)τ + ξ(τ).

The group of 1–coboundaries from G to M , denoted B1(G,M), is
the group of maps ξ : G → M under addition where there exists an
m ∈M such that, for all σ ∈ G

ξ(σ) = mσ −m.

We can check that B1(G,M) ⊆ Z1(G,M) and then we define

H1(G,M) =
Z1(G,M)

B1(G,M)
.

We will use {x} to denote the coset x+B1(G,M) throughout this
thesis.

Example 1.6. If the action of G on M is trivial, that is mσ = m
for all σ ∈ G, then we have H0(G,M) = MG = M . Also, cocycles
are simply homomorphisms and the only coboundary is the zero map.
Thus H1(G,M) = Hom(G,M).

Example 1.7. Let L/K be a finite Galois extension with Galois group
G = Gal(L/K). Then we have the Galois action of G on L defined by,
for all x ∈ L and σ ∈ G,

xσ = σ−1(x).

Then we can check that for x, y ∈ L and σ, τ ∈ G,
a) x1 = 1−1(x) = x.
b) (x+ y)σ = σ−1(x+ y) = σ−1(x) + σ−1(y) = xσ + yσ.
c) xστ = (στ)−1(x) = τ−1(σ−1(x)) = τ−1(xσ) = (xσ)τ .

Thus L is a G–module.
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Example 1.8. If M and N are G–modules then the set of G–module
homomorphism from M to N is a G–module under the action f 7→ fσ

where fσ is defined by

fσ(m) = f(mσ−1

)σ

for all m ∈M . To check this we see that
a) f 1(m) = f(m1−1

)1 = f(m) for all m ∈M so f 1 = f .
b) (f+g)σ(m) = (f+g)(mσ−1

)σ = f(mσ−1
)σ+g(mσ−1

)σ = fσ(m)+
gσ(m) for all m ∈M so (f + g)σ = fσ + gσ.

c) fστ (m) = f(m(στ)−1
)στ = (f(mτ−1σ−1

)σ)τ = fσ(mτ−1
)τ = (fσ)τ (m)

for all m ∈M so fστ = (fσ)τ .

1.2. Useful results

Group cohomology allows us to express the ideas of descent in their
most efficient form. Many of the concepts in this thesis were developed
before the machinery of group cohomology was invented but we feel
that this is the best way to show them.

The next theorem shows the power of this approach, going from a
short exact sequence to a long exact sequence with lots of new infor-
mation.

Theorem 1.9. Let

0 // P
φ // M

ψ // N // 0

be an exact sequence of G–modules. Then there is a long exact sequence

0 // H0(G,P ) // H0(G,M) // H0(G,N)

δ // H1(G,P ) // H1(G,M) // H1(G,N)

where δ is the connecting homomorphism.

Proof. First note that if p ∈ PG then φ(p)σ = φ(pσ) = φ(p). Thus
φ(p) ∈ MG. Similarly if m ∈ MG then ψ(m) ∈ NG so we can define
our maps in the top row just to be restrictions of φ and ψ, denoted
φ|PG = φ′ and ψ|MG = ψ′.

For the maps on the bottom row define

φ′′ : H1(G,P )→ H1(G,M) by {ξ} 7→ {φ ◦ ξ}

and
ψ′′ : H1(G,M)→ H1(G,N) by {ξ} 7→ {ψ ◦ ξ}.
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The connecting homomorphism is defined by

δ : n 7→ {σ 7→ φ−1(mσ −m)}

where we choose m ∈M such that ψ(m) = n. Now n ∈ NG so nσ = n,
implying ψ(m)σ = ψ(m). Now ψ is a G–module homomorphism so
ψ(mσ −m) = 0 so mσ −m ∈ Kerψ = Imφ and we can apply φ−1 as
in the definition. To check δ is well defined note that if there exists
m′ ∈ M such that ψ(m′) = n = ψ(m) then ψ(m − m′) = 0. Thus
m − m′ ∈ Kerψ = Imφ and therefore there exists p ∈ P such that
m−m′ = φ(p). Then

φ−1(mσ −m)− φ−1(m′σ −m′) = φ−1((m−m′)σ − (m−m′))
= φ−1((φ(p)σ − φ(p))

= pσ − p

meaning that

{σ 7→ φ−1(mσ −m} = {σ 7→ φ−1(m′σ −m′}.

We rewrite our diagram

0 // PG
φ′ // MG

ψ′ // NG

δ // H1(G,P )
φ′′ // H1(G,M)

ψ′′ // H1(G,N)

and give the proof of exactness in five parts:
a) Exactness at PG.

Injectivity of φ′ follows from injectivity of φ.
b) Exactness at MG.

For Imφ′ ⊆ Kerψ′ note that ψ′ ◦ φ′ = 0 since ψ ◦ φ = 0.
For the other inclusion, if m ∈ Kerψ′ then m ∈ Kerψ = Imφ
so m = φ(p) for some p ∈ P . We need to show that p ∈
PG. But mσ = m so φ(p)σ = φ(p) and since φ is a G–module
homomorphism φ(pσ) = φ(p). Then by the injectivity of φ,
pσ = p and thus p ∈ PG so m ∈ Kerψ′.

c) Exactness at NG.
Note that for m ∈MG, (δ ◦ ψ′)(m) = {σ 7→ φ−1(mσ −m)}.

Now mσ − m = 0 since m ∈ MG so (δ ◦ ψ′)(m) = {0}. For
Ker δ ⊆ Imψ′ take n ∈ Ker δ ⊆ NG and find m such that
ψ(m) = n. Then δ(n) = {σ 7→ φ−1(mσ −m)} = {0} so mσ −
m = φ(pσ − p) for some p ∈ P . Now form m′ = m + φ(p)
and calculate ψ(m′) = ψ(m) + ψ ◦ φ(p) = ψ(m) = n. From
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above (m− φ(p))σ = (m− φ(p)) for all σ ∈ G so m′ ∈MG and
n = ψ(m′) ∈ Imψ′.

d) Exactness at H1(G,P ).
For n ∈ NG, (φ′′ ◦ δ)(n) = {σ 7→ mσ − m} = {0}. For

Kerφ′′ ⊆ Im δ, take {ξ} ∈ Kerφ′′ ⊆ H1(G,P ). This means
that for some m ∈ M , φ(ξ(σ)) = mσ − m for all σ ∈ G. So
we can see that ψ(m)σ = ψ(mσ) = ψ(φ(ξ(σ))) + ψ(m) = ψ(m)
giving us ψ(m) ∈ NG. Then {ξ} = {σ 7→ φ−1(mσ − m)} =
δ(ψ(m)) ∈ Im δ.

e) Exactness at H1(G,M).
To see that Imφ′′ ⊆ Kerψ′′ note that ψ ◦ φ = 0 implies

that {ψ ◦ φ ◦ ξ} = {0}. For the other inclusion take {ξ} ∈
Kerψ′′ ⊆ H1(G,M). Then there exists an n ∈ N such that
ψ(ξ(σ)) = nσ − n for all σ ∈ G. Now ψ is surjective so there
exists m ∈M such that n = ψ(m) and then ψ(ξ(σ)) = ψ(m)σ−
ψ(m) so ψ(ξ(σ) − mσ + m) = 0. Now define ξ′ : G → M by
ξ′(σ) = ξ(σ)−mσ+m for all σ ∈ G. We can see that {ξ′} = {ξ}
and ψ(ξ′(σ)) = 0 for all σ ∈ G. Thus ξ′(σ) ∈ Kerψ = Imφ so
we can define ξ′′ : G→ P by ξ′′(σ) = φ−1(ξ′(σ)). Then since φ is
injective ξ′′ inherits all of ξ′’s properties and {ξ′′} ∈ H1(G,P ).
Then {ξ} = {ξ′} = {φ ◦ ξ′′} ∈ Imφ′′.

�

Our next theorem allows us to obtain a nice correspondence between
related cohomology groups.

Definition 1.10. Let H be a subgroup of G. Then a G–module M is
clearly a H–module. Define a restriction homomorphism

Res: H1(G,M)→ H1(H,M) by

Res: {ξ} 7→ {ξ|H}.
If H C G then MH is a G/H module under the action mσH = mσ

where the right hand side is the action of G on M . Using the following
diagram

G //

i
��

M

G/H // MH

j

OO

where i : x 7→ xH and j is the obvious inclusion we can define an
inflation homomorphism

Inf : H1(G/H,MH)→ H1(G,M) by

Inf : {ξ} 7→ {j ◦ ξ ◦ i}.
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Theorem 1.11. Let M be a G–module and HCG. Then the following
sequence is exact.

0 // H1(G/H,MH)
Inf // H1(G,M)

Res // H1(H,M).

Proof. For exactness at H1(G/H,MH) we require Inf to be injective,
that is if Inf{ξ} = {0} then {ξ} = 0. Say ξ : G/H → MH is a cocycle
such that Inf{ξ} = {0}. Thus there exists m ∈M such that

(j ◦ ξ ◦ i)(σ) = mσ −m for all σ ∈ G.
Since i maps σ → σH we have for all τ ∈ H

(j ◦ ξ ◦ i)(τσ) = mτσ −m = (j ◦ ξ ◦ i)(σ) = mσ −m.
Thus mτσ −mσ = 0 for all σ ∈ G and τ ∈ H so mτ = m for all τ ∈ H.
Therefore m ∈ MH and for all σH ∈ G/H, ξ(σH) = mσ − m =
mσH −m so {ξ} = {0}.

For exactness at H1(G,M) we first show that Res ◦ Inf = 0. Say
we have a cocycle ξ : G/H → MH . Then for all τ ∈ H, i(τ) = H so
ξ(i(τ)) = ξ(H) = 0. Thus Res ◦ Inf{ξ} = {0}.

Next we show that Ker(Res) ⊆ Im(Inf). Suppose we have a cocycle
ξ : G → M such that Res{ξ} = {0}. Then there exists m ∈ M such
that ξ(τ) = mτ −m for all τ ∈ H. Now define a cocycle ξ′ : G → M
by ξ′(σ) = ξ(σ) −mσ + m for all σ ∈ G. We can see that {ξ′} = {ξ}
and that ξ′(τ) = 0 for all τ ∈ H. Then for σ ∈ G and τ ∈ H we have

ξ′(τσ) = ξ′(τ)σ + ξ′(σ) = ξ′(σ).

So we can see that ξ′(σ) depends only on the class of σ ∈ G/H. So we
can define ξ′′ : G/H → MH by ξ′′(σH) = ξ′(σ). To see ξ′′ maps onto
MH we need ξ′′(σH)τ = ξ′′(σH) for all τ ∈ H. We have

ξ′′(σH) = ξ′′(στH) = ξ′(στ)

= ξ′(σ)τ + ξ(τ) = ξ′(σ)τ

= ξ′′(σH)τ .

So finally Inf{ξ′′} = {ξ′} = {ξ} so Ker(Res) ⊆ Im(Inf).
�

We wish to study Galois cohomology, especially the action of G =
Gal(K̄/K). In this section we work in finite Galois extensions and later
we shall pass to the limit. First we require a well known lemma that
we have taken from [9].

Lemma 1.12 (Dedekind’s Lemma). Let G be a group and K a field.
Then any finite set of elements in Hom(G,K∗) is linearly independent
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over K. That is, if for ci ∈ K and ξi : G → K∗ homomorphisms,∑
ciξi = 0 (the zero function) then ci = 0 for all i.

Proof. By contradiction. Let {ξ1, . . . , ξn} be a minimal linearly de-
pendent set when ξi ∈ G∗ are given. So there exists ci ∈ K not all zero
such that ∑

i

ciξi(σ) = 0 for all σ ∈ G.

If ci = 0 then we can omit ξi from our linearly dependent set, con-
tradicting minimality. Thus we can assume ci 6= 0 for all i. One
homomorphism G→ K∗ cannot be dependent so we may assume that
n ≥ 2. So ξ1 6= ξ2, that is, there exists τ ∈ G such that ξ1(τ) 6= ξ2(τ).

Multiplying our earlier equation by ξ1(τ) we get∑
i

(ciξ1(τ))ξi(σ) = 0 for all σ ∈ G.

Since ξi is a homomorphism this implies∑
i

ciξi(τσ) =
∑
i

(ciξi(τ))ξi(σ) = 0 for all σ ∈ G.

Subtracting our two sums we have∑
biξi(σ) = 0 for all σ ∈ G where bi = ci(ξ1(τ)− ξi(τ)).

Now b2 6= 0 so this is a nontrivial linear dependence between the ξi
involving at most n−1 ξi’s (since b1 = 0). This contradicts minimality.

�

Theorem 1.13. Let L/K be a finite Galois extension and let G =
Gal(L/K). Then

H1(G,L∗) = 0.

Proof. Take ξ : G → L∗ such that ξ(στ) = ξ(σ)τξ(τ). We require
a ∈ L∗ such that ξ(σ) = aσ/a. Following [10] we choose a nonzero
c ∈ L and form

b =
∑
τ∈G

ξ(τ)cτ

Now b 6= 0 since then Dedekind’s lemma would imply that cτ = 0 for
all τ ∈ G. Then

bσ =
∑
τ∈G

ξ(τ)σcτσ =
∑
τ∈G

ξ(τσ)

ξ(σ)
cτσ = ξ(σ)−1

∑
τ∈G

ξ(τσ)cτσ.

Now multiplication by σ merely permutes the elements of G so∑
τ∈G

ξ(τσ)cτσ =
∑
τ∈G

ξ(τ)cτ = b.
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Thus
bσ = ξ(σ)−1b so ξ(σ) =

(b−1)σ

b−1
.

So H1(G,L∗) = 0. �

1.3. Galois cohomology

LetK be a perfect field, K̄ an algebraic closure andG = Gal(K̄/K).
To do group cohomology with the infinite group G we need new defini-
tions to take into account its topology. Recall that the open subgroups
are those fixing some finite extension of K. For the material on infinite
Galois theory and limits in algebra that we require see [9].

Definition 1.14. A discreteG–module is an abelian groupM on which
G acts such that the action is continuous for the profinite topology on
G and the discrete topology on M .

In [7] Milne claims that this condition is equivalent to requiring
that

M = ∪HMH where H is open in G.

Example 1.15. The group K̄∗ with the Galois action of G is a discrete
G–module because

K̄∗ = ∪L∗

where the union is over the finite extensions L of K contained in K̄.

We can define H0 exactly as before but the H1 definition must be
adjusted.

Definition 1.16. Let M be a G–module. Then define

H0(G,M) = MG = {m ∈M | mσ = m for all σ ∈ G}.
The group of continuous 1–cocycles fromG toM , denoted Z1

cont(G,M),
is the group of continuous maps ξ : G→M satisfying the cocycle con-
dition

ξ(στ) = ξ(σ)τ + ξ(τ).

We can check that B1(G,M) ⊆ Z1
cont(G,M) and then we define

H1(G,M) =
Z1

cont(G,M)

B1(G,M)
.

We repeat Milne’s assertion that
H1(G,M) = lim−→H1(G/H,MH)

where H runs through the normal subgroups of G.
The proof of Theorems 1.9 and 1.11 are identical for G an infinite

group. Now we show how to extend the other proof from last section.
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Theorem 1.17. Denote the group of m–th roots of unity by µm =
{ζ ∈ K̄∗ | ζm = 1}. Then

a) (Hilbert Theorem 90)

H1(G, K̄∗) = 0.

b) Assume that char(K) does not divide m (or char(K) = 0).
Then

H1(G,µm) ∼= K̄∗/K̄∗m.

Proof.
a) H1(G, K̄∗) = lim−→H1(Gal(L/K), L∗) = 0.
b) We have a sequence

1 // µm
i // K̄∗

m // K̄∗ // 1

where i : ζ 7→ ζ is inclusion (the codomain is correct since can
solve ζm − 1 = 0 in K̄∗) and m : x 7→ xm. Then i is obviously
injective and m is surjective since working in K̄∗. Now for
ζ ∈ µm, ζm = 1 so Im (i) ⊆ Ker (m). To see the other inclusion
let x ∈ Ker (m). Then xm = 1 so x ∈ µm = Im (i). Thus our
sequence is exact. Now take Galois cohomology to find a long
exact sequence

0 // H0(G,µm) // H0(G, K̄∗) // H0(G, K̄∗)

α // H1(G,µm) // H1(G, K̄∗) // H1(G, K̄∗).

The connecting homomorphism is given by

α : b 7→ {σ 7→ βσ/β}
where we fix β ∈ K̄∗ such that βm = b.

Now H0(G, K̄∗) = (K̄∗)G = K∗ and H1(G, K̄∗) = 0 by
Hilbert Theorem 90. So we have an exact sequence

K∗
m // K∗

α // H1(G,µm) // 0.

By the first isomorphism theorem,
K∗

Ker (α)
∼= Im (α).

But Ker (α) = Im (m) = (K∗)m and α is surjective. So we have
K∗

(K∗)m
∼= H1(G,µm)
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via the bijection
α : {b} 7→ {σ 7→ βσ/β}.

�



Chapter 2

Algebraic curves

Elliptic curves, our object of study, can be analysed using many
different methods. We emphasise the algebraic methods rather than
complex analysis or explicit polynomial calculation. For this reason
we need some algebraic geometry. To prevent half this thesis being
on algebraic geometry we omit most of the proofs. We follow [12]
in our exposition and refer the interested reader to the standard (but
notoriously difficult) [4] for details.

2.1. Affine varieties

We begin by studying affine space and its subsets defined by zeros
of polynomials. Let K be a perfect field. Let K̄ be an algebraic closure
of K and G = Gal(K̄/K).

Definition 2.1. Affine n–space (over K) is the set of n–tuples

An = An(K̄) = {P = (x1, . . . , xn) | xi ∈ K̄ } .

Similarly, the set of K–rational points in An is the set

An(K) = {P = (x1, . . . , xn) | xi ∈ K } .

Recall that the Galois group, G, acts on K̄ and that we can char-
acterise K by K = {x ∈ K̄ | xσ = x for all G }. We can extend this
action to An; for σ ∈ G and P ∈ An define

P σ = (xσ1 , . . . , x
σ
n).

Then An(K) may be characterised by

An(K) = {P ∈ An | P σ = P for all σ ∈ G } .

Let K̄[X] = K̄[X1, . . . , Xn] be a polynomial ring in n variables and
I ⊆ K̄[X] an ideal. For each I we have a subset of An

VI = {P ∈ An | f(P ) = 0 for all f ∈ I }

This is just formalising the idea of graphing solutions to the polynomial
equations. We will eventually be studying cases where we have only
one curve in I – an elliptic curve.

11
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Definition 2.2. An (affine) algebraic set is any set of the form VI . If
V is an algebraic set, the ideal of V is given by

I(V ) = { f ∈ K̄[X] : f(P ) = 0 for all P ∈ V } .
An algebraic set V is defined over K (denoted V/K) if its ideal I(V )
can be generated by polynomials in K[X]. If V is defined over K the
set of K–rational points is

V (K) = V ∩ An(K).

For f ∈ K̄[X] and P = (x1, . . . , xn) ∈ An we have the action of
σ ∈ G on f(P ) by

f(P )σ = (
∑

cix
ri,1
1 · · ·xri,nn )σ

=
∑

cσi (xσ1 )ri,1 · · · (xσn)ri,n

= fσ(P σ).

This concurs with our earlier discussion – An is a G–module and
we have an action on the G–module homomorphisms by fσ(P ) =

f(P σ−1
)σ. Note that if f ∈ K[X] then for σ ∈ G and P ∈ An, since

the coefficients stay fixed under the action of G,

f(P σ) = f(P )σ.

If V is defined over K this means that P ∈ V implies P σ ∈ V so the
action of G on An induces an action of G on V . Once again we see

V (K) = {P ∈ V : P σ = P for all σ ∈ G } .

Definition 2.3. An affine algebraic set V is called an (affine) variety
if I(V ) is a prime ideal in K̄[X]. Let V/K be a variety. Then the
affine coordinate ring of V/K is defined by

K[V ] =
K[X]

I(V/K)
.

The affine coordinate ring is an integral domain and its quotient field,
denoted K(V ), is called the function field of V/K. Similarly we define

K̄[V ] =
K̄[X]

I(V )

and K̄(V ) as its quotient field.

To see how G acts on K̄[V ], note that f ∈ K̄[V ] is defined up to
addition of polynomials vanishing on V so is well defined as a map
f : V → K̄. Now G acts on f by acting on its coefficients, so since V
is defined over K, G maps I(V ) to itself. This gives us the action of G
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on K̄[V ] which we can extend to an action on K̄(V ). We denote the
action of σ on f by fσ and note that

f(P )σ = fσ(P σ).

From the above definitions we can already see the interplay between
the algebraic and geometric ideas. The variety is a geometric idea
and to it we associate the algebraic structure of the affine coordinate
ring. We will be using algebraic geometry to answer questions about
elliptic curves over the rationals – questions of number theory. However
algebraic geometry allows us to use geometric ideas such as the concepts
of dimension and smoothness, which we now introduce.

Definition 2.4. Let V be a variety. The dimension of V , denoted
dim(V ), is the transcendence degree of K̄(V ) over K̄.

We can see that the dimension of An is n since it has X1, . . . , Xn

as algebraically independent transcendental elements. Also if V ⊆ An

is given by a single non-constant polynomial equation

f(X1, . . . , Xn) = 0,

then dim (V ) = n−1. This is because factoring out by f(X) is equiva-
lent to expressing one of the variables Xi in terms of the others so there
are only n− 1 algebraically independent transcendental elements.

Definition 2.5. Let V be a variety, P ∈ V and f1, . . . , fm ∈ K̄[X] a
set of generators for I(V ). Then V is non–singular (or smooth) at P
if the m× n matrix (

∂fi
∂Xj

(P )

)
1≤i≤m,1≤j≤n

has rank n− dim(V ). If V is non-singular at every point, then we say
that V is non–singular.

Let V be given by a single non-constant polynomial equation

f(X1, . . . , Xn) = 0.

Then, as we have seen dim(V ) = n− 1 so P ∈ V is a singular point if
and only if

∂f

∂X1

(P ) = · · · = ∂f

∂Xn

(P ) = 0.
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2.2. Projective varieties

Projective space is used to make our theory more consistent – for
example in projective space two lines always meet, parallel lines meet
‘at infinity’. To define this abstractly we consider projective space as
lines in affine space of one higher dimension.

Definition 2.6. Projective n–space (over K), denoted Pn or Pn(K),
is

Pn = {(x0, . . . , xn) ∈ An+1}/ ∼
where ∼ is an equivalence relation defined by

(x0, . . . , xn) ∼ (y0, . . . , yn)

if there exists λ ∈ K̄∗ such that xi = λyi for all i. An equivalence class
is denoted (x0 : · · · : xn) and the xi are called homogenous coordinates
for the point in Pn. The set of K–rational points in Pn is the set

Pn(K) = {(x0 : · · · : xn) | xi ∈ K}.

Definition 2.7. Let P = (x0 : · · · : xn) ∈ PN(K̄). The minimal field
of definition for P (over K) is the field

K(P ) = K

(
x0

xi
, . . . ,

xn
xi

)
for any i such that xi 6= 0.

The Galois group acts on Pn by acting on homogenous coordinates.
We can check that this respects the equivalence relation ∼ and that

Pn(K) = {P ∈ Pn | P σ = P for all σ ∈ G},

and
K(P ) = fixed field of {σ ∈ G | P σ = P}.

Definition 2.8. A polynomial f ∈ K̄[X] = K̄[X0, . . . , Xn] is homoge-
nous of degree d if

f(λX0, . . . , λXn) = λdf(X0, . . . , Xn)

for all λ ∈ K̄. An ideal I ⊆ K̄[X] is homogenous if it is generated by
homogenous polynomials.

Now we notice that for a homogenous polynomial f , if (x0, . . . , xn) ∼
(y0, . . . , yn) then f(x0, . . . , xn) = 0 if and only if f(y0, . . . , yn) = 0.
Thus it makes sense to ask whether f(P ) = 0 for some P ∈ Pn and we
can associate to each homogenous ideal, I, a subset of Pn

VI = {P ∈ Pn | f(P ) = 0 for all f ∈ I}.
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Definition 2.9. A (projective) algebraic set is any set of the form VI .
If V is a projective algebraic set, the (homogenous) ideal of V , denoted
I(V ), is the ideal in K̄[X] generated by

{f ∈ K̄[X] | f is homogenous and f(P ) = 0 for all P ∈ V }.

Such a V is defined over K, denoted V/K, if its ideal I(V ) can be
generated by homogenous polynomials in K[X]. If V is defined over K
the set of K–rational points of V is the set

V (K) = V ∩ Pn(K).

Also
V (K) = {P ∈ V | P σ = P for all σ ∈ G}.

Definition 2.10. A projective algebraic set is called a (projective)
variety if its homogenous ideal I(V ) is a prime ideal in K̄[X].

To see the connections between affine and projective space consider
the inclusion

φi : An → Pn

(y1, . . . , yn) 7→ (y1 : · · · : yi−1 : 1 : yi+1 : · · · yn).

Let Ui = {P = (x0 : · · · : xn) ∈ Pn | xi 6= 0} then we have a bijection

θ−1 : Ui → An

(x0 : · · · : xn) 7→
(
x0

xi
, · · · , xi−1

xi
,
xi+1

xi
, · · · , xn

xi

)
which identifies An with the set Ui in Pn.

Now let V be a projective algebraic set with homogenous ideal
I(V ) ⊆ K̄[X]. Then V ∩An is an affine algebraic set with ideal I(V ∩
An) ⊆ K̄[Y ] given by

I(V ∩ An) = {f(Y1, . . . , Yi−1, 1, Yi, . . . , Yn) | f(X0, . . . , Xn) ∈ I(V )}.

Any projective variety V is covered by subsets V ∩U0, . . . , V ∩Un,
each of which is an affine variety. The process of replacing f(X0, . . . , Xn)
by f(Y1, . . . , Yi−1, 1, Yi, . . . , Yn) is called dehomogenisation with respect
to Xi.

For any f(Y ) ∈ K̄[Y ], let

f ∗(X0, . . . , Xn) = Xd
i f

(
X0

Xi

, · · · , Xi−1

Xi

,
Xi+1

Xi

, · · · , Xn

Xi

)
,

where d is the degree of f . We say that f ∗ is the homogenisation of f
with respect to Xi.
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Definition 2.11. Let V be an affine algebraic set with ideal I(V ) and
consider V as a subset of Pn via the map

V ⊆ An φi→ Pn.
The projective closure of V , denoted V̄ , is the projective algebraic set
whose homogenous ideal I(V̄ ) is generated by {f ∗(X) | f ∈ I(V )}.

Theorem 2.12.
a) Let V be an affine variety. Then V̄ is a projective variety and

V = V̄ ∩ An.
b) Let V be a projective variety. Then V ∩An is an affine variety

and either

V ∩ An = ∅ or V = V ∩ An.

c) If an affine (respectively projective) variety V is defined over K
then V (respectively V ∩ An) is also defined over K.

Proof. Omitted. See [4]. �

In view of these results we can now identify an affine variety V with
a unique projective variety. The points of V̄ −V are called the points at
infinity on V̄ . We will abuse our notation as in the following example.

Example 2.13. Let V be the projective variety given by
V : Y 2 = X3 + 17.

This is really the variety in P2 given by the homogenous equation
Ȳ 2Z̄ = X̄3 + 17Z̄3,

the identification being X = X̄/Z̄ and Y = Ȳ /Z̄. This variety has one
point at infinity, (0 : 1 : 0), obtained by setting Z̄ = 0. Thus

V (Q) = {(x, y) ∈ A2(Q) | y2 = x3 + 17} ∪ {(0 : 1 : 0)}.
In fact V is an elliptic curve and we will be taking this point of view
most of the time – considering it as an affine curve with one point at
infinity that we treat as a special case.

Now we define the properties of a projective variety V in terms of
the affine subvariety V ∩ An.

Definition 2.14. Let V/K be a projective variety and choose An ⊆ Pn
so that V ∩ An 6= ∅. The dimension of V is the dimension of V ∩ An.
The function field of V , denoted K(V ), is the function field of V ∩An

and similarly for K̄(V ).
The variety V is non–singular (or smooth) at P if V ∩An is non–

singular at P .
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2.3. Maps between varieties

Now we consider algebraic maps between projective varieties.

Definition 2.15. Let V1 and V2 ⊆ Pn be projective varieties. A rational
map from V1 to V2 is a map of the form

φ : V1 → V2

φ = (f0, . . . , fn),

where fi ∈ K̄(V1) are such that for every point P ∈ V1 at which they
are all defined

φ(P ) = (f0(P ), . . . , fn(P )) ∈ V2.

If V1 and V2 are defined over K then G acts on φ by

φσ(P ) = (fσ0 (P ), . . . , fσn (P )).

Notice that for all σ ∈ G and P ∈ V1

φ(P )σ = φσ(P σ).

If there is some λ ∈ K̄∗ such that λfi ∈ K(V1) for all i then φ is said
to be defined over K. It can be proven (using some group cohomology)
that φ is defined over K if and only if φ = φσ for all σ ∈ G.

Definition 2.16. A rational map

φ = (f0, . . . , fn) : V1 → V2

is regular at P ∈ V1 if there is a function g ∈ K̄(V1) such that

a) each gfi is regular at P ; and
b) for some i, (gfi)(P ) 6= 0.

If such a g exists, set

φ(P ) = ((gf0((P ), . . . , (gfn)(P )).

A rational map which is regular at every point is called a morphism.

Definition 2.17. Let V1 and V2 be varieties. We say that V1 and V2

are isomorphic and write V1
∼= V2, if there are morphisms φ : V1 → V2

and ψ : V2 → V1 such that ψ ◦ φ and φ ◦ ψ are the identity maps on V1

and V2 respectively. We say V1/K and V2/K are isomorphic over K if
such φ and ψ can be defined over K.
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2.4. Curves

A curve is a projective variety of dimension one. Our first result is
that for smooth curves, a rational map is always defined at every point.

Theorem 2.18. Let C be a curve, V ⊆ PN a variety, P ∈ C a smooth
point, and φ : C → V a rational map. Then φ is regular at P . In
particular, if C is smooth then φ is a morphism.

Proof. Omitted. See [12] II.2.1. �

Theorem 2.19. Let φ : C1 → C2 be a morphism of curves. Then φ is
either constant or surjective.

Proof. Omitted. See [4] II.6.8. �

Let C1/K and C2/K be curves and φ : C1 → C2 a non-constant
rational map defined over K. Then composition with φ induces an
injection of function fields fixing K,

φ∗ : K(C2)→ K(C1)

φ∗f = f ◦ φ.

Definition 2.20. Let φ : C1 → C2 be a map of curves defined over K.
If φ is constant define the degree of φ to be 0; otherwise define

deg(φ) = [K(C1) : φ∗K(C2)].

We will require the following two results in a later chapter.

Corollary 2.21. Let C1 and C2 be smooth curves and let φ : C1 → C2

be a map of degree 1. Then φ is an isomorphism.

Proof. Omitted. See [12] 2.4.1. �

Theorem 2.22. Let φ : C1 → C2 be a non-constant map of smooth
curves defined over a perfect field K. Then for all but finitely many
Q ∈ C2, ∣∣φ−1(Q)

∣∣ = deg(φ).

Proof. Omitted. See [4], II.6.8. �

2.5. Twists of a curve

This section is necessary for when we discuss principal homogenous
spaces, which give a geometric interpretation of a particular cohomol-
ogy group. We discuss it here as we are working for a general field K,
whereas later on we specialise.
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Definition 2.23. Let C/K be a smooth curve. The isomorphism group
of C, denoted Isom(C), is the group of isomorphisms from C to itself
(defined over K̄).

Definition 2.24. A twist of C/K is a smooth curve C ′/K which is
isomorphic to C over K̄. We identify two twists if they are isomorphic
over K. The set of twists of C/K, modulo K–isomorphism, is denoted
Twist(C/K).

In the next theorem we discuss H1(G, Isom(C)). For an elliptic
curve C, the group Isom(C) is non-abelian so we require a non-abelian
group cohomology theory. We have not provided one, but read [12]
B.3 for the details.

Theorem 2.25. Let C/K be a smooth curve. For each twist C ′/K of
C/K, choose an isomorphism φ : C ′ → C and define a map ξ : G →
Isom(C) by ξ(σ) = φσφ−1. Then

a) The map ξ is a 1–cocycle (that is, ξ(στ) = ξ(σ)τξ(τ)).
b) The cohomology class {ξ} is determined by the K–isomorphism

class of C ′, independent of the choice of φ. We thus obtain an
injective map

Twist(C/K)→ H1(G, Isom(C)).

c) This map is a bijection.

Proof.
a) Calculate ξ(στ) = φστφ−1 = (φσφ−1)τ (φτφ−1) = ξ(σ)τξ(τ).
b) Let C ′′/K be a twist of C/K which is K–isomorphic to C ′.

Choose a K̄–isomorphism ψ : C ′′ → C and K–isomorphism
θ : C ′′ → C ′. We must show that the cocycles φσφ−1 and ψσψ−1

are cohomologous.
Use the following diagram to define α = φθσ−1

C ′′
θ //

ψ

!!BBBBBBBB C ′

φ

��
C

then calculate ασ(ψσψ−1) = φσθσψ−σψσψ−1 = φσθσψ−1. Now θ
is defined over K so ασ(ψσψ−1) = φσθψ−1 = (φσφ−1)(φθψ−1) =
φσφ−1α. Thus φσφ−1 = ασ(ψσψ−1)α−1 and our cocycles are
homologous.

To see injectivity, suppose C ′/K and C ′′/K give the same
cohomology class in H1(G, Isom(C)). Since these are twists of
C we have K̄–isomorphisms φ : C ′ → C and ψ : C ′′ → C. The
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twists C ′ and C ′′ being cohomologous implies that there exists
an α ∈ Isom(C) such that

ασ(φ−1ψ−1) = (φσφ−1)α

for all σ ∈ G. Now define a map θ : C ′′ → C by θ = φ−1αψ.
By construction this map is a K̄–isomorphism but we want to
show that it is actually defined over K. To see this calculate
θσ = (φσ)−1(ασψσ) = (φσ)−1(φσφ−1αψ) = φ−1αψ = θ.

Therefore C ′′ and C ′ are K–isomorphic so are the same element
of Twist(C/K).

c) Omitted. See [12] to see how, given ξ : G → Isom(C), to
construct the function field K̄(C)ξ and from this the curve in
Twist(C/K).

�



Chapter 3

Elliptic curves

3.1. Elliptic curves as algebraic curves

The genus is a quantity that is useful for the classification of alge-
braic curves. Genus zero curves are those which are equivalent to the
projective line, for example conics. These have either no rational points
or infinitely many and are well understood. Curves with genus greater
than one have only a finite number of rational points by a deep result
conjectured by Mordell and proved by Falting. For more discussion see
[12].

We study curves of genus one with a distinguished point. Although
we haven’t actually defined genus we only need the results from the
following theorem.

Definition 3.1. An elliptic curve E is a curve of genus 1 with a dis-
tinguished point, O ∈ E. The elliptic curve is defined over K, written
E/K, if E is defined over K as a curve and O ∈ E(K).

Theorem 3.2. Let E be an elliptic curve defined over K.
a) There exist functions x, y ∈ K(E) such that the map

φ : E → P2 φ = (x, y, 1)

gives an isomorphism of E/K onto a curve given by a Weier-
strass equation

C : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

with ai ∈ K, such that φ(O) = (0: 1 : 0).
b) Any two Weierstrass equations for E are related by a linear

change of variable of the form

x = u2x′ + r

y = u3y′ + su2x′ + t

with u, r, s, t ∈ K, u 6= 0.
c) Conversely, every smooth cubic curve C given by a Weierstrass

equation is an elliptic curve defined over K with origin O =
(0: 1 : 0).

21
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Figure 1. An elliptic curve, drawn over the reals.

Proof. Omitted. See [12]. �

3.2. Weierstrass equations

We have asserted that any elliptic curve can be given by a Weier-
strass equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

where ai ∈ K̄, together with O, the “point at infinity”. We also require
that the curve is non-singular, so has no cusps or self intersections. An
example is shown in Figure 1, where we consider the point at infinity
to be the point infinitely far to the top and bottom of the graph.

Note that if the field we are working over has characteristic not
equal to two then we can complete the square, replacing y by 1

2
(y −

a1x − a3). We are following [12] and will do all algebra by computer
in appendix A. This gives us

E : y2 = 4x3 + b2x
2 + 2b4x+ b6,

where
b2 = a2

1 + 4a2, b4 = 2a4 + a1a3, b6 = a2
3 + 4a6.

We also define

b8 = a2
1a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a2

4,

∆ = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6.

If the characteristic of our field is not two or three we can make a
further change of variables,

(x, y) 7→
(
x− 3b2

36
,
y

108

)
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giving the equation

E : y2 = x3 − 27c4x− 54c6,

where
c4 = b2

2 − 24b4 and c6 = b3
2 + 36b2b4 − 216b6.

If we have char(K) 6= 2, 3 then we may assume that an elliptic curve
has Weierstrass equation

E : y2 = x3 + Ax+B.

For this curve we can calculate that

∆ = −16(4A3 + 27B2).

Now we show the significance of the discriminant.

Theorem 3.3. A curve given by a Weierstrass equation is nonsingular
if and only if ∆ 6= 0.

Proof. Let E be given by

E : f(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6 = 0.

To see that the point at infinity is never singular consider the projective
curve

F (X, Y, Z) = Y 2Z+a1XY Z+a3Y Z
2−X3−a2X

2Z−a4XZ
2−a6Z

3 = 0

at the point O = (0: 1 : 0). Since
∂F

∂Z
(O) = 1 6= 0,

we see that O is a non-singular point on E.
Now suppose that E is singular, say at P0 = (x0, y0). We can

translate this point to the origin by a change of coordinates

x = x′ + x0 y = y′ + y0

that leaves ∆ unchanged. Now note that f(0, 0) = −a6, ∂f∂x(0, 0) = −a4

and ∂f
∂y

(0, 0) = a3. So if (0, 0) ∈ E is a singular point then E must have
a Weierstrass equation of the form

f(x, y) = y2 + a1xy − a2x
2 − x3 = 0.

Direct calculation shows that ∆ = 0.
Now suppose that E is non-singular. We aim to show ∆ 6= 0. To

simplify calculations assume char(K) 6= 2 (a proof in this case can be
found in appendix A of [12]). So we can assume that E is given by

f(x, y) = y2 − 4x3 − b2x
2 − 2b4x− b6.

Now if this equation were to be singular, say at P0 = (x0, y0) then:
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Figure 2. The group law on an elliptic curve.

a) ∂f
∂y

(x0, y0) = 2y0 = 0. Thus y0 = 0 and then x0 must be a root
of 4x3 + b2x

2 + 2b4x+ b6.
b) ∂f

∂x
(x0, y0) = 12x2

0 + 2b2x0 + 2b4 = 0.
So we require x0 to be a double root of g(x) = 4x3 + b2x

2 + 2b4x+ b6.
But a polynomial has a multiple root if and only its discriminant is
zero. We can calculate that disc(g) = 16∆ so E is non-singular implies
that ∆ is non-zero. �

3.3. The group law

Definition 3.4. Let E be an elliptic curve given by a Weierstrass equa-
tion. Given P,Q ∈ E, draw the line from P to Q until you hit the curve
again. This forms another point on the curve. Now draw a line from
the point at infinity, O, through this new point. The point where this
line intersects the elliptic curve again is P +Q.

This definition relies on a line in P2 intersecting an elliptic curve
E at exactly three points (counting multiplicity). This follows from
Bezout’s Theorem (see [4]) however as we provide explicit formulae
below we can simply take this as our definition. If P = Q or one of P
andQ equalsO then our definition takes some interpreting. Because we
only have one point at infinity we can usually get away with considering
O as a special case.

If we are trying to find 2P , then P and Q are the same point. In
this case we take the line between P and Q to be the tangent line at
P and proceed in the same manner as above. If the line from P to Q
doesn’t intersect the curve anywhere on the finite plane (in our figures
this means the line is vertical) then we say that it intersects the elliptic
curve at O – this is why we needed to include this point on our curve.
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Then the line from O to O, the “line at infinity”, intersects the curve
at O. Thus P +Q = O.

Note that this definition is symmetrical, the line between P and Q
is the same as the line between Q and P so P +Q = Q+P . Also note
that if we want to calculate P + O then the line between these two
points is the same as the line between O and the point where the first
line intersects the curve. This means P +O = P and O is the identity
of our group.

From our geometric group law we can provide an explicit algorithm
to add points on an elliptic curve. These formulae come from [12] where
they are developed from the above ideas using conceptually simple but
somewhat tedious coordinate geometry.

Algorithm 3.5. Let E be an elliptic curve given by

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

(a) If P0 = O then −O = O. Otherwise let P0 = (x0, y0) ∈ E.
Then

−P0 = (x0,−y0 − a1x0 − a3).

(b) If one of P1 or P2 equals O then use P + O = O + P = P , if
x1 = x2 and y1 + y2 + a1x2 + a3 = 0 then P1 + P2 = O. Otherwise let

P1 + P2 = P3 with Pi = (xi, yi) ∈ E.
then calculate

λ =
y2 − y1

x2 − x1

, ν =
y1x2 − y2x1

x2 − x1

if x1 6= x2;

λ =
3x2

1 + 2a2x1 + a4 − a1y1

2y1 + a1x1 + a3

and

ν =
−x3

1 + a4x1 + 2a6 − a3y1

2y1 + a1x1 + a3

if x1 = x2.

(So y = λx + ν is the line through P1 and P2, or tangent to E if
P1=P2.)

Then P3 = (x3, y3) where

x3 = λ2 + a1λ− a2 − x1 − x2

y3 = −(λ+ a1)x3 − ν − a3.

Theorem 3.6. The addition law on an elliptic curve, E, as given in
Algorithm 3.5, has the following properties:

a) P +O = P for all P ∈ E.
b) P +Q = Q+ P for all P,Q ∈ E.
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c) Let P ∈ E. There is a point of E, denoted −P , so that

P + (−P ) = O.
d) Let P,Q,R ∈ E. Then

(P +Q) +R = P + (Q+R).

In other words, the addition law makes E into an abelian group
with identity O. Furthermore:

e) Suppose E is defined over K, that is, given by

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 with ai ∈ K.

Then the points on the curve with coordinates in K

E(K) = {(x, y) ∈ K2 : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6} ∪ {O}

form a subgroup of E.

Proof.
a) By definition.
b) The addition formulae given above are symmetrical. If you swap

P1 and P2 then λ and ν remain the same.
c) −P is defined above and has this property.
d) Omitted. Can draw some pictures or calculate some sums to

convince yourself. The most illuminating proof is by the Riemann–
Roch Theorem as in [12].

e) If P1, P2 ∈ E(K) then we can see that P1 + P2 = (x3, y3) where
the coordinates are given by rational functions (quotients of
polynomials) in the variables xi, yi, ai, all of which are in the
field K. This means that x3, y3 ∈ K, that is P1 + P2 ∈ E(K).
Therefore E(K) is a subgroup of E.

�

Theorem 3.7. Let E/K be an elliptic curve. Then the equations giving
the group law on E define morphisms

+: E × E → E and − : E → E

(P1, P2) 7→ P1 + P2 P 7→ −P.

Proof. First, the subtraction map

(x, y) 7→ (x,−y − a1x− a3)

is a rational map of a smooth curve E so is a morphism. Next choose
Q 6= O and define a translation map τQ : E → E by

τQ : P 7→ P +Q.
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By the addition formula given earlier this is a rational map so is a
morphism. Furthermore it has an inverse, τ−Q, so is an isomorphism.
Consider the general addition map +: E × E → E. From our addi-
tion formula it is a rational map except possibly at points of the form
(P, P ), (P,−P ), (P,O) and (O, P ).

To deal with these cases we use translation maps. Write τi for τQi
and consider the composition

φ : E × E τ1×τ2 // E × E + // E
τ−1
1 // E

τ−1
2 // E.

Since the group law on E is commutative and associative these maps
act by
(P1, P2) 7→ (P1+Q1, P2+Q2) 7→ P1+Q1+P2+Q2 7→ P1+P2+Q2 7→ P1+P2.

Thus the rational map φ agrees with the addition map whenever they
are both defined.

Since the τi’s are isomorphism, φ is an isomorphism except possibly
at points of the form
(P−Q1, P−Q2) (P−Q1,−P−Q2) (P−Q1,−Q2) (−Q1, P−Q2).

But we can choose any Q1, Q2 that we please. Thus we can find a finite
set of rational maps

φ1, φ2, . . . , φn : E × E → E

such that
a) φ1 is the addition map.
b) For each (P1, P2) ∈ E × E, some φi is defined at (P1, P2).
c) If φi and φj are both defined at (P1, P2), then φi(P1, P2) =
φj(P1, P2).

Then addition is defined on all of E × E so is a morphism. �

Although we are primarily interested in non–singular curves when
we study these curves we consider them ‘modulo p’ and sometimes have
to consider curves that possibly have singular points.

Definition 3.8. Let E be a curve given by a Weierstrass equation.
Then the non–singular part of the curve, denoted Ens, is the set of
non–singular points of E.

Theorem 3.9. Let E be a curve given by a Weierstrass equation with
∆ = 0. Then the group law makes Ens into an abelian group

Proof. Omitted. See [12] for the two cases:
a) c4 6= 0 implies E has a node and Ens ∼= K̄∗.
b) c4 = 0 implies E has a cusp and Ens ∼= K̄+.
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�

There is an effective method for calculating the torsion subgroup
of an elliptic curve defined over Q. We present the following theorem
which, although not the method used in practice, is good enough for
our purposes.

Theorem 3.10 (Lutz–Nagell Theorem). Let E/Q be an elliptic curve
with discriminant ∆. Suppose P ∈ E(Q) is a non-zero torsion point.
Then x(P ), y(P ) ∈ Z and either 2P = O or y(P )2 divides ∆.

Proof. Omitted. See [12] for a fancy proof using formal groups or [13]
for an elementary proof using coordinate geometry. �

We give a sketch of the calculation for an elliptic curve that we shall
study later.

Example 3.11. Let E/Q be given by

y2 = x3 + 2x2 − 3x = x(x− 1)(x+ 3).

We calculate ∆ = 2832 = 2304. We can easily see that E(Q)[2] =
{O, (0, 0), (−3, 0), (1, 0)} since if 2P = O then P = −P so we must
have y = 0. To find other points we know that y2 | ∆ and y is
an integer so we can conclude that the only possibilities for y2 are
1, 22, 24, 26, 28, 32, 2232, 2632, 2832. For each of these we have the equa-
tion

x3 + 2x2 − 3x− y2 = 0

for which we only have to check a finite number of possible integer
solutions (those dividing y2). For example y2 = 2232 = 36 gives x =
3 so (x, y) = (3,±6) gives us two more points on E(Q). Following
through this example gives us

Etors(Q) = {O, (0, 0), (−3, 0), (1, 0), (3,±6), (−1,±2)}.
We can calculate that 2Etors(Q) = {O, (1, 0)} so that |Etors(Q)/2Etors(Q)| =
4 (this fact will be important later).



Chapter 4

p–adic numbers and Hensel’s lemma

A useful method of discovering whether an equation has solutions
in integers is consider the equation modulo some prime. The numbers
we are about to define generalise this. For example saying that an
equation is solvable 3–adically means that it has a solution modulo 3n

for all n.

4.1. p–adic numbers

We define the p–adic integers as an inverse limit and then construct
the p–adic numbers from them, following [11]. For each n ≥ 1 form
An = Z/pnZ. Then we have a map φn : An → An−1 defined by φn : a 7→
a (mod pn−1). Note that (An, φn) forms an inverse system indexed by
the integers.

Definition 4.1. The p–adic integers are the ring

Zp = lim←−An.

Recall that this means that x ∈ Zp is x = (. . . , xn, . . . , x1) where, for
all n ≥ 1, xn ∈ An and φn+1(xn+1) = xn. We consider Zp ⊆

∏
n≥1An

so addition and multiplication are defined coordinate wise. Notice that
we have an inclusion i : Z → Zp by i : a 7→ (. . . , a (mod pn), . . . , a
(mod p)).

Theorem 4.2. Let [pn] denote the map ‘multiplication by pn’ and εn
map x to its nth component. Then the following sequence is exact.

0 // Zp
[pn]

// Zp
εn // An // 0

Proof. To see that Ker [pn] = 0, if px = 0 then (. . . , p, . . . , p, 0) ×
(. . . , xn, . . . , x2, x1) = 0, that is pxn+1 = 0 for all n ≥ 1. This implies
that xn+1 = pnyn+1 for some yn+1 ∈ An+1. Then xn = φn+1(xn+1) = 0
for all n ≥ 1 implying x = 0.

Note that ε(pnx) = pnxn ≡ 0 (mod pn) so Im [pn] ⊆ Ker εn. For
the other inclusion, if εn(x) = 0 then xn ≡ 0 (mod pn). Thus xn+m ≡
0 (mod pn) for all m ≥ 0 and therefore xn+m = pnyn+m for some

29
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yn+m ∈ An+m. Then x = (. . . , xn+1, xn, 0, . . . , 0) = pn(. . . , yn+1, yn, yn
(mod pn−1), . . . , yn (mod p)) ∈ Im [pn].

For surjectivity, for all a ∈ An, take x = (. . . , a, . . . , a, a (mod pn−1), . . . , a
(mod p)) ∈ Zp. Then εn(x) = a. �

From this short exact sequence we can conclude that Zp/p
nZp
∼=

An = Z/pnZ.

Theorem 4.3.
a) An element x ∈ Zp is invertible if and only if p does not divide

x.
b) Every nonzero element of Zp can be written uniquely in the form

pnu with u ∈ Z∗p and n ≥ 0.

Proof.
a) We first prove the statement for An. If x ∈ An is not divisible by

p then x /∈ pAn so its image in A1 is not zero. Since A1 = Z/pZ
is a field then this is invertible. Therefore there exists y ∈ A1

such that xy = 1 (mod p), that is xy = 1− pz for some z ∈ Z.
Then noting that

1

1− pz
= 1 + pz + p2z2 + . . .

≡ 1 + pz + p2z2 + . . .+ pn−1zn−1 (mod pn),

we see that xy(1 + pz+ . . .+ pn−1zn−1) ≡ 1 (mod pn) and thus
x is invertible.

To prove our statement for Zp, note that if p |xi for any
i ∈ Z then since xn ≡ xi (mod p), p |xn for all n ∈ Z. Thus
p - x implies p - xn, meaning each xn is invertible and we can
form x−1 = (. . . , x−1

n , . . . , x−1
1 ).

b) If x ∈ Zp is nonzero then there exists a largest n such that xn =
0 (otherwise all coordinates of x are zero). Then pn | xn+1 since
φn+1(xn+1) = 0. Thus xn+1 = pnun+1 for some un+1 ∈ An+1

such that p - un+1 (otherwise xn+1 = 0). Now for all m ≥ n+ 1,
xm ≡ xn+1 (mod pn+1) so then pn |xm and xm = pnum for some
um ∈ Am. Thus
x = (. . . , xn+1, 0, . . . , 0) = pn(. . . , un+1, un, . . . , u1)

where ui = un+1 (mod pi) for all i ≤ n.
We have ui ≡ un+1 (mod p) for all i so p - un+1 implies that

p - ui for all i. That is p - u and u is a unit.
To see that x = pnu is a unique expression of this form, note

that n is uniquely determined by the above process and that if
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x = pnu = pnv for u, v ∈ Z∗p we can simply cancel pn to see that
u = v.

�

Definition 4.4. For a nonzero x ∈ Zp write x = pnu. The p–adic
valuation of x, denoted vp(x), is n. Set vp(0) =∞.

With this valuation we can show that Zp is an integral domain.

Theorem 4.5. For x, y ∈ Zp,
a) vp(xy) = vp(x) + vp(y).
b) vp(x, y) ≥ min(vp(x), vp(y)).
c) Zp is an integral domain.

Proof.
a) If x = 0 or y = 0 then both vp(xy) and vp(x) +vp(y) are infinite

so equality holds. Otherwise say x = pnu and y = pmv with
n,m ≥ 0 and u, v ∈ Z∗p. Then

vp(xy) = vp(x
n+muv) = n+m = vp(x) + vp(y)

since uv is a unit.
b) If x = 0 or y = 0 then vp(x+ y) = min(vp(x), vp(y)). Otherwise

again say x = pnu and y = pmv with n,m ≥ 0 and u, v ∈ Z∗p.
We have three cases:

(i) If n < m then

vp(x+ y) = vp(p
nu+ pmv) = vp(p

n(u+ pm−nv))

= n = min(vp(x), vp(y)).

This follows since p - u implies that p - (u+ pm−nv).
(ii) Similarly, if m < n then

vp(x+ y) = m = min(vp(x), vp(y)).

(iii) If m = n then x + y = pn(u + v). Now u + v ∈ Zp so
u+ v = plw for some l ≥ 0 and w ∈ Z∗p. Then

vp(x+ y) = vp(p
n+lw) = n+ l ≥ n = min(vp(x), vp(y)).

c) Say a, b ∈ Zp such that ab = 0. Take the p–adic valuation of
both sides and we see that

vp(a) + vp(b) =∞.
Thus either a = 0 or b = 0 and Zp is an integral domain.

�

We have the following topological facts about Zp.
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Theorem 4.6.
a) Zp is compact.
b) The topology on Zp is the same as the topology generated by

d(x, y) = |x− y| where |x| = p−vp(x) for all x ∈ Zp.
c) Z is dense inside Zp.

Proof. We give An the discrete topology and
∏∞

n=1An the product
topology (the coarsest topology for which the projection maps pi :

∏
An →

Ai are continuous).
a) Note that Zp =

⋂∞
i=1Bi where

Bi = {(xj) ∈
∏

An | φi+1(xi+1) = xi}.

We will show that the Bi are closed. Then noting that the
An are compact (every cover is already finite because An is
finite) and recalling that the product of compact sets is compact
(Tychonoff’s Theorem) and that a closed subset of a compact
set is compact we can conclude that Zp is compact.

To see Bi is closed we take (yj) /∈ Bi and construct an open
set around (yj) that does not intersect Bi. We have φi+1(yi+1) =
z 6= yi. Then we can form the sets p−1

i (z) and p−1
i+1(φ−1

i+1(yi))
both of which are open. Thus the intersection of these two sets
in
∏
An is open. We can see that (yj) is in this intersection and

that it is disjoint with Bi.
b) First we show that the collection {pnZp} forms a basis of neigh-

bourhoods of zero. If U is an open set containing zero then it
is a union of sets of the form

∞∏
i=1

Yi

where Yi ⊆ Ai with equality for all but finitely many i. Let n
be the largest integer such that Yn 6= An. Then if x ∈ pnZp,
x = (. . . , a, 0, . . . , 0) ∈ U where the last n digits are zero. Thus
pnZp ⊆

∏
Yi ⊆ U and {pnZp | n ∈ N} forms a basis for neigh-

bourhoods of zero. Thus if U is an open set around zero then

U =
⋃
n∈I

pnZp

for some I ⊂ N. Now if i ≥ j then piZp ⊂ pjZp so

U =
⋃
n∈I

pnZp = piZp
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where i is the minimum of the n’s. Now if U is an open set
around a point x then U − x is an open set around zero so
U = piZp + x. Now a general open set is a union of open sets
around points so the collection {x+pnZp | x ∈ Zp, n ∈ N∪{0}}
is a basis for the induced topology.

Now note that x ∈ pnZp if and only if |x| ≤ p−n. The metric
topology has basis given by open balls B(x, r) = {y ∈ Zp |
|x−y| < r}. We show that the two bases are equal thus showing
all open sets are equal and the topologies are equal. First note
that for an open ball B(x, r), the fact that |x| only takes on
values of p−n for integer nmeans thatB(x, r) = B(x, p−n) where
p−n−1 < r ≤ p−n. Then we can see that x + pnZp = B(x, p−n)
and that B(x, r) = B(x, p−n) = x+ pnZp.

c) For Z to be dense in Zp we require for each x ∈ Zp a sequence
of integers that converges to x. If x = (. . . , xn, . . . , x1) then the
sequence of integers (xn) satisfies this as can be seen by

|xn − x| = |(. . . , xn − xn+1, 0, . . . , 0)| ≤ p−n.

�

Definition 4.7. The field of p–adic numbers, denoted Qp, is defined
to be the field of fractions of the ring Zp.

We have the following immediate facts.

Theorem 4.8.
a) Qp = Zp[p

−1].
b) Every x ∈ Q∗p can be written uniquely as x = pnu where n ∈ Z

and u ∈ Z∗p. Use this to define the p–adic valuation on Qp by
vp(p

nu) = n and vp(0) =∞.
c) For x ∈ Qp, vp(x) ≥ 0 if and only if x ∈ Zp.

Proof.
a) First note that zero is in both rings. If x ∈ Qp is not zero

then x = pnu
pmv

where n,m ≥ 0 and u, v ∈ Z∗p. Thus x =

pn(uv−1)(p−1)m ∈ Zp[p
−1]. Conversely, if x ∈ Zp[p

−1] is not zero
then for some n,m ≥ 0 and u ∈ Z∗p, x = pnu(p−1)m = pnu

pm1
∈ Qp.

b) If x ∈ Q∗p then there exists n,m ≥ 0 and u, v ∈ Z∗p such that
x = pnu

pnv
= pn−m(uv−1). Now say that also for s, t ≥ 0 and w, z ∈

Z∗p, x = psw
ptz

= ps−t(wz−1). However since pnu
pnv

= psw
ptz

we can
conclude that pm+swv = pn+tuz and thus that pn−m(uv−1) =
ps−t(wz−1). Thus the representation of x is unique.
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c) For x ∈ Qp, if vp(x) ≥ 0 then for n ≥ 0 and u ∈ Z∗p, x = pnu
1
∈

Zp. Conversely if x ∈ Zp, for some n ≥ 0 and u ∈ Z∗p, x = pnu
1

so vp(x) ≥ 0.
�

Definition 4.9. Define the p–adic absolute value | · | : Qp → R by

|x| = p−vp(x).

Theorem 4.10. The p–adic absolute value satisfies the following prop-
erties for all x, y ∈ Qp

a) |x| = 0 if and only if x = 0.
b) |xy| = |x| · |y|.
c) |x+ y| ≤ max{|x|, |y|} with equality if |x| 6= |y|.

Proof.
a) If |x| = 0 then vp(x) =∞ so x = 0. Conversely |0| = p−∞ = 0.
b) If x or y are zero then trivially true. Otherwise let x = pnu and

y = pmv for n,m ∈ Z and u, v ∈ Z∗p. Then

|xy| = |pn+muv| = p−(n+m) = p−np−m = |x||y|.
c) If x or y are zero then trivially true. Otherwise let x = pnu and
y = pmv for n,m ∈ Z and u, v ∈ Z∗p. Then if n 6= m, without
loss of generality take m < n and we have

|x+ y| = |pm(u+ pn−m)| = p−m = max{|x|, |y|}
since p - u implies p - (u+ pn−mv). If m = n then

|x+ y| = |pn(u+ v)| ≤ p−n = max{|x|, |y|}.
�

This theorem shows that | · | is a norm on Qp. The third condition
is the ultrametric inequality which is stronger than the usual triangle
inequality. It can be shown that Qp is the completion of Q with respect
to the p–adic absolute value. In fact the only completions of Q are Qp,
for each prime p, and R. For this reason we use the notation Q∞ = R,
considering the real numbers as the ‘infinite–adic numbers’.

Define the topology on Qp to be induced by the metric d(x, y) =
|x− y| and then we have the following.

Theorem 4.11.
a) Zp is an open subring of Qp.
b) Q is dense in Qp.
c) Let E/Qp be an elliptic curve. Then E(Qp) is compact.
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Proof.
a) First note that x ∈ Zp if and only if vp(x) ≥ 0, that is if and

only if |x| ≤ 1. For Zp open in Qp we need for all x ∈ Zp an
ε > 0 such that for all y ∈ Qp, |x− y| < ε implies y ∈ Zp.

For x ∈ Zp take ε = 1. If |x| = |y| then y ∈ Zp so assume
|x| 6= |y|. Then |x − y| = max{|x|, |y|} < 1 means that |y| ≤ 1
so y ∈ Zp.

b) If x ∈ Qp we need a sequence (xn) with xn ∈ Q such that
xn → x. Now x = pmu for some m ∈ N and u ∈ Z∗p. Now
u ∈ Zp and Z is dense in Zp so there exists a sequence (un) with
un ∈ Z such that un → u. Let xn = pmun and then

|x− xn| = |pm(un − u)| = p−m|un − u| → 0 as n→∞.

c) We give P2(Qp) the quotient topology defined by the map q : Q3
p\

{(0, 0, 0)} → P2(Qp) (the finest topology for which q is contin-
uous). By multiplying by a suitable power of p we can choose
a representative of a point in P2(Qp) to be (x1 : x2 : x3) with
xi ∈ Zp and at least one xi not divisible by p (so xi ∈ Z∗p). Note
that Z∗p is a closed subset of a compact set and is therefore
compact. Thus

P2(Qp) = q(Z∗p × Zp × Zp) ∪ q(Zp × Z∗p × Zp) ∪ q(Zp × Zp × Z∗p)

is a union of continuous images of compact sets and is therefore
compact. If we let f(x, y) = y2+a1xy+a3y−x3−a2x

2−a4x−a6

then E(Qp) = f−1({O}) is a preimage of a closed set under a
continuous map and so is closed and therefore compact.

�

4.2. Hensel’s lemma

We prove Hensel’s lemma, following [7].

Lemma 4.12. Let f(X1, . . . , Xn) ∈ Z[X1, . . . , Xn], and let a ∈ Zn

such that for some m ≥ 0 and r ≥ 1,

f(a) ≡ 0 (mod p2m+r)

but for some i, (
∂f

∂Xi

)
(a) 6≡ 0 (mod pm+r).

Then there exists b ∈ Zn such that

b ≡ a (mod pm+r)
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and
f(b) ≡ 0 (mod p2m+r+1).

Proof. We use the Taylor expansion

f(X) = f(a) +
n∑
i=1

∂f

∂Xi

(a)(Xi − ai) + terms of higher degree in (Xi − ai).

Set bi = ai + hip
m+r for some hi ∈ Z to be determined. Then

f(b) = f(a) +
n∑
i=1

∂f

∂Xi

(a)hip
m+r + terms divisible by p2m+2r.

Now by assumption there exists k ≤ m + r − 1 such that pk divides
∂f
∂Xi

(a) for all i but there exists some j such that pk+1 does not divide
∂f
∂Xj

(a). Then pk+m+1 divides both f(a) and ∂f
∂Xi

(a)pm+r. For all i 6= j

set hi to zero and using the fact that p - ∂f
∂Xj

(a)/pk we can set hj =

− f(a)
pk+m+1/

∂f
∂Xj

(a)

pk
(mod pm−k+r). Then

f(a)

pk+m+1
+
∑ ∂f

∂Xi
(a)

pk
hi ≡ 0 (mod pm−k+r)

and

f(a) +
n∑
i=1

∂f

∂Xi

(a)hip
m+1 ≡ 0 (mod p2m+r+1).

Thus f(b) ≡ 0 (mod p2m+r+1). �

Theorem 4.13 (Hensel’s Lemma). Let f(X1, . . . , Xn) ∈ Z[X1, . . . , Xn],
and let a ∈ Zn such that for some m ≥ 0,

f(a) ≡ 0 (mod p2m+1)

but for some i, (
∂f

∂Xi

)
(a) 6≡ 0 (mod pm+1).

Then there exists b ∈ Zn
p such that f(b) = 0 and b ≡ a (mod pm+1).

Proof. Applying the above lemma with r = 1, we find a2m+2 such
that a2m+2 ≡ a (mod pm+1) and f(a2m+2) ≡ 0 (mod p2m+2). Applying
the lemma again with r = 2 we find a2m+3 such that a2m+3 ≡ a2m+2

(mod pm+2) and f(a2m+3) ≡ 0 (mod p2m+3). Continuing in this way
we find a sequence a, a2m+2, a2m+3, . . .. Write

a = a2m+1 = (a2m+1,1, a2m+1,2, . . . , a2m+1,n)
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and similarly for a2m+2 and so on. Then for i = 1, 2, . . . , n define

a(i) = (. . . , a2m+2,i, a2m+1,i) ∈ Zp.

Then define b = (a(1), . . . , a(n)) and we can see that b ≡ a (mod pm+1)
and

f(b) = f
(

lim
r→∞

a2m+r

)
= lim

r→∞
f(a2m+r) = 0.

�

Example 4.14. Let f(X) ∈ Z[X] and let f̄(X) ∈ Fp(X) be the poly-
nomial formed by reducing it coefficients modulo p. Let a ∈ Z be such
that ā ∈ Fp is a simple root of f̄(X). Then df̄

dX
(ā) 6= 0 so df

dX
(a) 6= 0

and by Hensel’s Lemma there exists b ∈ Zp such that f(b) = 0.

4.3. Krasner’s lemma and Gal(Qp/Qp)

We can show that Qp/Qp is a Galois extension and thus form Gp =

Gal(Qp/Qp). Later on we shall require an injective map from Gp into
G = Gal(Q/Q). To prove this map exists we require Krasner’s Lemma.
For this we require some development of absolute values on extensions
of Qp.

Definition 4.15. For a field K, a map | · | : K → R is called an
absolute value on K if for all x, y ∈ K

a) |x| ≥ 0 with equality if and only if x = 0,
b) |xy| = |x| · |y| and
c) |x+ y| ≤ |x|+ |y|.

Theorem 4.16. Let K be complete with respect to an absolute value
| · |K and let L be a (possibly infinite) separable algebraic extension of
K. Then | · |K extends uniquely to an absolute value | · |L on L. If L/K
is a finite extension then L is complete with respect to the extended
absolute value.

Proof. See [8]. �

Lemma 4.17 (Krasner’s Lemma). Let α, β ∈ Qp. If

|β − α| < |α′ − α|
for all conjugates α′ 6= α of α then α ∈ Qp(β).

Proof. LetK/Qp(β) be the normal closure of the field extension Qp(α, β)/Qp(β).
Let τ ∈ Gal(K/Qp(β)). Now Qp(β) is a finite extension of Qp therefore
has a complete extended valuation. Now the above theorem gives us
an absolute value | · | on K and we can define another absolute value
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on K by |a|′ = |τ(a)|. Now | · |′ = | · | on Qp(β) so the above theorem
tells us that | · | = | · |′ on K so |τ(a)| = |a| for all a ∈ K. Then

|β − τ(α)| = |τ(β − α)| = |β − α| < |α′ − α|.
Thus

|α− τ(α)| = |α− β + β − τ(α)|
≤ max{|α− β|, |β − τ(α)|}
< |α− α′|.

So we can see that since τ(α) is a conjugate of α we must have τ(α) = α
and thus α ∈ Qp(β). �

For polynomials f =
∑
aix

i ∈ K[x] define ||f || = max {|ai|}. This
allows us to have a concept of closeness for polynomials. We prove the
triangle inequality: if f =

∑
aix

i and g =
∑
bix

i then

||f + g|| = max{|ai + bi|}
≤ max{|ai|+ |bi|}
≤ max{|ai|}+ max{|bi|}
= ||f ||+ ||g||

Corollary 4.18. Let f(x) be a degree n monic irreducible polynomial
in Qp[x] and let α be a root of f . Then any monic degree n polynomial
g sufficiently close to f is also irreducible and has a root β such that
α ∈ Qp(β).

Proof. Firstly note that if

g(x) = xn +
n−1∑
i=1

bix
i

and β is a root of g then

βn = −
n−1∑
i=1

biβ
i

so |β|n ≤ max{|bjβj|}. Thus |β|n−j ≤ |cj| for j < n so |β| ≤ |bj|1/(n−j) ≤
||g||.

Now

f(x) =
n∏
i=1

(x− αi).

Say ||f − g|| < ε then

||g|| = ||f + g − f || ≤ ||f ||+ ||g − f || < ||f ||+ ε.
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If β′ is a root of g then writing f =
∑
aix

i we have
|f(β′)| = |(f − g)(β′)|

≤
∑
|ai − bi||β′|i

≤ εmax{1, |β′|n}
≤ εmax{1, (||f ||+ ε)n}.

We also have |f(β′)| =
∏
|β′ − αi| so we know that for at least one i,

|β′ − αi| < ε1/n max{1, (||f ||+ ε)}
(otherwise our bound is violated). So if we take ε sufficiently small
we have |β′ − αi| < |αi − αj| for all j 6= i. Now let K/Qp be the
normal closure of Qp(αi, β

′)/Qp there exists σ ∈ Gal(K/Qp) such that
σ(αi) = α. Then σ(β′) = β where β is some conjugate of β′. Then

|β − α| = |σ(β′ − αi)|
= |β′ − αi|
< |αi − αj| for all j
= |σ(αi − αj)|
= |α− αk| for all k.

Then by Krasner’s lemma α ∈ Qp(β). �

Corollary 4.19. If σ ∈ Gp fixes Qp and Q then it fixes Qp.

Proof. Take α ∈ Qp. Then α has minimum polynomial

f(x) =
∏

(x− αi) ∈ Qp[x].

Since Q is dense in Qp we can choose a monic polynomial g ∈ Q[x]

with rational coefficients arbitrarily close to f and a root β ∈ Q such
that α ∈ Qp(β). Then the condition that σ fixes Qp and Q implies that
σ fixes α. �

Theorem 4.20. The map from Gp → G defined by σ 7→ σ|Q is well
defined and injective.

Proof. Every element of Q has a minimum polynomial in Q[X] which
by the definition of Q splits in Q. Since Galois maps take elements to
other roots of their minimum polynomial this means that

σ|Q : Q→ Q
and thus our map from Gp to G is well defined.

For injectivity consider σ, τ ∈ Qp. Then both these maps fix Qp

so στ−1 fixes Qp. Now if σ|Q = τ |Q then στ−1 fixes Q. The above
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corollary tells us that στ−1 fixes all of Qp so σ = τ and our map is
injective. �



Chapter 5

Elliptic curves over Qp

5.1. Reduction modulo p

Let E/Qp be an elliptic curve with Weierstrass equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

We can clear out the denominators by making a change of variables

(x, y) 7→
( x
u2
,
y

u3

)
and thus find a Weierstrass equation with ai ∈ Zp. Then ∆ ∈ Zp since
it is a combination of the ai’s. Then noticing that vp maps onto Z we
can find the equation with vp(∆) as small as possible.

Definition 5.1. Let E/Qp be an elliptic curve. A Weierstrass equation
is called a minimal equation for E at p if vp(∆) is minimised subject
to the condition that all ai ∈ Zp.

We denote the operation ‘reduction modulo p’ from Zp → Zp/pZp
∼=

Fp = Z/pZ by a 7→ ā. Having chosen a minimal Weierstrass equation
for E/Qp we can reduce its coefficients modulo p to obtain a curve over
Fp:

Ē : y2 + ā1xy + ā3y = x3 + ā2x
2 + ā4x+ ā6.

The curve Ē/Qp is called the reduction of E modulo p.
We can write a point P ∈ E(Qp) as P = (x0 : y0 : z0) where

x0, y0, z0 ∈ Zp and gcd(x0, y0, z0) = 1. Then we have a map ‘reduc-
tion modulo p’ from E(Qp)→ Ē(Fp) defined by P 7→ P̄ = (x̄0 : ȳ0 : z̄0).

Definition 5.2. Let E/Qp be an elliptic curve with reduction Ē/Qp.
We say E has good reduction over Qp if Ē is non–singular.

Theorem 5.3. Let E/Qp be an elliptic curve with discriminant ∆. If
p - ∆ then E has good reduction over Qp.

Proof. The discriminant is defined as a polynomial in the ai’s. Since
reduction modulo p is a homorphism we can calculate the discriminant
of Ē to be ∆ (mod p). Thus Ē is nonsingular if p - ∆. �

41
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We require one example of a curve that does not have good reduc-
tion.

Example 5.4. The plane projective curve

E0 : Y 2Z = X3

has a cusp at S = (0 : 0 : 1). There exists an isomorphism E0(Fp) \
{S} → Fp.

Proof. See [7]. �

5.2. p–adic filtration

Let E have good reduction over Qp. We define groups

E(Qp) ⊂ E1(Qp) ⊂ E2(Qp) ⊂ · · ·
and consider their quotients.

Define
E1(Qp) = {P ∈ E(Qp) | P̄ = Ō}.

We can see that E1(Qp) consists of (x : y : z) such that p divides x and
z but does not divide y.

Then go on to define

En(Qp) =
{
P ∈ E1(Qp) |

x(P )

y(P )
∈ pnZp

}
for n > 1.

Theorem 5.5. The filtration

E(Qp) ⊂ E1(Qp) ⊂ · · ·
has the following properties:

a) The map P 7→ P̄ defines an isomorphism E(Qp)/E
1(Qp) →

Ē(Fp).
b) For n ≥ 1, En(Qp) is a subgroup of E(Qp) and the map P 7→

p−n x(P )
y(P )

(mod p) is an isomorphism En(Qp)/E
n+1(Qp)→ Fp.

c) The filtration is exhaustive, that is ∩nEn(Qp) = {O}.

Proof.
a) We show that the sequence

0 // E1(Qp) // E(Qp) // Ē(Fp) // 0

is exact. The reduction map P2(Qp) → P2(Fp) maps lines to
lines so the map E(Qp)→ Ē(Fp) is a homomorphism.
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We have inclusion E1(Qp)→ E(Qp) so the first map is injec-
tive. Exactness at E(Qp) follows from the definition of E1(Qp)
since P ∈ E(Qp) maps to Ō if and only if P ∈ E1(Qp).

To see surjectivity of the reduction map we use Hensel’s
Lemma. Let

f(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6 = 0

be a minimal Weierstrass equation, f̄(x, y) the corresponding
polynomial reduced modulo p and P̄ = (α, β) ∈ Ēns(Fp). Since
P̄ is non–singular, we know either

∂f̄

∂x
(P̄ ) 6= 0 or

∂f̄

∂y
(P̄ ) 6= 0.

Without loss of generality say the former is true. Choose y0 ∈
Zp with ȳ0 = β and consider

f(x, y0) = 0.

Reduced modulo p, this equation has α as a simple root since
∂f̄

∂x
(α, ȳ0) 6= 0.

Then by Hensel’s Lemma we can lift α to an x0 ∈ Zp such that
x̄0 = α and f(x0, y0) = 0. Then P = (x0, y0) ∈ E0(Qp) reduces
to P̄ .

b) Since the characteristic of Qp is zero we can take our Weierstrass
equation to be y2 = x3 + ax + b. We proceed by induction.
We know that E1(Qp) is a subgroup of E(Qp) so assume that
En(Qp) is a subgroup. Say P = (x : y : z) = (x/z : y/z : 1) ∈
E1(Qp). Say x/z = p−mx0 and y/z = p−m

′
y0 where m,m′ ∈ Z

and x0, y0 ∈ Z. Then since P is on E we have

p−2m′y2
0 = p−3mx3

0 + ap−mx0 + b.

Taking the p–adic valuation we see that −2m′ = −3m. Since
m,m′ are integers there must exist k ∈ Z such that m = 2k and
m′ = 3k. In fact vp(x/y) = vp(x/z)−vp(y/z) = −2k− (−3k) =
k.

Now if P = (x : y : z) ∈ En(Qp) \ En+1(Qp) then k =
vp(x/y) = n so we can write

P = (p−2nx0 : p−3ny0 : 1) = (pnx0 : y0 : p3n).

In fact for any P ∈ En(Qp) either the above is true or P ∈
En+1(Qp) so

P = (pn+1x′0 : y0 : p3n+3) = (pnx0 : y0 : p3nz0).
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Thus for all P ∈ En(Qp) we can write P = (pnx0 : y0 : p3nz0)
where vp(y0) = 0 and x0, z0 ∈ Zp.

Then P being on E implies that
p3ny2

0z0 = p3nx3
0 + ap7nx0z

2
0 + bp9nz3

0 .

Dividing by p3n and defining P0 = (x̄0 : ȳ0 : z̄0) we see that P0

lies on the curve E0/Fp defined by

E0 : Y 2Z = X3.

We have a map from En(Qp) → E0(Fp) given by P 7→ P0 that
can be seen to be a homomorphism by the geometric group
law (here we use our inductive hypothesis). We can see that
Ker(P 7→ P0) = En+1(Qp) since P = (pnx0 : y0 : p3nz0) ∈
En(Qp) maps to (0 : 1 : 0) if and only if p | x0 and p | z0 but
p - y0. From this we see that En+1(Qp) is a subgroup of E(Qp).

To see that Im(P 7→ P0) = E0(Fp) \ {S} take a nonsingular
point (x̄0 : ȳ0 : z̄0) on E0(Fp). By Hensel’s lemma it lifts to a
point (x : y : z) on

p3ny2
0z0 = p3nx3

0 + ap7nx0z
2
0 + bp9nz3

0

which is the image of a point (pnx0 : y0 : p3n) ∈ En(Qp).
Then the composition

P 7→ P0 7→
x(P0)

y(P0)

given by

P 7→ p−nx(P )

y(P )
is the required isomorphism.

c) If P = (x : y : z) ∈ ∩∞n=1E
n(Qp) then x/y ∈ pnZp for all n ≥ 1

which implies that x = 0 and y 6= 0. This tells us that either
x = 0 or y2 = bz2. However P ∈ E1(Qp) implies that p | z and
p - x but if y2 = bz2 then p | z implies p | x. Thus x = 0 and
P = (x : y : z) = (0 : y : 0) = O.

�



Chapter 6

The theory of descent

A natural number–theoretic question is to discover the structure of
an elliptic curve over the rationals, and more generally over a number
field, K. We will eventually prove a special case of the following the-
orem, proved for K = Q by Mordell in 1922 and for general K (and
also for abelian varieties, not just elliptic curves) by Weil in 1928.

Theorem 6.1 (Mordell-Weil Theorem). Let K be a number field and
E/K an elliptic curve. Then the group E(K) is finitely generated.

We will see in Chapter 8 that to prove this we need the following
result.

Theorem 6.2 (Weak Mordell-Weil Theorem). Let K be a number field,
E/K an elliptic curve, and m ≥ 2 an integer. Then E(K)/mE(K) is
a finite group.

It is also true that if, for one m, we can find the generators for
E(K)/mE(K) then we have an effective procedure to find the genera-
tors for E(K). Unfortunately an effective procedure to find generators
for E(K)/mE(K) is not known, although we will present a method
that often works.

We begin by making the simplifying assumptions that K = Q and
m = 2 so we are studying 2–descent for elliptic curves defined over the
rational numbers.

6.1. The Kummer sequence

Firstly we set some notation. If A is an abelian group, let A[2] =
{ a ∈ A | 2a = 0 } be the 2–torsion subgroup of A. Let G = Gal(Q/Q)
and let E/Q be an elliptic curve. We use {x} to denote the coset of x
for elements of our cohomology groups.

To find 2–torsion points we have to solve 2P = O which amounts to
solving polynomials with rational coefficients. So we have the 2–torsion
points E(Q)[2] and the rational 2–torsion points E(Q)[2]. Define the
following sequence

0 // E(Q)[2]
f // E(Q)

[2]
// E(Q) // 0

45
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where f : P 7→ P and [2] : P 7→ 2P . We can easily see that f is injective
so Ker (f) = 0. Also for all P ∈ E(Q) we can find Q ∈ E(Q) such that
2Q = P by solving equations with rational coefficients. This means
that [2] is surjective so Im ([2]) = E(Q). Finally, if P ∈ E(Q)[2] then
[2]P = O so Im (f) ⊆ Ker ([2]). Also if P ∈ Ker ([2]) so 2P = O then
P ∈ Im (f). Therefore Im (f) = Ker ([2]) and our sequence is exact.

Now we take Galois cohomology to find this long exact sequence

0 // H0(G,E(Q)[2]) // H0(G,E(Q)) // H0(G,E(Q))

δ // H1(G,E(Q)[2]) // H1(G,E(Q)) // H1(G,E(Q)).

Now drop the first two terms and note that H0(G,E(Q)) = E(Q)G =
E(Q). This gives us a long exact sequence

E(Q)
[2]

// E(Q)
δ // H1(G,E(Q)[2])

f ′ // H1(G,E(Q))
2′ // H1(G,E(Q))

where
[2] : P 7→ 2P,

δ : P 7→ {σ 7→ Nσ −N}
where we fix N ∈ E(Q) such that 2N = P . Also

f ′ : {ξ} 7→ {ξ′}
where ξ′ is just an extension of the codomain of ξ (i.e. given ξ : G →
E(Q)[2] we define ξ′ : G→ E(Q) by ξ′(σ) = ξ(σ) for all σ ∈ G). Finally

2′ : {ξ} 7→ {2ξ}
where 2ξ is defined by (2ξ)(σ) = 2(ξ(σ)) for all σ ∈ G.

Now we can use the first isomorphism theorem to shorten this se-
quence. We know that E(Q)/Ker (δ) ∼= Im (δ) and since Ker (δ) =
Im ([2]) = 2E(Q) we can define a map µ : E(Q)/2E(Q)→ H1(G,E(Q)[2])
by

µ : {P} 7→ δ(P ).

On the other side we replace H1(G,E(Q)) by Ker (2′) = Im (f ′) =
H1(G,E(Q))[2]. Both these operations preserve the exactness and give
us the following theorem.

Theorem 6.3. Let E/Q be an elliptic curve. Then the following se-
quence, the Kummer Sequence, is exact.

0 // E(Q)/2E(Q)
µ // H1(G,E(Q)[2])

f ′ // H1(G,E(Q))[2] // 0.
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6.2. Principal homogenous spaces

We now give a geometric interpretation of the group H1(G,E(Q))
by associating to each element a twist of E called a homogenous space.
First we define a homogenous space and we will come back to showing
the connection to cohomology. This section is heavily based on the
exposition from [12]. Let K be a perfect field and G = Gal(K̄/K).

Definition 6.4. Let E/K be an elliptic curve. A (principal) homoge-
nous space for E/K is a smooth curve C/K together with a morphism
µ : C × E → C defined over K such that

a) µ(p,O) = p for all p ∈ C.
b) µ(µ(p, P ), Q) = µ(p, P +Q) for all p ∈ C and P,Q ∈ E.
c) For all p, q ∈ C there is a unique P ∈ E satisfying µ(p, P ) = q.

We denote µ(p, P ) by p ⊕ P . This means that b) is ‘just’ the
associative law,

(p⊕ P )⊕Q = p⊕ (P +Q),

but also distinguishes between addition on the elliptic curve, +, and
the action of C on E, ⊕.

Because in c) we have a unique element P such that p⊕ P = q we
can define a subtraction map on C by

ν : C × C → E

ν(q, p) is the unique P ∈ E such that µ(p, P ) = q.

We will denote ν(q, p) by q 	 p.
We can now prove that the ⊕ and 	 notations provide us with the

correct intuition.

Lemma 6.5. Let C/K be a homogenous space for E/K. Then for all
p, q ∈ C and P,Q ∈ E:

a) µ(p,O) = p and ν(p, p) = O.
b) µ(p, ν(q, p)) = q and ν(µ(p, P ), p) = P .
c) ν(µ(q,Q), µ(p, P )) = ν(q, p) + (Q− P ).

In other words:
a) p⊕O = p and p	 p = O.
b) p⊕ (q 	 p) = q and (p⊕ P )	 p = P .
c) (q ⊕Q)	 (p⊕ P ) = (q 	 p) + (Q− P ).

Proof.
a) Firstly, µ(p,O) = p is part of the definition of homogenous

space. Next note that ν(p, p) is the unique element that gives
µ(p, ν(p, p)) = p but we have µ(p,O) = p. So by uniqueness
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ν(p, p) = O.

b) By the definition of the subtraction map, µ(p, ν(q, p)) = q. Re-
placing the first argument of ν with µ(p, P ) we have

µ(p, ν(µ(p, P ), p)) = µ(p, P ).

Again by the uniqueness of ν we have ν(µ(p, P ), p) = P .

c) By the definition of ν we have q = µ(p, ν(q, p)). Now adding Q
to both sides we have

µ(q,Q) = µ(µ(p, ν(q, p), Q).

By b) in the definition of homogenous space we have

µ(µ(p, ν(q, p), Q) = µ(p, ν(q, p) +Q).

Now add and subtract P and use the definition b) again so

µ(q,Q) = µ(p, P + ν(q, p) +Q− P )

= µ(µ(p, P ), ν(q, p) +Q− P ).

Now by the uniqueness of ν we have

ν(µ(q,Q), µ(p, P )) = ν(q, p) +Q− P.

�

Next we can show that a homogenous space for E is always a twist
of E (recall that means is isomorphic over K̄).

Theorem 6.6. Let E/K be an elliptic curve and C/K be a homogenous
space for E/K. Fix a point p0 ∈ C and define a map

θ : E → C θ(P ) = p0 ⊕ P.

Then:
a) The map θ is an isomorphism defined over K(p0). In particular

C/K is a twist of E/K.
b) For all p ∈ C and P ∈ E

p⊕ P = θ(θ−1(p) + P ).

c) For all p, q ∈ C

q 	 p = θ−1(q)− θ−1(p).

d) The subtraction map ν is a morphism defined over K.

Proof.
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a) Note that the action of E on C is, by definition, defined over K.
This means that (p ⊕ P )σ = pσ ⊕ P σ. To see that θ is defined
over K(p0) note that Gal(K(p0)/K(p0)) = {σ ∈ G | pσ0 = p0 }.
So for σ ∈ Gal(K(p0)/K(p0)), we have

θ(P )σ = (p0 ⊕ P )σ = pσ0 ⊕ P σ = p0 ⊕ P σ = θ(P σ).

Since θ(P )σ = θσ(P σ) this implies that θσ = θ and θ is de-
fined over K(p0). We can find θ−1(q) = q 	 p0. Then for all
q ∈ C, |θ−1(q)| = 1 so θ has degree 1 and therefore is an isomor-
phism (using theorems 2.6c and 2.4.1 from [12]).

b) Since θ is an isomorphism it has an inverse. Then θ−1(p) is the
unique point of E that when added to p0 gives p. Thus,

θ(θ−1(p) + P ) = (p0 ⊕ θ−1(p))⊕ P = p⊕ P.

c) We add and subtract p0 (recall this is actually using the earlier
Lemma) to see,

θ−1(q)− θ−1(p) = (p0 ⊕ θ−1(q))	 (p0 ⊕ θ−1(p)) = q 	 p.

d) The subtraction map is a morphism since by (c), q 	 p =
θ−1(q) − θ−1(p). Thus we can see that it is the composition
of the morphisms θ−1, addition on an elliptic curve and taking
the negative of a point on an elliptic curve. To check that ν is
defined over K, for any σ ∈ G,

(q 	 p)σ = (θ−1(q)− θ−1(p))σ = θ−1(q)σ − θ−1(p)σ,

since subtraction on E is defined over K. Then, since µ is
defined over K we can add and subtract pσ0 and rearrange to

(q 	 p)σ = [p0 ⊕ θ−1(q)]σ 	 [p0 ⊕ θ−1(p)]σ = qσ 	 pσ

where the last equality is by definition of θ−1. From this we can
see that νσ = ν for all σ ∈ G and thus ν is defined over K.

�

Definition 6.7. Two homogenous spaces C/K and C ′/K for E/K are
equivalent if there exists an isomorphism θ : C → C ′ defined over K
such that for all p ∈ C and P ∈ E

θ(p⊕ P ) = θ(p)⊕ P.

We can easily check that this is an equivalence relation on the set
of homogenous spaces.
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Definition 6.8. The collection of homogenous spaces of E, modulo
equivalence, is called the Weil–Chatalet group for E/K and is denoted
WC(E/K). The equivalence class containing E is called the trivial
class.

Theorem 6.9. Let C/K be a homogenous space for E/K. Then C/K
is in the trivial class if and only if C(K) is not empty.

Proof. If C/K is in the trivial class then there exists an equivalence
(K–isomorphism) θ : E → C. Now we claim that θ(O) is a K–rational
point on C. For this we require θ(O)σ = θ(O) for all σ ∈ G. But

θ(O)σ = θσ(Oσ) = θ(O)

since θ is defined over K and O ∈ E(K). Thus θ(O) ∈ C(K) so C(K)
is nonempty.
Conversely, suppose p0 ∈ C(K) then

θ : E → C defined by θ(P ) = p0 ⊕ P

is an isomorphism over K(p0) = K. For θ to be an equivalence we
require for all P,Q ∈ E,

θ(P +Q) = θ(P )⊕Q

i.e. p0 ⊕ (P +Q) = (p0 ⊕ P )⊕Q.
But this is part of the definition of homogenous space so is satisfied. �

Our main aim in this section is to show a bijection between the
Weil–Chatalet group and a cohomology group. The result we have just
proved shows that this will give us a tool to help us study the diophan-
tine problem of checking whether a curve has any rational points.

Lemma 6.10. Let θ : C/K → C ′/K be an equivalence. Then for all
p, q ∈ C

θ(q)	 θ(p) = q 	 p.

Proof. We add and subtract p	 q,

θ(q)	 θ(p) = ([θ(q)⊕ (p	 q)]	 θ(p)) + (q 	 p).

Then by the compatibility of θ, θ(q)⊕ (p	 q) = θ(q ⊕ (p	 q)) = θ(p).
Thus

θ(q)	 θ(p) = (θ(p)	 θ(p)) + (q 	 p) = O + q 	 p = q 	 p.

�
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Theorem 6.11. Let E/K be an elliptic curve. Then there is a bijection

WC(E/K)→ H1(G,E(K̄))

defined by choosing a point p0 ∈ C and then sending

{C/K} 7→ {σ 7→ pσ0 	 p0}.

Proof. Firstly note that {σ 7→ pσ0 	 p0} is a cocycle since

pστ0 	 p0 = (pστ0 	 pτ0) + (pτ0 	 p0)

= (pσ0 	 p0)τ + (pτ0 	 p0).

To see that our map is well defined suppose C ′/K is equivalent to
C/K by a K–isomorphism θ : C → C ′. Let p′0 ∈ C ′. Then

pσ0 	 p0 = θ(pσ0 )	 θ(p0)

= (p′σ0 	 p′0) + [(θ(p0)	 p′0)σ − (θ(p0)	 p′0)].

Thus pσ0 	 p0 and p′σ0 	 p′0 are cohomologous as we required.
To see that our map is injective suppose pσ0 	 p0 and p′σ0 	 p′0 are

cohomologous so there exists P0 ∈ E such that

pσ0 	 p0 = (p′σ0 	 p′0) + (P σ
0 − P0).

Define a map θ : C → C ′ by

θ(p) = p′0 ⊕ (p	 p0) + P0.

Clearly θ is an isomorphism and θ(p⊕P ) = θ(p)⊕P for all p ∈ C and
P ∈ E. To see that θ is defined over K check

θ(p)σ = p′σ0 ⊕ (pσ 	 pσ0 ) + P σ
0

= p′0 ⊕ (pσ 	 p0) + P0 + [(p′σ0 	 p′0)⊕ P σ
0 − P0 − (pσ0 	 p0)]

= θ(pσ)

where the term in brackets is zero because pσ0 	 p0 and p′σ0 	 p′0 are
cohomologous.

To see surjectivity let {ξ} ∈ H1(G,E(K̄). Now embed E(K̄) in
Isom(E) by sending P 7→ τP where τP : Q 7→ Q + P . Consider {ξ}
as being in H1(G, Isom(E)) and then by Theorem 2.25 there exists a
curve C/K and a K̄–isomorphism φ : C → E such that for all σ ∈ G

φσ ◦ φ−1 = τ−ξσ .

Define µ : C × E → C by

µ(p, P ) = φ−1(φ(p) + P ).

We aim to show that C/K is a principal homogenous space over E/K
with cohomology class {ξ}. Firstly we show that for p, q ∈ C there is
a unique P ∈ E such that µ(p, P ) = q. If µ(p, P ) = q then φ−1(φ(p) +
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P ) = q so P = φ(q) − φ(p) is uniquely determined. To see that µ is
defined over K, we let σ ∈ G and compute

µ(p, P )σ = (φ−1)σ(φσ(pσ) + P σ)

= φ−1([φ(pσ)− ξ(σ) + P σ] + ξ(σ))

= µ(pσ, P σ)

Thirdly to find the cohomology class associated to C/K choose p0 =
φ−1(O) (recall that we can choose any p0 ∈ C). Then

pσ0 − p0 = (φσ)−1(O)− φ−1(O)

= φ−1(O + ξ(σ))− φ−1(O)

= ξ(σ)

�

6.3. Selmer and Tate–Shafarevich group

We can carry out a similar process as in our earlier 2–descent theory
but with the p–adic numbers, Qp, instead of Q. Let Gp = Gal(Qp,Qp)
and for p = 2, 3, 5, . . . ,∞ we have a short exact sequence

0 // E(Qp)/2E(Qp)
µp // H1(Gp, E(Qp)[2])

f ′p // H1(Gp, E(Qp))[2] // 0.

We have the inclusion i : Q → Qp and by Krasner’s Lemma we have
an injective map j : Gp → G. For a map ξ : G→ E(Q) we can use the
following commutative diagram to define ξ′ : Gp → E(Qp).

G
ξ // E(Q)

i
��

Gp

j

OO

ξ′ // E(Qp)

Putting together our exact sequence for the rationals and the prod-
uct of the exact sequence for each p we get the following commutative
diagram with exact rows (all products are over p = 2, 3, 5, . . . ,∞).

0 // E(Q)/2E(Q)
µ //

θ1
��

H1(G,E(Q)[2])
f ′ //

θ2
��

H1(G,E(Q))[2] //

θ3
��

0

0 //
∏
E(Qp)/2E(Qp)

Q
µp //
∏
H1(Gp, E(Qp)[2])

Q
f ′p //
∏
H1(Gp, E(Qp))[2] // 0

The new maps are defined by

(θ1)p : {P} 7→ {P},
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(θ2)p : {ξ} 7→ {j ◦ ξ ◦ i}
and

(θ3)p : {ξ} 7→ {j ◦ ξ ◦ i}.
Now consider the map H1(G,E(Q)) →

∏
H1(Gp, E(Qp)) defined

by {ξ} 7→ ({j ◦ ξ ◦ i})∞p=2. We call the kernel of this map the Tate–
Shafarevich group, X. We can easily see that X[2] = Ker (θ3).

A useful way to think about the Tate–Shafarevich group is to recall
that H1(G,E(Q)) ∼= WC(E/Q). Thus we can think of the elements
of X as homogenous spaces that have a Qp–rational point for every
prime p (that is are locally trivial). A nontrivial element of X is a
homogenous space that is locally trivial but has no rational point.

Define the 2–Selmer group by S(2) = Ker (θ3 ◦ f ′) and we can see
that we have a short exact sequence (both these kernels are in the
top row so just need to check that the maps fit together nicely). To
summarise:

Theorem 6.12. Let E/Q be an elliptic curve. Then the following
sequence (the descent sequence) is exact.

0 // E(Q)/2E(Q) // S(2) // X[2] // 0.

In the next section we will prove that S(2) is finite. This implies
that E(Q)/2E(Q) is finite, the Weak Mordell–Weil Theorem. It also
implies that X[2] is finite. Although we can show that X[m] is finite
for all m it has not been proven that X is finite.

We can also see from this exact sequence that the Selmer group
contains information on both of the groups we are interested in – there
is an isomorphic copy of E(Q)/2E(Q) inside S(2) and any point that
is not in this copy maps to a nonzero point in X[2]. The hard part is
finding out where a point in the Selmer group comes from.

6.4. Finiteness of the Selmer group

In this section we shall prove the finiteness of the Selmer group,
S(2) ⊆ H1(G,E(Q)[2]), following [7]. This proof is quicker than the
standard proof in [12].

Firstly we work up to a lemma proved in [7], using material from re-
duction of elliptic curves over Qp and a theorem from algebraic number
theory.

Lemma 6.13. Let E/Qp be an elliptic curve with good reduction and
let n be an integer such that p does not divide n. Then for P ∈ E(Qp)
there exists Q ∈ E(Qp) such that P = nQ if and only if P̄ = nQ̄ for
some Q̄ ∈ E(Fp).
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Proof. If P = nQ then P̄ = nQ̄.
Conversely, recall the filtration

E(Qp) ⊂ E1(Qp) ⊂ E2(Qp) ⊂ · · ·

where
E(Qp)

E1(Qp)
∼= Ē(Fp)

and, for all n ≥ 1
En(Qp)

En+1(Qp)
∼= Fp.

So by assumption there exists a Q0 ∈ E(Qp) such that

nQ0 ≡ P (mod E1(Qp)).

This means that P − nQ0 ∈ E1(Qp). Then since

E1(Qp)

E2(Qp)
∼= Fp

and p does not divide n we can see that multiplication by n is an
isomorphism, therefore there exists Q1 ∈ E1(Qp) such that

p− nQ0 ≡ nQ1 (mod E2(Qp)).

Continuing on in this way we can find Qi ∈ Ei(Qp) such that

P − n
m∑
i=0

Qi ∈ Em+1(Qp).

Then by the compactness of E(Qp),
∞∑
i=0

Qi = Q ∈ E(Qp) and nQ = P.

�

Lemma 6.14. For any finite extension k of Fp, there exists an exten-
sion K of Qp with the following properties:

a) [K : Qp] = [k : Fp].
b) The integral closure R of Zp in K is a principal ideal domain

with p as its only prime element (up to associates) and R/pR =
Fp.

Lemma 6.13 remains true with Qp replaced by such a K.

Proof. See [5] Theorem II.3.9 and Propositions II.2.4 and II.2.7. �
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Lemma 6.15. Let E/Q be an elliptic curve with discriminant ∆.
For any γ ∈ S(2) and prime p0 not dividing 2∆ there exists a fi-
nite unramified extension, K, of Qp0 such that γ maps to zero in
H1(GK̄/K , E(K̄)[2]).

Proof. For γ ∈ S(2) ⊂ H1(G,E(Q)[2]), we can see by the diagram
used to define S(2) that θ2(γ) maps to zero in H1(Gp, E(Qp)). Then
by exactness of the bottom row there exists a {P} ∈ E(Qp)/2E(Qp)
such that {P} 7→ θ2(γ). Now E has good reduction at p so there exists
a field K (by Lemma 6.14) such that P ∈ 2E(K) (by Lemma 6.13).
Then by the following commutative diagram

E(Q)/2E(Q) //

��

H1(G,E(Q)[2])

��

E(Qp)/2E(Qp) //

��

H1(Gp, E(Qp)[2])

��

E(K)/2E(K) // H1(GK̄/K , E(K)[2])

we can see that γ ∈ S(2) maps to zero since {P} is in the kernel of the
vertical arrow on the left hand side. �

Now we can prove the finiteness of the Selmer group in a special
case.

Theorem 6.16. Let E/Q be an elliptic curve with E(Q)[2] ⊆ E(Q).
Then S(2) is finite.

Proof. We know that since E(Q)[2] is a group of order four with no
element of order four that

E(Q)[2] ∼= µ2
2.

as groups. Since all points of order two are rational points then G acts
trivially on both sides so this actually an isomorphism of G–modules.

So,

H1(G,E(Q)[2]) ∼= H1(G,µ2 × µ2) ∼= H1(G,µ2)×H1(G,µ2).

Now by Theorem 1.17.b

H1(G,µ2) ∼= Q∗/Q∗2.

So we can see that

H1(G,E(Q)[2]) ∼= (Q∗/Q∗2)2.
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Now take γ ∈ S(2). By multiplying by the square of a suitable
rational number we can consider γ as mapping to(

(−1)ε(∞)
∏

pε(p), (−1)ε
′(∞)

∏
pε
′(p)
)

where ε(p), ε′(p) = 0 or 1.
Now, by the above lemma, for any prime p0 not dividing 2∆ there

exists a finite unramified extension, K, of Qp0 such that γ is in the
kernel of the vertical arrows.

H1(G,E(Q)[2])
∼= //

��

(Q∗/Q∗2)2

���
�
�

H1(GK̄/K , E(K̄)[2])
∼= // (K∗/K∗2)2

We know that the element corresponding to γ is in the kernel of the
map from (Q∗/Q∗2)2 → (K∗/K∗2)2, so (−1)ε(∞)

∏
pε(p) is a square in

K. This implies that ε(p0) = 0 since we know that p0 is not a square
in K. But we can see that ordp0((−1)ε(∞)

∏
pε(p)) = ε(p0).

Therefore the order of any p0 not dividing 2∆ is zero and thus
γ = ±pε11 pε22 . . . pεnn where εi = 0 or 1 and the pi are the primes that
divide 2∆. Thus there is only a finite number of choices for γ and S(2)

must be finite. �

This approach can be extended to the case where the points of order
two are not necessarily rational. We don’t quite have the background
to do this rigorously but if we take the extension of some preceding
theorems on faith we can sketch the approach. Find a finite extension
L of Q such that E(Q)[2] ⊂ E(L). The next lemma shows that to prove
S(2)(E/Q) finite it suffices to show that S(2)(E/L) is finite (S(2)(E/L)
is defined analogously to S(2)(E/Q)).

Lemma 6.17. For a finite Galois extension L of Q the kernel of

S(2)(E/Q)→ S(2)(E/L)

is finite.

Proof. It suffices to prove that the kernel of the map

Res: H1(GQ/Q, E(Q)[2])→ H1(GQ̄/L, E(Q̄)[2])

is finite.
First define a homomorphism

i : GQ/Q → GL/Q by

i : σ 7→ σ|L.
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Now σ|L = 1 if and only if σ ∈ GQ/L. Thus Ker (i) = GQ/L C GQ/Q.
Also i is surjective since for all σ ∈ GL/Q we can define a σ′ ∈ GQ/Q by

σ′(x) =

{
σ(x) if x ∈ L
x if x /∈ L

such that i(σ′) = σ. Then by the first isomorphism theorem
GQ/Q

GQ/L

∼= GL/Q.

So then the inflation–restriction exact sequence (Theorem 1.11)
with G = GQ/Q, H = GQ/L and M = E(Q)[2] is

0 // H1(GL/Q, E(L)[2])
Inf // H1(GQ/Q, E(Q)[2])

Res // H1(GQ/L, E(Q)[2]).

Thus we see that Ker (Res) = Inf (H1(GL/Q, E(L)[2])) and thus the
finiteness of GL/Q and E(L)[2] implies that the kernel of Res is finite.

�

The other thing that we need to emulate our proof in the special
case is the following lemma.

Lemma 6.18. Let S be a finite set of primes. Let N be the kernel of
the map

a 7→ (ordp(a) (mod 2)) : L∗/L∗2 → ⊕p/∈SZ/2Z.
Then there is an exact sequence

0 // US/U
2
S

// N // CS[2].

Proof. For a ∈ OL define vp(a) for prime ideals p of OL by

〈a〉 =
∏

p

pvp(a).

Then extend this to a/b ∈ L by vp(a/b) = vp(a) − vp(b). For a finite
set S of prime ideals of L we have the following exact sequence (see
appendix)

0 // US // L∗
a7→(vp(a))

// ⊕p/∈SZ // CS // 0.

This gives us inclusion US → L∗ which induces inclusion US/U
2
S →

L∗/L∗2. In fact US/U2
S → N since x ∈ US maps to zero in ⊕p/∈SZ. For

α ∈ N we know that 2 | vp(α) so we can define the map to CS[2] by
α 7→ c = (vp(α)). Then 2c = (vp(α)) = 0 in CS by the exact sequence.

For exactness we require Ker(N → CS[2]) = US/U
2
S. If α ∈

Ker(N → CS[2]) then α 7→ c = (vp(α)/2) = 0. Thus there exists
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β ∈ L∗ such that vp(β) = vp(α)/2. Then vp(α/β
2) = vp(α)−2vp(β) = 0

so α/β2 ∈ US and {α} ∈ US/U2
S maps to c. �

From this we can see that
N

US/U2
S

⊆ CS[2].

We know (see appendix C) that US is finitely generated (so US/U
2
S

is finite) and CS is finite. Thus a quotient of N by a finite group is
contained in a finite group so N is finite.

Let S be the set of primes dividing ∆. Now since GQ/L acts trivially
on E(Q)[2] ⊂ E(L) ,we have

H1(GQ/L, E(Q)[2]) ∼= H1(GQ/L,µ2)2 ∼= L∗/L∗2.

Then γ ∈ S(2)(E/L) corresponds to an element of N so S(2)(E/L) is
finite.

Thus we have proven

Theorem 6.19 (Weak Mordell–Weil Theorem for m = 2 and K = Q).
Let E/Q be an elliptic curve. Then E(Q)/2E(Q) is a finite group.

Proof. By the descent sequence, there is an injective map from E(Q)/2E(Q)
to S(2). But we have just proved that S(2) is finite. Therefore E(Q)/2E(Q)
is finite. �



Chapter 7

The Mordell–Weil theorem

7.1. The descent procedure

So far we know that E(Q)/mE(Q) is finite. This is not enough to
show that E(Q) is finite. We need a concept of ‘size’ of points on an
elliptic curve so that we can show that there are only a finite number
of points of small size. In this section we give the conditions we would
like this ‘size’ function (called a height function) to have and show that
the existence of such a function implies the finiteness of E(Q).

Theorem 7.1 (Descent Theorem). Let A be an abelian group. Suppose
we have a function

h : A→ R
satisfying:

a) Let Q ∈ A. There is a constant C1, depending on A and Q, so
that for all P ∈ A,

h(P +Q) ≤ 2h(P ) + C1.

b) There is an integer m ≥ 2 and a constant C2, depending on A,
such that for all P ∈ A,

h(mP ) ≥ m2h(P )− C2.

c) For every constant C3,

{P ∈ A | h(P ) ≤ C3}
is a finite set.

Then we call h a height function for A. Further, suppose for the in-
teger m in (ii), the quotient group A/mA is finite. Then A is finitely
generated.

Proof. Choose points Q1, . . . , Qr ∈ A to represent the finite number
of cosets in A/mA. Let P ∈ A and write

P = mP1 +Qi1 for some1 ≤ i1 ≤ r.

Continue in this way writing

Pn−1 = mPn +Qin for all 1 ≤ n ≤ r.

59
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Now for any j,

h(Pj) ≤
1

m2
(h(mPj) + C2) from (b)

=
1

m2
(h(Pj−1 −Qij) + C2)

≤ 1

m2
(2h(Pj−1) + C ′1 + C2) from (a),

where we take C ′1 = maximum of the constants from (a) for Q = −Qi

for 1 ≤ i ≤ r. Now

h(Pn) ≤ 1

m2
(2h(Pn−1) + C ′1 + C2)

≤ 2

m2
(

1

m2
(2h(Pn−2) + C ′1 + C2) +

1

m2
(C ′1 + C2)

=
4

m4
h(Pn−2) +

[
1

m2
+

2

m4

]
(C ′1 + C2)

≤ . . .

≤
(

2

m2

)n
h(P ) +

[
1

m2
+

2

m4
+ . . .+

2n−1

m2n

]
(C ′1 + C2)

≤
(

2

m2

)n
h(P ) +

C ′1 + C2

m2 − 2
(F)

≤ 2−nh(P ) + (C ′1 + C2)/2 since m ≥ 2.

The inequality (F) follows since

1

m2
+

2

m4
+ . . .+

2n−1

m2n
≤

∞∑
j=1

2j−1

m2j

=
1

m2 − 2
.

Now taking n sufficiently large we have

h(Pn) ≤ 1 + (C ′1 + C2)/2.

From our definition of the Pi we can write

P = mnPn +
n∑
j=1

mj−1Qij ,

then every P ∈ A is a linear combination of points in the set

{Q1, . . . , Qr} ∪ {Q ∈ A | h(Q) ≤ 1 + (C ′1 + C2)/2}
which is finite by (c). �
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7.2. Heights on E(Q)

Take an elliptic curve E/Q. We have seen that we can fix a Weier-
strass equation of the form

E : y2 = x3 + Ax+B

with A,B ∈ Z. Now we define a height function on E(Q).

Definition 7.2. For t ∈ Q, write t = p/q as a fraction in lowest terms.
The height of t, denoted H(t), is defined by

H(t) = max{|p| , |q|}.

The height on E(Q) is the function

hx : E(Q)→ R

hx(P ) =

{
logH(x(P )) if P 6= O
0 if P = O .

Now we show that this is a height function as we discussed in the
last section.

Theorem 7.3.

a) Let P0 ∈ E(Q). There is a constant C1, depending on P0, A,B,
such that for all P ∈ E(Q),

hx(P + P0) ≤ 2hx(P ) + C1.

b) There is a constant C2, depending on A,B, such that for all
P ∈ E(Q),

hx(2P ) ≥ 4hx(P )− C2.

c) For every constant C3, the set

{P ∈ E(Q) | hx(P ) ≤ C3}

finite.

Proof.

a) We may assume P0 6= O and P 6= O,±P0 by taking C1 >
max{hx(P0), hx(2P0)}. Then writing

P = (x, y) =

(
a

d2
,
b

d3

)
P0 = (x0, y0) =

(
a0

d2
0

,
b0

d3
0

)
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in lowest terms (we showed that you could do this in the proof
of Theorem 5.5.b) the addition formula gives

x(P + P0) =

(
y − y0

x− x0

)2

− x− x0

=
(xx0 + A)(x+ x0) + 2B − 2yy0

(x− x0)2

=
(aa0 + Ad2d2

0)(ad2
0 + a0d

2) + 2Bd4d4
0 − 2bdb0d0

(ad2
0 − a0d2)2

.

Now cancellation only decreases the height and the denominator
is an integer so

|x(P + P0)| ≤ |(aa0 + Ad2d2
0)(ad2

0 + a0d
2) + 2Bd4d4

0 − 2bdb0d0|
and using the triangle inequality we can say that

H(x(P + P0)) ≤ C ′1 max{|a|2, |d|4, |bd|},
where C ′1 only depends on A,B, a0, b0, d0. Since P is on the
curve y2 = x3 + Ax+B we see that

b2 = a3 + Aad4 +Bd6,

so
|b| ≤ C ′′1 max{|a|3/2, |d|3}.

Thus

H(x(P + P0)) ≤ C ′′′1 max{|a|2, |d|4} = C ′′′1 H(x(P ))2.

Taking logarithms gives

hx(P + P0) ≤ 2hx(P ) + C1

where C1 = log(C ′′′1 ) depends only on A,B, a0, b0, d0.
b) We may assume that 2P 6= O by choosing C2 ≥ 4hx(T ) for each

T ∈ E(Q)[2]. Then writing P = (x, y) the duplication formula
gives

x(2P ) =
x4 − 2Ax2 − 8Bx+ A2

4x3 + 4Ax+ 4B
.

We define

F (X,Z) = X4 − 2AX2Z2 − 8BXZ3 + A2Z4

G(X,Z) = 4X3Z + 4AXZ3 + 4BZ4.

Then if x = a/b in lowest terms

x(2P ) =
F (a, b)

G(a, b)
.
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Now using Maple (see appendix) we can see that gcd(F,G) = 1
and thus we can find f1, g1, f2, g2 ∈ Q[X,Z] such that

f1(X,Z)F (X,Z) + g1(X,Z)G(X,Z) = 4∆Z7

f2(X,Z)F (X,Z) + g2(X,Z)G(X,Z) = 4∆X7.

Using Maple we can find

f1(X,Z) = 12X2Z + 16AZ3

g1(X,Z) = −3X3 + 5AXZ2 + 27BZ3

f2(X,Z) = 4(4A3 + 27B2)X3 − 4A2BX2Z

+ 4A(A3 + 22B2)XZ2 + 12B(A3 + 8B2)Z3

g2(X,Z) = A2BX3 + A(5A3 + 32B2)X2Z

+ 2B(13A3 + 96B2)XZ2 − 3A2(A3 + 8B2)Z3.

Let δ = gcd(F (a, b), G(a, b)) then from the above equations we
can see that δ divides 4∆b7 and 4∆a7 so since gcd(a, b) = 1 we
see that δ | 4∆. Therefore |δ| ≤ |4∆|, and so

H(x(2P )) ≥ max{F (a, b), G(a, b)}
|4∆|

.

The same identities give

|4∆b7| ≤ 2 max{f1(a, b), g1(a, b)}max{F (a, b), G(a, b)},

|4∆a7| ≤ 2 max{f2(a, b), g2(a, b)}max{F (a, b), G(a, b)}.
Also, looking at the definition of f1, f2, g1 and g2 we see that

max{f1(a, b), g1(a, b), f2(a, b), g2(a, b)} ≤ C max{|a|3, |b|3},

where C is a constant depending on A and B. Combining our
inequalities we have

max{|4∆a7|, |4∆b7|}
≤ 2C max{|a|3, |b|3}max{F (a, b), G(a, b)}

Now cancelling max{|a|3, |b|3|} and noting max{|a|4, |b|4} ≥
max{|a|, |b|} we see that

max{F (a, b), G(a, b)}
|4∆|

≥ (2C)−1 max{|a|, |b|}.

Since H(x(P )) = max{|a|, |b|} we have

H(x(2P )) ≥ (2C)−1H(x(P )).
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c) For a constant C the set

{t ∈ Q | H(t) ≤ C}

is finite. Given any x there are at most two values of y for which
(x, y) is a point of E. Therefore

{P ∈ E(Q) | hx(P ) ≤ C3}

is also finite.
�

From this we can now prove:

Theorem 7.4 (Mordell–Weil Theorem over Q). Let E/Q be an elliptic
curve. Then the group E(Q) is finitely generated.

Proof. Firstly E(Q) is an abelian group. By Theorem 6.19E(Q)/2(EQ)
is finite and we have just seen that there is a height function hx on
E(Q). So by Theorem 7.1, E(Q) is finitely generated. �

7.3. Rank of an elliptic curve

From the Mordell–Weil theorem and the fundamental theorem of
finitely generated abelian groups we can conclude that

E(Q) ∼= Etors(Q)⊕ Zr

for a nonnegative integer r, called the rank of E.
This implies that

E(Q)

2E(Q)
∼=

Etors(Q)

2Etors(Q)
⊕ Zr

2Zr

and since Zr/2Zr ∼= (Z/2Z)r we can then calculate

2r =
|E(Q)/2E(Q)|

|Etors(Q)/2Etors(Q)|
.

Then the descent sequence gives us

2r =

∣∣S(2)
∣∣

|Etors(Q)/2Etors(Q)| × |X[2]|
≤

∣∣S(2)
∣∣

|Etors(Q)/2Etors(Q)|
.

Thus we can use the Selmer group to bound the rank, and if we can
find the Tate–Shafarevich group, calculate it exactly.

It is conjectured that there are elliptic curves of arbitrarily large
rank. As of 2006 the highest rank curve known is at least rank 28 (see
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[2]), with Weierstrass equation

y2 + xy + y = x3 − x2 − 2006776241557552658503

3208209338542750930230312178956502x+

34481611795030556467032985690390720374855944359319180

361266008296291939448732243429.



Chapter 8

Complete 2–descent in practice

The process of 2–descent is calculating generators for E(Q)/2E(Q)
when X[2] = 0 (if X[2] 6= 0 then our methods only give us a bound
for the rank although it may be possible to carry out a higher descent).
There are three situations with different methods for each.

a) Complete 2-descent. Used when E(Q)[2] ⊆ E(Q).
b) Descent via two-isogeny. Used when E(Q)[2] 6= 0.
c) General 2–descent. Used for any E(Q)[2].

We only study the first method, giving the standard approach based
on homogenous spaces and an alternative due to Flynn.

8.1. Complete 2–descent

Firstly say that E(Q)[2] = {O, (e1, 0), (e2, 0), (e3, 0)} so y2 = (x −
e1)(x − e2)(x − e3). Define S = {p | p divides 2∆} and Q(S, 2) =
{b ∈ Q∗/Q∗2 | vp(b) = 0 mod 2 for all p /∈ S}. Thus Q(S, 2) is the
elements that can be written as ±pε11 pε22 . . . pεnn where εi = 0 or 1 and
the pi are the primes that divide 2∆. Note that we have the following
commutative diagram where f and α are isomorphisms and δ is an
injective homomorphism:

E(Q)/2E(Q)
φ //

δ
��

(Q∗/Q∗2)2

α

��

H1(G,E(Q)[2])
f

// H1(G,µ2)2

with the maps defined as follows. Define

δ : {P} 7→ {σ 7→Mσ −M}

where we fix M ∈ E(Q) such that 2M = P.

Next
f : {ξ} 7→ ({ξ1}, {ξ2})

where

ξ1(σ) =

{
1 if ξ(σ) = O or (e1, 0)
−1 if ξ(σ) = (e2, 0) or (e3, 0)

66
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and

ξ2(σ) =

{
1 if ξ(σ) = O or (e2, 0)
−1 if ξ(σ) = (e1, 0) or (e3, 0)

.

Finally

α : {b} 7→

{
σ 7→

√
b
σ

√
b

}
.

Now looking at the above proof we see that φ = α−1 ◦ f ◦ δ is an
injective homomorphism into Q(S, 2)2. If we could describe φ explic-
itly then we could give an algorithm to find E(Q)/2E(Q). However
finding α−1 explicitly seems hard. Instead, from [12] we can take the
following explicit description which can be proved to be an injective
homomorphism by direct computation.

φ(x, y) =


(x− e1, x− e2) if x 6= e1, e2

( e1−e3
e1−e2 , e1 − e2) if x = e1

(e2 − e1,
e2−e3
e2−e1 ) if x = e2

(1, 1) if (x, y) = O

.

From this we can find the image of the points in E(Q)[2]. For (b1, b2) ∈
Q(S, 2)2 that are not the image of one of these points, to check if they
are the image of any point in E(Q)/2E(Q) we need to find (x, y) ∈
E(Q) and z1, z2 ∈ Q∗ such that φ(x, y) = (b1z

2
1 , b2z

2
2). This gives us

the equations

b1z
2
1 = x− e1, b2z

2
2 = x− e2 and

y2 = (x− e1)(x− e2)(x− e3).

Now let z3 = y/(b1b2z1z2) so

z2
3 =

y2

b2
1b

2
2z

2
1z

2
2

=
b1z

2
1b2z

2
2(x− e3)

b2
1b

2
2z

2
1z

2
2

=
x− e3

b1b2

.

Thus we now have another equation b1b2z
2
3 = x − e3. This can be

combined with the two similar equations to give us

b1z
2
1 − b2z

2
2 = e2 − e1 and

b1z
2
1 − b1b2z

2
3 = e3 − e1.

We can see that (b1, b2) is the image of a point in E(Q)/2E(Q) if
and only if we can find solutions (z1, z2, z3) ∈ Q∗ × Q∗ × Q. If we
can find a solution then working backwards we have a point (x, y) =
(b1z

2
1 + e1, b1b2z1z2z3) on our curve E.
The equations b1z

2
1 − b2z

2
2 = e2 − e1 and b1z

2
1 − b1b2z

2
3 = e3 − e1

describe a curve in P3 which is actually the homogenous space corre-
sponding to the pair (b1, b2).
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So we have the following process for carrying out complete 2–
descent. It is not a true algorithm as sometimes we can’t be sure
whether some of these equations have solutions.

Algorithm 8.1 (Complete 2–descent). Let E/Q be an elliptic curve
given by

y2 = (x− e1)(x− e2)(x− e3) with e1, e2, e3 ∈ Q.
a) Calculate the discriminant, ∆, and find Q(S, 2) = {±pε11 pε22 . . . pεnn | εi =

0 or 1 and pi divides 2∆}.
b) Find the images of O, (e1, 0), (e2, 0), (e3, 0).
c) For all (b1, b2) ∈ Q(S, 2)2 that are not one of these images check

if it is the image of a point in E(Q)/2E(Q), that is find solutions
of the above equations. We have various tools for this:

(i) Check if it has a solution over R.
(ii) Check if it has a solution over Qp.
(iii) Use the homomorphism property of the map. Adding

a point on the curve corresponds to multiplying by its
(b1, b2).

8.2. Examples

Firstly we study an elliptic curve that we can perform descent upon
successfully. This example is exercise 10.13 in [12].

Example 8.2. Let E/Q be given by y2 = x(x−1)(x+3) = x3+2x2−3x.
We have seen that ∆ = 2304 = 28 × 32 and that

Etors(Q) = {O, (−3, 0), (0, 0), (1, 0), (3, 6), (3,−6), (−1, 2), (−1,−2)} ∼= Z/4Z×Z/2Z.
Following our algorithm we set S = {2, 3} and Q(S, 2) = {±1,±2,±3,±6}.

Next we check where the points of order two map to. We have

O 7→ (1, 1) (0, 0) 7→ (−3,−1)

(1, 0) 7→ (1, 4) = (1, 1) (−3, 0) 7→ (−3,−4) = (−3,−1).

Note that some of our points map to the same (b1, b2). This doesn’t
violate the injectivity of φ because they differ by an element of 2E(Q).
For example (−3, 0) = (0, 0) + (1, 0) and (1, 0) = 2(3, 6).

Now we list how we found or ruled out solutions, for each (b1, b2) ∈
Q(S, 2)2, to the equations

b1z
2
1 − b2z

2
2 =1(8.3)

b1z
2
1 − b1b2z

2
3 =− 3(8.4)

a) Have O 7→ (1, 1) and (0, 0) 7→ (−3,−1).
b) If b1 < 0 and b2 > 0 then (8.3) has no solution in R.
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c) If b1 > 0 and b2 < 0 then (8.4) has no solution in R.
d) If b1 is even then (8.4) gives us 0 ≡ 1 (mod 2) so no solution in

Q2.
e) If b1 ≡ 0 (mod 3) and b2 ≡ 0 (mod 3) then (8.3) gives us 0 ≡ 1

(mod 3) so no solution in Q3.
f) If b1 = 1 and b2 = 2 then we have equations z2

1 − 2z2
2 = 1 and

z2
1 − 2z2

3 = −3. Subtracting we have z2
3 − z2

2 = 2. By Gauss’
lemma any solution will be in integers and we know that there
are no integers whose squares differ by 2. Therefore there are
no solutions.

g) If b1 = 1 and b2 ≡ 0 (mod 3) then (8.3) gives us z2
1 ≡ 1 (mod 3)

and (8.4) gives us z2
1 ≡ 0 (mod 3), thus there is no solution in

Q3.
h) If b1 = 3 and b2 = 1 then we can see that (8.3) gives us z2

2 ≡ 2
(mod 3) which has no solution, thus there is no solution in Q3.

i) If b1 = 3 and b2 = 2 then we have the equations 3z2
1 − 2z2

2 =
1 and 3z2

1 − 6z2
3 = −3 which has the solution z1 = 1, z2 =

1, z3 = 1. This gives us the point on the elliptic curve (b1z
2
1 +

e1, b1b2z1z2z3) = (3, 6).
j) If b1 = −1 and b2 = −1 we have−z2

1+z2
2 = 1 and−z2

1−z2
3 = −3.

By Gauss’ lemma any solution will be in integers and we know
that the only integers whose squares differ by 1 are 1 and 0.
However we require z1, z2 ∈ Q∗ so there are no solutions.

k) If b1 = −1 and b2 = −2 then we have the equations −z2
1 +2z2

2 =
1 and−z2

1−3z2
3 = −3 which has the solution z1 = 1, z2 = 1, z3 =

1. This gives us the point on the elliptic curve (−1,−2).
l) If b1 = −1 and b2 ≡ 0 (mod 3) then we can see that (8.3)

gives us z2
1 ≡ 2 (mod 3) which has no solution, thus there is no

solution in Q3.
m) If b1 = −3 and b2 = −2 then we can see that (8.3) gives us

2z2
2 ≡ 1 (mod 3) which has no solution, thus there is no solution

in Q3.

Now this tells us that, choosing representatives, E(Q)/2E(Q) =
{O, (0, 0), (3, 6), (−1, 2)}. Then

2r =
|E(Q)/2E(Q)|

Etors(Q)/2Etors(Q)|
4

4
= 1.

Thus r = 0 and E(Q) = Etors(Q). We can also see that all our locally
trivial homogenous spaces had rational points so X[2] = 0.
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Our next example is the first homogenous space that we see that is
locally trivial but does not have a rational point, that is, a nontrivial
element of the Tate–Shafarevich group.

Example 8.5. The elliptic curveX3+Y 3+60Z3 = 0 has a homogenous
space 3X3 + 4Y 3 + 5Z3 = 0. This curve has a point in Qp for every p
but has no rational point.

Proof. To see that X3 + Y 3 + 60Z3 = 0 is an elliptic curve note that
(1,−1, 0) is a rational point. For the proof that it has homogenous
space 3X3 + 4Y 3 + 5Z3 = 0 see [6]. That it has a point for every Qp

is exercise 10.12 in [12]. The hard part of the proof, proving there is
no rational point, requires arithmetic in Q( 3

√
60) and can be found in

[1]. �

8.3. Complete 2–descent without homogenous spaces

In this section we discuss an approach due to Flynn of performing
complete 2–descent without homogenous spaces. We need the following
fact proven using formal groups in chapter 7 of [3].

Theorem 8.6. Let E/Qp be an elliptic curve. Then∣∣∣∣ E(Qp)

2E(Qp)

∣∣∣∣ =
|E(Qp)[2]|
|2|p

where | · |p is the p–adic valuation.

Since we are interested in complete 2–descent we know thatE(Q)[2] ⊆
E(Q) so |E(Qp)[2]| = 4 and we have∣∣∣∣ E(Qp)

2E(Qp)

∣∣∣∣ =

 2 if p =∞
4 if p 6= 2,∞
8 if p = 2

Now consider the diagram

E(Q)/2E(Q)
φ //

ip
��

Q(S, 2)2

jp
��

E(Qp)/2E(Qp)
φp // (Q∗p/Q∗2p )2.

where

φ(x, y) =


(x− e1, x− e2) if x 6= e1, e2

( e1−e3
e1−e2 , e1 − e2) if x = e1

(e2 − e1,
e2−e3
e2−e1 ) if x = e2

(1, 1) if (x, y) = O
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and ip and jp are induced by Q → Qp (they are not necessarily injec-
tive).

To understand the groups Q∗p/Q∗2p we need a little more work.

Theorem 8.7. A p–adic number x ∈ Q∗p is a square if and only if
a) p =∞ case: x > 0.
b) 3 ≤ p <∞ case: x = pnu where n is even and

(
u0

p

)
= 1.

c) p = 2 case: x = 2nu where n is even and u ≡ 1 (mod 8).

Proof.
a) Q∞ = R and the real non-zero squares are exactly the positive

reals.
b) If x is a square then x = pnu = (pmv)2 = p2mv2. By the

uniqueness of this representation n = 2m is even and u is a
square so

(
u0

p

)
= 1.

Conversely if x = pnu where n is even and
(
u0

p

)
= 1 let

f(x) = x2− u. Then
(
u0

p

)
= 1 implies there exists v2

0 ≡ u0 6≡ 0

(mod p) and then f ′(v0) = 2v0 6≡ 0 (mod p) since p is odd.
Then by Hensel’s lemma v0 lifts to a root v ∈ Zp. Then x =
pnu = p2mv2 = (pmv)2.

c) See [11].
�

Theorem 8.8. Let p be a prime number. Then if v ∈ Z∗p such that(
v0
p

)
= −1

Q∗p/Q∗2p =

 {±1} if p =∞
{1, p, v, pv} if 3 ≤ p <∞
{±1,±2,±3,±6} if p = 2

Proof. If x ∈ R then modulo |x| =
√
|x|2, x ≡ ±1 (mod R∗2).

If x = pnu ∈ Q∗p for 3 ≤ p < ∞ then either u is a square or(
u0

p

)
= −1. In the latter case(

u0v0

p

)
=

(
u0

p

)(
u0

p

)
= −1×−1 = 1.

Thus uv is a square so u−1v = (u−1)2(uv) is a square. Then x = pnu ≡
(1 or p)× (1 or v) (mod Q∗2p ) so x ∈ {1, p, v, pv}.

For u ∈ Z∗2 we know that u is a square if and only if u ≡ 1 (mod 8).
Now if u ≡ 3 (mod 8) then since 3 ∈ Q∗2 we have 3−1 ∈ Q∗2 and then
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3−1u ≡ 1 (mod 8) and 3−1u = v2 for some v ∈ Q∗2. Then u = 3v2 ≡
3 (mod Q∗22 ). Similarly if u ≡ 5 (mod 8) then u ≡ −3 (mod Q∗22 )
and if u ≡ 7 (mod 8) then u ≡ −1 (mod Q∗22 ). Thus, since we have
22 ∈ Q∗22 , x = 2nu ≡ (1 or 2) × ( one of ± 1,±3) (mod Q∗2p ). So
x ∈ {±1,±2,±3,±6}. �

Consider the inclusion map jp : Q∗/Q∗2 → Q∗2p /Q∗2p . See that kernel
of jp is exactly elements that are not squares in Q∗ but are squares
in Q∗p. Thus Ker (jp) = Q ∩ (Q∗2p /Q∗2). So for the restricted map
jp : Q(s, 2)2 → (Q∗2p /Q∗2p )2 we have

(8.9) Ker (jp) = Q(S, 2)2 ∩ (Q∗2p /Q∗2)2

In Flynn’s approach we have members of E(Q) that we suspect gen-
erate E(Q)/2E(Q). We let H be the image of these points under φ
and then for each p ∈ S calculate j−1

p (φp(E(Qp)/2E(Qp))). To find
E(Qp)/2E(Qp) we consider our candidate points and find any other
points by searching – we know when we’ve found them all by Theorem
8.6. Hopefully knowing that Imφ ≤ j−1

p (φp(E(Qp)/2E(Qp))) for each
p will give us enough information to conclude that Imφ = H.

Algorithm 8.10 (Complete 2–descent without homogenous spaces).
Let E/Q be an elliptic curve given by

y2 = (x− e1)(x− e2)(x− e3) with e1, e2, e3 ∈ Q.

Say we have a set A ⊂ E(Q) that we think generates E(Q)/2E(Q).
a) Calculate the discriminant, ∆, and let S = {primes p | p divides ∆}∪
{2,∞} and Q(S, 2) = {±pε11 pε22 . . . pεnn | εi = 0 or 1 and pi divides 2∆}.

b) Calculate H = φ(A).
c) For each p in S (or until we can conclude that H = Imφ).

(i) Find Q∗p/Q∗2p .
(ii) Find Ker jp = Q(S, 2)2∩(Q∗2p /Q∗2)2 (just need to consider

whether each element of Q(S, 2)2 is a square in Q∗p).
(iii) Test whether A generates E(Qp)/2E(Qp) using

|E(Qp)/2E(Qp)| = 4/|2|p.

If A doesn’t suffice, find points on E(Qp) that will gener-
ate E(Qp)/2E(Qp).

(iv) Calculate j−1
p (φp(E(Qp)/2E(Qp))) = 〈Ker jp, H, any other points found〉

and use the fact that Imφ ≤ j−1
p (φp(E(Qp)/2E(Qp))) to

refine our knowledge of what Imφ could be.

We compute E(Q)2E(Q) for the same example as we did earlier.
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Example 8.11. Let E/Q be given by y2 = x(x − 1)(x + 3) = x3 +
2x2 − 3x.

We can calculate that ∆ = 2304 = 28 × 32. Also we can use the
Nagell–Lutz theorem to find

Etors(Q) = {O, (−3, 0), (0, 0), (1, 0), (3, 6), (3,−6), (−1, 2), (−1,−2)} = 〈(0, 0), (3, 6)〉.

Following our algorithm we set S = {2, 3,∞} and Q(S, 2) = {±1,±2,±3,±6}
so Q(S, 2)2 = 〈(−1, 1), (2, 1), (3, 1), (1,−1), (1, 2), (1, 3)〉. We aim to
show that A = {(0, 0), (3, 6)} generates E(Q)/2E(Q).

Note that φ : (0, 0) 7→ (−3,−1) and φ : (3, 6) 7→ (3, 2) so H =
φ(A) = 〈(−3,−1), (3, 2)〉. We now consider each prime in S.

a) For p =∞ we calculate

Q∗p/Q∗2p = R∗/R∗2 = {±1} and

Ker j∞ = Q(S, 2)2 ∩ (R∗2/Q∗2)2 = 〈(2, 1), (3, 1), (1, 2), (1, 3)〉.
We know |E(R)/2E(R)| = 2 so have E(R)/2E(R) = 〈(0, 0)〉
since (−3,−1) 6= (1, 1). Therefore we have

Imφ ≤ j−1
∞ (φ∞(E(R)/2E(R)))

= 〈Ker j∞, H〉
= 〈(2, 1), (3, 1), (1, 2), (1, 3), (−3,−1), (3, 2)〉

b) For p = 3 we see that −1 is not a square modulo 3 so

Q∗3/Q∗23 = {±1,±3}2 = 〈(1,−1), (1, 3), (−1, 1), (3, 1)〉 and

Ker j3 = Q(S, 2)2 ∩ (Q∗23 /Q∗2)2 = 〈(−2, 1), (1,−2)〉.
We know |E(Q3)/2E(Q3)| = 4 so have E(Q3)/2E(Q3) = 〈(0, 0), (3, 6)〉
since (−3,−1) 6= (3, 2) 6= (1, 1). Therefore we have

Imφ ≤ j−1
3 (φ3(E(Q3)/2E(Q3)))

= 〈Ker j3, H〉
= 〈(−2,−1), (1,−2), (−3,−1), (3, 2)〉

c) For p = 2 we have

Q∗2/Q∗22 = {±1,±2,±3,±6}2

so j2 is injective and Ker j2 = 〈(1, 1)〉. We know |E(Q2)/2E(Q2)| =
8 and we have two independent generators (since (3, 2) 6= (−1,−2) 6=
(1, 1)) so we need to find another generator. We choose small
integers x and check whether y2 = x(x + 3)(x − 1) gives us a
square in Q∗2 that is not a rational square. Setting x = 7 gives
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us y2 = 7 × 10 × 6 = 22(105). Now 105 ≡ 1 (mod 8) so there
exists γ ∈ Q∗2 such that (7, γ) ∈ E(Q2). Then

φ2 : (7, γ) 7→ (7, 6) = (−1, 6)

since −7 ≡ 1 (mod 8) so −7 ∈ Q∗22 . Therefore

Imφ ≤ j−1
2 (φ2(E(Q2)/2E(Q2)))

= 〈Ker j2, H, (−1, 6)〉
= 〈(−3,−1), (3, 2), (−1, 6)〉

From these three cases (actually only need the third and one of the first
two) we can conclude that Imφ = H and thus that E(Q)/2E(Q) =
〈A〉 = {O, (0, 0), (3, 6), (−1, 2)}. Then as before we conclude that r =
0.

This example shows us (compare length of Example 8.2 with that
of Example 8.11) that when we suspect that we know generators for
E(Q)/2E(Q) it can be more efficient to carry out descent without
homogenous spaces. However homogenous spaces are still useful for
finding points.



Appendix A

Maple calculations

First we show that the change of variables

y 7→ ȳ =
1

2
(y − a1x− a3)

converts
y2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6

to
y2 = 4x3 + b2x

2 + 2b4x+ b6

where b2 = a2
1 + 4a2, b4 = 2a4 + a1a3 and b6 = a2

3 + 4a6.
> ybar:=1/2*(y-a1*x-a3):
> latex(collect(expand(-4*(ybar^2+a1*x*ybar+a3*ybar-x^3-a2*x^2-a4*x-a6)),x));

4x3 +
(
a1 2 + 4 a2

)
x2 + (2 a1 a3 + 4 a4 )x− y2 + a3 2 + 4 a6

Next, if we send

(x, y) 7→ (x̄, ȳ) =

(
x− 3b2

36
,
y

108

)
we convert

y2 = 4x3 + b2x
2 + 2b4x+ b6

to
y2 = x3 − 27c4x− 54c6

where c4 = b2
2 − 24b4 and c6 = b2

3 + 36b2b4 − 216b6.
> xbar:=(x-3*b2)/36:
> ybar:=y/108:
> latex(collect(expand(-11664*(ybar^2-4*xbar^3-b2*xbar^2-2*b4*xbar-b_6)),x));
x3 +

(
648 b4 − 27 b2 2

)
x− y2 − 1944 b4 b2 + 11664 b_6 + 54 b2 3

This next calculation shows that a curve with Weierstrass equation
y2 = x3 + Ax+B has ∆ = −16(4A3 + 27B2).
> a1:=0:
> a2:=0:
> a3:=0:
> a4:=A:
> a6:=B:
> b2:=a1^2+4*a2:
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> b4:=2*a4+a1*a3:
> b6:=a3^2+4*a6:
> b8:=a1^2*a6+4*a2*a6-a1*a3*a4+a2*a3^2-a4^2:
> Delta:=-b2^2*b8-8*b4^3-27*b6^2+9*b2*b4*b6:
> latex(Delta);

4x3 +
(
a1 2 + 4 a2

)
x2 + (2 a1 a3 + 4 a4 )x− y2 + a3 2 + 4 a6

Now for transformation (x, y) 7→ (x̄, ȳ) = (x+ r, y + sx+ t) we see
that ∆ is invariant
> b2:=a1^2+4*a2:
> b4:=2*a4+a1*a3:
> b6:=a3^2+4*a6:
> b8:=a1^2*a6+4*a2*a6-a1*a3*a4+a2*a3^2-a4^2:
> Delta:=-b2^2*b8-8*b4^3-27*b6^2+9*b2*b4*b6:
> xbar:=x+r:
> ybar:=y+s*x+t:
> latex(collect(expand((ybar^2+a1*xbar*ybar+a3*ybar-xbar^3-a2*xbar^2-a4*xbar-a6)),[x,y]));

−x3+
(
−a2 − 3 r + a1 s+ s2

)
x2+

(
(2 s+ a1 ) y + 2 st− a4 + a1 rs+ a1 t− 2 a2 r − 3 r2 + a3 s

)
x+y2+(2 t+ a1 r + a3 ) y−a6+a1 rt−a2 r2+a3 t+t2−r3−a4

> m1:=2*s+a1:
> m3:=a3+a1*r+2*t:
> m2:=a2+3*r-s^2-a1*s:
> m4:=-a3*s+a4-2*s*t+2*a2*r-a1*t+3*r^2-a1*r*s:
> m6:=a6-a3*t+r^3-a1*r*t+a2*r^2+a4*r-t^2:
> n2:=m1^2+4*m2:
> n4:=2*m4+m1*m3:
> n6:=m3^2+4*m6:
> n8:=m1^2*m6+4*m2*m6-m1*m3*m4+m2*m3^2-m4^2:
> Delta2:=-n2^2*n8-8*n4^3-27*n6^2+9*n2*n4*n6:
> simplify(Delta2-Delta);

0
For a Weierstrass equation of the form y2 + a1xy = x3 + a2x

2 we
show that ∆ = 0.
> a3:=0:
> a4:=0:
> a6:=0:
> b2:=a1^2+4*a2:
> b4:=2*a4+a1*a3:
> b6:=a3^2+4*a6:
> b8:=a1^2*a6+4*a2*a6-a1*a3*a4+a2*a3^2-a4^2:
> Delta:=-b2^2*b8-8*b4^3-27*b6^2+9*b2*b4*b6;

Delta := 0
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Our next calculation shows that for g(x) = 4x3 + b2x
2 + 2b4x+ b6,

disc(g) = 16∆.
> b2:=a1^2+4*a2:
> b4:=2*a4+a1*a3:
> b6:=a3^2+4*a6:
> b8:=a1^2*a6+4*a2*a6-a1*a3*a4+a2*a3^2-a4^2:
> Delta:=-b2^2*b8-8*b4^3-27*b6^2+9*b2*b4*b6:
> g:=4*x^3+b2*x^2+2*b4*x+b6:
> simplify(discrim(g,x)-16*Delta);

0
Finally, for two polynomials F and G we find f1, g1, f2, g2 such that

f1F + g1G = 4∆Z7 and f2F + g2G = 4∆X7.
> F:=x^4-2*A*x^2*z^2-8*B*x*z^3+A^2*z^4:
> G:=4*x^3*z+4*A*x*z^3+4*B*z^4:
> gcd(F,G);

1
> Delta:=4*A^3+27*B^2:
> gcdex(F,G,4*Delta*z^7,x,’f1’,’g1’):
> latex(f1);

12 zx2 + 16Az3

> latex(g1);
−3x3 + 5Axz2 + 27Bz3

> gcdex(F,G,4*Delta*x^7,x,’f2’,’g2’);
> latex(f2);
4(4A3 + 27B2)x3 − 4A2Bx2z + 4A(A3 + 22B2)xz2 + 12B(A3 + 8B2)z3

> latex(g2);
A2Bx3 +A(5A3 + 32B2)x2z+ 2B(13A3 + 96B2)xz2− 3A2(A3 + 8B2)z3



Appendix B

Some Galois theory

We have included this chapter as a quick introduction to infinite
Galois theory. The details can be found in [9]. First we define a Galois
group.

Definition B.1. If L/K is a field extension, a K–automorphism of L
is an isomorphism σ : L → L such that σ(a) = a for all a ∈ K. The
collection of all K–automorphisms of L, with group operation compo-
sition, is called the Galois group of L/K and denoted Gal(L/K).

Example B.2. It can be shown that Gal(Q(
√

2)/Q) = {1, σ} ∼= Z/2Z
where (a+ b

√
2)1 = a+ b

√
2 and (a+ b

√
2)σ = a− b

√
2.

This example gives the right intuition. If L = K(α1, . . . , αn) is a
finite algebraic extension of K then any σ ∈ Gal(L/K) is determined
once we know all the σ(αi). Furthermore if fi is the minimum polyno-
mial of αi then σ(αi) must be one of the roots of fi in L.

Definition B.3. Let L/K be a (finite or infinite) extension of fields
with Galois group G. We say that L/K is a Galois extension if any of
the following equivalent conditions are satisfied.

a) L/K is algebraic and LG = K.
b) L/K is separable and L is a splitting field over K of a set of

polynomials.
c) L/K is a splitting field over K of a set of separable polynomials.

Let M = {M | K ⊆ M ⊆ L, [M : K] < ∞ and M/K Galois}.
Then it can be shown that

G ∼= lim←−Gal(Mi/K)

where the Mi range over M. Thus the Galois group of an infinite
extension L/K is a projective limit of finite Galois groups and we can
understand it by considering those groups.

Example B.4. Let Q be an algebraic closure of Q. Then Q/Q is an
infinite extension since for every N there exists a polynomial over Q of
degree N . The roots of such a polynomial are in Q so [Q : Q] > N for
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every N . Also, Q/Q is a Galois extension since it is the splitting field
of all the polynomials in Q[x], which are all separable.

We can place a topology on G = Gal(L/K), called the Krull topol-
ogy, and then the fundamental theorem of Galois theory gives a corre-
spondence between the intermediate fields of L/K and closed subgroups
of G.



Appendix C

Some algebraic number theory

The following gives the main definitions and results that we need
from algebraic number theory. All this (and more) can be found in [8].

Definition C.1. A number field K is a finite extension of Q.

Definition C.2. The ring of integers of a number field K is defined
by

OK = {α ∈ K | α satisfies a monic polynomial with integer coefficients}.

Definition C.3. For ideals a and b define their product by

ab =
{∑

aibi | ai ∈ a, bi ∈ b
}
.

Theorem C.4 (Unique factorisation of ideals). Every ideal of OK can
be written uniquely as a product of prime ideals.

Definition C.5. A fractional ideal of OK is an K–submodule a for
which there exists a d ∈ OK \{0} such that da ⊆ A. We say a fractional
ideal is principal if it can be generated as an OK–module by a single
element.

Definition C.6. Denote the group of fractional ideals of OK by F and
the subgroup of principal fractional ideals by P. The class group of OK

is the quotient group Cl(OK) = F/P.

Theorem C.7 (Finiteness of the class number). The class group is
finite.

Theorem C.8 (Dirichlet Unit Theorem). The group of units of OK is
finitely generated.

A more efficient way of expressing these facts is the following.

Theorem C.9. Let K be a number field. Then the following sequence
is exact where the direct sum is over all nonzero prime ideals of OK

0 // O∗K // K∗ // ⊕pZ // Cl(OK) // 0

with O∗K finitely generated and Cl(OK) finite.
80
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To generalise this exact sequence slightly we need a way to define
the class group directly by the exact sequence.

Theorem C.10. If A and B are abelian groups and f : A → B is a
group homomorphism then define the cokernel of f by

Coker (f) = B/ Im (f).

Then there exists an exact sequence

0 // Ker (f) // A // B // Coker (f) // 0

Proof. Follows immediately from the definitions. �

Using this idea we can generalise our above exact sequence.

Theorem C.11. Let K be a number field and T be a finite set of prime
ideals of K. Let UT = Ker (K∗ → ⊕p/∈TZ) and CT = Coker (K∗ → ⊕p/∈TZ).
Then we have an exact sequence

0 // UT // K∗ // ⊕p/∈TZ // CT // 0

where UT is finitely generated and CT is finite.

Proof. The Dirichlet-Chevalley-Hasse unit theorem (see [5], Theorem
8.2) tells us that UT is finitely generated. The map i : ⊕p/∈T Z→ ⊕pZ
induces an injection from CT to the full class group C = Coker(K∗ →
⊕pZ). Thus the finiteness of CT follows from the finiteness of C. �
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