INTERFACES ARISING IN REACTION-DIFFUSION EQUATIONS
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ABSTRACT. Diffuse interfaces are internal layers which arise in reaction-diffusion equations. We work
through two canonical examples, the Allen-Cahn equation and Cahn-Hilliard equation, and find how the
solutions and interfaces develop in these systems. We then work through an example in 1-D based on the
Cahn-Hilliard model and again describe the solution and movement of the interface.
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1. REACTION-DIFFUSION EQUATIONS

Reaction-diffusion equations are commonly used to describe chemical and physical systems. For example,
they can be used to represent the concentration of a chemical in a system. In such a situation, diffusion
works to spread out the element while local chemical reactions build up the concentration. In these systems,
multiple states are often possible, and so interfaces which separate these states often arise from the balance
between diffusion and reactions [1]. Reaction-diffusion equations in R™ are written in the form

ug(x,t) = DAu(z,t) + R(u(z,t))

where u € R” is a state variable, x € Q C R™, D € R™*"™ is a diagonal matrix of diffusion coefficients, and
R is a function which describes the local reactions. A simple example is the heat equation with an added
source term,

Ut = Ugg + U.

This source term favors further build-up in areas where the chemical is already highly concentrated.

An example presented in depth in Fife [1] is flame theory. Consider a forest which is being burned. The
moving flame front is an interface known as the combustion zone, which is thin because the reaction rate
depends strongly on the temperature; this interface separates the preheat zone, which is untouched and has
a low temperature, and the burned zone, which is in its final state. The diffusion of heat propagates the
flame along with production of radicals. The model Fife uses is based on the simpler Allen-Cahn equation,
which we will be presenting.

Many such systems can be written as a gradient flow in terms of an energy functional, i.e. u; = —dF/du
(in the weak sense with respect to an inner product). Here E describes the “free energy” in the system and
dF /du denotes the first variation of E. Systems of these types develop in such a way as to minimize E.

2. ALLEN-CAHN EQUATION

As a first example, we look at the Allen-Cahn equation,
up = Au+ 2¢ 2u(1 — u?).

Here € is a small parameter denoting that the reaction rate is very fast compared to diffusion. In this
discussion we take z € R? and Neumann boundary conditions lim, 4 u.(2,t;€) = 0. This equation is
usually used to model phase separation. Here u is known as an order parameter and is not necessarily
conserved.

2.1. GRADIENT FLOW.
The Allen-Cahn equation can be written in variational form as a gradient flow with

Ee(u):/g ﬁV(uH;vu? da.

In this specific case, the potential V(u) = —u? + u*/2. Here we calculate the first variation of E to show
that (6E./du, p) = (—uy, ) with respect to the usual L? inner product.

<5EE > — lim E.(u+ hp) — E.(u)
h—0 h

1 1 1
— lim f/ v+ he) = 2v) + SV + ho)? — Evul?| de
h—0h Jo | € € 2 2

1/ 1 eh? _ ,
= lim — “V(u+hp) — =V(u)+ 7|V<p| + eh|VuVy|?| dz
[¢) €

€
We Taylor expand the first term around wu:

V(u+ hp) =V(u)+ heVy,(u) + h2p* Vi (u) + - - -
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F1GURE 1. Example interface with local coordinate system. Plotted are I' and the level
curves of r and s.

For the third term,
IV (u+ ho)|? = |Vul?> + 2hVu - Vi + h?*|Vp|?.
Then by Green’s First Identity,

/ Vu - Vodr = / eVu-ndS — / pAudz.
Q 1) Q
With our Vu -n = 0, this gives us [, Vu - Vodr = — [, pAudz.
So, after moving the limit inside the integral,
OF. 1 . eh? 9
< 5 ,so> */Q LVu(U)soeAusoﬂlllg}J o5 Vel ] dx
1
= / [Vu(u)gp —eAu 4 dx
O L€

= (—us, @) .

Hence u; = —0E,/éu and so our system evolves in such a way as to minimize the free energy E..

2.2. DESCRIPTION OF THE INTERFACE.
We would like to find an approximate solution to the Allen-Cahn equation and see how the interface moves.

We begin by assuming that we have a moving interface of width O(e), described by the curve I'(¢;¢). We
define I'(t) to be the resulting interface in the limit as e — 0. This interface separates two regions, which we
will label Dt and D~.

Now we expand u(x,t; €) in power series away from I': u(z,t;€) = > €"u,(z,t). In doing this, we assume
that the parts u,(z,t) do not contain any components of O(e). The solution obtained in this region is called
the outer solution. Then u™ (z,t;¢) = 22]21 €"up (x,t) is called the outer approximation to u(z,t;€). Each
Uy, is assumed to be smooth away from I'.

In order to detect different behavior of u near I", we introduce a new local coordinate system near I'(¢; ¢),
denoted by (r(x,t;€), s(z,t;€)). Here s represents arclength along I' and r represents signed distance from x
to I'. Arbitrarily, we choose 7 > 0 on D' and 7 < 0 on D~. We know such a coordinate system exists [2].
See Figure 1. Note that I is the 0-level set {r(z,t;€) = 0} in the limit as e — 0.

In order to focus on u near T, we introduce a stretched variable p(x,t;€) = r(z,t;€)/e. As e = 0, our p
coordinate becomes more localized around T'. Let U(p, s,t;€) = u(x,t;€) represent u(x,t;€) near I'; this is
known as the inner solution. We also expand U (p, s, t; €) in power series: U(p, s, t;€) =Y. €"Uy,(p, s,t).

3



2.2.1. MATCHING CONDITIONS.

Once we derive the leading order approximations to u(z,t;€) and U(p, s, t; €) separately, we will match them
with what are known as matching conditions to obtain a valid global approximation. Here we derive the
matching conditions.

For r near 0,
2
wi(r, 5,t) = u; (0%, 5,) + 1O (0%, 5, 1) + %8fui(0ﬁ:, s,1) + O(r?)

2,2
= u; (0L, s,t) + €pOru; (04, s, 1) + %@QUZ-(O:I:, s,t) + O(e®).

Note u and thus u; may be discontinuous at the interface, so 0+ denotes the limit towards r = 0 from D™,
and 0— denotes the limit towards » = 0 from D~. Then to match our inner and outer solutions, we equate
powers of € as e — 0 for small r in the equation Y €"U,(p, s,t) = > €"uy(r, s,t). This gives us the matching
conditions as p — Fo0:

Up(£00, 8,t) = ug(0+, s, t),
Ux (p7 S, t) ~ ul(O:l:v 5, t) + p@ruo(O:I:, S t)a
Us(p, s,t) ~ ug(0£, s,t) + pdrui (04, s,t) + éaruo(O:I:, s, t),

etc.

These will be used as boundary conditions when deriving the inner solution.

2.2.2. OUTER LAYER.
In the outer region, we look to solve the original differential equation

up = 2 Au + 2u(l — u?)
by substituting in u(z,t;€) = > €"up(z,t) and collecting in powers of €. At first order,
O(1) : 0 = 2up(1 —ud),
or ug(1 — ug)(1 + ug) = 0. Because +1 are the stable equilibria of ¢/(u) = 2u(1 — u?) = 0, we assume our

system has ug = +1. Further, we assume our interface is separating two different states, so we choose ug =1
on DV and ug = —1 on D~. At next order,

O(e) 1 uy — 3udu; =0,

so u; = 0. We stop here because we are simply looking for the leading order behavior of u.

2.2.3. INNER LAYER.
In the inner region, we change from (x,t) to (p, s,t) coordinates and so must derive the Laplacian operator
and time derivative in our new coordinates to obtain our inner equation. Doing so, we arrive at

Agu(r, 8,1) = Upp + ATU. + ugAs + ugs| Vs,

Uy = U + T4Ur + StUs,

where A, = A = §%/022 + 9% /0y*.

CHANGE OF COORDINATES.
LAPLACIAN.

Through chain rule,
OJu Oudr = Ouds

oz ordz 050w
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Assuming smoothness of u throughout,

Pu_ o (o
dr2 Oz \dz
0 Ou Or 0 Ou 0s

:8x8r8x+8m838x

_or 0 (u), 950 (0u
© Oz Or \ Oz Ox ds \ Ox

_BfEwn oy Goe aaih] G0Ne Goy  Oh , e o)
Ox | Or?2 0x  Or Ordx  Ordsdx  0s Ordx Ox |Ords 0x  Or 0sOx  0s? Or  0Os 0sOx
Because r and s are orthogonal coordinates, we have

ou 0%s ou 0%r

s ordx O 0sdx

Then

0%u  O%u (3r>2 ou &%r 5 0%u Or 8s  O%*u (65)2 Ou &%s

92 o2 \oz) T orom2 " or0son0s T 952 \oz) T 9s0x2

We have a similar expression for 9%u/0y?. Thus we write

@ 9%u

ou
o +2(Vr-Vs) 505

0%u
+1Vsl 832+AS85'

0%u 9
Au(r(z,t), s(x,t),t) = ﬁ|Vr| + Ar

Near T', note that |Vr| = 1. This is because the Vr points in the

T direction of greatest rate of increase in r, and hence perpendicular

er\_’ to the level sets of r. In this direction, the rate of increase in r is
r>0 l vr 1. (See Figure blah.) Also, the level sets of r are orthogonal to the

level sets of s (see Figure 1) and Vr is orthogonal to the level sets
of r and similarly for s, so Vr is orthogonal to Vs, i.e. Vr-Vs = 0.

Thus, we have

0%u

au 262u 3u
Au(r(z,t), s(z,t),t) = orz + ATE +Vs| 9s2 PAE

0s’
TIME DERIVATIVE.

This is a simple application of the chain rule:
du(z,t) _ du(r(z,t),s(z,t),t) _Ou  Oudr Ouds

dt dt ot torot Tasar

Here, Ar represents the curvature of the level sets of r. Specifically, as given by [2],
K

T 1t

where k is the curvature of the r = 0 level set, or of I'. For a simple example to

illustrate this equality, consider a circle of radius R and let r be the signed distance

Ar

from the boundary of the circle with < 0 inside and r > 0 outside. Then r = |z| — R, r<0
SO
92r y? 9%r 22 FIGURE 2.
o2 (22 + y2)3/2 87/2 = (22 + 42)3/2 A simple example
and so of Ar = .
1
Ar =



The circle, and hence the r = 0 level set, has curvature 1/R. Thus

K 1/R 1

1
_ _ _ = Ar.
T+mr 1+ (z|—R)J/R R+|e|-R Ja2t,2

Because the coordinate 7(z,t;€) depends on I', we also expand r(z,t;e) = >~ €"ry(x,t). Hence, when
we solve for the motion of I', we will be solving for r¢;, which is only a leading order approximation. Similarly,
s(x,t; €) must be expanded, though we neglect this for notational reasons since doing so will not affect any
of our calculations. Also, note that in this inner region Ar = k> >~ ((—rr)™ = k + O(€) because = O(e).

Substituting in the form for the Laplacian and time derivative in our new coordinates, we obtain the inner
equation for the inner solution U(p, s, t;€):

eriU, + €Up + €5,Us = U,y + eArU, + €2Uss|Vs|? + U As + 2U (1 — U?).
Substituting in our expansions U(p, s,t;€) = Y €"Uy,(p, s,t) and r(z,t;€) = > €"ry(z,t) and collecting in
powers of ¢, at first order we get:
O(1) : 0= Uy, +2(Uy — UY).

This ODE is in potential form, i.e. Up,, = —V'(Up) where V'(U) = U? — U*/2. Multiplying through by
Upp, we can integrate to get

1 1

§<U0p)2 == anl - Ug + C].
From our matching conditions, we have Uy(£oo,s,t) = uo(0£, s,t) = £1, and so Up,(£o0,s,t) = 0. Thus
Cl = % and

(Uop)® = Uy —2U5 + 1 = (Ug — 1)
Then by separation of variables,
Upp=+UZ 1) = Ftanh ' (Uy) = p+ Ca(s, 1)

and so

Up = tanh(Fz + Ca(s,t))

where Cs is an arbitrary constant. Through our boundary conditions, we see that the solution is

Uo(p, s,t) = tanh(z + Cy(s,t)).

At the next order, we have
O(e) : rotUop = Ui pp + kUop + 2(Uy — 3UZUL)

where Ar = k + O(e). We rewrite this as LUy = r.Uy, — kUp, = f where L = 0,, +2 — 6U2. Note that L is
self-adjoint on L?(R) N C?(R):

(Lu,v) = / (uppv + 2uv — 6UGuv) dp

= upv|iooo - uvp‘iooo + (u, Lv)

Then by the Fredholm Alternative, LU; = f has a solution when f is orthogonal to the nullspace of L£*,
or in the case of self-adjointness, of £. Looking back at our O(1) equation, if we differentiate once we get
0 = Ugppp +2Up, — 6UZ Uy, and so Uy, is in the null-space of L uniquely (though we do not prove uniqueness
here). Then

oo

(LU, Ugyp) = / (roeUs, — kU3,) dp =0

—0o0
implies 7ot = . Thus, to leading order, we have motion by curvature (see Figure 3).
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FicURE 3. Ilustrations of motion by curvature. When « is large, I' moves faster into the
open area.

3. CAHN-HILLIARD

We now move on to study the Cahn-Hilliard equation,
eup = —A (€ Au+ 2u(l — u?)).
For simplicity, we write this in coupled form as
euy = Ap,
p=—€eAu — 2u(l — u?).
The boundary conditions are
Vu-n=0, Vu-n=0.

The first condition is known as the natural boundary condition and will be used when showing that this
equation represents a gradient flow. The second restricts flux into the system. Our equation is written in
conservation form, u; + VJ = 0 where J represents the flux of the system, with J = —Vu. Here, u is also
known as the chemical potential. We again study the case where z € 2 C R2.

Although this PDE looks similar to the Allen-Cahn equation, it has an extra conserved quantity. We
show that % J uwdz = 0 by the Divergence Theorem, which implies conservation of mass.

d
— udx:/utdm

=t | Apdx

=1 [ V- (Vu)dr
Q

=t / —n-VudS by the Divergence Theorem
a9

=0 by the second boundary condition.

3.1. GRADIENT FLOW.
The Cahn-Hilliard equation be written as a gradient flow with respect to the H~! inner product, where H !
is the dual space of H', with

E.(u) :/Q EWUF +g(u)} da.

In this case, (ut, @) -1 = (—0E./du, @) y—1, which is equivalent to (u;, ) = (A (§E/du), ¢) In this, we use
the form
u = A (—Au+ g (u)).
7



Using our previous calculations,

<6E6,<p> — lim E.(u+ hp) — E.(u)
ou

1

= im /Q

/QlEQAugoJrgu(u)go]dx
:<A_1’U,t,¢>.

62 62
SV + hg) P = SIVul + gu+ o) — g(w) | da

Hence the system develops in such a way as to minimize the free energy with respect to the H~! inner
product.

3.2. DESCRIPTION OF THE INTERFACE.

We again assume there exists some moving interface I' and try to analyze the leading order behavior of the
system and of the development of I". Here we have the same matching conditions for u(z, t; €) as before. Our
matching conditions for u(x,t;€) are analogous to those for u(z,t;€). We also use the same scalings for the
inner layer as in the Allen-Cahn case.

3.2.1. OUTER LAYER.
To find the leading order behavior in the outer region, we again start by expanding the outer solution in
asymptotic series:

u(z, tye) = Z "up(z,t), plz,te) = Ze"un(x,t).
n=0 n=0
Plugging these into our equations and boundary conditions, at first order we get
A/J'O = 07
= —2up(1 — ud
0(1) . Ho U’O( uO)’
VMO -n =0,
Vug-n=0.

We also assume that pg is continuously differentiable on I'; which will be proven in our inner region analysis.
This, along with the first and third conditions, require that g be constant with respect to x. We see this
by Green’s identity:

/quuodx: —/(Vuo)de—k/ o (Vg - n)dS = —/(V,uo)de.
Q Q a0 Q

Thus we have [,,(Vyg)?da = 0, which implies that Vo = 0 and gives us po(z,t) = po(t) and po = ug(1—ud).
We again choose ug = £1, corresponding to the stable equilibria of our potential function. Then ug = 0.

At next order we have

Apy = ugs = 0,

M1 = —2U1(1 — 3U(2)) = 4’&17
Vi -n =0,

Vu1 n = 0,

which gives us u; = pq(z,t)/4.



3.2.2. INNER LAYER.
We let U and M represent the inner solution variables corresponding to w and . We again start by expanding

Ul(r,s,t;€) ZeU (r,s,t), M(r, s, t;e) ZeMnrst r(x,t;e) Zerna:t

In the new local coordinates, our inner equations are
Er U, + €Uy + €65,Us = M, + eArM, + 2 AsM; + € M| Vs|?,
M = —~U,, — eArU, — €AsU; — €Uy, |Vs|* — 2U(1 — U?).

Again, for boundary conditions in the inner region we use the matching conditions.

At first order, we have

Mo,, =0,

My = —Uygpp — 2Up(1 — Up)?,
Uo(Fo0, s,t) = up(0+£, s,t) = £1,
My(£00, 8,t) = po(0+£, s, t).

o(1) :

The first condition implies My(p, s,t) = ao(s,t)p + bo(s,t). From the fourth condition, assuming o (04, s, t)
is bounded, we see a(s,t) = 0 and b(s,t) = po(0%, s,t). Thus g is continuous along I', as claimed previously.
Also, My = 0 and Uy = tanh(p + C(s, 1)) as before.

At the next order, we have

My, + kMo, = 0,

My = —Ui,, — KUy, —2U; (1 = 30U8) ,

Ui(p, s,t) = ui (0%, s,t) + puo,(0+, s, t),

M (IO’ S, t) = NI(Oiv S, t) + pMOT(Oi? S, t),

where we have used that Ar = k + O(e). Using My = 0, we have My = ay(s,t)p + b1(s,t). Through our
matching conditions, we have a;(s,t) = o, (0=, s,t), which also gives us that p is continuously differentiable

along I'. Because pg = 0, we can determine through matching that by(s,t) = p1(0+,s,t), and so py is
continuous on I and Mi(p, s,t) = 1 (04, s,1).

Ofe) :

To solve for Uy, we again use the Fredholm Alternative. Rewriting as LU; = —M; — kU, = f where
L =08,,+2—6U3 as before, we again have that £ is self-adjoint. Hence, LU; = f has a solution when f is
orthogonal to the nullspace of £. We again have Uy, in the null-space of £ uniquely, so

(LU, Up,) = / (=M1 Uy, — KUG,) dp
= / (—p1 (04, 5,1) sech?(p + C(s,t)) — ksech®(p 4+ C(s, t))) dp

= =201 (0%, s,¢) + =
=0
implies p1 (04, s,t) = 2k(s,t)/3.
To see how the interface moves at leading order, we continue.

rotUop = Moy, + My, + (AT)lMlp + AsMjys + M()SS|VS|2,

My = —Usp, — kU1, — (A1)1Uo, — AsUps — Upss|Vs|? + 6UZUs + 6UgU? — 2Us,
Us(£00, 8,t) = ua (04, s, 1),

Ms(£00,s,t) = pu2(04£, s, t).

O(e?) :



Because My = 0, My (p, s,t) = p1(0+, s,t), the first equation is
rotUop = Map).
We note that r; is constant with respect to p, so we can integrate with respect to p. To see this,
r=ep = r,=€ = 1r,u=0.
Integrating once with respect to p, we get
(1) rotUg = Ma, + C(s,t).

Our matching conditions give us Ma(p, s,t) ~ p1,-(0£,s,t)p as p — £oo. Then Ma,(p,s,t) ~ pu1-(0£, s,1).
Taking the limit p — oo and the limit p — —oo of (1), we get

ror = 1, (04, 5,8) + C(s,t), —rot = p1,(0—,s,t) + C(s,1).

Thus, the movement of the interface to leading order is

1
Tor = §(M1r(0+757t) - Nlr(o_’s’t»

4. MobDIFIED CAHN-HILLIARD

As a third example, we look at the equation
u = A (—Au+e%g'(v) + e (f —u),

where f is a constant.This is the Cahn-Hilliard equation with an added source term. Note that u(z,¢;€) = f
is a steady-state solution:

LF=ACAf+e () +0=0

With the added restriction, % Jo(u(z,t) — f) dx = 0, we see that f represents the average value of u.We use
domain R and, as in the Cahn-Hilliard case, we rewrite our equation in coupled form

63ut = Uzz + f —u,
==y + €9’ (u).

For boundary conditions, we take u(£o0,¢;€) = f and p,(£00,t;€) = 0. The second condition again restricts
flux coming into the system.

We again have conservation of mass:

d
— udx:/utdx

:/e_gumdx—i-/e_?’(f—u)dx
R R

= pa|
= 0.

— 00

4.1. GRADIENT FLow.
Define the energy functional

Butw) = [ |19+ o) + 5 - ] as

10
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(A) Assumed shape of solution with region labeling. (B) Assumed scales of solution.

FIGURE 4. Assumptions on the solution u(z,t;¢). Note that & = O(e'/?).

where Av = u — f. Then, calculating the first variation, we show that u; = A (0E./du). First, we rewrite

f —u = —Av and note that A™! is a distributive and self-adjoint operator.
0FE, . E(u+hp)— Ec(u)
< du "/’> = fi K

1 1 1 1
3|Vt h)[? = SIVul* + S g(u+ he) = g(u)

. 1/
= lim —
h%oh (9]

5o (f—u—he) At he = f) = 55 (f WA f)] o

dxr

1 1 - ~ _ _
—Aup+ Sgu(w) o+ 55 (FA Yo —uA"lo — oA u+ A7)

I I
S— S5

—Aup+ elggu(U) o+ % ((f —wA o+ AT f —u)) ] dx

[
S~

1 1 _
—Aup+ ggu(u) Y+ 53 (—AvA™p — ) 1 dx

I
—.

1 1
—Aup + —gu(u) p — 3gov‘| dz
€ €

= <A_1ut, <p> .
For this example, we use

u? ifu<i,
(1—wu)? ifu>1/2.

4.2. ASSUMPTIONS.

We assume that our problem started in some non-constant initial state and has evolved into some solution
near equilibrium. On a long time scale, the solution will appear to be in a steady state. To see the motion,
we will rescale time in order to view the motion occurring on a fast time scale.

We assume our solution looks similar to Figure 4a. In this, we assume:
(1) fissmall, ie. f~0.1,
(2) our solution is symmetric about 0,
(3) boundary conditions limg_, £ oo u(z,t) = f,
(4) the solution tends toward 0 and 1 on either side of £&; as depicted,
11



(5) there are Cahn-Hilliard type interfaces, and
(6) there are spatial scales of size O(1), O(e'/2), O(e).

Before, we had an interface I' and tracked the motion through the variable r. Now, in one dimension, we
center part of our solution around &, and track its motion to see the motion of the right “interface”. We
label our three different spacial scales as follows: x, & = 2/€!/2, 2 = (x — €'/2£y) Je. Note that & = O(e'/?),
as can be seen in Figure 4, and that the z coordinate is centered around &, which will allow us to track the
motion of &. Specifically, we define &y to be the location where u = 1/2 in the right inner layer.

Because it has evolved for a long time, we also assume that u, is small, i.e. u; = o(1), in the outer and
intermediate regions, expecting that only the inner region will be changing.

DOMINANT BALANCE.
In order to find a rescaling of time which will reveal the desired behavior, we rescale 7 = v(e)t.

OUTER: 63V(€)UT = g T f —u,
n= _eguxm + Eg/(u)'

Because are near steady-state in the outer region, we do not expect time to play a role in the leading order
solution, hence v(e) < e3.

INTERMEDIATE: £ = x/e'/2. e v(e)ur = piee + €(f — u),

= —cuge + eg'(u).

INNER: z = (:c — 61/250) Je. Uy = U v(e) — Uzu(e)efl/Qf(')(T).
Ev(e)Ur — EPv(OUE)(T) = pree + €(f — ),
U= —eu,, + g (u).

Here we expect to find the behavior of the moving interface at a low perturbative order, which suggests

€3/2 < 92y () < ¢, giving v(e) = €3 or v(e) = e 7/2. This and outer solution together give v(e) = ¢~3.
, g1ving g g
Rescaling by 7 = e3¢ gives us:
OUTER: Ur = oo + f —u,
= —€ Uy + €9’ (u).
INTERMEDIATE: & = z/€'/2. eur = pge + e(f —u),

= —€"uge +eg'(u).

INNER: z = (z — €!/2&) Je. Uy = Upe= — U,e 37 1/2€) (7).
U, — 63/2U25(I)(T) = phzz + 62(f —u),
p=—eu,, +eg'(u).

4.3. MATCHING CONDITIONS.
Because we have different powers of € in our equation, we expand

[eS) )
u(w 6) = 30 e un (1), pletie) = S (1)
n=0 n=0
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for the outer solution;

dla,tie) =Y Ppu(6t), A, tie) =Y €?A,(E,t)
n=0 n=0

for the intermediate solution; and

Uz, t;e) = Z €20, (x,t), Mz, t;e) = Ze"/QMn(a:,t)
n=0

n=0

for the inner solution. Note that there are two distinct inner regions: region III with solution U%, M’ and
region V with solution U, M. Because our solution is symmetric, we focus on U, M centered around
&o and denote this solution by U, M. We must match each region, from I to VII, to its neighboring region(s).

We begin by matching I and IT and matching VI and VII. For z near 0,

2
ui(x,t) = u; (0%, 1) + zu (0£,t) + %uim(O:I:, t)+ O ($3)

2
— (0, 8) + M/ 2€us (0, 1) + %ummi, B+ 0@,

Equating powers of € as € — 0 in 3. €"/2¢,,(¢,t) = 3. €"/?u,(z,t), our first two conditions are as £ — o0,
(bo(ioo, t) = UO(Oi, t),
d)l (p7 t) ~ Uy (Oia t) + §u0$(Oiv t)

To match regions V and VI, for £ near &,

_ 2
bi(z,t) = ¢i(o+,t) + (§ — Eot+)pic(o+,t) + @@gg(&ﬁnﬂ + 0 ((&—&+)?)

2
= ¢i(Sot+,t) + €2 2ig (0, 1) + %%‘&5(504-, t) 4+ O(e¥/?).

Equating powers of € as € — 0 in 3. €"/2U,,(£,t) = 3. €/2¢, (x,t), our first two conditions are as z — 400,
Uo(+00,t) = ¢o(&o+, 1),
Ui(z,t) ~ ¢1(So+,1) + 200 (§o+, ).
Similarly, matching IV and V, we get as z — —o0,
U0(7007 t) = QSO(gO*a t)a
Ur(z,t) ~ ¢1(0—t) + 200 (§0—, 1)

There are similar matching conditions for region III.

4.4. OUTER LAYER.
After rescaling by 7 = €3¢, our outer equation becomes

Ur = Ugz + f —u,
n= _€3umx + egl(u)'

If u < 1/2, as in regions I and VII, then ¢'(u) = 2u.
O(l) : Uor = floze + [ — Uo, 0(61/2) . Ulr = Pigz — UL, 0(6) : Uor = [h2ge — U2,
Ho = 0, p1 = 0, o = 2up.

Through these and the boundary conditions, we get ug = f, uo =0, uy =0, u1 =0, ug =0, ps = 2f.
13



4.5. INTERMEDIATE LAYER.

After our rescaling 7 = €3t and & = x/¢'/?

we have
€pr = Nee +e(f — ),
A= —dee +eg' ().

If  <1/2 as in regions II and VI, then ¢'(¢) = 2¢.
0= Aoge, 1 0= A, Gor = Nage + f — o,
01): O('/?) O(e) :
(1) {AO:O’ (@) L 0l T
So Ag = 0 and A; = 0. Also, taking ¢o, to be small due to our near-steady state solution, ¢o — 2¢oce = f.
So
(6, 7) = f + c1(7) exp(€/V2) + ea(r) exp(—€/V2).

In region VI, we have the matching conditions ¢ — f as & — oo and ¢ — 0 as & — &y, which gives us
c1(1) =0, co(1) = —fexp(&/v/2). Thus

d0(6,t) = f (1 - exp(~(€ = &)/VD)), Ao =2f (1 - exp(~(§ ~&)/V2)).

In region II we have ¢ — f as £ - —oc and ¢ — 0 as & — —&p, so

do(&,1) = f (1—exp((€ +€)/V2)), hs=2f (1—exp((§+£)/V2)) .

If ¢ > 1/2 as in region IV, then ¢'(¢) = 2¢ — 2.

o(1): {0 =R gy J0= e g Jdor = Racet [ b,
Ao =0, Ay =0, Ao = 2¢0 — 2.

So Ao =0, Ay =0, and ¢g — 2¢p¢e = f. Here we have the matching conditions ¢ — 1 as & = & and ¢ — 1
as & — —&y. This gives us
1-F

ci(t) = ca(t) = do(&,t) = f+

(1— f)cosh(¢/V2)
exp(&o/V2) + exp(—&o/vV2)’ .

cosh(&y/v/2)

4.6. INNER LAYER.
In region V, we expect a Cahn-Hilliard type solution at leading order. At the pertubative order, we expect
to catch the motion of &y(t).

Making the change of variables 7 = €3t and z = (z — €'/2£) /e and using

ou oUdr oUdzdr 4 —7/277 ¢
of “orat T asarar — ¢ U UG,

we have
U, — 2U,€) (1) = M., + E(f = U),
M= _EUzz + egl(U)

If U < 1/2 as when z > 0, then ¢'(U) = 2U.

o) {0 = Moz, 12, {0 = Mie, 0. {0 = M.,

My = 0. M; =0, My = —Uy,, + 2Uy.
So My =0, My =0, My = a(r)z + b(7). Then
b
Un(z,7) = 5 + 5 +e1(r) exp(2v2) + ca(r) exp(—22).

Using the matching condition Uy — 0 as z — oo, we see a = 0,¢; = 0,b = 0, and so My = 0 and
Uo(z,7) = coexp(—2v/2) when z > 0.
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If U > 1/2 as when z < 0, then ¢'(U) = 2U — 2.

= M 229 =M ’ =M 7T
o(1) : 0 0 O(e/?) : 0 1e¢ Ofe) : 0 2
My = 0. M, =0, My = —Uy,, + 20Uy — 2.

So My =0, My =0, My = a(r)z + b(1). Then
az b
Up(2,7) = 5 + 5 + 1+ a(7) exp(2V/2) + co(7) exp(—2V/2).
Using the matching condition Uy — 1 as z — —o0o, we see that a =0, co = 0, b = 0, and so when z < 0 we

have Up(z,7) = 1 + ¢; exp(2v/2).

To patch these into a continuous solution in region V, we see 1+ ¢; = co. From this and our requirement
that Up(0,7) =1/2,
1—Lexp(zv/2), z<0,
Uo(zm) =9, 2 Plzv2)
1 exp(—2v2), z > 0.

We compute one further order to detect the movement of &.

—Vo0z 0 = Ms.., —Voz 0 = Ms,.,
O(?) Uo=4o(7) X when z >0, and O(e/?): Uoso(7) ° when z < 0.
Ms = —-U,, +2U; Mz = —Ui,, + 2U;

We integrate
/ 7UOZ§6(T)dZ = / (*Ulzz + 2U1)zz dZ

Note that as z — o0, Ui(z,t) ~ ¢1(&oE,t) + doe (oL, t)z, s0 Ur,(2,t) ~ ¢oe(ot,t); then Uy, (2,t) — 0
and U...(2,t) = 0 as z = +o00. Then —£((7) = 2 (¢oe(&o+, 1) — doe(§o—, 1)) = —2, so & (1) = 2.

5. EXTENSIONS

This method of analysis can be used on many other problems. For the above examples, one can compute
further orders to find a more precise description of the solution and interface behavior. For example, one can
check that the motion by curvature derived for the Allen-Cahn equation is actually true to second order.
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