Math 514ab: Algebraic Number Theory / 202526
Project topic suggestions

Edits 11/19/25 in blue.

This is just a list of suggestions, varying in sophistication and required background, and in
no particular order. Feel free to choose your own topic — come discuss it with me. Plan on
a short writeup (7-15 pages, say) and give a short presentation (half of a 75min class, say,
though you can go longer) during one of the last classes in early December or in the spring
semester.

Consult at least two references. (Don’t choose a topic you already happen to know well!)

(1) The different ideal: AKLB setting. The different is an ideal ®(B/A) of B refining
the discriminant ideal A(B/A) of A. A prime P of B lying over p in A divides
D(B/A) if and only if e(P/p) > 1. There’s also some control over the power of P
dividing ®(B/A) depending on the ramification.

e K/Q: See [Marl8], exercises 33-39 in Chapter 3.

e Classic reference: Chapter III of [Lan86].

e K/Q again: see Keith Conrad’s blurb “The Different Ideal”.

e Another writeup: Andrew Sutherland’s lecture notes.

e Amusing aside: you can use the different ideal to get an alternate proof of
Stickelberger’s theorem, apparently due to user Tim.E on MathOverflow:
https://math.stackexchange.com/a/2419398.

(2) Dirichlet’s theorem on primes in arithmetic progression: Dirichlet’s theorem,
the inaugural result of modern analytic number theory, states that if m > 1 is a
positive integer and a is relatively prime to m, then there are infinitely many primes
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congruent to @ modulo m, and in fact the Dirichlet density of all such primes is POk

e We will cover this theorem in class, so definitely come talk to me about timing
of your presentation.

e The classic reference (for my generation at least) is the last chapter of [Ser73].

e Marcus [Marl8] is playing with the same circle of ideas in Chapter 7, though
surprisingly I don’t see a complete proof of Dirichlet’s theorem in the exercises.

e Exercise 12 of [Marl8, Chapter 7] gives a proof of the Frobenius density theorem,
of which the Chebotarev density theorem (which reduces to Dirichlet’s theorem
for cyclotomic extensions of Q) is a refinement.

e For comparison, see Keith Conrad’s blurb on the limits of Euclid-style proofs of
the infinitude of primes congruent to a modulo m.

(3) Cohen-Lenstra heuristics: These heuristics are a set of conjectures in arithmetic
statistics describing the distribution of ideal classes in number fields, initially formu-
lated for quadratic fields, though there is a variety of extensions, to number fields
and to function fields.

e I gave the briefest of introductions to this story in class on 10/23/25.
e Start with Cohen—Lenstra’s original paper: [CL84].
e Generalizations to other extensions of Q: Cohen—Martinet [CM90, CM87], pos-

sible corrections by Bartel-Lenstra [BL20].
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https://kconrad.math.uconn.edu/blurbs/gradnumthy/different.pdf
https://math.mit.edu/classes/18.785/2016fa/LectureNotes12.pdf
https://math.stackexchange.com/a/2419398
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e Translations to function fields, where at least some versions of the conjectures
are proved! [EVWI6].

(4) Herbrand’s theorem: Herbrand’s theorem is a refinement of one part of Kum-
mer’s criterion: that an odd prime p is irregular if and only if p divides the numer-
ator of the Bernoulli numbers By, By, Bg, ..., By—3. Namely, let K = Q(u,), and
let A = C(K)[p] be the p-torsion part of the class group of K, written additively.
(Here p1, = {1,(p,..., 87"} is the set of p™ roots of 1.) Then A is an Fp-vector
space; note that p is a regular prime if and only if A = 0. The abelian group
A = Gal(Q(s,)/Q) is canonically isomorphic to F), with the isomorphism w sending
g€ Atow(g) =beF;if g(¢) = ¢® for any ¢ € p,. One can show that A acts
on A, and the action decomposes A into a direct sum of eigenspaces for characters
A — [F¥, which are all powers of w:

@ A(Wh), where  A(W*) ={a € A:g(a) =wF(g)aforall g € A}.

k mod p—1

Herbrand’s theorem [Her32] asserts that, for 2 < k < p — 3 even, if A(w'™*) # 0
then p | Bi. The proof uses Stickelberger’s theorem about the action of a certain
element of the group algebra of A on A. The converse was proved by Ribet [Rib76]
using congruences between modular forms.

e Classic reference is [Was97, Theorem 6.17].

e Alternative: [Lan90, Corollary 3].

e This writeup by Carl Wang-Erickson focuses on Ribet’s converse theorem, but
provides a nice context for the story as well as a number of references. In
particular, Appendix A.1 outlines a proof of the other, analytic, direction of
Kummer’s original criterion (that is, the direction refined by Ribet) in modern
language; unpacking, understanding, and completing this argument could be a
project in its own right. See also [Was97, Theorem 5.34].

(5) Genus theory: Genus theory, first studied by Gauss in the context of quadratic
forms, can be used to describe the 2-torsion part of the class group of an imaginary
quadratic field. Canonical reference in modern language is [Cox13, §3, 5, 6], especially
Theorem 6.1.

(6) Why is ™10 close to an integer?: Indeed,

™13 ~ 262537412640768743.9999999999977262 . . .
~ 640320% + 744 — (2.274...) x 1072,

It’s not a coincidence that 163 is the biggest absolute-value discriminant of a quadratic
imaginary field of class number 1. This connection is explained by the theory of
complex multiplication, which in particular gives an explicit way of realizing the
Hilbert class field") of a quadratic imaginary field.

()The Hilbert class field of a totally complex number ﬁeld K is the maximal abelian everywhere unramified
extension H/K. ‘ 5 - Class field theory tells you that Gal(H/K)



https://sites.pitt.edu/~caw203/pdfs/ribet2.pdf
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Best for those who know a little bit about elliptic curves. Classic reference is [Sil94,
Chapter II], especially example 6.2.1. See also [Cox13, Chapter III].

Continued fraction expansion for v/d and Pell’s equation: Let d > 0 be
squarefree. The goal is to (limn the boundaries of and) understand the proof of the
following statement: every unit u = A + Bv/d of Q(+/d) with A, B > 0 can be found
with % among the convergents of the continued fraction for v/d, as well as some
expectations for how far you have to go to find a fundamental unit.

e [ outlined quite a bit of this story in lecture on 11/4/25 and 11/6/25.

e Classic reference: Chapter X of [HWG0].

e Short book by Khinchin: [Khi64].

e Super magic box reference: Course notes of Evan Dummit. (The super magic
box is a bookkeeping device for computing convergents to v/d, which I learned
about as a counselor at the PROMYS program.)

Kronecker-Weber: The Kronecker-Weber theorem states that any abelian exten-
sion of Q is contained in a cyclotomic extension. We will eventually prove this as a
consequence of the statements of global class field theory, but one can give a classical
proof directly using what we know about factorization of prime ideals in number field
extensions (so before the geometry of numbers unit of our course). See, for example,
[Marl8], exercises 29-36 of chapter 4.

To come up with ideas for other topics, see, for example, the books in the bibliography
below (especially [Cox13]), Keith Conrad’s blurbs on algebraic number theory, or the many
exercises of [Marl8]. One possibility is Kummer’s full proof of Fermat’s Last Theorem for
regular primes, including Kummer’s lemma about units of Q(su,) that are congruent to
integers modulo p being p" powers in the regular case; see K.C.’s two blurbs on this topic as
well as [Was97, Theorem 5.36]. Another possibility is understanding orders in number fields,
perhaps from an algorithmic perspective: start with K.C.’s blurb on conductors and [Coh93].

[BL20]
[CL84]
[CMST]
[CM90]
[Coh93]

[Cox13]
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