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Mostly a survey!
But I’ll describe some work with
Nick Ercolani (Arizona), K.M.



Random Matrices

Consider the probability measure on N x N Hermitean matrices given by

2v
L exp%—NTr Ly s Etk M"” am
ZN 2 k=1

N
dM = UdM]i dM]’.kHdej
J< j=

2v
%MZ + Y1, M"]} dM
k=1

Z\, = fexp%—N Tr

Historically, the interest has been in the probabilistic description of the
eigenvalues, as N — o

Gaussian Unitary Ensemble: all the t s =O0.
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Typically interested in eigenvalues, whose induced probability density is:

Lexp(-N§V(;\j)) [T(2-2,)".

Zy l< j<k=N

N
Partition Function: ZN = fexp(—NZl‘/()\,J)) H()Lk — )\,j)sz)L

1< j<k<N

Closely related to polynomials {pj(x)} orthogonal wrt e M dx

j20



A Physical Interpretation

e Statistical Mechanics of a Log-gas

fexp —NEV()L ) + Elog‘)u -1 ‘ d" A

Jj=k

— Eigenvalues are a system of particles on the line with
logarithmic interaction potential, log I\-\, in the
presence of an external field with potential

V(A)_—A2+Em2k

— The asymptotic behavior for N = o may then be interpreted as the
limiting behavior of this statistical mechanical system in a low
temperature and many particle asymptotic limit.
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Mean density of particles

Consider the random variable % # {evals < X}

The mean density is defined via

p,(x) = di%#{evals < x}>

X

The connection to orthogonal polynomials:

p(x) =K <x x)

Ky(xy)=¢ Epg(x)pg(y)




All statistical properties can be expressed in terms of the orthogonal polynomials!

E.G.

Prob{no A;'s in (a,b)} = det(1 - Ky)

Lz(a,b)

(KnfJx) = [Kyy (x,0)f (0)dly

In most applications, we are interested in the behavior for N — o



Basic asymptotic result: Under rather weak assumptions on V, the following limit exists.
(Johansson, 1998)

hm pl(N)(x) = w(x), where 1 = 0 solves a well-known variational problem.
N —o0

sup [—de,u+ fflog‘x — y‘du(x)du(y)]

O<du,

fdu=1

— Y is supported on finitely many intevals,
and is analytic on the interior of each one.

(Deift, Kriecherbauer, McL ‘98)

V real analytic with suitable growth



Much more detailed asymptotic result:

Y

Pick a € supp(y’) and consider G (a,s) =Probino A.'sin | a,a + > :
R W (@) { jsin Nw(a))}

a X —»

One version of universality result: for any real analytic V with suitable growth, and any such a_,

lim G, (a,s) = det(1-S)

N —o0 L*(0,s)

ko= e IS

0










Much more detailed asymptotic results:

Y

i

VX'\
Large N behavior of “Local” statistics are universal here (sine-kernel) and at the edge
(Tracy-Widom distribution, aka Epps convergence theorem).

o l i U | v—1
VI(A) = SA" + Z tiN T(T,7)={t €R": [t| < T, t, >v) [t} Then
P =1

1
NV A= a)(3 = N R(N) dA,

o Ala.3) [/
2T X

l‘.‘-' (l/\ —
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Asymptotic behavior for large N: /)f:\l—] — 1), but we also have a complete expansion away
from endpoints: For A\ € (o, ),

(1) 1 , 1 1 1 o
v IA) =1\ — 08¢ N W(s)ds 4
Py N =V T (,\ “ 3 - (1) “’“{ /\ w(s)ds )
1 i
‘+‘v [H{/\) + (;(/\] sin {A\’/ l‘{S]([S}] + e
S A

in which H(\) and GG(\) are locally analytic functions which are explicitly computable in terms
of the original external field V().




Asymptotic behavior for large V: [)F\]v] ~+ 4>, but we also have a complete expansion away
from endpoints: For \ € (o, ),

(1) ol 1 l - 1 e J N J.:, N
py (A) =P(A) + TN (/\ s (}') COs {!\ /\ L.(.s)(l.s} (4)
1 5]
+ V2 [H(/\) + G(A) sin {;\'/ y(s)ds}] R
s )

in which H(A) and G(\) are locally analytic functions which are explicitly computable in terms
of the original external field V().

Near an endpoint:

/)(\15)(:) — N I.A(Z) [‘) Az (\T ( )) Ai' (1 N/ % )]

2 2
+NEg(2) {(Ai’ (NQ--’*‘@(s))) — N*Bgy(z ( ( 2Bs(z ))) ] + En(2)
g-\’ I:: :l = Z J\r / | l ,(} }I Z ) (4‘11 (.\ “f (,_)‘-,'l_ s )) )

) €Ven, ;=2

+ Y NTTh(2) (Az" ( N5z li>))

i even, j>2
+3 N () (A0 (N¥By(2)) ) (A0 (N*Pou(2)) )
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THE WORKHORSE RESULT: Integrals with respect to p,/

Theorem 3. [Ercolani and McLaughlin, [4]] There is T > (0 and v > 0 so that for all
t € T(T.,~), the following expansion holds true:

/ FOPY NN = fot N2f1 4+ N fot oo 7)

o0
provided the function f(\) is C™ smooth, and grows no faster than a polynomial for X\ — .
The coefficients f; depend analytically on t for t € T(T,~), and the asymptotic expansion may
be differentiated term by term.
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Theorem 3. [Ercolani and McLaughlin, [4]] There is T > 0 and ~v > 0 so that for all
t € T(T.~), the following expansion holds true:

/ CFOPY VAN = fot N2 AN o (7)

C
provided the function f(\) is C™ smooth, and grows no faster than a polynomial for A\ — oc.
The coefficients f: depend analytically on t for t € T(T,~), and the asymptotic expansion may
JJ . - I . -
be differentiated term by term.

%MZ + gtk Mk” a =C, | exp(—N éV(A J.)) ] (% -2 j)szA

l= j<k=N

2N = fexp{—N Tr

APPLICATION 1: Complete expansion of the partition function

i)(f/ log(Zy) = —NE <T Tr :\[’) = —N~ / /\//)f\{"()\)d/\

-



7. = f exp{—N Tr

%Mz + gtk M"]} a =c, [ exp(—N j}ijlvm j)) ] (% -2 j)szA

1< j<ksN

We (Ercolani & McL) established:
There 1s T >0, y >0 and N, > O so that the asymptotic expansion

Z,\t 1
10g(#8) = N2ey(t,,....t0, )+ €ty sy, )+ —5 0, (81,005, )+

N

is valid for t in T(T,y) and N > N,, ; where

2v-1
T(T,y) = {tER2V =T, 1, >0 JEIM}

. Each coetficient, e(7,,...,1,,), 1s an analytic function of the
(complex) vector ¢ ina ne1ghb0rh00d of 0 . The asymptotic
expansion of derivatives of log(Zy) may be calculated via term-by-
term differentiation of the above series.



APPLICATION 2: enumerative geometry

A map 1s a graph which is embedded into a Riemann surface so that

1. the (images of the) edges do not intersect;

2. dissecting the surface along the edges decomposes it into a union of open cells; these cells
are called the faces of the map.

A g-map is a labelled map that is embedded into a Riemann surface with genus g, for which

the underlying graph is connected. The labelling ascribes a number to each vertex, along with

a lexicographical ordering of the edges emanating from each vertex.

—_
9= C %:l

Theorem 5 (Ercolani and McLaughlin [4]). The coefficients in the asymptotic expansion (9)
satisfy the following relations. Let g be a nonnegative integer. Then

, 1 . . |
eylty...1,) = E w—w(_tl)m (=) R (g, . ) (10)
— nql...n,!
n;=1
in which each of the coefficients k,(ny, . ...n,) is the number of g-maps with n; j-valent vertices



RMT and Combinatorics: ~ Gaussian Unitary Ensemble: all the t. s =0.
N
Z%nl\%

exp{—N TrE M 2” dM

VN ml.].,i < j, are independent complex standard normal random variables
withm,; =m ;.

Hence (m,m ;)= N and (m,m,, ) =0 if (i.j) = (Lk).

This, together with Wick’s formula yields a fundamental connection to
combinatorics and the enumeration of maps.

A )] |-

=(-1)" E N*¢ #{things indexed by n, p, and g}
g
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Where F [( 7, s)] = number of free indices in the Wick coupling (r,s).
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Where F [(r, s)] = number of free indices in the Wick coupling (r,s).
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Connection to labelled Mage
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