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Random Matrices

Historically, the interest has been in the probabilistic description of the

eigenvalues, as

Consider the probability measure on N ! N Hermitean matrices given by

Gaussian Unitary Ensemble:    all the tk’s =0.
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Typically interested in eigenvalues, whose induced probability density is:
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 A Physical Interpretation

• Statistical Mechanics of a Log-gas

– Eigenvalues are a system of particles on the line with

logarithmic interaction potential, log |"i-"j|, in the

presence of an external field with potential

– The asymptotic behavior for N ! ! may then be interpreted as the

limiting behavior of this statistical mechanical system in a low

temperature and many particle asymptotic limit.
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Typically interested in eigenvalues, whose induced probability density is:
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The mean density is defined via

The connection to orthogonal polynomials:



All statistical properties can be expressed in terms of the orthogonal polynomials!

In most applications, we are interested in the behavior for !"N

E.G.
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Basic asymptotic result:  Under rather weak assumptions on V, the following limit exists.
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V real analytic with suitable growth       is supported on finitely many intevals, 

and is analytic on the interior of each one.
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One version of universality result:  for any real analytic V with suitable growth, and any such !,
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Much more detailed asymptotic result:

(Deift, Kriecherbauer, McL,

 Venakides, and Zhou ‘97)
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Much more detailed asymptotic results:

Large N behavior of “Local” statistics are universal here (sine-kernel) and at the edge

(Tracy-Widom distribution, aka Epps convergence theorem).

Then





Near an endpoint:







We (Ercolani & McL) established:

There is T > 0, # > 0 and N0 > 0 so that the asymptotic expansion

                is valid for t in TT(T,#) and N > N0 ; where

•  Each coefficient, ej(t1,…,t2v),  is an analytic function of the
(complex) vector t in a neighborhood of 0 .  The asymptotic
expansion of derivatives of  log(ZN) may be calculated via term-by-
term differentiation of the above series.





RMT and Combinatorics:      Gaussian Unitary Ensemble:    all the tk’s =0.
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N  mij ,i " j,  are independent complex standard normal random variables 

with mij = m ji .

Hence mijm ji = N
#1  and mijmkl = 0   if i, j( ) $ l,k( ).

This, together with Wick’s formula yields a fundamental connection to

combinatorics and the enumeration of maps.
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There are (2k "1)!! distinct Wick couplings.
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A few of the Wick couplings are:
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Where F r,s( )[ ] = number of free indices in the Wick coupling r,s( ).
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