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Goal:  provide a complete description of solutions in
asymptotic regimes.

Initial Value Problem for the nonlinear Schroedinger equation

Question 1:  Does the equation regularize jump discontinuities?

                  How does it do so?



Simple example:  Linear equation

Solution:

Question 1 can be answered completely!



Gibbs phenomenon

! 

Take t > 0, and consider

! 

"(x, t) # ??  as  t$0??



Gibbs phenomenon



Gibbs phenomenon

! 

Now let t"0 :   straightforward calculations show
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Wait wait!  Does that IVP make sense?
YES!  Given
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(Ginibre & Velo, ‘85, Cassenave & Weissler - ‘90, Chang, Shatah, Uhlenbeck, ‘00)

Good!  Now for t>0, can we describe as

! 

t"0?



Theorem (Jeff DiFranco, KM):  There is K>0 s.t. for 0 < t < K,
the following asymptotic expansion holds true for all x:
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MAGIC!  Scattering and Inverse Scattering!
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There is a nonlinear (and invertible!) mapping from spaces
of initial data to “scattering data”.  (More later (maybe)).
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MAGIC!  Scattering and Inverse Scattering!
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Given r0(z),  define 

Now solve the following Riemann-Hilbert problem:

Problem:  Find 2x2 matrix M satisfying
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Problem:  Find 2x2 matrix M satisfying

And then…

So if we had some way to unravel the asymptotic behavior
of M(z,x,t) for t small, we would obtain asymptotics for

! 

"(x, t).



But there is advanced machinery to do just this!!
Jeff DiFranco found

  

! 

" an explicit invertible transformation M(z,x,t) a K(#,x, t)

! 

so that K(",x, t) solves 
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Conclusion: there is a unique solution, with explicit asymptotic expansion!
This is because of Macumba Number 2:

Riemann-Hilbert problems are equivalent to a system of singular integral equations
whose invertibility is dictated by the size of 
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Conclusion: there is a unique solution, with explicit asymptotic expansion!
This is because of Macumba Number 2:

Riemann-Hilbert problems are equivalent to a system of singular integral equations
whose invertibility is dictated by the size of 

OK Hold on!  That’s 2 pieces of magic!  The first one was  ! 

V
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1.  There is a nonlinear (and invertible!) mapping from spaces
of initial data to “scattering data”.  And as the solution evolves
According to the nonlinear Schroedinger equation, the scattering
data just rolls around! 
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Integrability for NLS.  Freeze time, and consider
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L" = z",

(Beals, Coifmann, ‘84, Beals, Deift, Tomei, ‘88)



Picard iteration shows in addition that                     is analytic in z, and has boundary 
values for z real.
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Picard iteration shows in addition that                     is analytic in z, and has boundary 
values for z real.

and both solve the same equation                         so
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L"= z",

Algebra now shows that 

Analysis then shows that the reflection coefficient enjoys regularity and decay
 properties depending on regularity and decay of  the initial data.
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Riemann-Hilbert problem for 

Fundamental fact:  There is a unique solution to this Riemann-Hilbert problem!
(Beals, Deift, Tomei ‘88)



Riemann-Hilbert problem for 

Fundamental fact:  There is a unique solution to this Riemann-Hilbert problem!
(Beals, Deift, Tomei ‘88)



Riemann-Hilbert problems and singular integral equations
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Given a contour " and a function f ,  define
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1"C
V ,#( )$ = C

V ,# (I)Solve this equation!!!

Then…

! 

M(z) = I + C" I + #( ) V $ I( )( ) z( )

Solves the Riemann-Hilbert problem

It makes some sense that the size of V-I controls norm of the integral operator
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Simple example:  Linear equation

Solution:

Question 2 can be answered completely!
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