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Initial Value Problem for the nonlinear Schroedinger equation

. | ., 2
1Ot + Qg — 2 ¢ =0,

o(x,0) = q(x).

Goal: provide a complete description of solutions in
asymptotic regimes.

0,

Question 1: Does the equation regularize jump discontinuities?

How does it do so?



Simple example: Linear equation
o(x,0) = h(x)

Solution:

P, 1) = m/ ()™ T dy

Question 1 can be answered completely!




Gibbs phenomenon

Take ¢ > 0, and consider

O(x,t) =77 as t|07?
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Gibbs phenomenon
gix)

1 o0 sin (- ?—-zftyz—l—'zf:z?y
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Now let ¢ | 0: straightforward calculations show
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So...what about the nonlinear case?

1Ot + Qup — 2 |O‘2 » =0, £

O(I* O) — g(l’) :

Wait wait! Does that VP make sense?



So...what about the nonlinear case?
1Ot + Opy — 2 |(D‘2 o =0, &)
o(x,0) = g(x)

Wait wait! Does that VP make sense?
YES! Given g¢,(z) € L?(]R)

Al é(x,t) € CRy, L*(dzx)) N(L>(dz)@ LA (dt))

loc

(Ginibre & Velo, ‘85, Cassenave & Weissler - ‘90, Chang, Shatah, Uhlenbeck, ‘00)



So...what about the nonlinear case?
1Ot + Opy — 2 |(D‘2 o =0, &)
o(x,0) = g(x)

Wait wait! Does that VP make sense?
YES! Given g¢,(z) € L?(]R)

Al é(x,t) € CRy, L*(dzx)) N(L>(dz)@ LA (dt))

loe
(Ginibre & Velo, ‘85, Cassenave & Weissler - ‘90, Chang, Shatah, Uhlenbeck, ‘00)

Good! Now for t>0, can we describe ¢(z,%) as ¢ | 0?



Theorem (Jeff DiFranco, KM): There is K>0 s.t. for 0 <t <K,
the following asymptotic expansion holds true for all x:

o, t) = Oun(x,t) + O(1).
((;)(l’, t)l-'z}n — é — éElf

S€ 4
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Theorem (Jeff DiFranco, KM): There is K>0 s.t. for 0 <t <K,
the following asymptotic expansion holds true for all x:

gfb(;l'f, f) — g*)l..zg.72,(;l", f) -+ O(f)
((j)(l’, t)l-'z}n — é — éE rf

— 47T
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+ O(t2) )

A complete asymptotic expansion is achievable.

—xl o 4.
For example, for s = = > it

G(x.1) =y, (x.1) + F(x, 1)+ O(*?)



Theorem (Jeff DiFranco, KM): There is K>0 s.t. for 0 <t <K,
the following asymptotic expansion holds true for all x:

O(r,t) = dun(x,t) + O(1).
(Q(I, ) lin = é — éElf

— T

S€ 4

2

A complete asymptotic expansion is achievable.

—xl o 4.
For example, for s = = > it

P(6,1) = @, (x.1) + F(x,0)+ O(1"?)

F(x,t)= —2[ =220
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MAGIC! Scattering and Inverse Scattering!

| el e-ziz[e‘z"(m)_ 62"(@)]
' L r°(‘7')=(_iz_,-m) T (-] Jo

There is a nonlinear (and invertible!) mapping from spaces
of initial data to “scattering data”. (More later (maybe)).



MAGIC! Scattering and Inverse Scattering!

| el e4iz2te—2iz[e‘2i(m)_ eZi(m)]
1 T ) e T e

There is a nonlinear (and invertible!) mapping from spaces
of initial data to “scattering data”. (More later (maybe)).



MAGIC! Scattering and Inverse Scattering!

| g e—ziz[e"Zi(m) _ezi(m)]
! 1 H (i (—iz —1 \/ﬁ) )e ’ (J_l) + (iz— l(\/ﬁ) )62 (J_l)

Given r,(z), define 7,,(z)=¢"" "1 (2)

Now solve the following Riemann-Hilbert problem:
Problem: Find 2x2 matrix M satisfying

M analytic for 2 ¢ R
My (z,x,t) = M_(z,z,t)V(2,2,t) 2z€R
M=I+0(2) as 2 —



Problem: Find 2x2 matrix M satisfying

M analytic for 2 ¢ R
My (z,z,t) = M_(z,z,t)V(z,2,t) 2z€R
M=I+0(3) as 2z —

And then...
¢(x,t) = 20 im {2(M(z,2,1))12} = 2iM{y (x,t)

M(z,z,t) =1+ %M(” (,t) +o(27)

So if we had some way to unravel the asymptotic behavior
of M(z,x,t) for t small, we would obtain asymptotics for ¢(x,?).



But there is advanced machinery to do just this!!
Jeff DiFranco found

1 an explicit invertible transformation M(z,x,t) — K(A,x,t)
so that K (A, x,t) solves

K analytic for A ¢ I'*
K (A xt)=K_(As.t)Vg(A,z,t) AeI™

K—1Tas A— o




But there is advanced machinery to do just this!!
Jeff DiFranco found

1 an explicit invertible transformation M(z,x,t) — K(A,x,t)
so that K (A, x,t) solves

K analytic for A ¢ I'*
K (A xt)=K_(As.t)Vg(A,z,t) AeI™

K—1Tas A— o

And everywhere on the contour,

Ve(A,x,t)—1 issmallin Lip1/3(r*) v

—— « - e
1/4 .
Vi = 1l},,5 = Ct \S:_/
1/3 o




Conclusion: there is a unique solution, with explicit asymptotic expansion!
This is because of Macumba Number 2:

Riemann-Hilbert problems are equivalent to a system of singular integral equations
whose invertibility is dictated by the size of V (A, x,1)-1



Conclusion: there is a unique solution, with explicit asymptotic expansion!
This is because of Macumba Number 2:

Riemann-Hilbert problems are equivalent to a system of singular integral equations
whose invertibility is dictated by the size of V (A, x,1)-1

OK Hold on! That’s 2 pieces of magic!



Conclusion: there 1s a unique solution, with explicit asymptotic expansion!
This 1s because of Macumba Number 2:

Riemann-Hilbert problems are equivalent to a system of singular integral equations
whose 1nvertibility is dictated by the size of V, (A, x,1) -1

OK Hold on! That’s 2 pieces of magic! The first one was

1. There is a nonlinear (and invertible!) mapping from spaces
of initial data to “scattering data”. And as the solution evolves
According to the nonlinear Schroedinger equation, the scattering

data just rolls around!
4itz* +2i
r t(Z) =e"" T (2)

X,



Integrability for NLS. Freeze time, and consider

LWV =7V,

L 0 10 (1 0
L' — 2'0-3()1? o <_15 O) y 03 = (O __I.>

for ¢(z,t) € L'(dz) and » € C\R, there is a unique normalized eigenfunction

(LU = 20U
J f Z‘l“VO' 1 O
§ M =Ve™” — | = as T — +0o
0 1
M (x, 2z) is bounded as r — —o¢

(Beals, Coifmann, ‘84, Beals, Deift, Tomei, ‘88)



Picard iteration shows in addition that W(z,t, :) is analytic in z, and has boundary
values for z real.

VUy(x,t, 2):= lj}l()l U (x,t, 2 % ic)



Picard iteration shows in addition that W(z,t, 3) is analytic in z, and has boundary
values for z real.

U, (z,t, 2):= l_i}lOl U(x,t, 2z +ic)

and both solve the same equation LW = z7W, so

U,y (z,t,2) =V_(z,2,t)V(21)

Algebra now shows that V(z,1) =
r(z,1) 1

1- ‘r(z, t)‘2 -r(z, t))



Picard iteration shows in addition that W(z,t, 3) is analytic in z, and has boundary
values for z real.

U,(x,t,2) :=lim¥(x,t, 2+ ic)

|0

and both solve the same equation LW = z7W, so

U (2,t,2) = U_(z,2,t)V (2 1)

1—‘r(z,t)‘2 —r(z,1)
r(z,t) 1/

Algebra now shows that V(z,1) =

The fact that (X, f) solves the NLS equation implies r(z,1) = 7, ( Z)e‘”tZ2

Analysis then shows that the reflection coefficient enjoys regularity and decay
properties depending on regularity and decay of the initial data.



Riemann-Hilbert problem for M/ = P! *#03

M analytic for 2 ¢ R
M, (z,x,t) = M_(z,z,t)V(z;2,t) 2€R
M —1Tas 22— o0

Fundamental fact: There is a unique solution to this Riemann-Hilbert problem!
(Beals, Deift, Tomei ‘88)



Riemann-Hilbert problem for M = We'**73
M analytic for 2 ¢ R
I\«i’[_'_(Z, €, t’) — AI_(Z. T, t)V(Z, X, t.) 2 E R
M —1Tasz— o

Fundamental fact: There is a unique solution to this Riemann-Hilbert problem!
(Beals, Deift, Tomei ‘88)

Scattering Transform
P(x,1=0)=g(x) > V(z,t=0)
- | -
g | o
| 2
2 2
o | o)
2] &

v v
Q(x,t) < nverse V(z,x.t)
ScatteringTransfomn)

iemann-Hil bert Analysip




Riemann-Hilbert problems and singular integral equations

Given a contour I' and a function f, define

f—Cr(f “/C_(IC

(vi(f)( ) — lim F(f) (~/)

2 —z.2/cQF

Cor(H)=Ci(f(V-1))

Solve this equation!!! (1 -C VI ))/ = CV,F (I )



Solve this equation!!! (1 — CV,F ))/ = CV,F (I )

Then...

M(z)=1+C.((I+7)(V-1))(z)

Solves the Riemann-Hilbert problem

It makes some sense that the size of V-I controls norm of the integral operator

ICo (D= K| £ (v -D)| < K||f]IV - 1]
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LEY, + wax +y[y =0,
P(x,0) =9, (x).

Question 2:



Simple example: Linear equation

2

€
LEY, + — =0,
Y, 5 Y

P(x,0) =1, (x).

Solution:
X

P(x,1) = f dune = ay

Question 2 can be answered completely!



