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Quantum Entropy

The entropy of a state ρ is

S(ρ) = −Tr{ρ log ρ}
Properties

Positivity
For all ρ we have S(ρ) ≥ 0

Minimum value

The minimum value of the entropy is zero, and it occurs on pure states

Maximum value

The maximum value of the von Neumann entropy is logD where D is the dimension
of the system, and it occurs for the maximally mixed state 1

D I

Concavity
For all ρ =

∑
j pjρj we have

S(ρ) ≥
∑
j pjS(ρj)

Unitary Invariance

For any unitary U we haveS(ρ) = S(UρU∗)
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The joint quantum entropy of a density operator ρAB

S(ρAB) = −Tr{ρAB log ρAB}

Classically H(X,Y ) ≥ H(X) H(X,Y ) ≥ H(Y )

Theorem For a pure bi-partite state |ψ〉AB we have S(AB)ψ = 0

while marginal entropies are equal S(A)ψ = S(B)ψ
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The joint quantum entropy of a density operator ρAB

S(ρAB) = −Tr{ρAB log ρAB}

Additivity
The quantum entropy is additive for tensor product states

S(ρ⊗ σ) = S(ρ) + S(σ)

Sub-additivity

|S(ρA)− S(ρB)| ≤ S(ρAB) ≤ S(ρA) + S(ρB)

proved by E.H.Lieb & H.Araki in 1970
Strong sub-additivity

S(ρABC) + S(ρB) ≤ S(ρAB) + S(ρBC).

For a tri-partite state ρABC

proved by E.H.Lieb & M.B.Ruskai in 1973
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The quantum relative entropy between two states ρ and σ is as follows

S(ρ‖σ) = Tr{ρ(log ρ− log σ)}

Positivity of quantum relative entropy

S(ρ‖σ) ≥ 0

Infinite Quantum Relative Entropy

S(ρ‖σ) = +∞
when supp(ρ) ∩ supp(σ)⊥ 6= ∅

Relative entropy is invariant under unitary operations

S(ρ‖σ) = S(UρU∗‖UσU∗)
Additivity of relative entropy

S(ρ1 ⊗ ρ2||σ1 ⊗ σ2) = S(ρ1||σ1) + S(ρ2||σ2)

Monotonicity of Quantum Relative Entropy

S(ρ‖σ) ≥ S(N (ρ)‖N (σ))

In particular, S(ρAB‖σAB) ≥ S(ρA‖σA)

a.k.a. Data Processing Inequality
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Quantum Information Inequalities

Strong Sub-additivity of quantum entropy

S(ρABC) + S(ρB) ≤ S(ρAB) + S(ρBC)

For a tri-partite state ρABC

”Proof”
In the monotonicity of relative entropy S(ρABC‖σABC) ≥ S(ρAB‖σAB)

take σABC = ρA ⊗ ρBC

S(ρABC‖ρA ⊗ ρBC) ≥ S(ρAB‖ρA ⊗ ρB)

Therefore,

S(ρA) + S(ρBC)− S(ρABC) S(ρA) + S(ρB)− S(ρAB)



Quantum Information Inequalities

Strong Sub-additivity of quantum entropy

S(ρABC) + S(ρB) ≤ S(ρAB) + S(ρBC)

For a tri-partite state ρABC

Joint Convexity of Quantum Relative Entropy

For ρ =
∑
j pjρj and σ =

∑
j pjσj

S(ρ‖σ) ≤
∑
j pjS(ρj‖σj)



Quantum Information Inequalities

Strong Sub-additivity of quantum entropy

S(ρABC) + S(ρB) ≤ S(ρAB) + S(ρBC)

For a tri-partite state ρABC

Joint Convexity of Quantum Relative Entropy

For ρ =
∑
j pjρj and σ =

∑
j pjσj

S(ρ‖σ) ≤
∑
j pjS(ρj‖σj)

Monotonicity of Quantum Relative Entropy

S(ρ‖σ) ≥ S(N (ρ)‖N (σ))

Monotonicity under partial traces

S(ρAB‖σAB) ≥ S(ρA‖σA)

all ”equivalent”

e.g. Monotonicity under partial
traces holds for all states on
ABC iff Strong sub-additivity
relation holds



Quantum Information Inequalities

Strong Sub-additivity of quantum entropy

S(ρABC) + S(ρB) ≤ S(ρAB) + S(ρBC)

For a tri-partite state ρABC

Joint Convexity of Quantum Relative Entropy

For ρ =
∑
j pjρj and σ =

∑
j pjσj

S(ρ‖σ) ≤
∑
j pjS(ρj‖σj)

Monotonicity of Quantum Relative Entropy

S(ρ‖σ) ≥ S(N (ρ)‖N (σ))

Monotonicity under partial traces

S(ρAB‖σAB) ≥ S(ρA‖σA)

all ”equivalent”

e.g. Monotonicity under partial
traces holds for all states on
ABC iff Strong sub-additivity
relation holds

see “Strong Subadditivity of
Quantum Entropy” on

Wikipedia
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Case of equality

Theorem

For states ρ, σ, and CPTP map N
S(N (ρ)||N (σ)) = S(ρ||σ)

if and only if, there exits a recovery map RN such that

RN (N (ρ)) = ρ and RN (N (σ)) = σ

(Petz ’88)

RN (ω) = ρ1/2N ∗((N (ρ))−1/2ω(N (ρ))−1/2)ρ1/2
Explicitly,

For the partial trace Rρ(ωA) = ρ
1/2
AB ρ

−1/2
A ωAρ

−1/2
A ρ

1/2
AB
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Strengthening of the DPI

S(ρAB‖σAB)− S(ρA‖σA) ≥???

2015: Fawzi, Renner near saturation of SSA results in near satisfaction of
quantum Markov chain condition

2015: Brandão, Harrow, Oppenheim, Strelchuk

2016: Berta, Tomamichel

2015: Junge, Renner, Sutter, Wilde

2015: Wilde

2016: Sutter, Fawzi, Renner

2016: Sutter, Tomamichel, Harrow

2016: Zhang

some sort of the recovery map,
not the Petz map
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Petz’s recovery map

Rρ(ωA) = ρ
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Petz’s recovery map
very nice!Rρ(ωA) = ρ

1/2
AB ρ

−1/2
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A ρ
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S(ρAB‖σAB)− S(ρA‖σA) ≥ C‖∆σ,ρ‖−2‖Rρ(σA)− σAB‖41

Carlen, V ’17Theorem

Consequently,

S(ρAB‖σAB)− S(ρA‖σA) ≥ C‖∆σ,ρ‖−2‖ρA‖−2‖σ−1A ‖−2Rσ(ρA)− ρAB‖41

Bounding the norm of states by one,

S(ρAB‖σAB)− S(ρA‖σA) ≥ C‖ρ−1‖−2‖σ−1A ‖−2Rσ(ρA)− ρAB‖41

In fact, even stronger statement holds

exchanging ρ and σ
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Thank you!


