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Quantum Entropy

The entropy of a state p is

_ S(p) = —Tr{plog p}
Properties

Positivity

For all p we have S(p) > 0

Minimum value

The minimum value of the entropy is zero, and it occurs on pure states

Maximum value

The maximum value of the von Neumann entropy is log D where D is the dimension
of the system, and it occurs for the maximally mixed state %I

Concavity

For all p=>_.p;p; we have
’ S(p) = >, piS(p;)

Unitary Invariance

For any unitary U we haves(p) = S(UpU*)
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Joint/Marginal Entropy

The joint quantum entropy of a density operator p5

Classically

Theorem

S(pAP) = —Tr{p*” log p*¥}
H(X,Y) > H(X) H(X,Y)> H(Y)

For a pure bi-partite state |1))® we have S(AB)y; =0

while marginal entropies are equal S(A)y = S(B)y
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Joint/Marginal Entropy

The joint quantum entropy of a density operator p5

S(pAP) = —Tr{p*¥ log p*”}
Additivity

The quantum entropy is additive for tensor product states
S(p® o) =5S(p) +5(0)
Sub-additivity

1S(p?) — S(p®)| < S(pP) < S(p?) + S(p”)

- proved by E.H.Lieb & H.Araki in 1970
Strong sub-additivity

For a tri-partite state pA53¢

S(pAPC) 4+ S(p”) < S(p™F) + S(p").
proved by E.H.Lieb & M.B.Ruskai in 1973
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Quantum Relative Entropy

The quantum relative entropy between two states p and o is as follows

S(pllo) = Tr{p(log p —log o)}
Positivity of quantum relative entropy

S(pllo) =0

Infinite Quantum Relative Entropy

let p= |#)(¥|  and o = elY) (Y| + (1 — )]y ) (]
Wloly) = e

The relative entropy is
D(pllo) = —H(p) — Tr{plogo}
= —Tr{|3)(¥|(log €[) (Y| + log(1 — €)|sp—) (v~ ])}

= —loge — +00
e — 0
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Quantum Relative Entropy

The quantum relative entropy between two states p and o is as follows

S(pllo) = Tr{p(log p —log o)}
Positivity of quantum relative entropy Infinite Quantum Relative Entropy
S(pllo) =0 S(p|lo) = +oo

. . _ | when supp(p) N supp(o)* # 0
Relative entropy Is invariant under unitary operations

S(pllo) = SUpU*||UcU™)
Additivity of relative entropy

5(p1 ® p2llor ® 02) = S(p1l[o1) + S(p2||o2)
Monotonicity of Quantum Relative Entropy a.k.a. Data Processing Inequality

S(pllo) = SN (p)IN (0))

In particular,  S(p?AZ||cP) > S(p?|o?)
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Strong Sub-additivity of quantum entropy

For a tri-partite state p* B¢
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Quantum Information Inequalities

Strong Sub-additivity of quantum entropy

For a tri-partite state p* B¢

S(pP) + S(p") < S(p?7) + S(p"°)

"Proof”
In the monotonicity of relative entropy  S(p?8¢||cABC) > S(pAB|lcAP)

AB A R ,OBC

S(pAPCp? @ p®¢) > S(p*Zp* ® p”)

Therefore, / \

S(p?) + 8(p°%) = S(p?°°)  S(p?) + S(p”) — S(p*7)

take c4B¢ = p
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Quantum Information Inequalities

Strong Sub-additivity of quantum entropy

For a tri-partite state p* B¢

S(pP) + S(p") < S(p?7) + S(p"°)

Joint Convexity of Quantum Relative Entropy
For p=_;pjpj and 0 =2 _;pjo;

S(pllo) < Zj p;iS(pjlloj) = all " equivalent”
e.g. Monotonicity under partial
MOnOtoniCity Of Quantum Relative Entropy traces holds for a” States on

ABC' iff Strong sub-additivity
relation holds

S(pllo) = SN (p)[IN ()

Monotonicity under partial traces
see “Strong Subadditivity of

S(p*Pllo4P) > S(p*|lo?) Quantum Entropy” on
Wikipedia




Case of equality

Theorem (Petz '88)

For states p, o, and CPTP map NV
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if and only if, there exits a recovery map R such that

Ran(N(p)) = pand Ry (N(0)) =0




Theorem (Petz '88)

Case of equality

For states p, o, and CPTP map NV

SN (p)IIN(0)) = S(pllo)

if and only if, there exits a recovery map R such that

Explicitly,

Ran(N(p)) = pand Ry (N(0)) =0

R (w) = p'2N* (N (p) 12wV (p)) ~1/2)p!/?




Case of equality

Theorem (Petz '88)

For states p, o, and CPTP map NV
SN (p)|IN(a)) = S(pllo)

if and only if, there exits a recovery map R such that

Ran(N(p)) = pand Ry (N(0)) =0

Explicitly,
p Y RN(w) = Pl/ZN*((N(p))_1/2w(/\/(p))_1/2)p1/2

For the partial trace R,y(wa) = p114/é p21/2wA,021/2P,14/é
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Strengthening of the DPI

S(pAP)lo4%) — S(ptllo?) =777

2015: Fawzi, Renner near saturation of SSA results in near satisfaction of
quantum Markov chain condition

2015: Brandao, Harrow, Oppenheim, Strelchuk

2015: Junge, Renner, Sutter, Wilde

2015: Wilde

some sort of the recovery map,

2016: Berta, Tomamichel not the Petz map

2016: Sutter, Fawzi, Renner

2016: Sutter, Tomamichel, Harrow

2016: Zhang
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S(pAPlo4%) = S(p?llo?) = CllAc,p IR p(04) — oaslli

“modular operator” <J

not very nice...

Ap p(X) = o Xp~!

But [|Aq |l < [lp7"|

S(pAP)lo4%) = S(pllo?) = Cllip~ IR p(0a) — oaslli

R

independent of o - “universal” bound
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Strengthening of the DPI

Theorem Carlen, V '17

S(pAPlo4%) = S(p?llo?) = CllAc,p| R p(04) — oaslli

exchanging p and o
Consequently,

S(pPe2P) = S(ptllo?) = Cllac,l~2lpal 2o >R (pa) — paslli

Bounding the norm of states by one,

S(p*Plla4P) = S(ptllo?) = Cllp | 2lloa™ | 7*Ro(pa) — paslli

In fact, even stronger statement holds
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Stability of the recovery map

The relative modular operator is defined as

Theorem (Carlen, V. '17)

S(pllo) —

Ap p(X) = o Xp~!

pi=pit g:=g4B

S(palloa) = (5)" 1A,

1/

o =1l

/2 o2

51/2||4

I5
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S(plla) — S(palloa) > (Z) |1 As 72 loy 00?01/ — o112
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Hilbert-Schmidt norm
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Stability of the recovery map

The relative modular operator is defined as
Ay p(X)=0Xpt

Theorem (Carlen, V. '17)  p:= p?B 5 := 4B

T 2 —1/2
S(plla) — S(palloa) > (Z) |1 As 72 loy 00?01/ — o112

—1/2 1/2 _

/PA p

symmetric

=0, 2 /2

S(pllo) = S(palloa) if and only if S(allp) = S(callpa)




Stability of the recovery map

The relative modular operator is defined as
Ay p(X)=0Xpt
Theorem (Carlen, V. '17) p:=p48 5 .= 48

B 1/2 —1/2
2 |5 / / pl/2 01/2"421

x\4
S(pllo) — S(palloa) > (Z) HAU,p A Pa

Lemma 1/9 —1/9
lok2pa 2012 — 61/2)|y > L|R(0a) — ollx




Stability of the recovery map

The relative modular operator is defined as
Ay p(X)=0Xpt
Theorem (Carlen, V. '17) p:=p48 5 .= 48

T\ 4 B 1/2 —1/2
S(pllo) = S(palloa) > (Z)* 1Al 2oy 2pa 2 01/ — o1/2|4

Lemma 1/9 —1/9
lok2pa 2012 — 61/2)|y > L|R(0a) — ollx

Follows from for Tr(X*X) = Tr(Y*Y) = 1 we have || X*X —Y*Y |, <2|X — Y-




Stability of the recovery map

The relative modular operator is defined as
Ay p(X)=0Xpt

Theorem (Carlen, V. '17)  p:= p?B 5 := 4B

T\ 4 B 1/2 —1/2
S(pllo) = S(palloa) > (Z)* 1Al 2oy 2pa 2 01/ — o1/2|4

Lemma 1/9 —1/9
lok2pa 2012 — 61/2)|y > L|R(0a) — ollx

Follows from for Tr(X*X) = Tr(Y*Y) = 1 we have || X*X —Y*Y |, <2|X — Y-

R

IAllx = sup{|Tr(ZA)[ = | 2] = 1}




Stability of the recovery map

The relative modular operator is defined as
Ay p(X)=0Xpt
Theorem (Carlen, V. '17) p:=p48 5 .= 48

T\ 4 B 1/2 —1/2
S(pllo) = S(palloa) > (Z)* 1Al 2oy 2pa 2 01/ — o1/2|4

Lemma 1/9 —1/9
lok2pa 2012 — 61/2)|y > L|R(0a) — ollx

Follows from for Tr(X*X) = Tr(Y*Y) = 1 we have || X*X —Y*Y |, <2|X — Y-

R

operator norm

IAllx = sup{|Tr(ZA)[ = | 2] = 1}

l\




Stability of the recovery map

The relative modular operator is defined as
Ay p(X)=0Xpt

Theorem (Carlen, V. '17)  p:= p?B 5 := 4B

T\ 4 B 1/2 —1/2
S(pllo) = S(palloa) > (Z)* 1Al 2oy 2pa 2 01/ — o1/2|4
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Lemma 1/9 —1/9
lok2pa 2012 — 61/2)|y > L|R(0a) — ollx

Follows from for Tr(X*X) = Tr(Y*Y) = 1 we have || X*X —Y*Y |, <2|X — Y-

Applying with

X 1/2 _1/2,01/2 v

— 04 P4 e

=0

will get the lemma




|deas of the proof

pllo) = Tr{p(log p —logo)}




|deas of the proof

(pllo) = Tr{p(log p — log o)}




|deas of the proof

S(pllo) = Tr{p(log p —logo)}

: (0,00) — R be operator convex




Quantum relative entropy

Quasi-relative entropy
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positive n X n matrices A and B

f(3A+35B) < 5f(A) + 3/(B)
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f-relative quasi-entropy is St(pllo) = Te(f(Ay,)p) = <p1/27 f(Aa,p)p1/2>
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S (pllo) = Tr((t + Agp) =" p)

Since (

it follows

S(ello) = J5° (S (plle) — & ) dt
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entropy

then
1/2,01/2

S U*(Y) =
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Monotonicity of quasi-relative entropy
' then
Define U(X) —1/2 1/2

After simple calculation AL2(U(X4)) = SR,

U*(Y) = Te(Yp'/?)p,

—1/2

and U*U(X) =X
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Monotonicity of quasi-relative entropy
' then
Define U(X) —1/2 1/2

= Xapy 'p U*(Y) = Tr(Ypl/Z)pzlm and U*U(X) = X
After simple calculation Al/z(U(XA)) - 01/2XA,0_1/2
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Define U(X) = X 4p5V/2p1/2 then .
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' then
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Monotonicity of quasi-relative entropy

Define B 1/2
U(X) - XApA P U*(Y) - Tf(ypl/g)pzl/Q and U*U(X) _ X
After simple calculation A1/2(U(XA)) - 01/2XA,0_1/2

and hence (AL2(U(X 4)), AdZ(U(XA))) = Tr(p, 2 X0 Xap,'?) = Tr(py* XoaXap,'?)
— (A2 i (Xa), AF o (X 4)

andsoon A U*A, ,U=A,, 5.,

By operator Jensen's inequality  U*f(A, ,)U > f(U*A, ,U)

2 Si(palloa) = (047 f(Boup)pd )< UL, (B0 )UP) = (01 (B0 )0 ?)




Monotonicity of quasi-relative entropy

Define

ldeas of the proof

U=(Y)

After simple calculation

A1/2(U(XA)) = 01/2XA,0_1/2

and hence  (A/N(U(X 1)), A7 (U(X4))) =

and soon A

ENVARPT — Ay, o

= Tr(Yp'/?)p

2P andUUX) =X

Tr(p 4 5 X40XApy e ) =Tr(p, e XEUAXAP_UQ)

(AY2 . (Xa), A2 0 (Xa)

U* f(Ay,)U > F(U*A,,U)

By operator Jensen’s inequality

S S¢(palloa) =

e (A, ,,)

ol )< (U2, F(Dg. UYL
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Consider
Sy (pllo) = Sy (palloa) = (012, (t+ Ay )10 2) — (P2 (4 + Dpp o) 1P
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where 1
wy 1= Ut + Doy pn) L0H° — (4 Ay )~ Lot

Integral representation 1/2 1 o ,1/2 (1 1
X == Jo t/ (?_t-I—X)dt
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where 1
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gives
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Sy (pllo) = Sy (palloa) = (012, (t+ Ay )10 2) — (P2 (4 + Dpp o) 1P
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where 1
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Integral representation 1/2 _ 1 1/2 1
X2 =10 (- e

gives
1L o0
UAU{4 oAl }4/2 — A}/ﬁplﬂ = %fo t1/ 20, dt

!

1/2 —1/2
UA/ P A A ,01/2_(71/2
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where 1
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1/2 —1/2 o0
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Cauchy-Schwarz
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where 1
wy 1= Ut + Doy pn) L0H° — (4 Ay )~ Lot

1/2 —1/2 o0
lo20x % p1/2 — 2|2 = L [° 2/ 2w,dt ]2

Note that f itive X /2 (1 1 o ___||IX]|
ote that for any positive | tl/ (t t+X)dt§fT t1/2(||X||+t)[dt




|deas of the proof

Consider
Sy (pllo) = Sy (palloa) = (012, (t+ Ay )10 2) — (P2 (4 + Dpp o) 1P
= (wy, (t+ Ao p)we) > t|lwe]?

where 1
wy 1= Ut + Doy pn) L0H° — (4 Ay )~ Lot

low 2pa 2 p12 — 0 /2|2 = L|| 2 1/ 2widt | »
Note that f itive X > 41/2 (1 1 o0 | X} 2|| X
ote that for any positive fT +1/ (t t+X) dt < fT AT I dt< [Z‘Jl/QHI
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Consider D
Sy (pllo) = Sy (palloa) = (012, (t+ Ay )10 2) — (P2 (4 + Dpp o) 1P
= (wy, (t+ Ao, p)we) > tl|lwe||?

where
wy = U(t + AJA,pA)_l,O}LX/Q — (t+ Aa,p)_lpl/2

lod?pa 2 p1je — 022 = 1| [5° £/ 2wt
Note that for any positive X foo +1/2 (l ! ) dt < foo X1 rae 2|| X |
T t — trx/) O = Jr @)X S Tt

Then by definition of wy

4140,
T1/2

1120, dt]|y <
T
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Sy (pllo) = Sy (palloa) = (012, (t+ Ay )10 2) — (P2 (4 + Dpp o) 1P

= (Wi, (t+ Agp)we) = tfwe]|”

where L 1/9 B
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1/2 —1/2 o0
lo20x % p1/2 — 2|2 = L [° 2/ 2w,dt ]2
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Consider
Sy (pllo) = Sy (palloa) = (012, (t+ Ay )10 2) — (P2 (4 + Dpp o) 1P

= (Wi, (t+ Agp)we) = tfwe]|”

where L 1/9 B
we = Ut + Doppn) 0 — (E+ D) !

1/2 —1/2 o0
lo20x % p1/2 — 2|2 = L [° 2/ 2w,dt ]2

Combining two parts we obtain

1/2 —1/2 ,
lod?pa 2 prje — 2|l < LTYV2(S(pl|o) — S(palloa))t/? + —rije forall T >0

Optimizing in T

1/2 —1/2 4
HUA/ P A / P1/2 — ()‘1/2H2 < ;HAa,le/Q(S(pHU) a S(,OAHUA))1/4
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Let f: (0,00) — R be operator convex

f-relative quasi-entropy is St(pllo) = Tr(f(As,)p) = (p1/2, f(Aa,p)P1/2>

.

relative modular operator

Ao p(X) = o Xp~!
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Let f: (0,00) — R be operator convex
f-relative quasi-entropy is  S¢(pllo) = Tr(f(As.,)p) = (0172, f(Ags,)pt/?)

Data Processing Inequality (Monotonicity inequality) (Petz '85)
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e
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Let f: (0,00) — R be operator convex
f-relative quasi-entropy is  S¢(pllo) = Tr(f(As.,)p) = (0172, f(Ags,)pt/?)

Data Processing Inequality (Monotonicity inequality) (Petz '85)

SN (p)IN(0)) < S¢(pllo)

e

Completely Positive Trace Preserving (CPTP) map

Similarly to the Umegaki relative entropy, is equivalent to

Sp(palloa) < S¢(paslloas)
For f(x) = —a%, with a € (0, 1) Rényi entropy

St (pllo) = =Tr(p' o) Sa(pllo) = == log Tr(p®c'~*) = L= log(—Sy, . (pllo))
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Recall, for regular quantum relative entropy we already have

R

S(pllo) — S(palloa) > ()" | Ao,
Theorem (Carlen, V. '18)

For a broad class of operator monotone decreasing functions f, and any 8 € (0,1), there
is a parameter ¢ > 0 (that depends on f and (), such that
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Recall, for regular quantum relative entropy we already have

R

S(pllo) — S(palloa) > ()" | Ao,
Theorem (Carlen, V. '18)

For a broad class of operator monotone decreasing functions f, and any 8 € (0,1), there
is a parameter ¢ > 0 (that depends on f and (), such that

B(1—28) 1
for 6 < 1/2 K(Sf(pHa) _ Sf(pAHO-A))H—Qc(l B) > H()‘ApA VR 0‘5,05_5“2

K depends only on smallest non-zero eigenvalue of p, 8 and f

for 62172 g (S4(p|lo) — — oBpiB|,

powers agree for § = 1/2




DPI for f-relative quasi-entropies

Recall, for regular quantum relative entropy we already have
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Recall, for regular quantum relative entropy we already have

2o 2pa P2 = 012

—\4
S(PHU) — S(pAHUA) > (Z) HAU,p A Pa

Theorem (Carlen, V. '18)

For a broad class of operator monotone decreasing functions f, and any 8 € (0,1), there
is a parameter ¢ > 0 (that depends on f and (), such that

B(1—B) N
for §<1/2 K (Si(pllo) — S(palloa)) =0=5 > ||ofp,"pt/2 — 08 p2 =75
K depends only on smallest non-zero eigenvalue of p, 8 and f
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oA) if and only if oc=TR,(04)
both hold
p=TRs(pa)
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Consequently,

St(pllo) = S¢(palloa) if and only if oc=TR,(c4)
both hold
P = RJ(pA)

Conversely, if o =TR,(0c4) then by monotonicity theorem

Sp(pllo) = Sr(Rp(pa)llRp(0a)) < Sp(palloa) < S(pllo)
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and therefore  p =R, (p4)
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Logarithmic function

obtaining the Umegaki relative entropy
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Logarithmic function

Taking f(x) = —log(x), i.e. obtaining the Umegaki relative entropy
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as before
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For g =1/2
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S(pllo) = Slpalloa) = (5)" (1 + 186, l) "2 loy 2p5 2012 — o1/213

Compare to the previous result
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Rényi entropy

log Tr(p®ot =) = =t log(—Sy, . (pllo))
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f-relative quasi-entropy for fi_,(z) = z'7°




For a € (0, 1)

Power function

For g =1/2

Rényi entropy

Rényi entropy

Sa(pllo) = 555 log Tr(p%0' ) = 515 log(—=Sp, . (pllo))

f-relative quasi-entropy for fi_,(x) =«

St (pllo) — St (palloa) = K  15(p,0)llo
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Theorem (Carlen, V. '18)
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Rényi entropy

If we know that the difference is small, say

Sa(pllo)Salpalloa) < r for some r > 0
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From theorem
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If we know that the difference is small, say
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From theorem

g1 1/2
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And then
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