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Maslov–Morse square

Consider a one-parameter family of self-adjoint operators with discrete spectra{
Ls := −divAs∇+ Bs∇−∇ · Bs + qs , s ∈ [τ, 1], in L2(Ω),

s-dependent self-adjoint boundary conditions
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Figure: Maslov index = spectral flow (difference of Morse indices)

Applications include: Sturm Oscillation Theorem (for systems of ODE’s); Explicit
formula for the nodal deficiency for Dirichlet Laplacian – due to G. Cox, C. Jones,
J. Marzuola; Eigenvalue Bracketing...
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Lagrangian Planes and Self-adjoint Operators

Minimal Operator, Green’s Identity and Symplectic
Form

Consider a formally self-adjoint differential expression

L := −
n∑

j,k=1

∂jajk∂k +
n∑

j=1

aj∂j − ∂jaj + a.

Lminf := Lf , f ∈ dom(L) := H2
0 (Ω) acting in L2(Ω)

Green’s Identity

〈Lu, v〉L2(Ω) − 〈u,Lv〉L2(Ω) = 〈γL
N
v , γ

D
u〉−1/2

− 〈γL
N
u, γ

D
v〉−1/2

TrL := (γ
D
, γL

N
) : H1

L(Ω)→ H1/2(∂Ω)× H−1/2(∂Ω)
Symplectic form

ω : [H1/2(∂Ω)× H−1/2(∂Ω)]2 → C,

ω((f1, g1), (f2, g2)) = 〈g2, f1〉−1/2 − 〈g1, f2〉−1/2

Green’s identity

〈Lu, v〉L2(Ω) − 〈u,Lv〉L2(Ω) = ω (TrL u,TrL v) ,
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Lagrangian Planes and Self-adjoint Operators

S.A. Operators and Lagrangian Planes

Theorem (Latushkin, S.)

The self-adjoint extensions of Lmin whose domains are contained in H1(Ω) are
in one-to-one correspondence with Lagrangian planes in H1/2(∂Ω)×H−1/2(∂Ω),
that is, the following two assertions hold.
1. Let D ⊂ D1

L(Ω), and let LD be the linear operator acting in L2(Ω) and given
by

LD f := Lmax f , f ∈ dom(LD) := D .

If LD is self-adjoint then the set

GD := TrL(D)
H1/2(∂Ω)×H−1/2(∂Ω)

is a Lagrangian plane in H1/2(∂Ω)× H−1/2(∂Ω), with respect to form ω.
2) If G ⊂ H1/2(∂Ω)× H−1/2(∂Ω) is Lagrangian then

LTr−1
L (G)f := Lmax f , f ∈ dom

(
LTr−1

L (G)

)
:= Tr−1

L (G),

is essentially self-adjoint.
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Maslov and Morse Indices

Family of Self-Adjoint extensions

Let us consider a family of differential expressions

Lt := −
n∑

j,k=1

∂ja
t
jk∂k +

n∑
j=1

atj ∂j − ∂jatj + at , t ∈ I,

Lt
minf = Lt f , f ∈ dom(Lt

min) := H2
0 (Ω),

Lt
maxu := Ltu, u ∈ dom(Lt

max) := {u ∈ L2(Ω) : Ltu ∈ L2(Ω)}.

Fix a family of self-adjoint extensions: Lt
Dt
u := Ltu, u ∈ dom

(
Lt

Dt

)
:= Dt .

Gt := TrLt (Dt) is Lagrangian in H1/2(∂Ω)× H−1/2(∂Ω)

λ ∈ spec(Lt
Dt

) ⇐⇒ the planes have nonempty intersection

the traces of weak solutions form Lagrangian plane in H1/2(∂Ω)×H−1/2(∂Ω)

Kλ,t := TrLt

({
w ∈ H1(Ω) : Ltw − λw = 0 weakly

})
dim (Kλ,t ∩ Gt) = dim ker

(
Lt

Dt
− λ
)
.
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Maslov and Morse Indices

Main Result

Theorem (Latushkin, S.)

Let Dt ⊂ D1
Lt (Ω), t ∈ I := [α, β], and assume that the linear operator Lt

Dt
acting

in L2(Ω) and given by

Lt
Dt
u := Ltu, u ∈ dom

(
Lt

Dt

)
:= Dt ,

is self-adjoint with the property specess
(
Lt

Dt

)
∩ (−∞, 0] = ∅, for all t ∈ I.

Assume further that there exists λ∞ < 0, such that

ker
(
Lt

Dt
− λ
)

= {0}, for all λ ≤ λ∞, t ∈ I.

Suppose, finally, that the path t 7→ Gt := TrLt

(
Dt

)
, t ∈ I, is contained in

C
(
I,Λ

(
H1/2(∂Ω)× H−1/2(∂Ω)

))
.

Then
Mor

(
LαDα

)
−Mor

(
LβDβ

)
= Mas ((K0,t ,Gt)|t∈I) ,

where K0,t := (γD , γ
Lt

N )
({

w ∈ H1(Ω) : Ltw = 0 weakly
})
, t ∈ I.

Selim Sukhtaiev (Rice) Maslov Index March 8, 2018 6 / 8



Maslov and Morse Indices

Nodal Deficiency via Maslov index

Let V ∈ L∞(Ω) be a real-valued function, and denote L := −∆D + V . Suppose
ϕk is the k−th eigenfunction of L, with eigenvalue λk . The nodal domains of ϕk

are the connected components of the set {ϕk 6= 0}. Denote the total number of
nodal domains by n(ϕk), and define the nodal deficiency δ(ϕk) = k − n(ϕk).

Theorem (G. Cox, C. Jones, J. Marzuola, 2017)

Suppose λk is a simple eigenvalue of L. Define L(ε) := L− (λk + ε) and let Λ±(ε)
denote the corresponding Dirichlet-to-Neumann maps on Ω± := {±ϕk > 0} If
ε > 0 is sufficiently small, then

δ(ϕk) = Mor(Λ+(ε) + Λ−(ε)).

In particular δ(ϕk) ≥ 0.
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Maslov and Morse Indices

Sketch of proof of Cox–Jones–Marzuola Theorem

Illustration is taken from Cox–Jones–Marzuola’s IUMJ paper

Mor(L) = Mor(LD1 ) + Mor(LD2 ) + Mor(Λ1 + Λ2)

Consider the Lagrangian planes

µ(λ) :=

{(
u1,

∂u1

∂ν1
, u2,

∂u2

∂ν2

)
�Σ: ui is weak solution to Lu = λu on Ωi , i = 1, 2

}
β(t) := {(x , tφ, tx , φ) : x ∈ H1/2(Σ), φ ∈ H−1/2(Σ)}, t ∈ [0, 1]

Maslov Square:

t = 1 ; Mor(L);

t = 0 ; Mor(LN1 ) + Mor(LD2 )
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