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The Hilbert Space of QED

Hilbert space:

H = Fp @ Fpr= (Djeo @1 (R3 CY) @ (D), @2LA(R3;C?))
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The Hilbert Space of QED

Hilbert space:
H=Fp® Fph= (@io:o ®§L2(R3; C4)) ® (@Zio ®QL2(R3; Cz))

annihilation / creation operators: a/a* on Fp, and F/F* on Fp

a(f) = A;Q /Rs ax(k)f(k)dk a*(f) = AZ‘,Z /RS a} (k) f(k)dk
4 L 4
Fo)= 3 [, oo Fe)=3 [, FEEmle

[ax(K), au(K)] = [a3(K), a,(K)] = 0 [ax(k), 3 (K')] = 0x.6(k — K')
{Fa(p) Fo(a)} = {F3(p), Fo(a)} = 0 {Fa(p), Fp(a)} = dand(p — q)-

Vacuum: a(f)Q2 = F(g)2 =0
span{a*(f1)---a*(f)F*(g1) - F*(gm)Q2} is dense in H
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Hilbert space:
H=Fp® Fph= (@iozo ®§L2(R3; C4)) ® (@Zio ®QL2(R3; Cz))

annihilation / creation operators: a/a* on Fp, and F/F* on Fp

a(f) = A;Q /Rs ax(k)f(k)dk a*(f) = AZ‘,Z /RS a} (k) f(k)dk
4 L 4
Fo)= 3 [, oo Fe)=3 [, FEEmle

[ax(K), au(K)] = [a3(K), a,(K)] = 0 [ax(k), 3 (K')] = 0x.6(k — K')
{Fa(p) Fo(a)} = {F3(p), Fo(a)} = 0 {Fa(p), Fp(a)} = dand(p — q)-

Vacuum: a(f)Q2 = F(g)2 =0
span{a*(f1)---a*(f)F*(g1) - F*(gm)Q2} is dense in H

From now: b(f) = F((,0)), c(f) = F((0, f)) for f € L3(R;C?).
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The Hamilton Operator of QED
Hamiltonian: Hy = Ho + eHy + e2H»
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The Hamilton Operator of QED
Hamiltonian: Hy = Hy + eHy + €2Ho

Free Hamiltonian: Hy = 1 ® Hp, + Hp ® 1, where

Hop = /R3 IK|a* (k)a(k)dk

Hp = /R L Em(p)(b"(p)b(p) + " (P)e(p))dp,  Em(p) = VM2 + p?
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The Hamilton Operator of QED
Hamiltonian: Hy = Ho + eHy + €%H>

Free Hamiltonian: Hy = 1 ® Hp, + Hp ® 1, where
Hop — / IK|a* (k)a(k)dk
R3
Hp = /R . Em(p)(b*(p)b(p) + c*(p)c(p))dp,  Em(p) = v/ M? + p
Interaction Terms: Hj photon fermion interaction, H, Coulomb interaction

Hy — / () (0 G (x) xa (x)dx
R3

Hy = / W)t (v)u(y)
R3xR3 Ix —y|

) ) 0 o; 1 O
Dirac matrices: «a; = , B =
oi 0 0 —1
March 08, 2018 2/ 7

x2(x)x2(y)dxdy




The Hamilton Operator Ctd.

Hy = Ho + eHy + €*Hs
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The Hamilton Operator Ctd.

Hy = Ho + eHy + €*Hs
Field Operators: A photon field on F,p, ¥ Dirac field on Fp
Ax) = a(f) +a* () (k) = xpn(k)(2lk|) "2 e (k)
¥(x) = b(g:) + c*(h)  &(p) = xp(p)(2Em(p)) "2 P ul (p)

h(p) = xp(P)(2Em(p)) "2 P u_(p)
(£a-p+ BM)us(p) = £Em(p)u+(p)
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The Hamilton Operator Ctd.

Hy = Ho + eHy + €*Hs
Field Operators: A photon field on F,p, ¥ Dirac field on Fp
Ax) = a(f) +a* () (k) = xpn(k)(2lk|) "2 e (k)
¥(x) = b(g:) + c*(h)  &(p) = xp(p)(2Em(p)) "2 P ul (p)

h(p) = xp(P)(2Em(p)) "2 P u_(p)
(£a-p+ BM)us(p) = £Em(p)u+(p)

For simplicity: X1 compactly supported, xpn/p = X{p|<Ap/0}-
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The Hamilton Operator Ctd.

Hy = Ho + eHy + €*Ha
Field Operators: A photon field on F,p, ¥ Dirac field on Fp
Ax) = a(f) +a" () Flk) = xpn(k)(2[K[) 2 *e(k)

W(x) = blg) + " () &x(p) = xn(p)(2Em(p)) e P ul (p)
he(p) = x0(P)(2Em(p)) /2~ u_(p)
)

(£a- p+BM ut(p) = £Em(p)ut(p)
For simplicity: X1 compactly supported, xpn/p = X{p|<Ap/0}-

Some Previous Work on Relativistic QED

Chaix, Iracane 1989, Hainzl, Lewin, Solovej 2006
Hainzl, Siedentop 2003

Balaban 1985, Dimock 2015

Takaesu 2009
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The Basic |dea

Fermion/Antifermion Number: Ny = [ b*(p)b(p)dp, N— = [ c*(p)c(p)dp
Charge Operator: Q@ = Ny — N_
Charge Conservancy: [Q,H] =0, i.e, H = Q)7 Fq
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The Basic |dea

Fermion/Antifermion Number: Ny = [ b*(p)b(p)dp, N— = [ c*(p)c(p)dp
Charge Operator: Q@ = Ny — N_

Charge Conservancy: [Q,H] =0, ie., H =@z Fq

Pauli-Fierz Hamiltonian of non-relativistic QED: L2(R3; C?) ® Fpn

Hpp = Hpn + (p — €A(x))? + o - B(x), where p=—iV, B=pAA
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The Basic |dea

Fermion/Antifermion Number: Ny = [ b*(p)b(p)dp, N— = [ c*(p)c(p)dp
Charge Operator: Q@ = Ny — N_
Charge Conservancy: [Q,H] =0, ie., H =@z Fq
Pauli-Fierz Hamiltonian of non-relativistic QED: L2(R3; C?) ® Fpn
Hpp = Hpn + (p — €A(x))? + o - B(x), where p=—iV, B=pAA

Goal: HPF ~ lim QM]IQzl(HM — M)
M— o0
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The Basic |dea

Fermion/Antifermion Number: Ny = [ b*(p)b(p)dp, N— = [ c*(p)c(p)dp
Charge Operator: Q@ = Ny — N_
Charge Conservancy: [Q,H] =0, i.e, H = Q)7 Fq

Pauli-Fierz Hamiltonian of non-relativistic QED: L2(R3; C?) ® Fpn
Hpp = Hpn + (p — €A(x))? + o - B(x), where p=—iV, B=pAA
Goal: HPF ~ lim QM]IQ:;[(HM — M)
M—o0

Previous results on related problems
Hunziker 1974

Arai 2001
Stockmeyer 2009
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Main Result

We restrict to the charge Q = 1 sector and denote : Hy: [ 1o=1H by H.
Further define P = 1y, —1 n_—o, P=1¢g-1(1-P).

There is a canonical unitary isomorphism U : L2(R3; C?) — PFp.

Let A, = yaA and Al = xp® A,
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Main Result

We restrict to the charge Q = 1 sector and denote : Hy: [ 1o=1H by H.

Further define P =1y, -1 n_—0, P =1¢g=1(1 — P).
There is a canonical unitary isomorphism U : L?(R3; C?) — PFp.
Let A, = xy1A and A®) = xp @ A,.

Theorem
Let z € C\ R with |z— M| < M and |e| < VM.
Then (H—2)' =S, (Hoo + €*(lo + T) — z)_1 St + (P(H-2)P)™ !,
where
S, = (P — (PHP — z)"*PHP)U,

Hoo = Ho+ 51:(p - AD(x) + AD(x) - p+ - BO(x),

R xo(p)xo(a)xp(q’) o= /
I:(q',q) = /R3 Ax(p+ q)HO = Eu(p) + Ew(a) + Em(q) —A(p+q)dp

T,=1®t, +O0(M?).

y
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Some Remarks

@ The theorem especially yields
P(H — 2z)71P = U(Hy + (I, + T,) — z) 71U
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Some Remarks

@ The theorem especially yields
P(H — 2z)71P = U(Hy + (I, + T,) — z) 71U

o Order of error: (P(H — z)P)™ ! = O(M™1)
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Some Remarks

@ The theorem especially yields
P(H — 2z)71P = U(Hy + (I, + T,) — z) 71U

o Order of error: (P(H — z)P)™ ! = O(M™1)

o With P =1, <y we find
PLB— =

AW (x) - AW (), (x — y)dxdy + O(M~2).
2M R3xR3
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Some Remarks

@ The theorem especially yields
P(H — 2z)71P = U(Hy + (I, + T,) — z) 71U

o Order of error: (P(H — z)P)™ ! = O(M™1)

o With P =1, <y we find
pLA— L

AW (x) - AW (), (x — y)dxdy + O(M~2).
2M R3xR3

@ Here we imposed normal ordering.

H, is usually not normal ordered, but has integral kernel
IO (y)vly):
Ix =yl

This yields a finite self-interaction term for the electron.
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|dea of Proof

Decompose A = (PAP PAP) .

PAP PAP

Feshbach Complement:

e P 0\ (Fp(A)! 0\ (P —PAPD
~\-DPAP P 0 p)J\lo P )

where Fp(A) = PAP — PAPDPAP, D = (PAP)~!.
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|dea of Proof

Decompose A = PAP  PAP
pose 2= \Par PAP)"

Feshbach Complement:

ar_( PO\ (Fe(At 0\ (P —PAPD
—DPAP P o »p)\o P )’
where Fp(A) = PAP — PAPDPAP, D = (PAP)~ L.

Using this, the proof essentially consists of two steps.
@ Prove existence and upper bound for (P(H — z)P)™L.
@ Show Fp(H —z) = Hoo + T, 4+ I, — z + O(M™2).
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Thank you for your attention!



	Appendix

