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Repeated interaction systems (RIS)

The small system S is decribed by

a finite dimensional Hilbert space HS ,

a Hamiltonian hS ∈ B(HS),

an initial state described by a density matrix ρi > 0.

The environment is composed of probes {Ek}T
k=1 described by

a (identical copy of a) finite dimensional Hilbert space HE ,

a Hamiltonian hEk ∈ B(HE),

an initial Gibbs state described by a density matrix

ξi
k = Z−1

k e−βk hE .

Let Ξ :=
⊗T

k=1 ξ
i
k on

⊗T
k=1HE
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Dynamics for each step of the RIS

• Take the resulting state from the last completed step

ρk−1

• Couple it to the kth probe, initially in a thermal state at
temperature βk for the Hamiltonian hEk ,

ρk−1 ⊗ ξi
k

• Evolve jointly with Uk := eiτ(hS⊗Id+Id⊗hEk +vk )

Uk(ρk−1 ⊗ ξi
k)U∗k

• Trace out the probe

TrEk (Uk(ρk−1 ⊗ ξi
k)U∗k )
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Dynamics for each step of the RIS

With
Lk : η 7→ TrEk (Uk(η ⊗ ξi

k)U∗k ).

the dynamics can be summarized as

ρk = Lk(ρk−1)
= (Lk ◦ · · · ◦ L2 ◦ L1)(ρi)

and Lk is a completely positive trace-preserving map (CPTP, quantum
channel) for each k.
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Adiabatic regime

We are interested in

• Large number of probes (T � 1)
• Slow variation between the probes (variations of order 1/T )

The parameters for each probe are selected from C2 functions

[0, 1] 3 s 7→ β(s), hE(s),U(s).

For a value T of the adiabatic parameter, we consider T probes and the
parameters for the kth probe are

βk = β( k
T ), hEk = hE( k

T ), Uk = U( k
T ).

[!] For the rest of the talk, there is implicit T -dependence on many
quantities.
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Repeated interaction systems (RIS)

The map Lk = L( k
T ) is a CPTP map.

Irr.: We assume that L(s) is irreducible for all s ∈ [0, 1].1

Then, by Perron–Frobenius theory, there is a unique invariant state
ρinv(s) for each s ∈ [0, 1].

#(spL(s) ∩ S1) = z(s)
iR

R

sp(L(s))

1

Gap: We assume that z(s) ≡ z is constant in s ∈ [0, 1].

1A CP map Λ is irreducible if the only self-adjoint projectors P satisfying
Λ(PI1P) ⊆ PI1P are P = 0 and P = Id.
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Two-time measurement protocol

• Measure the energy observable hEk =
∑

ik Eik Πik of each probe Ek

• Measure the entropy observable − log ρi =
∑
`−πi

` log pi
` on S.

• Let S interact with each Ek , starting with k = 1 until k = T , via

Uk = e−iτ(hS +hEk +vk )

• Measure the energy observable hEk =
∑

jk Ejk Πjk of each probe Ek

• Measure the entropy observable
− log ρf = − logLT · · · L1ρ

i =
∑
`−πf

` log pf
` on S
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Two-time measurement protocol

In this two-time measurement protocol, the probability of obtaining
Ei1 ,Ei2 , . . . ,EiT and − log pi

` before the interaction (t = 0) and
Ej1 ,Ej2 , . . . ,EjT and − log pf

` after the interaciton (t = T ) is denoted

PF (Ei1 ,Ei2 , . . . ,EiT ,− log pi
`,Ej1 ,Ej2 , . . . ,EjT ,− log pf

`︸ ︷︷ ︸
ω

)

and can be written explicitly as a trace.

We can also write down probability

PB(ω)

of obtaining these measurement results in a certain notion of backward
process.
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Landauer’s principle

We consider three random variables:

• The (information theoretic) entropy increase random variable of S

∆sS(ω) := − log pf
` + log pi

`;

• The (Clausius) entropy decrease random variable of E

∆sE(ω) :=
T∑

k=1
βk(Ejk − Eik );

• The entropy production random variable

ς(ω) := log PF (ω)
PB(ω) .
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Landauer’s principle

We have the “entropy balance equation” on the level of trajectories

∆sS(ω) + ς(ω) = ∆sE(ω)

for each ω = (Ei1 ,Ei2 , . . . ,EiT ,− log pi
`,Ej1 ,Ej2 , . . . ,EjT ,− log pf

`).

Moreover

EF (∆sS) = S(ρf)− S(ρi),

EF (∆sE) =
T∑

k=1
βk Tr(hEk (ξf

k − ξi
k)),

EF (ς) = KL(PF ||PB) ≥ 0.
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Landauer’s principle

On the level of averages,
T∑

k=1
βk Tr(hEk (ξf

k − ξi
k)) = S(ρf)− S(ρi) + EF (ς)

≥ S(ρf)− S(ρi).

Under the Gap and Irr assumptions,

lim
T→∞

EF (ς) <∞

if and only if

∀s ∈ [0, 1] ∃kS(s) ∈ B(HS) s.t. [kS(s)⊗ Id + Id⊗ hE(s),U(s)].

Moreover, if such kS(s) exist, and if z(s) ≡ 1,

lim
T→∞

EF (ς) = S(ρinv(0)||ρi).

What about the details of the distribution of ς with respect to PT .
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Generating function

The moment generating function of ς is

Mς(α) = TrS
(
e−α log ρf

L(α)( T
T ) · · · L(α)( 1

T )(eα log ρi
ρi)
)
.

where

L(α)(s) : η 7→ TrE
(
eαβ(s)hE (s)U(s)(η ⊗ ξ(s))e−αβ(s)hE (s)U(s)∗

)
.
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An adiabaic theorem

#(spL(α)(s) ∩ S1) ≡ z

iR

R

sp(L(α)(s))

λ
(α)
1 (s)`(α)
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T ) · · · L(α)( 1

T )(eα log ρi
ρi)
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=
( T∏

k=1
λ

(α)
1 ( k

T )
)

TrS
(
(ρf)−αL̃(α)( T

T ) · · · L̃(α)( 1
T )((ρi)α+1)

)
.

Using our adiabatic theorem for deformations deformed CPTP maps,

lim
T→∞

1
T log Mς(α) =

∫ 1

0
log λ(α)

1 (s) ds =: Λ(α).

By standard techniques (Gärtner–Ellis, Bryc), we get a large deviation
principle, a central limit theorem and a law of large number.
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By standard techniques (Gärtner–Ellis, Bryc), we get a large deviation
principle, a central limit theorem and a law of large number.

14



Generating function

The moment generating function of ς is

Mς(α) = TrS
(
e−α log ρf

L(α)( T
T ) · · · L(α)( 1

T )(eα log ρi
ρi)
)

=
( T∏

k=1
λ

(α)
1 ( k

T )
)

TrS
(
(ρf)−αL̃(α)( T

T ) · · · L̃(α)( 1
T )((ρi)α+1)

)
.

Using our adiabatic theorem for deformations deformed CPTP maps,

lim
T→∞

1
T log Mς(α) =

∫ 1

0
log λ(α)

1 (s) ds =: Λ(α).
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Thank you!

If interested in more, see

E. P. Hanson, A. Joye, Y. Pautrat, R. Raquépas. Landauer’s principle for trajectories
of repeated interaction systems. To appear in Ann. Henri Poincaré (2018).

arXiv:1705.08281
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