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THE EQUATION OF MOTION

ARIZONA

Position and Vel

® Center of mass
> x = —[sir

» vy = —lco:
A, 0y

® The velocity / ,\__/

)
Fuoe=x= 7

> v, =y =

(xY)
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ARIZONA

Kinetic and Potential Enerqy
® Kinetic Energy

THE EQUATION OF MOTION

1 . 1 :
T = =102 + =m(120? cos? 0 + A2wj cos?(wyt) — 24,4 cos(wyt) cos )

\2 Y J \2 Y J
Rotational Kinetic Translational
Energy Kinetic Energy for x

+ %m(lzéz sin? 0 + Aswj sin®(wyt) + 24,0, sin(wyt) sin 6)
\ J
|
~ Translational
Kinetic Energy fory

® Potential Energy
V =mgy =mg(—lcosf — A, cos(wgt))
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A THE EQUATION OF MOTION

ARIZONA

Euler-Lagrange Equations
® The Lagrangianis L =T -V

® The equation of motion is obtained from the Euler-Lagrange Equation:
d (0L L 0
dt\ag) 06

2

.. Aw
b+Lsing + 224

2 2 sin(@ — 04)cos(wyt) = 0
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THE EQUATION OF MOTION
ARIZONA

The Dimensionless Form

® [ntroduce non-dimensional time T and dimensionless parameters y
and a where:

T:wdt Y =

8|8
anv|on
K
|l
>

® The dimensionless equation of motion:
dzo

172 + ysinf + a sin(@ — 0, )cost =0

"

.y

Ay
—
|
e



A NUMERICAL ANALYSIS

ARIZONA GENERIC PENDULUM

Angle vs Time, No Vertical Driving
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Initial angle: (7/8)m Radians
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A NUMERICAL ANALYSIS

ARIZONA VERTICALLY DRIVEN JIGSAW
Angle vs Time, Fast Vertical Driving

36—

3.4

Angle

28—

26
0

] 10 15 20 25 30 35

Time

Initial angle: (7/8)m (Slightly left of vertical)
Drive angle: 7t (Vertical drive)

B Stability about: 1t (Straight up)
Drive frequency: 314.16 drives per second (dps)



A NUMERICAL ANALYSIS

ARIZONA HORIZONTALLY DRIVEN JIGSAW

Angle vs Time, Fast Horizontal Driving

1.58

153

Angle

1.43

1.38
0 5 10 15 20 25 30 35

Time

Initial angle: (1/2)7 (Horizontally left)
Drive angle: (1/2)7t (Driven from the right)
B Stability about: Approx. 1.477 Radians (Approximately 5.4 degrees
below the horizontal)
Drive frequency: 314.16 drives per second
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NUMERICAL ANALYSIS

ARIZONA DIAGONALLY DRIVEN JIGSAW
| Angle vs Time, pi/4 Driving (Diagonally)
[
2 or .
<

Time

Initial angle: -(1/2)t (Horizontally right)
Drive angle: -(1/4)t (Driven from the bottom right)

B Stability about: 27t (straight down, with odd behavior)
Drive frequency: 314.16 drives per second
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A AVERAGING & EFFECTIVE POTENTIAL Ug,,
ARIZONA CONCEPT

« Separate the slow and fast components

SLOW FAST

force of gravity F (0) driving force f(0,t)
pendulum’s rotation O (1) rapid driving oscillations ¢ (t)

» Assume the fast components have:
* MUCH higher frequency and

* relatively low amplitude

« The effective potential U is the average potential energy associated with @ (t)
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ﬁAVERAGING & EFFECTIVE POTENTIAL Ugge
ARIZONA FINDING Uger

1. Relate the fast and slow components:

1,6 =1,(¢ +&) = (F(O) +f(6,0))

2. First-order approximation discarding insignificant terms:

. dF df .
L(@+E)=F@) + @+ @D+ (@D > LS =f(0)
3. Substitute back into and time-average the equation from 1.:
.. d
o = F() + (L (9,0

4. Use the definition of the effective potential:

1 AUgry

-1, d¢
5. To solve for the effective potential: df

Uerr = Uo — j <<E (¢, t)f)) d¢
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AAVERAGING & EFFECTIVE POTENTIAL Ugge
ARIZONA FINDING Uger (conr)

6. Write the effective potential in the terms from our governing equation:
F(0) = —I,ysinf f(,t) =—-I,aD(O,t)

U, = —jF(H)dH = [,y cosf

(f%)
Ueff — UO + 2_10

7. Finally, simplify to get:
o2
Uepr = Io |~y cos 6 +—- (cos? 0, sin? 0 + sin? 6, cos? 0)
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AAVERAGING & EFFECTIVE POTENTIAL UEFF
ARIZONA

Effective Potential (joules)

SURFACE PLOT

Effective Potential as a function of Driving and Pendulum Angles
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200

Pendulum Angle (deg)

100

100

200

Driving Angle (deg)

No Driving:
|,=0.443
y=1

a=0

With Driving:
|,=0.443

y = 1.6x10°
a=0.01
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AAVERAGING & EFFECTIVE POTENTIAL U

ARIZONA STABILITY ANALYSIS
— 2 p
Bog =0 y>Tc0529d y<Tc0520d
a? a?
Opg =T y<7c0829d y>7c0520d
cos26,; >0 YZ S a4cos;(20d)
Oeq = + arccos (az C_OZSYZOd) COoS 29d =0 Always stable
cos26,; <0 2 _ a*cos*(2604)

Y- < 7
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AAVERAGING & EFFECTIVE POTENTIAL U
ARIZONA BIFURCATION DIAGRAM

Bifurcation Diagram
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AAVERAGING & EFFECTIVE POTENTIAL U
ARIZONA BIFURCATION DIAGRAM
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AAVERAGING & EFFECTIVE POTENTIAL U

ARIZONA

angular velocity (deg/s)

A0

PHASE PORTRAIT

Non-Driven Pendulum
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AAVERAGING & EFFECTIVE POTENTIAL UEFF
ARIZONA




AAVERAGING & EFFECTIVE POTENTIAL U
ARIZONA DYNAMIC MANIFOLD

Vertically-Driven

Non-Driven
Pendulum

Horizontally-Driven




JA& EXPERIMENTAL

Tools
Black & Decker JS515 Jigsaw
High Speed 6000 Frames per Second Camera

Procedure
*Frame by frame analysis
*On-screen measurement




A EXPERIMENTAL

ARIZON A FRAME BY FRAME ANALYSIS

Measurement (driving) Theoretical Experimental

Vertical Stability Angle
Horizontal Stability Angle
Diagonal Stability Angle
Vertical Frequency

Horizontal Frequency

Tt (straight up)
1.477 radians

0 (straight down)
314.16 dps

314.16 dps

Tt

~1.405 radians

300.3 dps

453 dps
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ARIZONA

QUESTIONS?




