
p-ADIC L-FUNCTIONS OF A SPECIFIED MODULUS

KEVIN POWELL

1. Introduction

The intent of the present summary is to present de Shalit’s construction of a
p-adic L-function of a given modulus f over an imaginary quadratic field.

Let f and p be non-trivial integral ideals of an imaginary quadratic extension
K of Q. Suppose that NK/Qp = p is a prime. Hence p splits in K. The p-
adic L-function of modulus f is a function on the continuous p-adic characters of
G(f) = Gal(K(fp∞)/K) given by

Lp,f(ε) =

∫
G(f)

ε−1(σ)dµ(f, σ)

for a certain integral measure µ(f). The purpose of this summary is to describe
the construction of this measure. Some of the objects involved will be formal groups,
elliptic curves and elliptic units.

2. Elliptic curves: a brief synopsis

Definition 2.1. An elliptic curve is a pair (E,O) over the field L where E is
nonsingular curve defined over L of genus 1 and O is a point on that curve.

We will assume that L ⊂ C. Every elliptic curve over a field L of characteristic
0 has a Weierstrass model of the form

(1) y2 = 4x3 − g2x− g3

with g2, g3 ∈ L and ∆E = g3
2 − 27g2

3 6= 0, which ensures that the polynomial
4x3− g2x− g3 has 3 distinct roots e1, e2, e3. The point O (the point at ∞) is given
by [(0, 1, 0)] in terms of homogenous coordinates x, y, z in zy2 = 4x3−g2xz

2−g3z
3.

Definition 2.2. The j-invariant of E is given by j(E) =
1728g3

2

∆E
(which is indepen-

dent of the model chosen for E).

Remark 2.3. Although this model is not suitable for reductions modulo 2 and 3,
this form simplifies the calculations in the present paper. That being the case, the
primes considered here in OL will be those not lying above 2 or 3. The results
contained here or to which I make reference can be generalized to consider these
excluded primes. See ([5], 1.11). This particular Weierstrass form is unique up to
a change (g2, g3) 7→ (u4g2, u

6g3) where u ∈ L×.

The map ψ : E(C) → P1(C) given by (x, y) 7→ x is a double cover ramified
exactly at e1, e2, e3, O. Endowing a complex analytic structure on E(C), it is, as a
manifold, topologically homeomorphic to two copies of P1(C) where the branch cut
between ψ(e1) and ψ(e2) on one copy is glued to the same branch cut on the other
copy. Similarly, the branch cuts from ψ(e3) and ψ(O) are glued together. Thus, E
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is homeomorphic to a torus so that H1(E,Z) = [γ1]Z+[γ2]Z for two noncontractible
loops γ1 and γ2.

Let α be a path from O to any point P ∈ E(C). The differential ωE = dx
y is

holomorphic on E. The integral
∫
α
dx
y depends only on the homology class of the

path α. By taking the Z-lattice ΛE generated by periods
∫
γ1
ωE and

∫
γ2
ωE , the

map

(2) P 7→
∫ P

O

ωE mod ΛE

is a well-defined holomorphic isomorphism E(C) → C/Λ. Conversely, given a Z-
lattice Λ ∈ C, C/Λ ' EΛ(C) for some elliptic curve EΛ [8, VI.5.2].

Definition 2.4. Denote the the map given in (2) by ΨE . This map and the lattice
ΛE depends on the choice of model for E.

Definition 2.5. The Weierstrass ℘-function with respect to Λ is given by:

(3) ℘(z) =
1

z2
+

∑
ω∈Λ\{0}

(
1

(z − ω)2
− 1

ω2
).

Proposition 2.6. For z 6= 0, Ψ−1
E (z) = (℘(z), ℘′(z), 1) and ΨE(0) = O.

Proof. [8, VI.5.2] �

The map Ψ−1
E transfers the group structure of C/Λ to the points of E(C). This is

the same as the group structure of E naturally induced by Pic0(E) (See [8, VI.5.2]).
Among the points of E(C), this group law has a nice geometric description as follows
(See [8, III.2]). Let A = [(x1, y1, z1)] and B = [(x2, y2, z2)] be two points in E(C)
such that both of them are not simultaneously O. Let l1 be the line between them
in P2(C) or the tangent line if A = B. This line will intersect E(C) at a point R
distinct from A and B. Let l2 denote the line between R and O or the tangent line
if R = O. Then, l2 will intersect E(C) at a point C distinct from R and O if l2
is not the tangent to E(C) at O. If l2 is tangent to E(C) at O, let C = 0. If +E

denotes the addition described, A+E B = C. It will be noted that this description
depends on the embedding of E into P2(C) which is intrinsically given by the model
of E.

We have the following proposition which will be useful to us:

Proposition 2.7. If A ∈ E(C) such that A = [(x0, 0, 1)], then

A+E A = 0

Proof. Let S(x, y) = −y2 + 4x3 − g2x− g3. In affine coordinates, the tangent line
to E(C) at A is given by the points (x, y) satisfying(

∂S/∂x|(x0,0) ∂S/∂y|(x0,0)

)
·
(
x− x0 y

)T
= 0.

Since ∂S/∂y|x0,0 = 0, the line l1 in the description above is given by x = x0.
In homogeneous coordinates, l1 is given by x = x0z so that O = [(0, 1, 0)] lies on
l1. Continuing through the description, R = O and l2 is tangent to O. Hence,
A+E A = 0.

�
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3. The Associated Formal Group

Let R be a commutative ring such that 2 and 3 are not zero divisors (the necessity
of the second condition will be apparent below).

Definition 3.1. A formal group law over R is a binary operation [+] on xR[[x]]
defined by f [+]g = F (f, g) where F (x, y) ∈ R[[x, y]] satisfies the following proper-
ties:

(1) F (x, y) = F (y, x) (so [+] is commutative)
(2) F (F (x, y), z) = F (x, F (y, z)) (so [+] is associative)
(3) F (x, y) ≡ x+ y mod deg 2

Proposition 3.2. The set and binary operation (xR[[x]], [+]) form an abelian group
with 0 ∈ xR[[x]] as the identity element.

Now suppose we parameterize E by t = −2x
y , w = −2

y so that O corresponds to

t = 0. Let E be given by a Weierstrass model as in (1) such that g2, g3 ∈ R. To

discuss the formal group law Ê over R, we first find formal solutions (x(t), y(t)) to
the Weierstrass equation (1) for x(t), y(t) ∈ R[[t]]. Using x = t

w and y = −2
w , from

(1) we obtain w = t3 − g2

4
tw2 − g3

4
w3. Set

g(w) = t3 − g2

4
tw2 − g3

4
w3 ∈ R[[t]][w].

Let g(n) denote g ◦ g ◦ g ◦ ... ◦ g where g appears n times. Then we wish to show
that limn→∞ g(n)(w) converges to an element of R[[t]]. Since R[[t]] is complete
with respect to (t), we may apply Hensel’s lemma [8, IV.1.2] as follows. Let h(w) =
g(w) − w, w0 = 0 so that h(w0) ∈ t3R[[t]] and h′(w0) = −1. Then, the sequence
wm+1 = wm + h(wm) converges to an element w̃ in R[[t]] which uniquely satisfies
h(w̃) = 0 and w̃ ∈ tR[[t]].

In the coordinates (t, w), let A = (t1, w1), B = (t2, w2), and C = A +E B =
(t3, w3). It can be shown that the geometric description of +E applied in these
coordinates yields that t3 ∈ R[[t1, t2]] such that t3 ≡ t1 + t2 mod (t21, t

2
2, t1t2) [8,

IV.1]. The group structure of E implies that by setting F (t1, t2) = t3, F is a formal
group law.

Definition 3.3. Let Ê denote the formal group law F obtained in the previous
paragraph.

4. Morphisms between Formal Group Laws

Definition 4.1. Let F and G be formal group laws over the commutative ring
R so they respectively induce the abelian groups A = (xR[[x]], [+]F ) and B =
(xR[[x]], [+]G). We define HomR(F,G) ⊂ HomAb(A,B) to be the morphisms given
by power series f ∈ xR[[x]] such that h(x) 7→ f(h(x)). That is, f ◦ F = G ◦ f .

One can either check using properties of a formal group law G that HomR(F,G)
is an abelian group or consider it as a power series subgroup of HomAb(A,B).

Proposition 4.2. The map Υ : (HomR(F,G), [+]G)→ (R,+) given by f 7→ f ′(0)
is an injective group homomorphism.

Proof. That the map is a homomorphism follows from f(x)[+]Gg(x) ≡ (f ′(0) +
g′(0))x mod deg 2. So, we focus on injectivity.
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Let F (x, y) =
∑∞
i,j=0 αijx

iyj and G(x, y) =
∑∞
i,j=0 βijx

iyj . By virtue of being
formal group laws:

(4) α00 = β00 = 0

(5) α01 = α10 = β01 = β10 = 1

(6) αi0 = α0i = β0i = βi0 = 0 if i > 1

since where (6) follows since 0 is the additive identity of the two formal group laws.
Also, let f(x) =

∑∞
i=1 amx

m. Suppose that

(7) f ◦ F (x, y) = G(f(x), f(y))

and let cuv be the coefficient of xuyv on either side. Then, we obtain two expressions
for cuv. On the left of (7), we obtain:

cuv =
∑

m,i1+···+im=u,j1+···+jm=v

am(αi1j1 · · ·αimjm).

On the right of (7), we obtain:

cuv =
∑

m,n,i1+···+im=u,j1+···+jn=v

βmn(ai1 · · · aim)(aj1 · · · ajn).

Let N ∈ Z+. Suppose u+ v = N . We claim that on the left of (7), the coefficient

of aN is

(
N
u

)
. We prove the claim as follows. Let k ∈ {1, ..., N}. Suppose

αi1j1 · · ·αiN jN 6= 0. To avoid the presence of αl,0 for l > 1, by (6) we must have
ik = 0 and jk = 1 or ik = 1 and jk = 1 for each k = 1, ..., N . There are precisely(
N
u

)
ways to do this. Then, using (5) completes the claim.

On the right, only the ak for k < N appear since i1 + · · ·+ im+ j1 + · · ·+ jn = N
and we may assume that ik, jk > 0 for k = 1, ..., n since a0 = 0. Thus, aN is
uniquely determined by ak for k < N since R is a domain of characteristic 0.
Therefore, f is uniquely determined by a choice of a1. �

We now can make the following definition:

Definition 4.3. If a ∈ Υ(HomR(F,G)), define [a]F,G = Υ−1(a). If F = G, we use
the notation [a]F .

Let Q denote the fraction field of the commutative ring R. We will see that
[a]F,G is defined over Q for any a ∈ Q. To do so, we use the formal logarithm
described below.

Definition 4.4. We define the additive formal group law over a R to be Ĝa(x, y) =
x+ y.

Definition 4.5. Let F be a formal group law. If [1]F,Ĝa exists, it is called the
formal normalized logarithm of F and denoted as λF .

Proposition 4.6. If F is defined over R, λF exists over Q.

Proof. See (See [3, 4.1]). One consequence of the proof is that we must have

λ′F (x) ∈ R so that λF (x) = x+
∑
n≥1

an
n
xn where an ∈ R. �
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We observe that for a ∈ Q, [a]Ĝa(x) exists and is given by ax. Then

λ−1
G ◦ [a]Ĝa ◦ λF ∈ HomQ(F,G)

and is given by [a]F,G. Thus, it makes sense to discuss [a−1]F,G over Q. In particu-
lar, [a−1]F is the composition inverse of [a]F . But this is only a special case of the
following well-known fact about power series: if f ∈ xR[[x]] and f ′(0) is invertible
in R, then f has a composition inverse g in xR[[x]] such that g′(0) = f ′(0)−1.

5. Relative Lubin-Tate Formal Group Laws

We discuss formal group laws that are induced from certain power series in one
variable. These will be termed relative Lubin-Tate formal group laws.

Let p be any prime. Fix a complete algebraic closure Cp of Qp containing all
extensions of Qp in what follows. Fix k as a finite unramified extension of Qp
with valuation ring O, maximal ideal p, and q = |Ok/p|. Let ν be the normalized
valuation that uniquely extends νp to k (i.e. ν(k×) = Z). Fix d ∈ N. Then let
ν′, O′, p′, q′ be the corresponding objects for the unique unramified extension k′

of k with [k′ : k] = d. Let φ be the Frobenius automorphism in Gal(kur/k) where
kur is the maximal unramified extension of k in Cp. Then, φd is the Frobenius
automorphism in Gal(kur/k′). Let R represent the valuation ring of any complete
unramified extension of k containing k′. In particular, O′ ⊂ R ⊂ Ok̂ur .

Definition 5.1. Let ξ ∈ k× where ν(ξ) = d. Define

Fξ = {f ∈ xO′[[x]] | Nk′/k(f ′(0)) = ξ, f ≡ xq mod p′}.

Lemma 5.2. Let f, g ∈
⋃
ν(ξ)=d Fξ, and let F1(x1, ..., xn) be a linear form in

R[x1, ..., xn]. Suppose that f ◦ F1 ≡ Fφ1 ◦ (g, ..., g) mod deg 2. Then there exists a
unique F ∈ R[[x1, ..., xn]] satisfying:

(i) F ≡ F1 mod deg 2
(ii) f ◦ F = Fφ ◦ (g, ..., g).

Proof. See the proof of [5, I.1.4] noting that the argument does not depend on f
and g being in the same set Fξ. The proof also remains valid with R in place of O′.

�

Corollary 5.3. Let f ∈ Fξ. Also let a, b ∈ xO′[[x]]. Then, there exists a unique
formal group law F over O′ such that: f(a)[+]Fφf(b) = f(a[+]F b) where Fφ is the
series F (x, y) with φ applied to the coefficients. In other words, f ∈ HomO′(F, F

φ).

Proof. In the lemma, let f = g and F1(x, y) = x + y. Then let Ff be the power
series F ∈ O′[[x, y]] obtained. Clearly, Ff (y, x) meets condition (i). Condition (ii)
also holds since reversing the order of inputs on the right does the same on the left.
Thus, by uniqueness, Ff (x, y) = Ff (y, x). For associativity, applying condition (ii)
twice to Ff in f ◦ Ff (Ff (x, y), z) yields Ff (Ff (f(x), f(y)), f(z)) thus giving that
Ff (Ff (x, y), z) satisfies condition (ii). Similarly, Ff (x, Ff (y, z)) does too. They
both are congruent to x+ y + z mod deg 2. Hence by uniqueness, they are equal.
Consequently, Ff is the desired formal group law. �

Definition 5.4. A formal group law of the form Ff is called a relative Lubin-Tate
formal group law.
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The subsets of R which correspond via Υ to the morphisms of these group laws
over the ring R have a nice description dependent on Nk′/k(f ′(0)) and Nk′/k(g′(0)).
We make this description precise.

Definition 5.5. If Ff and Fg are defined over O′ and a ∈ Υ(HomR(Ff , Fg)), define
[a]f,g = Υ−1(a). The notation [a]f will denote [a]f,f .

Definition 5.6. Let π1, π2 ∈ O′ such that ν(π1) = ν(π2) = 1. Set
Aπ1,π2 = {a ∈ Ok̂ur | a

φ−1 = π−1
1 π2}

Proposition 5.7. Υ(HomR(Ff , Fg)) = Aπ1,π2∩R where π1 = f ′(0) and π2 = g′(0).

Proof. If a ∈ Aπ1,π2
∩ R, then by Proposition 5.2, a unique series h ∈ R[[x]] exists

such that h ≡ ax mod deg 2 and g◦h = hφ ◦f . This is because on the linear terms
the equality π2ax = aφπ1x is satisfied. Now, [a]Ff ,Fg is defined over Q and meets
the same conditions uniquely. Therefore, h = [a]Ff ,Fg so that h ∈ HomR(A,B).

Now given h ∈ HomR(Ff , Fg), we show Υ(h) ∈ Aπ1,π2 . Note that over Q,
(hφ)−1 ◦ g ◦ h satisfies properties (i) and (ii) of Proposition 5.2 with L(x) = π1x
and [π1]f = f used for both of the other series in (ii). Therefore, by uniqueness,
(hφ)−1 ◦ g ◦ h = f . Equating the coefficients of x in this equality gives that
h′(0) ∈ Aπ1,π2

.
�

Note that if Nk′/k
π2

π1
= 1, Hilbert’s Theorem 90 gives that Aπ1,π2

∩R is nonempty.

More strongly from [3, 3.11], φ − 1 is a surjection O×
k̂ur
→ O×

k̂ur
so that Aπ1,π2

is

never empty. Since pφ−1 = 1, then apm ∈ Aπ1,π2 for any a ∈ Aπ1,π2 and m ∈ Z. So
in particular, if Aπ1,π2 ∩R is nonempty, then Aπ1,π2 ∩R× is nonempty.

Proposition 5.8. Let ξ, ξ′ ∈ k× such that ν(ξ) = ν(ξ′) = d. Two consequences of
the above discussion are:
(i) If f, g ∈ Fξ, then Ff ' Fg over O′.
(ii) Ff ' Fg over Ok̂ur for f ∈ Fξ, g ∈ Fξ′ .

6. Torsion in Relative Lubin Tate Formal groups

Definition 6.1. A formal group is a group whose addition is given by a formal
group law.

Example 6.2. Let E be an elliptic curve defined over L with Weierstrass model as
given by (1). Let P be a prime of L and νP denote P-adic valuation associated to
the prime P. Denote by LP the completion of L with respect to P. If νP(g1) > 0
and νP(g2) > 0, then let R denote the valuation ring of LP, we may define the
formal group law as in Definition 3.3.

It is evident that Ê(a, b) converges if a and b lie in the maximal ideal OM of any

field M containing LP. Also it is clear that Ê(a, b) ∈ OM . Hence OM is an abelian
group with respect to [+]Ê .

Definition 6.3. Let A be a topological group. The A-valued points of the formal
group law F , denoted F (A), is the formal group (A, [+]F ). The group F (A) exists
if F (a, b) converges for all a, b ∈ A.

Example 6.4. The group described in Example 6.2 is denoted Ê(OM ).
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Let pCp denote the maximal ideal of OCp and let ξ, ξ′ ∈ k′ such that ν(ξ) =
ν(ξ′) = d. Suppose that f ∈ Fξ and g ∈ Fξ′ . Then for any a ∈ Aπ1,π2

, [a]f,g induces
a homomorphism [a]f,g : Ff (pCp) → Fg(pCp). If a ∈ O×

k̂ur
, then a−1 ∈ Aπ1,π2 so

that [a−1]f,g induces the inverse of the homomorphism induced by [a]f,g.
We will use the notation [a]f,g to denote the induced map on pCp -valued points.

Then ker([a]f,g) will denote the kernel of the induced map.
If π is a uniformizer in p, [a]f = [u]f ◦ [πn]f for some u ∈ O× so that [u]f is an

isomorphism. Further, since [u]f ◦ [πn]f = [πn]f ◦ [u]f by uniqueness properties,
[u]f induces a Ff -automorphism of ker[a]f . Consequently, ker[a]f = ker[b]f for any
a, b ∈ pn \ pn+1. Now we can make the following definition.

Definition 6.5. Define Wn
f to be ker[a]f for any a ∈ pn \ pn+1.

Definition 6.6. Set f (i) to be φi−1(f) ◦ ... ◦ φ(f) ◦ f .

Remark 6.7. Applying f ◦ Ff = Fφf ◦ f repeatedly, replacing f with φj(f) and Ff

with Fφ
j

f , we see that f (i) ∈ HomO′(Ff , Fφi(f)).

Lemma 6.8. Set Wn
f to be ker(f (n)). Then: Wn

f ⊂W
n+1
f

Proof. Note that f (n) = [a]f,φn(f) for some a ∈ O′. Choosing b ∈ O such that

ν(a) = ν(b), [a]f,φ(f) = [ab−1]f,φn(f) ◦ [b]f gives the equivalence since [ab−1]f,φn(f)

is an isomorphism.
The second statement follows since f (n+1) = φn(f) ◦ f (n).

�

We also note the following with regards to f (n): since Ff is defined over O′,
Fφ

d

f = Ff . Also, the x coefficient of f (d) is Nk′/k(π1) = ξ. Hence,

f (d) = [ξ]f,f = [ξ]f ∈ End(Ff ).

Definition 6.9. W̃n
f = Wn

f \W
n−1
f , Wf = ∪nWn

f .

If f, g ∈ Fξ, Ff ' Fg over O′ gives that k′(Wn
f ) is independent of f . We can

therefore make the following definitions.

Definition 6.10. knξ = k′(Wn
f ) and kξ = k′(Wf ).

The rest of this section summarizes basic properties of these extensions as given
in [3, IV, V] and [5, I.1].

Any unit u ∈ O× induces an automorphism of Wf via the morphism [u]f that
is valuation preserving. This automorphism is also induced by a Galois element
σu ∈ Gal(kξ/k). The map u 7→ σu is bijective and independent of f .

In particular, we have the isomorphism κ : Gal(kξ/k) → O′× defined in the
proposition below.

Proposition 6.11. Let ξ ∈ O such that ν(ξ) = d. Choose any f ∈ Fξ. Then
there exists a unique isomorphism κ : Gal(kξ/k)→ O′× which is independent of f
such that κ(σ) is the unique element of O′× such that [κ(σ)]f,σ(f)(w) = σ(w) for

all w ∈W 1
f . If σ ∈ Gal(kξ/k

′), then κ(σ) ∈ O and [κ(σ)]f is defined over O.

Proof. See [3, IV, V] and [5, I.1] �

We also have the following:
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Proposition 6.12. (1) |Wn
f | = qn.

(2) knξ is a totally ramified extension of k′ of degree (q − 1)qn−1.

(3) Each element of W̃n
f is a uniformizer in knξ .

(4) Wf is an O-module.
(5) κ(Gal(kξ/k

n
ξ )) = 1 + pn.

Proof. See [3, IV, V] and [5, I.1] �

Example 6.13. Let Ĝm denote the multiplicative formal group law, which is given
by Ĝm(x, y) = (1+x)(1+y)−1. Then, Ĝm = Ff where f(x) = (1+x)p−1, k = Qp
and k′ = Qp. Because k′ = k, we call Ĝm an absolute Lubin Tate formal group law
in contrast to calling it “relative.” In this case, Wn

f = {ζ − 1 | ζ ∈ µpn}.

7. Coleman Power Series

Let k, k′, and f be as before. Let O = Ok, O′ = Ok′ , and O′n = Oknξ .

Proposition 7.1. There exists a unique multiplicative operator

Nf : O′[[t]]→ O′[[t]]
such that for all h ∈ O′[[t]],

Nfh ◦ f =
∏
ω∈W 1

f

h(t[+]ω).

Proof. Let h ∈ O′[[t]]. Note that f has a formal composition inverse over k′ so that
Nf is well-defined if Nfh ∈ O′[[t]]. Let g0 =

∏
ω∈W 1

f
h(t[+]ω). Then g0(x[+]w) =

g0(x) for w ∈ W 1
f . In particular, g0(0[+]w) = g0(0) = g0(w) so that all roots of f

are roots of g0(x) − g0(0). By the Weierstrass Preparation Theorem, there exists
g1(t) ∈ O′[[t]] such that g0(t)− g0(0) = g1(t) · f(t). This implies g1(t[+]w) = g1(t)
for w ∈W 1

f . We may then define g2(t) ∈ O′[[t]] such that g1(t)−g1(0) = g2(t) ·f(t)
and continue in this manner to produce:

g0(t) = g0(0) + g1(0) · f(t) + g2(0) · f2(t) + · · · .
Consequently, Nfh = g0 ◦ f−1 ∈ O′[[t]] as desired.
Multiplicativity follows easily from the formula given above for Nfh ◦ f .

�

Definition 7.2. Because of multiplicativity, the operator Nf extends to O′((t))→
O′((t)). It is called the Coleman norm operator.

Proposition 7.3. The operator Nf satisfies the following:
(i) Nfh ≡ hφ mod p′

(ii) Nfφh = Nφ
fh

φ−1

(iii) Let N
(i)
f = Nφi−1(f) ◦ · · · ◦Nφ(f) ◦Nf , Then

(N
(i)
f ) ◦ f (i)(t) =

∏
w∈W i

f

h(t[+]w).

(iv) If h ∈ O′[[t]] and h ≡ 1 mod (p′)i (i ≥ 1), then Nfh ≡ 1 mod (p′)i+1

Proof. See ([5], I.2.1) �
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Definition 7.4. Let O′n = Oknξ .

The following result arises from the properties of Coleman’s norm operator.

Proposition 7.5. Given

β = {βn}n ∈ lim
←−
n

(O′n)×

where the inverse limit is with respect to the maps Nkn+1
ξ /knξ

and given

η = {ηn}n ∈ lim
←−
n

W̃n
φn(f),

there exists a unique power series gβ ∈ O′[[x]] such that

(8) (gβ)φ
−n

(ηn) = βn

for all n ≥ 1.

Proof. See ([5], I.2.2)
�

Definition 7.6. The power series gβ is called the Coleman power series associated
to the pair (η, β).

Proposition 7.7. Let β and β′ be in

{βn}n ∈ lim
←−
n

(O′n)×.

The following properties hold:
(i) gβ1β2

= gβ1
· gβ2

.

(ii) Ngβ = gφβ
(iii) If v(β0) = 0, then gβ(0)1−φ−1

= β0.
(iv) If σ ∈ Gal(kξ/k), then gσ(β) = gσβ ◦ [κ(σ)]f,σ(f).

Proof. See ([5], I.2.3) �

8. Measures Derived from Coleman Power Series

Let k, k′, ξ, f , Ok, O′, and O′n be as before. let G = Gal(kξ/k
′) ' Z×p and let

G = Gal(kξ/k). For this section, fix an isomorphism θ : Ĝm → Ff . Let

β ∈ lim
←−
n

(O′n)× and ω ∈ lim
←−
n

W̃n
φn(f).

We summarize some properties of distributions [5, I.3.1].

Definition 8.1. Let P be a profinite group and M and abelian group. We define
the set of M -valued distributions on P , D(P,M), to be the collection of finitely
additive functions from the Boolean algebra of compact-open subsets of P to M .

If M is a bounded subset of Cp, then elements of D(P,M) are called p-adic
measures. If M is in the closed unit disk of Cp, then elements of D(P,M) are
called integral measures.

If M is a commutative ring, D(P,M) is also a ring with (λ ·µ)(U) = λ(U) ·µ(U)
for µ, λ ∈ D(P,M) and U ⊂ P ([5, I.3.1]).

In particular, if χ ∈ Hom(P,C×p ), then:
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(9)

∫
P

χd(λµ) =

∫
P

χd(λ) ·
∫
P

χd(µ)

Definition 8.2. Let S ⊂ D(P,M) be the multiplicative set of nonzero divisors.
Define a psuedo-measure as an element µ/λ ∈ S−1D(P,M). Then define:∫

P

χd(µ/λ) = (

∫
P

χdµ)/(

∫
P

χdλ)

for any χ ∈ Hom(p,C×p ).

If P is finite we have that D(P,M) 'M [P ] via the map λ 7→
∑
σ∈P λ({σ})σ. If

P is not finite,

D(P,M) = lim
←−

D(P/H,M)

where [P : H] <∞.
We will turn our attention to the case when P = G ' Z×p .

Proposition 8.3. Let R be the valuation ring of a complete extension of Qp. Given
a power series h(s) ∈ R[[s]], there exists an R-valued measure µ on Zp such that

h(s) =

∫
Zp

(1 + s)αdµ(α).

Proof. Let n ≥ 1. Write

h(s) mod ((s+ 1)p
n

− 1) =

pn−1∑
i=0

an,i(1 + s)i.

Define µn : Z/pnZ→ R by µn(i) = an,i. If i ≡ j mod pn, then (s+ 1)i ≡ (s+ 1)j

mod (s+ 1)p
n − 1. Consequently,∑

0 ≤ i ≤ pn+1 − 1
i ≡ j mod Pn

an+1,i = an,j

which is the distribution relation:∑
0 ≤ i ≤ pn+1 − 1
i ≡ j mod Pn

µn+1(i) = µn(j).

Since R is a bounded set, this distribution determines a bounded measure.
�

Definition 8.4. Define

aβ(s) = (log gβ) ◦ θ(s)
and

ãβ(s) = aβ(s)− 1

p

∑
w∈W 1

f

(log gβ) ◦ (θ(s)[+]w).

Proposition 8.5. The series ãβ lies in Ok̂ur [[s]].
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Proof. Let p′ denote the valuation ideal of k′. We make the following calculation:

gpβ ≡ gβ ◦ f mod p′

gpβ ≡ Ngβ ◦ f mod p′ (by proposition 7.7 (ii))

gpβ ≡
∏

w∈W 1
f

gβ(θ[+]w) mod p′ (by the definition of N)

p log gβ ≡
∑
w∈W 1

f

log gβ(θ[+]w) mod p′ (composing power series)

Hence the expression

log gβ −
1

p

∑
w∈W 1

f

log gβ(θ[+]w)

has coefficients which are p-integral. �

Definition 8.6. Define µβ to be the Ok̂ur -valued measure on Zp given by the power
series ãβ .

Proposition 8.7. The measure µβ is supported on Z×p .

Proof. Write a′β = aβ mod ((s+ 1)p
n − 1) =

∑pn−1
i=0 ai(s+ 1)i. Then:

1

p

∑
ζ∈µp

a′β(s[+]ζ − 1) =
1

p

pn−1∑
i=1

p−1∑
j=0

ai((s+ 1)ζj − 1 + 1)i =
∑
p|i

ai(s+ 1)i.

So,

ãβ mod ((s+ 1)p
n

− 1) =

pn−1∑
i=1

ai(s+ 1)i − 1

p

∑
ζ∈µp

a′β(s[+]ζ − 1) =
∑
p-i

ai(s+ 1)i.

�

We consider µβ as a measure on G via the isomorphism κ : G→ k× ' Z×p .

Proposition 8.8. Let σ ∈ G and let be a subset of G. Then µσ(β)(σU) = µβ(U).

Proof. This result is a consequence of gσ(β) = gσβ ◦ [κ(σ)].
�

Corollary 8.9. The measure µβ extends to G as follows: Let σ ∈ G. If U is
contained in the coset σG, then define µβ(U) = µβ(σ−1U).

Recall the definition of the additive formal group Ĝa(x, y) = x + y and the

multiplicative formal group Ĝm(x, y) = (x + 1)(y + 1) − 1. Fix an isomorphism

θ : Ĝm → Ff . Then, by uniqueness of λĜa ,

θ′(0)−1λFf ◦ θ = λĜa = log(1 + s)

where log(1 + s) is considered as its Taylor expansion about s = 0. So

d

ds
θ(s) = θ′(0)/((1 + s)

d

dt
λFf (t)).

This motivates the following:
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Definition 8.10. Define

D̃ =
θ′(0)

λ′Ff (t)

d

dt
.

Considering θ as a function of s, this is equivalently from the discussion above:

D = (1 + s)
d

ds
.

Proposition 8.11. The “Coates-Wiles homomorphism” integral is given as
∫
G
κ(σ)kdµβ(σ)

and is equal to Dk(ãβ)(0).

Proof. When k = 1,

D(ãβ)(0) = D
∫
G

(1 + s)κ(σ)dµ(σ)

∣∣∣∣
s=0

=

∫
G

D(1 + s)κ(σ)dµ(σ)

∣∣∣∣
s=0

=

=

∫
G

(1 + s)
d

ds
(1 + s)κ(σ)dµ

∣∣∣∣
s=0

=

∫
G

κ(σ)(1 + s)κ(σ)dµ

∣∣∣∣
s=0

.

An identical argument gives the inductive step.
�

Proposition 8.12. The proof of the last proposition gave the following identity:
Dkãβ(s) =

∫
Zp α

k(1 + s)αdµβ(α)

Proposition 8.13. Let Gn = Gal(kξ/k
n
ξ ) = κ−1(1 + pnZp) for n ≥ 1. Then:

µβ(Gn) =
1

pn

pn−1∑
j=0

aβ(ζjpn − 1) · ζ−jpn .

Proof. Write a′β = aβ mod ((s+ 1)p
n − 1) =

∑pn−1
i=0 ai(s+ 1)i. Then,

a′β =
∑
p - i

ai(s+ 1)i +
∑
p|i

ai(s+ 1)i.

where ãβ mod ((s+1)p
n−1) =

∑
p - i ai(s+1)i. We prove the proposition replacing

aβ with ãβ after realizing the following calculation:

1

pn

pn−1∑
j=0

∑
p|i

ai(ζ
j
pn − 1 + 1)i · ζ−jpn =

∑
p|i

pn−1∑
j=0

ai(ζ
j
pn)i · ζ−jpn =

∑
p|i

pn−1∑
j=0

ai · ζipn = 0.

By the definition of µβ , ãβ(ζjpn − 1) =
∫
Zp ζ

jα
pn dµβ(α) so that

pn−1∑
j=0

ãβ(ζjpn − 1) · ζ−jpn =

∫
Zp

pn−1∑
j=0

ζ
j(α−1)
pn dµβ(α)

= pn
∫
α≡1 mod pn

dµβ(α) = pnµβ(Gn).

�
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Proposition 8.14. With Gn as before:

Dãβ(0) =
1

pn

pn−1∑
j=0

Dk(aβ)(ζjpn − 1) · ζ−jpn .

Proof. Proceed as in the proof of proposition 8.13 replacing ai by ikai with the
variation

pn−1∑
j=0

Dkãβ(ζjpn − 1) · ζ−jpn =

∫
Zp
αk

pn−1∑
j=0

ζ
j(α−1)
pn dµβ(α)

= pn
∫
α≡1 mod pn

αkdµβ(α) = pnDkãβ(0).

�

9. Morphisms of Elliptic Curves and Complex Multiplication

Let E1 and E2 be an elliptic curves with Weierstrass models as given in (1). We
define Hom(E1, E2), the set of isogenies from A to B, to be the set of rational maps
that respect +E1 and +E2 . The holomorphic group isomorphisms ΨE1 and ΨE2

allow us to identify Hom(E1, E2) with HomAb(C/ΛE1
,C/ΛE2

) [8, VI.4]. Let

(10) AE1,E2 = {a ∈ C | aΛE1 ⊂ ΛE2}.
As abelian groups, [8, VI.4.1] gives the following:

(11) Hom(E1, E2) ' HomAb(C/ΛE1
,C/ΛE2

) ' AE1,E2
.

Given a ∈ AE1,E2 , define [a]E1,E2 ∈ Hom(E1, E2) by the identification made in (11).
The association a 7→ [a]E1,E2

is illustrated by the following commutative diagram:

C/ΛE1

Ψ−1
E1

��

a· // C/ΛE2

Ψ−1
E2

��
E1

[a]E1,E2 // E2

If E1 = E2, we use the notation [a]E1 .

Definition 9.1. We define the degree of [a]E1,E2
to be

| ker[a]E1,E2 | = |a−1ΛE2/ΛE1 |. This agrees with the more general definition of the
degree of an isogeny [8, III.4.10].

Let E be an elliptic curve with Weierstrass model as given in (1). Let K be an
imaginary quadratic extension of Q. For an integral ideal f of K, let K(f) denote
the ray class field of K of modulus f.

Definition 9.2. E is said to admit complex multiplication by OK if AE,E = OK .

If E admits complex multiplication by OK , it can be shown that the minimal
field of definition for E is the Hilbert class field of K denoted K(1) as the ray class
field of K of modulus 1 [9, II.4.3].

If E admits complex multiplication by OK then ΛE is of the form aΩ for an
integral ideal a of K and a complex number Ω ∈ C. This is seen as follows. If
ΛE = w1Z + w2Z and α ∈ OK , then αw1 = aw1 + bw2 where a, b ∈ Z. Then,
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(α − a)w1/b = ω2. Consequently, b/w1Λ ⊂ OK . An OK-submodule of OK is an
ideal of OK .

Let a be an integral ideal of K. We define:

Definition 9.3.

E[a] = {T ∈ E | [a]E(T ) = O for all a ∈ a}.
By (11), |E[a]| = |a−1ΛE/ΛE |.

Definition 9.4. Also define Etors = ∪aE[a] where the union is over all integral
ideals of K.

We now fix an elliptic curve E, an imaginary quadratic extension K of Q, and
an integral ideal f of K. We assume that E admits complex multiplication by OK ,
E is defined over L = K(f), and that L(Etors)/K is abelian.

Let IfK denote the set of fractional ideals of K relatively prime to f. For a
fractional ideal b, let σb denote the Artin symbol (b,Kab/K). Let IK denote the
idele group of K. For s ∈ IK , let [s,K] denote the reciprocity symbol for s. Let (s)
denote the ideal

∏
p p

νp(sp) where the product is over all primes in K and νp is the

valuation at p. (The expression νp(sp) is nonzero at only finitely many primes p.)
We have the identification K/a '

⊕
pKp/ap where p ranges through all the

prime ideals of K [9, II.8.1]. With this identification, we define multiplication of
K/a by s ∈ IK as (tp)p 7→ (sptp)p for (tp)p ∈

⊕
pKp/ap.

We may now state the following major results for elliptic curves admitting com-
plex multiplication.

Proposition 9.5. The Main Theorem of Complex Multiplication
Let E be as above. Fix an integral ideal a of K and complex number Ω such

that ΛE = aΩ. Let σ be an automorphism of C fixing K. Choose s ∈ IK such
that [s,K] = σ|Kab . Then there exists a unique holomorphic isomorphism Ξ :
C/s−1ΛE → Eσ(C) such that the following diagram commutes:

K/a

ΩΨ−1
E

��

s−1
// K/s−1a

ΩΞ

��
E(C)

σ // Eσ(C)

Proof. See [9, II.8.2]
�

Remark 9.6. We note that

ΨE(Etors) =
⋃
b

b−1aΩ/aΩ = KΩ/aΩ

where the union is over all fractional ideals of K.

In the book of de Shalit [5, II.1.5], the theorem of complex multiplication takes
on the following form:

Proposition 9.7. The Main Theorem of Complex Multiplication
Let E be as above. We recall that L = K(f). Then given a fractional ideal c of

K such that (f, c) = 1, there exists a unique α ∈  L× such that the following diagram
commutes for any integral ideal b such that (b, c) = 1:
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b−1ΛE/ΛE

Ψ−1
E

��

α· // b−1(αc−1ΛE)/(αc−1ΛE)

Ψ−1
Eσc

��
E[b]

σc // Eσc [b]

where Eσc ' C/αc−1ΛE, deg([α]E) = NK/Qc, and [α]E is defined as a rational
map in coordinates x and y over L.

Definition 9.8. Define κ0 : IfK → C× to be given by the correspondence c 7→ α of
Proposition 9.7.

Remark 9.9. In [5], κ0 is notated as Λ.

Proposition 9.10. κ0 satisfies the cocycle condition: κ0(ab) = κ0(a)σbκ0(b) =
κ0(b)σaκ0(a)

Proof. We give another description of the map κ0. Let ωE be the invariant differ-
ential associated with E as in the description of (2). Let a be a fractional ideal of
K and let P ∈ E(C). Let OE and OEσa denote the points at infinity respectively
of E and Eσa . Denote [κ0(a)]E,Eσa by γa. The rational map γa induces the pull-
back map γ∗a : ΩEσa → ΩE where ΩEσa and ΩE denote the spaces of meromorphic
differential 1-forms on Eσa and E respectively. Let δ represent any path from OE
to P . Then γ ◦ δ is a path from OEσa to Pσa

Recall the description of the map ΨE . The the map C/ΛE → C/ΛEσp given by
multiplication by κ0(p) may be described as:

(12)

∫
δ

ωE mod ΛE 7→
∫
γa(δ)

ωEσa mod ΛEσa =

∫
δ

γ∗a(ωEσa ) mod ΛE .

Since ωEσa is an invariant differential, by the proof of [8, III.5.6], aωE = γ∗a(ωEσa )
for some a ∈ L. By (12), a = κ0(a).

So

(13) κ0(a)ωE = γ∗a(ωEσa ).

For an integral ideal c of K, let xc and yc denote the x and y coordinates of Eσc .
Notice that xσc = xc and yσc = yc. Recall the standard differential ωE = −2dx/y.
Since ωEσc = −2dxσc/yσc , we write ωEσc = ωσc

E .
Then since γ∗(ωEσa )) = −2dxσa ◦ γa/yσa ◦ γa, we may write

(14) γ∗(ωEσa )) = ωσa

E ◦ γa = κ0(a)ωE

Let γa,b denote the map [κ0(b)]Eσa ,Eσab .
The maps γa,b and γσa

b both satisfy the uniqueness property of the Main Theorem
of Complex Multiplication and so represent the same isogeny. Likewise, γab =
γa,b ◦ γa.

Then,

κ0(ab)ωE = ωσab

E ◦ γa,b ◦ γa = (ωσb

E )σa ◦ γσa

b ◦ γa = (ωσb

E ◦ γb)σa ◦ γa =

κ0(b)σaωσa

E ◦ γa = κ0(b)σaκ0(a)ωE .

�

Definition 9.11. For a number field M , let Pm
M denote all principal fractional

ideals R = (a) of M such that a ≡ 1 mod m.
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It can be checked that κ0 has the property that if c ∈ P f
K then κ0(c) ∈ K×,

c = (κ0(c)) and κ0(c) ≡ 1 mod f.
This motivates the following definition:

Definition 9.12. Let m be an integral ideal of K. A grossencharacter ψ of type
A0 of conductor m over the field M is a homomorphism ImM → Q̄× such that there
exists a unique γ ∈ Z[Gal(M/Q)], called the infinity type of ψ, such that if R ∈ Pm

K ,
then ψ(R) = αγ for some α ∈ M× such that R = (α) and α ≡ 1 mod m. The
ideal m is maximal with respect to this property. If M is an imaginary quadratic
extension, the infinity type of ψ may be denoted (k, j) where γ = k+jτ , τ denoting
complex conjugation.

Remark 9.13. We will use the word grossencharacter to mean a grossencharacter
of type A0.

With this definition, we may state a weakened form of the Main Theorem of
Complex Multiplication [5, II.1.3]. It is weaker because it considers the action of
σ ∈ Gal(Lab/L) in contrast to Gal(Kab/K).

Proposition 9.14. Weak Form of Complex Multiplication
Let E be as above. There exists a unique grossencharacter ψE/L of L of conductor

fOL such that the following diagram commutes for any fractional ideal R of L such
that (R, fOL) = 1 and r = NL/KR and any fractional ideal b of K such that
(b, f) = 1 and (bOL,R) = 1.

b−1ΛE/ΛE

Ψ−1
E

��

ψE/L(R)·
// b−1(ψE/L(R)r−1ΛE)/(ψE/L(R)r−1ΛE)

Ψ−1

EσR

��
E[b]

σR // EσR [b]

Notation: σR = (R, Lab/L).

Because L(Etors)/K is assumed to be abelian, we have the following:

Proposition 9.15. Let E be as above. There exists a grossencharacter φ of K of
type (1, 0) such that ψE/L = φ ◦NL/K .

Proof. [7, 7.44] �

Remark 9.16. Let R be an ideal of L. Since (R, Lab/L)|Kab = (NL/KR,Kab/K),

if a ∈ P f
K , κ0(a) = φ(a) for any choice of φ in proposition 9.15 for a ∈ P f

K .

Fix a grossencharacter φ of K as given in proposition 9.15.

Lemma 9.17. E[a] ' a−1Λ/Λ ' OK/a as OK/a-modules.

Proof. See ([9], II.1.4). �

Lemma 9.18. Let (a, f) = 1. Then Gal(L(E[a])/L) is isomorphic to a subquotient
of (OK/a)×.

Proof. Let b be an integral ideal of K such that σb|L(E[a]) = 1. From Lemma 9.17,

κ0(b) · a−1Λ/Λ ' κ0(b) · OK/a. Since κ0(b) acts trivially on E[a], κ0(b) · OK/a '
OK/a as OK-modules. Hence, κ0(b) ≡ 1 mod a. Hence, we may define a map
% : Gal(L(E[a])/L) → (OK/a)× by σ 7→ κ0(b) for any b such that σ = σb|L(E[a]).
By Proposition 9.15, % is a multiplicative homomorphism. �
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Let gf , g∞ denote the nonarchimedean and archimedean parts of a modulus g
respectively. By class field theory, we have

Kg/Kg,1 ' (OK/gf )× ×
r∏
i=1

〈−1〉

where r is the number of real places dividing g∞ and we also have the following
exact sequence:

1→ O×K/(O
×
K ∩Kg,1)→ Kg/Kg,1 → CLg

K → CLK → 0.

Define wg = |µ(K) ∩Kg,1|. Suppose that wg = 1. Since K/Q is an imaginary
quadratic extension, Dirichlet’s unit theorem gives us that O×K = µ(K). Hence the
sequence becomes:

(15) 1→ µ(K)→ (OK/g)× → CLg
K → CLK → 0.

Proposition 9.19. Suppose that f | g, wg = 1, and (m, g) = 1. Then, L(E[m]) and
L(E[g]) are linearly disjoint over L and Gal(L(E[m])/L) ' (OK/m)×.

Proof. We are considering the following diagram:

K(mg)

ppppppppppp

OOOOOOOOOOOO

K(g)

NNNNNNNNNNN L(E[m])

oooooooooooo

L(E[m]) ∩K(g)

L

K

Note that wmg = 1. Then using equation (15) for mg and g and comparing group
indices we obtain:

[K(mg) : K(g)] = |CLmg
K /CLg

K | = |(OK/mg)×/(OK/g)×|.
Since (m, g) = 1, this equals |(OK/m)×|.

By Lemma 9.18, |Gal(L(E[m])/L)| ≤ |(OK/m)×| and so by the Galois corre-
spondence |(OK/m)×| = |Gal(L(E[m])/K(g) ∩ L(E[m]))|. Thus,

|(OK/m)×| = |Gal(L(E[m])/K(g) ∩ L(E[m]))| ≤

|Gal(L(E[m])/L)| ≤ |(OK/m)×|.
Hence, L = K(g) ∩ L(E[m]) thus completing the argument. �

Corollary 9.20. Let g be an integral ideal of K such that f | g. Then L(E[g]) =
K(g).
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Remark 9.21. An elliptic curve E defined over L = K(f) where wf = 1 that has
complex multiplication by OK , such that L(Etors)/K is abelian exists by [5, II.1.4].

10. Good Reduction

Fix E as in the previous section with wg = 1. We will assume E is of this form
for the remainder of the summary.

Definition 10.1. Suppose that E is defined over a local field M with valuation ν
and valuation ring R. A minimal Weierstrass model y2 = 4x3− g2x− g3 for E over
M is one such that ν(∆E) is minimized subject to the conditions g2, g3 ∈ R.

Recall that the model may be altered by a change (g2, g3) 7→ (u4g2, u
6g3) with

u ∈M×. This gives that the condition in the above definition will be met.

Definition 10.2. Let P be a prime of L and νP its valuation. Let y2 = 4x3−g′2x−
g′3 be a minimal Weierstrass model of E over LP. Then, E has good reduction at
P if and only if νP(∆E) 6= 0.

Proposition 10.3. Let m be an integral ideal of K relatively prime to a prime
P of L. Then, E has good reduction at a prime P if and only if L(E[m∞])/L is
unramified at P.

Proof. See [9, IV.10.3] for a weaker version. See [6] for this result. �

Proposition 10.4. Let p be a prime of K. Let Ln = L(E[pn]), 0 ≤ n ≤ ∞. All
primes here are assumed to be relatively prime to f. Then:

(i) All the primes above p are totally ramified in L∞/L.
(ii) Primes not above p are finitely ramified and unramified if they are primes of

good reduction.
(iii) If p is split in K/Q, every prime not above p of good reduction is finitely

decomposed in L∞/L.

Proof. (i) This will follow from Proposition 11.4.
(ii) Let g be an integral ideal of K such that f | g (then L(E[g]) = K(g) by 9.20).

Let M = K(g) and let P be a prime of M relatively prime to g. Suppose that σ is in
the inertia subgroup of Gal(Lab/M) over P. Then choose R such that σR = σ|Kab .
Since [ψE/M (R)](T ) = Tσ for T ∈ E[g] and since E[g] ⊂ M , then Tσ = T so
that L(E[p∞])/L is unramified at P. This shows that P is finitely ramified. That
unramified primes not above p give good reduction is part of Proposition 10.3.

(iii) Let R be a prime in L over which E has good reduction which is not
above p. Then since R is unramified in L∞/L, by proposition 9.5, the order of the
decomposition group of R in Ln/L, which is cyclic, is the least integer m for which
ψE/L(R)m ≡ 1 mod pn(OK)p. If p is split, (OK)p ' Zp where p = pp̄. Under this

identification, ψE/L(R) 7→ c ∈ Z ⊂ Zp such that c ∈ Z×p . Choose n so that c < pn.

Then the order of c in (Z/pnZ)× multiplies by p for every increase of n by 1. The
degree of Ln+1/Ln will be seen to be p later from Proposition 11.4. Thus, R is
finitely decomposed.

�

11. The Lubin-Tate Structure of Ê

Let E be as before and wg = 1. Fix a split integral prime p in K relatively
prime to 6 such that (p, f) = 1. Let P be a prime lying above p and let O′ be the



p-ADIC L-FUNCTIONS OF A SPECIFIED MODULUS 19

valuation ring of LP. Let νP be the valuation of LP at P. Suppose that the model
of E is chosen so that νP(g2) and νP(g3) are non-negative so that we may define

Ê over the ring O′.
We want the map [κ0(p)]E,Eσp to formally induce a morphism in Hom(Ê, Êσp).

First we need the following:

Proposition 11.1. The power series expansion in the t-coordinate t =
−2x

y
about

t = 0 of ΨE is the formal logarithm λÊ : Ê → Ĝa and is defined over L.

Proof. Recall from (3) that ℘(z) =
1

z2
+g(z) for a function g(z) that is holomorphic

in a neighborhood of z = 0. Hence

t =
−2x

y
=
−2z−2 − 2g(z)

−2z−3 + g′(z)
=

z + z3g(z)

1− (z3/2)g′(z)

which has a formal z expansion with z-coefficient 1. Because ΨE is a group ho-
momorphism where the addition law on C/ΛE is given by Ĝa, the z expansion
described is the formal group law homomorphism [1]Ĝa,Ê . From Proposition 4.6,

λÊ = [1]Ê,Ĝa and is defined over L.
�

Definition 11.2. Given elliptic curves E1 and E2 and an isogeny [α]E1,E2 , we define
[α]Ê1,Ê2

as the power series map that makes the following diagram commute:

Ĝa
[α]Ĝa // Ĝa

λ−1

Ê2

��
Ê1

λÊ1

OO

[α]Ê1,Ê2// E2

Let f = [κ0(p)]Ê,Êσp . Then, f ∈ L[[t]]. The map f is also given coordinate-wise

in the following manner. Let t = −2x/y be a point away from O on E with y 6= 0.
Let (x1, y1) = [κ0(p)]E,Eσp (x, y). Then, f(t) = −2x1/y1.

From Proposition 10.3, since p is unramified in K(E[fp̄]), E has good reduction
at every prime over p in L. From the statements and proofs of [9, II.4.2,4.4,5.3],
the Main Theorem of Complex Multiplication gives that [κ0(p)]E,Eσp is a lift of
the Frobenius map (x, y) → (xp, yp) mod P. Hence, [κ0(p)]E,Eσp (x, y) ≡ (xp1, y

p
1)

mod P. That is, f(t) ≡ tp mod P. Under the natural inclusion L 7→ LP, f(t) ∈
O′[[t]].

One way to see that νP(f ′(0)) = 1 is the following argument which is similar to

([2], 18.3.1). Since f ∈ Hom(Ê, Êσp), differentiating with respect to t2 yields:

f ′(Ê(t1, t2)) · ∂Ê/∂t2(t1, t2) = ∂Êφ/∂t2(f(t1), f(t2))f ′(t2).

Then set t2 = 0 to see:

f ′(t1)∂Ê/∂t2(t1, 0) = ∂Êφ/∂t2(f(t1), 0)f ′(0).

Since ∂Ê/∂t2(t1, 0) = 1 + t1 + ... ∈ O′[[t]] has a multiplicative inverse in O′[[t1]],
then f ′(0) ≡ 0 mod P so that f(t) ≡ g(tp) mod P for some power series g ∈
O′[[t]].
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Suppose that f ′(0) = uπn for some uniformizer π and unit u. Then from the

above argument, [π]E,Eσp ∈ HomLP
(Ê, Êσp) is a power series in O′[[tpk]] for some

k ≥ 1. Then, f must be a power series in tpkn. Since f ≡ tp mod P, kn = 1 so
that n = 1. Hence, f ′(0) is a uniformizer.

Let k′ = LP, k = Kp, and ξ = NLP/Kp
(f ′(0)). Then above arguments give the

following:

Proposition 11.3. With k′ = LP, k = Kp, and ξ = NLP/Kp
(f ′(0)), we have

Ê = Ff .

Since the points E[pn] lie away from y = 0 by Proposition 2.7, we may apply
f to these points. So for T ∈ E[pn] written in the form −2x/y, f(T ) = 0 which
implies that T p ≡ 0 mod P so that νP(T ) > 0. Thus, we have the inclusion
E[pn] ⊂ Wn

f which is equality since |E[pn]| = |Wn
f |. Recall from Proposition 9.19

that Gal(L(E[pn])/L) ' (OK/pn)× ' ((OK)p/p
n)× ' Gal(knξ /k). Since Gal(knξ /k)

is isomorphic to the decomposition subgroup of Gal(L(E[pn])/L) at P, we obtain
the following:

Corollary 11.4. The extensions Ln = L(E[pn]) are totally ramified over L of
degree pn−1(p− 1) and E[pn] = Wn

f .

12. Semilocal construction

Let E be as in the previous section. Let p be as in the previous section and
fix an embedding ιp : Q̄ → Cp such that p is the place induced by the inclusion
K ⊂ Q̄ ↪→ Cp.

Definition 12.1. Let Φ = L ⊗K Kp, R = OL ⊗OK Op, L′ = L(E[p̄∞]), Φ′ =

L′⊗K Kp, R′ = OL′ ⊗OK Op. Let Φ̂, R̂, Φ̂′ and R̂′ denote the completions of these
objects.

Definition 12.2. The complex number Ω0 is called the complex period of E.

Definition 12.3. Let Wn,s
f be the image of E[pn] in L∞ ⊗K Kp via the map

m 7→ m⊗ 1. The s stands for “semilocal”.

Note that Ω0 ∈ f−1Λ/Λ = Ψ−1
E (E[f]). By the Main Theorem of Complex Multi-

plication, [κ0(p)]σ
−n
p (T ) = Tσp for T ∈ Eσ

−n
p [f] so that [κ0(p)]σ

−n
p induces a bijective

map Eσ
−n
p [f]→ Eσ

−n+1
p [f]. Hence, Ω0 uniquely defines

{Ωn}n ∈ lim
←−
n

ΨE
σ
p−n (Eσ

−n
p [f])

with respect the maps Ψ
E
σ
−n+1
p

◦ [κ0(p)]σ
−n
p ◦Ψ−1

E
σ
−n
p

.

This gives
{Ω0 − Ωn}n ∈ lim

←−
n

p−nΛp−n/Λp−n .

Definition 12.4. We will fix ω̂ = (Ψ−1

E
σ
p−n (Ω0 − Ωn))n.

It follows that ω̂n is in

W̃n,s

f
σ
−n
p

= Wn,s

f
σ
−n
p
−Wn−1,s

f
σ
−n
p

.

Recall the definition of Ĝm as given in Example 6.13.



p-ADIC L-FUNCTIONS OF A SPECIFIED MODULUS 21

Proposition 12.5. Consider Ĝm and Ê as formal group laws over R̂′. Then there
exists an isomorphism θ : Ĝm → Ê such that the following is satisfied for (c, fp̄) = 1:

(16) [κ0(c)]Ê,Êσc ◦ θ = θσc ◦ [NK/Qc]Ĝm

Let Ωp = θ′(0). We have that Ωp ∈ R̂′
×

is uniquely determined by (16) modulo
O×p .

Proof. We only show the existence of b ∈ R̂′
×

which satisfies the condition bσc−1 =
κ0(c)Nc−1 which is a condition satisfied by Ωp. For the other details see [5, II.4.3].
Suppose that σc fixes L and E[p̄m] pointwise. Since σc fixes L, κ0(c) = φ(c). Also,

it follows that c ∈ P f
K , so that c = (φ(c)) since φ is a grossencharacter. Thus,

φ(c)φ̄(c) = Nc. Since σc fixes E[p̄m] pointwise, then multiplication by φ(c) is trivial
on (OK/p̄m)× by Lemma 9.17. Hence, φ(c) ≡ 1 mod p̄m. Equivalently, φ̄(c) ≡ 1
mod pm.

The above paragraph yields κ0(c)Nc−1 ≡ 1 mod p̄m. Since κ0 is a cocycle by
Proposition 9.10, we may extend the map c 7→ κ0(c)Nc−1 for c with the above

conditions to a continuous 1-cocycle ϑ : Gal(L′/K) → R̂′
×

. Since Gal(L′/K) is

unramified, Hilbert’s Theorem 90 gives us that H1(Gal(L′/K), R̂′) = 1. Therefore,

ϑ is a 1-coboundary. That is, it is equal to bσc−1 for some b in R̂′.
�

Fix a choice of θ from Proposition 12.5.
Let M0 be the set of all elements of L∞ having positive valuation via the em-

bedding ιp. Let M denote the closure of the image of M0 in L∞ ⊗K Kp via the
inclusion m 7→ m⊗ 1.

Definition 12.6. Fix

ζ̂ = {1− ζpn}n ⊗ 1 ∈ lim
←−
n

Ĝm(M)

where ζpn is a primitive pnth root of unity for all n ≥ 0 and the inverse limit is
given with respect to the maps [p]Ĝm such that

θσ
−n
p ((ζpn − 1)⊗ 1) = ωn ⊗ 1.

Let c ∈ OK such that c ∈ O×Kp
under the canonical embedding K → Kp.

Since Ê = Ff , then [c]f gives an endomorphism of Ê(M). Hence, [c]f ◦ θ gives

an isomorphism Ĝm(M) → Ê(M) satisfying the condition of Proposition 12.5.
Multiplying Ωp by c is equivalent to replacing θ by [c]f ◦ θ. Since Ψ

E
σ
−n+1
p

◦ [c]f ◦
Ψ−1

E
σ
−n
p

is multiplication by c, this process also replaces Ω0 − Ωn by c(Ω0 − Ωn) or

Ω0 by cΩ0. This may be applied reversely. If the pair (Ω0,Ωp) corresponds to E,
then so does (cΩ0, cΩp) reflecting our choice of Ω0 and θ.

13. A Coleman Power Series Derived from E

Let p, R, Φ, R′, Φ′, M, and θ be as in section 12. Recall that ΛE = fΩ0 and
that ω̂ = (Ψ−1

E
σ
p−n (Ωn − Ω0))n.

The previous local results on Coleman power series may be interpreted semilo-
cally. The proofs and theorems may be generalized. Let O′n denote the valuation
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ring of L(E[pn])P where P lies over p. Then OL(E[pn]) ⊗K Kp ' ⊕ri−1On where r
is the number of distinct primes P lying abover p in L(E[pn])P. We describe this
isomorphism canonically such that m⊗ 1 is sent to the image of m in the inclusion
L(E[pn])→ L(E[pn])P.

This isomorphism allows us to project the formal group Ê defined over Φ component-
wise. If there exists a norm coherent sequence û = (un)n of units in the tower given
by the fields L(E[pn])P, we may naturally consider (un ⊗ 1)n component-wise as
norm coherent sequences of units. A similar statement holds for sequences of tor-
sion points. Coleman power series can thus naturally be extended to this semilocal
setting. We do this so that we get the full strength of the map κ0. If gβ is a coleman
power series, then for (c, pf) = 1, gβ ◦ [κ0(c)]Ê,Êσc satisfies the defining property (8)
of the series gσc(β). This will follow from the following fact:

If T ∈Wn,s

f
σ
−n
p

, gβ(T )σc = gσc

β (Tσc) = gσc

β (κ0(c)).

This key idea allows us to extend measures defined by Coleman power series on
G = Gal(L∞/L) to G = Gal(L∞/K). We have the following two propositions:

Proposition 13.1. Let β and β′ be norm coherent sequences as in the paragraph
above. Let

ω̂ = {ωn ⊗ 1}n ∈ lim
←−
n

Êσ
−n
p (M).

Then there exists a unique Coleman power series gβ ∈ R[[t]]× satisfying g
σ−np

β (ωn) =
βn with properties analogous to the local ones:

(i) gββ′ = gβ · gβ′ .
(ii) gφβ ◦ [κ0(p)]f,σp(f)(t) =

∏
ω∈Wn,s

f
gβ(t[+]Êω)

(iii) gβ(0)1−σ−1
p = β0.

(iv) If σc ∈ Gal(L∞/K), then gσc(β) = gσc

β ◦ [κ0(c)]Ê,Êσ .

Proposition 13.2. Let β and ω̂ be as in Proposition 13.1. There exists a unique

R̂′-valued measure µβ on G such that

aβ(s) = (log gβ) ◦ θ(s) =

∫
G

(1 + s)αdµ(α).

(From proposition 9.19, G ' Z×p ).

We use results on certain special functions to obtain what we call elliptic units
which will give β for the measure we wish to construct.

Definition 13.3. Define

ΘΛ,a(z) =
∆Λ

∆a−1Λ
·

′∏
u∈a−1Λ/Λ

∆Λ

(℘(z,Λ)− ℘(u, λ))6

where the ′ indicates that the product is over all u ∈ a−1Λ/Λ such that
℘(z,Λ)− ℘(u, λ) 6= 0.

Proposition 13.4. (The Distribution Relation)
Let (a, b) = 1. Then: ∏

v∈b−1Λ/Λ

ΘΛ,a(z + v) = Θb−1Λ,a(z)
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Proof. See ([5],II.2.3)
�

Definition 13.5. Let Θa,n = ΘpnΛ,a(Ω0). We call Θa,n an elliptic unit.

From ([5],II.2), Θa,n has the following properties:

Proposition 13.6. Let n ≥ 1, (c, p) = 1, and (c, f) = 1. Then:

(i)σc(Θa,n) = Θac,nΘ
NK/Q(a)
c,n .

(ii) NLm/Ln(Θa,m) = Θa,n.
(iii) Θa,n is a unit outside p in Ln.

Proof. See [5, II.2.4].
�

From here on, we will fix an integral ideal a of K and also set β so that

(17) β = (Θa,n ⊗ 1)n

By the choice of Θa,n, the function ΘΛ,a(Ω0 − λÊ(t)) ⊗ 1 expressed as a power
series expansion is the semilocal Coleman power series associated to the pair (ω̂, β)
if its coefficients lie in R. See [5, II.4.9] for a proof of this fact.

Proposition 13.7. Let r(z) be the power series expansion of ΘΛ,a(Ω0−z) at z = 0.
Then the Coleman power series relative to the pair (ω̂, β) is given by gβ = r ◦ λÊ
where λÊ is defined over Φ.

14. Eisenstein numbers

Let N denote NK/Q and let the notation in the last section be the same here.
In this section we acquire the tools we need to relate gβ = ΘΛ,a(Ω0 − λÊ) to

values of certain L-functions. The necessary connection is made using identities of
Eisenstein functions which we give in this section.

Let Λ = w1Z + w2Z be a Z-lattice in C, ordered so that τ = w1/w2 belongs to
the upper half plane.

Define the quantities

η1 = w1

∑
n∈Z

∑
m ∈ Z

mw1 6= −nw2

1

(mw1 + nw2)2
,

η2 = w2

∑
m∈Z

∑
n ∈ Z

mw1 6= −nw2

1

(mw1 + nw2)2
,

and

A(Λ) =
1

2πi
(w1w̄2 − w̄1w2).

Then we define

η(z,Λ) =
w1η2 − w2η1

2πiA(Λ)
z̄ +

w̄2η1 − w̄1η2

2πiA(Λ)
z.

Further let

ζ(z,Λ) =
1

z
+

∑
m,n ∈ Z

mw1 6= −nw2

(
1

z −mw1 − nw2
+

1

mw1 + nw2
+

z

(mw1 + nw2)2

)
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We may now make the following definitions of Eisenstein functions.

Definition 14.1.

E1(z,Λ) = ζ(z,Λ)− η(z,Λ)

Ek(z,Λ) =
−dk

dzk
E1(z,Λ).

Ek(z,Λ, a) = Na · Ek(z,Λ)− Ek(z, a−1Λ)

From [5, II.3.1], we have the following results the first of which relates ΘΛ,a to
Ek(z,Λ, a):

Proposition 14.2.

Ek(z,Λ, a) =
1

12
(−1)k+1 d

k

dzk
log ΘΛ,a(z).

Proposition 14.3. For k > 3,

Ek(z,Λ) = (k − 1)! ·
∑
w∈Λ

(z + w)−k.

Now we give the following notation for L-functions:

Definition 14.4. Suppose that χ : Gal(L∞/K)→ C×. Let

Lm(χ, z) =
∑

(a,m)=1

χ(a)(Na)−z.

Further let

Lc,M
m (χ, z) =

∑
(a,m) = 1

(a,M/K) = (c,M/K)

χ(a)(Na)−z.

Proposition 14.5. Let m be an integral ideal and v a primitive m-division point
(that is, v ∈ m−1Λ but v 6∈ b−1Λ if b | m and b 6= m). Then for (c,mf) = 1,

Ek(v,Λ) = Ek(κ0(σc)v, κ0(σc)c
−1Λ) = κ(σc)

−kEk(v, c−1Λ)

Proof. See [5, II.3.3]. The proof uses Proposition 13.6.
�

Lemma 14.6. Let g be an integral ideal and the conductor of a grossencharacter
φ of K. If wg = 1, then φ((a)) = a for any a ≡ 1 mod g.

Proof. Suppose that (a) = (b) such that a ≡ b ≡ 1 mod g. Then, a/b is a unit
which is ≡ 1 mod g. Since wg is the number of units ≡ 1 mod g in K, a/b = 1. �

Proposition 14.7. Suppose that the conductor of φ, divides m. Then for (c,m) =
1,

Ek(Ω0, c
−1mΩ0) = (k − 1)!Ω−k0 · φ(c)k · Lc,K(m)

m (φ̄k, k)
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Proof. We only mention the key ideas for the proof.
For k > 3, use proposition 14.3 and compute:

Ω−k0

∑
w∈c−1mΩ0

Ωk0(Ω0 + w)−k

= Ω−k0

∑
w∈c−1mΩ0

(
1 +

w

Ω0

)−k
= Ω−k0

∑
w∈c−1m

(1 + w)−k.

Lemma 14.6 may be applied to yield φ((1 + w)) = 1 + w.
The identity (Nb)−k = φ̄−k(b)φ−k(b) is also used.
See [5, II.3.5] for more details.

�

15. The Key Ingredients

Let θ be fixed as above (from Proposition 16 relative to ζ̂ = (1− ζpn)n and ω̂).
Also let β be as in (17); and let aβ , ãβ and D be as before. Recall that we have
fixed ιp : Q̄→ Cp.

We make the definition:

Definition 15.1. Let δk(β) = Dk(aβ)(0), δ̃k(β) = Dk(ãβ)(0).

The map ιp induces a map Φ̂′ → Cp via the completed tensor product functor.
We will use µ0

β and δk(β)0 to represent ιp ◦ µβ and ιp ◦ δk(β) respectively.

In the results that follow, we use the following conventions: if χ : Gal(L/K) →
C×, then χ extends to a character χ : IfK → C×. We also may think of φ as a
function on G [5, II.1.1].

Proposition 15.2. Let χ : Gal(L/K)→ C× and S be a collection of integral ideals
of K such that {σc | c ∈ S} is a set of coset representatives for G in G. Then:

(18)

(
1− (χφk)(p)

p

)
·
∑
c∈S

(χφk)(c−1) · δk(σc(β))0 =

∫
G

(χφk)(σc)dµ
0
β(σc).

Proof. We give some ideas of the proof.
Consider

Dk
(

1

p

∑
w∈W 1

f

log gβ(θ(s)[+]w

)
=

1

p
Dk
(

log(Ngβ ◦ f ◦ θ(s))
)

=
1

p
Dk(log(g

σp

β ◦ θ([p](s)))).

Thus,

δk(β) = δ̃k(β) + pk−1Dk(log g
σp

β ◦ θ)([p](s))|s=0 = δ̃k(β) + pk−1φ(δk).

Next, we use gσc(β) = σc(gβ) ◦ [κ0(c)] and [κ0(c)] ◦ θ = θσc ◦ [NK/Qc] to obtain

δk(σc(β)) = Dk(log σc(gβ) ◦ θσc ◦ [NK/Qc])|s=0 =

= NK/Qc
kDk((log σc(gβ) ◦ θσc) ◦ [NK/Qc])|s=0 = NK/Qc

kσc(δk(β))
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Note that this also gives:

δ̃k(σc(β))0 = NK/Qc
kσc(δ̃k(β)0)

Inserting for δk(σc(β))0 on the left side of (18), we obtain:(
1− (χφk)(σp)

p

)
·
∑
c∈S

(χφk)(c−1) ·NK/Qc
kσc(δk(β)0).

Refer to [5, II.4.7] to see how this simplifies.
�

Definition 15.3. Let δk,n(β) = Dk(aβ)(ζpn − 1), δ̃k,n(β) = Dk(ãβ)(ζpn − 1).

We let δk,n(β)0 and ˜δk,n(β)0 respectively denote the images of δk,n(β) and δ̃k,n(β)
via ιp.

Definition 15.4. Let χ : Gal(Ln/K) → C×. Let n be the exact power of p in
the conductor of χ and let Sn denote a collection of integral ideals of K such that
{σc | c ∈ Sn} is a set of coset representatives for Gal(L∞/Ln) in G. Define

τ(χ) =
1

pn

∑
b∈Sn

χ(b)ζ
−κ0(b)
pn .

Proposition 15.5.

τ(χ) ·
∑
c∈Sn

(χφk)(c−1)δk,n(σ(β))0 =

∫
G

(χφk)(σ)dµ0
β(σ).

Proof. We just give a portion of the proof.
Define Gn = Gal(L∞/Ln).
Since χ is trivial on Gn, a change of variables with µσc(β)(U) = µβ(σ−1

c U) yields:∫
G

(χφk)(σ)dµ0
β(σ) =

∑
c∈Sn

χφk(c−1) ·
∫
Gn

φk(σ)dµ0
β(σ)

From proposition 8.14, this is:

∑
c∈Sn

χφk(c−1) · 1

pn

pn−1∑
j=0

Dk(aβ)(ζjpn − 1) · ζ−jpn

See [5, 4.8] for more details.
�

Proposition 15.6. δk,n(β) = −12 · Ωkp · Ek(Ωn; Λ, a). ([5], II.4.10)

Proof. Recall that gβ(t) = ΘΛ,a(Ω0 − λÊ(t)) by Proposition 13.7. Also recall from
Proposition 11.1 that the z coordinate in C/ΛE is given by λÊ(t) (locally about

t = 0). Also, as the formal normalized logarithm of Ê, λ′
Ê

(0) = 1. Using D̃ from

Definition 8.10, we calculate:

Dk(aβ)(ζpn − 1) = D̃k log gβ(t)|t=θ(ζpn−1)

= Ωkp ·
dk

dzk
log Θa,Λ(Ω0 − z)|

z=Ψ−1

E
σ
−n
p

(
(ω̂0)n

)
=Ω0−Ωn
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= (−1)kΩkp ·
(
dk

dzk
log Θa,Λ

)
(Ωn).

Now use the identity Ek(Ωn,Λ, a) =
1

12
(−1)k+1 d

k

dzk
log ΘΛ,a(Ωn) from Proposi-

tion 14.2.
�

A consequence of Proposition 14.7 is the following:

Proposition 15.7. Let k ≥ 1, n ≥ 0, and choose a prime q, (q, f) = 1, such that
NK/Qq ≡ 1 mod pn, (q, L/K) = (pn, L/K). Then

Ω−kp · δk,n(β) =

Ω−k0 · (−12)(k − 1)! · φk(pn) ·
(

N(a) · Lq,Ln
fpn (φ̄k, k)− φk(a) · Lqa,Ln

fpn (φ̄k, k)

)
Proof. See [5, II.4.10]. �

The propositions of this section may be combined to show that the measure µ0
β

which we constructed satisfies the following (see [5, 4.11]):

Proposition 15.8. Let ε be a grossencharacter of type (k, 0) and conductor di-
viding fp∞ where n is the exact power of p in this conductor. Also let χ = εφ−k

(grossencharacter of type (1, 0)).
Let G′ = Gal(K(fpnp̄n)/K). Define

G(ε) =
φk(pn)

pn
·

∑
σ ∈ Gal(K(fpnp̄∞)/K)

σ|K(fp̄∞) = (pn, K(fp̄∞)/K)

χ(σ)(σ(ζpn))−1

Then:

(19) Ω−kp ·
∫
G
ε(σ)dµ0

β(σ) =

Ω−k0 · 12(k − 1)! ·G(ε)

(
1− ε(p)

p

)
· (ε(a)−NK/Q(a)) · Lf(ε

−1, 0).

Proof. See ([5],II.4.11). The main idea is to combine the results of Propositions 15.2,
15.5, and 15.7. To adjust the partial L-functions in 15.7, one utilizes φ(b)φ̄(b) = Nb
and the summations that come from Propositions 15.2 and 15.5.

�

16. The p-adic L-function Lp,f

Definition 16.1. Let χ be a grossencharacter of type A0 of K with infinity type
(k, j). Then,

L∞,m(χ, z) =
Γ(z −min(k, j))

(2π)z−min(k,j)
Lm(χ, z)
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If χ is a grossencharacter of type (−k, 0), then L∞,m(χ, 0) = Γ(k)Lm(χ, 0) =
(k − 1)!Lm(χ, 0).

Note that the right side of (19) may be written as a constant multiplied by an∫
G εd(σa −Na) where σa −Na ∈ Ok̂ur [[G]] ' D(G,Ok̂ur ).

From Definition 8.2, µ0
β/(σa − Na) is a psuedo-measure and integrating ε with

repsect to µ0
β/(σa −Na) is defined as (

∫
G εdµ

0
β)/(

∫
G εd(σa −Na)). From (19), inte-

gration of ε with repsect to this pseudo-measure is independent of the choice of a
and is dependent only on f. The next proposition actually gives that this psuedo-
measure (divided by 12) is actually an integral measure dependent only on f. We
call it µ(f).

Proposition 16.2. Let a be an integral ideal of K such that (a, fp) = 1. Let µa be
the measure µ0

β described above and used in Proposition 15.8. The psuedo-measure

µ0
β/12(σa−Na) is independent of any choice of a and is an integral measure. Denote

this measure by µ(f). It uniquely satisfies the following for any grossencharacter ε
of type (k, 0) and conductor dividing fp∞:

(20) Ω−kp ·
∫
G(f)

ε(σ)dµ(f)(σ) = Ω−k0 ·G(ε)

(
1− ε(p)

p

)
· L∞,f(ε−1, 0).

In particular, the objects Ω0, Ωp, and µ(f)) uniquely satisfy (20).

Proof. (See [5],II.4.12)
�

Definition 16.3. We may thus define the p-adic L-function of modulus f as

Lp,f(ε) =

∫
G(f)

ε(σ)dµ(f)(σ)

(for continuous ε in Hom(G,Cp)) such that there exists (Ω0,Ωp) ∈ C× × C×p such
that µ(f) satisfies:

Ω−kp · Lp,f(ε) = Ω−k0 ·G(ε)

(
1− ε(p)

p

)
· L∞,f(ε−1, 0)

for any grossencharacter ε of type (k, 0) and conductor dividing fp∞.
This condition determines the measure µ(f).
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