p-ADIC L-FUNCTIONS OF A SPECIFIED MODULUS

KEVIN POWELL

1. INTRODUCTION

The intent of the present summary is to present de Shalit’s construction of a
p-adic L-function of a given modulus f over an imaginary quadratic field.

Let § and p be non-trivial integral ideals of an imaginary quadratic extension
K of Q. Suppose that Ng,op = p is a prime. Hence p splits in K. The p-
adic L-function of modulus § is a function on the continuous p-adic characters of
G(f) = Gal(K(fp>)/K) given by

Lyi(e) = /g Tt

for a certain integral measure p(f). The purpose of this summary is to describe
the construction of this measure. Some of the objects involved will be formal groups,
elliptic curves and elliptic units.

2. ELLIPTIC CURVES: A BRIEF SYNOPSIS

Definition 2.1. An elliptic curve is a pair (E,0) over the field L where E is
nonsingular curve defined over L of genus 1 and O is a point on that curve.

We will assume that L C C. Every elliptic curve over a field L of characteristic
0 has a Weierstrass model of the form
(1) y* =42® — gox — g3
with g2,93 € L and Ag = g3 — 27g2 # 0, which ensures that the polynomial
423 — gox — g3 has 3 distinct roots e, e, e3. The point O (the point at co) is given

by [(0,1,0)] in terms of homogenous coordinates x, y, z in zy? = 423 — gox2? — g32°.

Definition 2.2. The j-invariant of F is given by j(F) = % (which is indepen-

dent of the model chosen for E).

Remark 2.3. Although this model is not suitable for reductions modulo 2 and 3,
this form simplifies the calculations in the present paper. That being the case, the
primes considered here in Op will be those not lying above 2 or 3. The results
contained here or to which I make reference can be generalized to consider these
excluded primes. See ([5], 1.11). This particular Weierstrass form is unique up to
a change (g2, 93) — (ug2,u%g3) where u € L*.

The map v : E(C) — PY(C) given by (z,y) — = is a double cover ramified
exactly at ep, es,e3,0. Endowing a complex analytic structure on E(C), it is, as a
manifold, topologically homeomorphic to two copies of P!(C) where the branch cut
between 1 (e;) and ¥ (e2) on one copy is glued to the same branch cut on the other
copy. Similarly, the branch cuts from (e3) and 1(O) are glued together. Thus, E
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is homeomorphic to a torus so that Hy (E,Z) = [y1]Z+ [2])Z for two noncontractible
loops 1 and 7s.

Let a be a path from O to any point P € E(C). The differential wgp = %’ is
holomorphic on E. The integral fa df depends only on the homology class of the

path a. By taking the Z-lattice Ar generated by periods f“n wg and fw wg, the
map

P
(2) P|—>/ wgp mod Ag
(0]

is a well-defined holomorphic isomorphism E(C) — C/A. Conversely, given a Z-
lattice A € C, C/A ~ E,(C) for some elliptic curve E, [8, VI.5.2].

Definition 2.4. Denote the the map given in (2) by ¥g. This map and the lattice
A g depends on the choice of model for E.

Definition 2.5. The Weierstrass p-function with respect to A is given by:

3) o) =5+ > (= o0)

weA\{0}
Proposition 2.6. For z # 0, V.'(2) = (p(2), ¢'(2),1) and ¥5(0) = O.
Proof. [8, V1.5.2] O

The map \Iljg1 transfers the group structure of C/A to the points of E(C). This is
the same as the group structure of E naturally induced by Pic’(E) (See [8, V1.5.2]).
Among the points of E(C), this group law has a nice geometric description as follows
(See [8, I11.2]). Let A = [(z1,¥1,21)] and B = [(22,y2, 22)] be two points in E(C)
such that both of them are not simultaneously O. Let [; be the line between them
in P2(C) or the tangent line if A = B. This line will intersect E(C) at a point R
distinct from A and B. Let I3 denote the line between R and O or the tangent line
if R = O. Then, [y will intersect E(C) at a point C distinct from R and O if Iy
is not the tangent to E(C) at O. If I3 is tangent to E(C) at O, let C = 0. If +p
denotes the addition described, A+g B = C. It will be noted that this description
depends on the embedding of E into P?(C) which is intrinsically given by the model
of E.

We have the following proposition which will be useful to us:

Proposition 2.7. If A € E(C) such that A = [(z¢,0,1)], then
A+ A=0
Proof. Let S(z,y) = —y? + 423 — gox — g3. In affine coordinates, the tangent line
to E(C) at A is given by the points (z,y) satisfying
T
(05/02|(z0.0)  08/0Y|(@o0)) - (=20 y) =0.

Since 95/0ylz,.0 = 0, the line I; in the description above is given by z = xg.
In homogeneous coordinates, l; is given by x = ¢z so that O = [(0,1,0)] lies on
l;. Continuing through the description, R = O and [ is tangent to O. Hence,
A+ A=0.
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3. THE ASSOCIATED FORMAL GROUP

Let R be a commutative ring such that 2 and 3 are not zero divisors (the necessity
of the second condition will be apparent below).

Definition 3.1. A formal group law over R is a binary operation [+] on zR[[z]]
defined by f[+]g = F(f,g) where F(z,y) € R[[z,y]] satisfies the following proper-
ties:

(1) F(z,y) = F(y,z) (so [+] is commutative)

(2) F(F(z,y),z) = F(x, F(y,z)) (so [+] is associative)

(3) F(z,y) =z +y mod deg2

Proposition 3.2. The set and binary operation (zR|[[x]], [+]) form an abelian group
with 0 € xR[[x]] as the identity element.

Now suppose we parameterize E by t = _;m, w = _72 so that O corresponds to

t = 0. Let E be given by a Weierstrass model as in (1) such that go,g3 € R. To
discuss the formal group law E over R, we first find formal solutions (z(t), y(t)) to
2
f

the Weierstrass equation (1) for z(t),y(t) € R[[t]. Using 2 = £ and y = =2, from
(1) we obtain w = 3 — %tuﬂ - 94—3103. Set
glw) =13 — %m? - %%3 € R[[]][w].

Let g™ denote gogogo...og where g appears n times. Then we wish to show
that lim,, ., g™ (w) converges to an element of R[[t]]. Since R[[t]] is complete
with respect to (t), we may apply Hensel’s lemma [8, IV.1.2] as follows. Let h(w) =
g(w) —w, wo = 0 so that h(wy) € t3R[[t]] and h'(we) = —1. Then, the sequence
Wmt+1 = Wy + h(wy,) converges to an element @ in R[[¢]] which uniquely satisfies
h(w) = 0 and w € tR][t]].

In the coordinates (t,w), let A = (t1,w1), B = (t2,w2), and C = A+ B =
(ts,ws). It can be shown that the geometric description of +p applied in these
coordinates yields that t3 € R[[t1,ts]] such that t3 = t; + to mod (3,13, t1t2) [8,
IV.1]. The group structure of E implies that by setting F'(¢1,t2) = t3, F is a formal
group law.

Definition 3.3. Let E denote the formal group law F' obtained in the previous
paragraph.

4. MORPHISMS BETWEEN FORMAL GROUP LAwS

Definition 4.1. Let F' and G be formal group laws over the commutative ring
R so they respectively induce the abelian groups A = (zR][[z]],[+]r) and B =
(zR[[z]], [+]c). We define Hompg(F,G) C Homay, (A, B) to be the morphisms given
by power series f € zR[[z]] such that h(z) — f(h(z)). Thatis, fo FF=Go f.

One can either check using properties of a formal group law G that Hompg(F, G)
is an abelian group or consider it as a power series subgroup of Homay (A4, B).

Proposition 4.2. The map T : (Homg(F,G), [+]c) — (R,+) given by f — f'(0)
is an injective group homomorphism.

Proof. That the map is a homomorphism follows from f(z)[+]cg(z) = (f'(0) +
¢'(0))z mod deg?2. So, we focus on injectivity.
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Let F(z,y) = Y ro_oaijz'y’ and G(z,y) = Z?E:o Bijz'y?. By virtue of being

formal group laws: B

(4) ago = Boo =0

(5) o1 = a19 = Po1 = fio =1

(6) a0 = ag; = Poi = Pio =0 ifi>1

since where (6) follows since 0 is the additive identity of the two formal group laws.
Also, let f(z) = > "2, ama™. Suppose that

(7) foF(x,y) =G(f(x), f(y))

and let ¢, be the coefficient of z“y" on either side. Then, we obtain two expressions
for cyy. On the left of (7), we obtain:

Cup = > A (i, + Qi )-
m,i1+ - tim=u,j1+ +Im=v
On the right of (7), we obtain:
Cuv = Z Bran(@iy -+ @i, )(aj, - aj, ).
m,n,iit-Fim=u,j1+ - +Jn=0v
Let N € Z*. Suppose v+ v = N. We claim that on the left of (7), the coefficient
. (N .
of an is (u) We prove the claim as follows. Let k € {1,...,N}. Suppose

Q4,0 7 0. To avoid the presence of oy ¢ for [ > 1, by (6) we must have
ix =0and jp =1 or i, =1 and jp =1 for each k = 1,..., N. There are precisely
(f) ways to do this. Then, using (5) completes the claim.

On the right, only the ay for k < N appear since i1+ 44y, +j1+-+jn =N
and we may assume that ix,jr > 0 for £ = 1,...;n since a9 = 0. Thus, ay is

uniquely determined by ay for & < N since R is a domain of characteristic 0.
Therefore, f is uniquely determined by a choice of a;. [l

We now can make the following definition:

Definition 4.3. If a € Y(Hompg(F,G)), define [a]pc = T~ 1(a). If F = G, we use
the notation [a] .

Let @ denote the fraction field of the commutative ring R. We will see that
[a]F ¢ is defined over @ for any a € Q. To do so, we use the formal logarithm
described below.

Definition 4.4. We define the additive formal group law over a R to be G, (z,y) =
T+ y.

Definition 4.5. Let F be a formal group law. If mFéa exists, it is called the
formal normalized logarithm of F' and denoted as Ag.

Proposition 4.6. If F is defined over R, A\p exists over Q.

Proof. See (See [3, 4.1]). One consequence of the proof is that we must have
Ap(z) € Rso that Ap(z) =243, 5, %x" where a,, € R. O
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We observe that for a € Q, [a]g, () exists and is given by axz. Then
Mg oldlg, o Ar € Homg(F,G)

and is given by [a|p,c. Thus, it makes sense to discuss [a~!]r¢ over Q. In particu-
lar, [a~!]F is the composition inverse of [a]r. But this is only a special case of the
following well-known fact about power series: if f € zR[[x]] and f(0) is invertible
in R, then f has a composition inverse g in zR[[z]] such that ¢’(0) = f/(0)~*.

5. RELATIVE LUBIN-TATE FORMAL GROUP LAwsS

We discuss formal group laws that are induced from certain power series in one
variable. These will be termed relative Lubin-Tate formal group laws.

Let p be any prime. Fix a complete algebraic closure C, of @, containing all
extensions of @, in what follows. Fix k as a finite unramified extension of Q,
with valuation ring O, maximal ideal p, and ¢ = |O/p|. Let v be the normalized
valuation that uniquely extends v, to k (i.e. v(k*) = Z). Fix d € N. Then let
v, Oy, ¢ be the corresponding objects for the unique unramified extension k&’
of k with [k’ : k] = d. Let ¢ be the Frobenius automorphism in Gal(k""/k) where
k“" is the maximal unramified extension of k£ in C,. Then, ¢¢ is the Frobenius
automorphism in Gal(k""/k’). Let R represent the valuation ring of any complete
unramified extension of k containing &’. In particular, O’ C R C Ojur-

Definition 5.1. Let £ € k* where v(£) = d. Define
Fe ={f €xzO[z]] | Np(f'(0)) =& f=2? modp'}.

Lemma 5.2. Let f,g € Uy(g):d&? and let Fy(z1,...,x,) be a linear form in

Rlx1,...,zy]. Suppose that f o Fy = Ff’ o(g,...,g) mod deg2. Then there exists a
unique F € R[[x1, ..., x,]] satisfying:

(1)) F =F, mod deg2

(ii) foF = F%o(g,...,9).

Proof. See the proof of [5, I.1.4] noting that the argument does not depend on f
and g being in the same set §¢. The proof also remains valid with R in place of O'.
O

Corollary 5.3. Let f € Fe. Also let a,b € xO'[[z]]. Then, there exists a unique
formal group law F over O' such that: f(a)[+]psf(b) = f(a[+]rb) where F® is the
series F(z,y) with ¢ applied to the coefficients. In other words, f € Home: (F, F?).

Proof. In the lemma, let f = g and Fi(z,y) = z +y. Then let Fy be the power
series F' € O'[[z,y]] obtained. Clearly, Fy(y, ) meets condition (i). Condition (ii)
also holds since reversing the order of inputs on the right does the same on the left.
Thus, by uniqueness, Fy(z,y) = Fy(y,z). For associativity, applying condition (ii)
twice to Fy in f o Fy(Fy(z,y),z) yields Fy(Fr(f(z), f(y)), f(2)) thus giving that
Fy(Fy(z,y), z) satisfies condition (ii). Similarly, Fy(x, Fy(y,z)) does too. They
both are congruent to x + y + z mod deg2. Hence by uniqueness, they are equal.
Consequently, F; is the desired formal group law. O

Definition 5.4. A formal group law of the form F} is called a relative Lubin-Tate
formal group law.
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The subsets of R which correspond via Y to the morphisms of these group laws
over the ring R have a nice description dependent on Ny /4.(f(0)) and Ny (g’ (0)).
We make this description precise.

Definition 5.5. If Fy and Fy; are defined over O’ and a € Y (Hompg(Fy, Fy)), define
lalf,g = Y!(a). The notation [a]; will denote [a]y, .

Definition 5.6. Let m1,m9 € O such that v(m;) = v(m2) = 1. Set
Apymy ={a € Opr | a®7 = 77 mo}

Proposition 5.7. Y(Hompg(Fy, Fy)) = Ar, x,NR where my = f'(0) and w2 = ¢'(0).

Proof. If a € Ay, », N R, then by Proposition 5.2, a unique series h € R[[z]] exists
such that h = az mod deg2 and goh = h®o f. This is because on the linear terms
the equality mear = a®m x is satisfied. Now, [a] Fy,F, is defined over @ and meets
the same conditions uniquely. Therefore, h = [a]r; F, so that h € Homp(A, B).

Now given h € Hompg(Fy, Fy), we show Y(h) € A r,. Note that over @,
(h?)~! o g o h satisfies properties (i) and (ii) of Proposition 5.2 with L(z) = mx
and [m1]y = f used for both of the other series in (ii). Therefore, by uniqueness,
(h?)~Yogoh = f. Equating the coefficients of z in this equality gives that
R'(0) € Az xy-

([

Note that if N/ /5 ;—f = 1, Hilbert’s Theorem 90 gives that A, », R is nonempty.
More strongly from [3, 3.11], ¢ — 1 is a surjection Of:u'r — O;;Xw so that Ag, r, is
never empty. Since p?~! = 1, then ap™ € Ay, for any a € Ay, », and m € Z. So
in particular, if A, », N R is nonempty, then Ay, », N R* is nonempty.

Proposition 5.8. Let &,&" € k™ such that v(§) = v(¢') = d. Two consequences of
the above discussion are:

(i) If f,g € B¢, then Fy ~ Fy over O'.

(it) Fy ~ Fy over O, for f € §¢, g € Ser-

6. TORSION IN RELATIVE LUBIN TATE FORMAL GROUPS

Definition 6.1. A formal group is a group whose addition is given by a formal
group law.

FEzample 6.2. Let E be an elliptic curve defined over L with Weierstrass model as
given by (1). Let 3 be a prime of L and vy denote B-adic valuation associated to
the prime . Denote by Ly the completion of L with respect to B. If vy (g1) > 0
and vy (g2) > 0, then let R denote the valuation ring of Ly, we may define the
formal group law as in Definition 3.3.

It is evident that F(a,b) converges if a and b lie in the maximal ideal Oy, of any
field M containing L. Also it is clear that E(a,b) € Oy;. Hence Oy is an abelian
group with respect to [+] ;.

Definition 6.3. Let A be a topological group. The A-valued points of the formal
group law F', denoted F(A), is the formal group (A, [+]r). The group F(A) exists
if F(a,b) converges for all a,b € A.

Example 6.4. The group described in Example 6.2 is denoted E (On).
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Let pc, denote the maximal ideal of Oc, and let £,&" € k' such that v(§) =
v(€¢") = d. Suppose that f € §c and g € ¢ Then for any a € A, r,, [a]f,g induces
a homomorphism [a]f 4 : Fy(pc,) — Fy(pc,). Ifa € O;;qu then a=! € A, x, 5O
that [a!];, induces the inverse of the homomorphism induced by [a] -

We will use the notation [a]s 4 to denote the induced map on pc,-valued points.
Then ker([a]¢,4) will denote the kernel of the induced map.

If 7 is a uniformizer in p, [a]; = [u]; o [7"]; for some u € O* so that [u]; is an
isomorphism. Further, since [u]s o [1™]; = [1"] o [u]; by uniqueness properties,
[u]f induces a Fy-automorphism of ker[a];. Consequently, ker[a]; = ker[b] ¢ for any
a,b € p™\ p"*l. Now we can make the following definition.

Definition 6.5. Define W} to be ker[a]; for any a € p™ \ p™*+'.

Definition 6.6. Set f() to be ¢~ *(f)o...0¢(f)o f.

Remark 6.7. Applying f o Fy = F{ o f repeatedly, replacing f with ¢/(f) and Fy
with F}bj7 we see that f() € Homo: (Fy, Fyi(y)).

Lemma 6.8. Set W} to be ker(f™). Then: Wi c Wi+!

Proof. Note that f(") = [a],4n(p) for some a € O'. Choosing b € O such that
v(a) = v(b), [alf,ecr) = [ab™]f.4n(s) © [b] gives the equivalence since [ab™ g 4n(s)
is an isomorphism.
The second statement follows since f(*+1) = ¢m(f) o f(,
O

We also note the following with regards to f(™): since Fy is defined over O,

F]‘f’d = Fy. Also, the x coefficient of @ s Ny i(m1) = €. Hence,
F@ =€l =[]y € End(Fy).

Definition 6.9. W} =W} \W;~, Wy =U, W}

If f,g € Je, Fy ~ Fy over O’ gives that k'(W}') is independent of f. We can
therefore make the following definitions.
Definition 6.10. k7 = k'(W7) and ke = k'(Wy).

The rest of this section summarizes basic properties of these extensions as given
in [3, IV, V] and [5, I.1].

Any unit u € O* induces an automorphism of Wy via the morphism [u]; that
is valuation preserving. This automorphism is also induced by a Galois element
oy € Gal(ke/k). The map u — o, is bijective and independent of f.

In particular, we have the isomorphism x : Gal(ke/k) — O’ defined in the
proposition below.

Proposition 6.11. Let £ € O such that v(§) = d. Choose any f € §e. Then
there exists a unique isomorphism k : Gal(ke/k) — O"* which is independent of f
such that k(o) is the unique element of O such that [k(0)|fq(5)(w) = o(w) for
allwe Wi. If o € Gal(ke/K'), then (o) € O and [r(0)]f is defined over O.

Proof. See [3, IV, V] and [5, I.1] O

We also have the following;:
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Proposition 6.12. (1) [Wil=q".

(2) kg is a totally ramified extension of k' of degree (¢ — 1)gnt.
(3) FEach element of VT/}’ is a uniformizer in k.
(4) Wy is an O-module.
(5) r(Gal(ke/ki)) =1+ p".
Proof. See [3, IV, V] and [5, 1.1] O
Ea:ample 6.13. Let G,, denote the multiAplicative formal group law, which is given
by G (z,y) = (14+xz)(1+y)—1. Then, G, = Fy where f(z) = (1+z)P -1,k =Q,
and k' = Q,. Because k¥’ = k, we call G,,, an absolute Lubin Tate formal group law

in contrast to calling it “relative.” In this case, W' ={( —1 [ ¢ € ppn}.

7. COLEMAN POWER SERIES
Let k, k', and f be as before. Let O = O, O = O/, and O], = Oy
Proposition 7.1. There exists a unique multiplicative operator
Ny O'[[t)) — O'[[H]]
such that for all h € O'[[t]],
Nehof= [ ht[+w).

weEW;

Proof. Let h € O'[[t]]. Note that f has a formal composition inverse over k' so that
Ny is well-defined if Nyh € O'[[t]]. Let go = Hwvel h(t[+]w). Then go(z[+]w) =
go(z) for w € W} In particular, go(0[+]w) = go(0) = go(w) so that all roots of f
are roots of go(z) — go(0). By the Weierstrass Preparation Theorem, there exists
g1(t) € O'[[t]] such that go(t) — go(0) = g1(t) - f(¢). This implies g (t[+]w) = g1(¢)
for w € W} We may then define ga(t) € O'[[¢]] such that g1(t) —g1(0) = g2(t) - f(¢)
and continue in this manner to produce:

90(t) = 9o(0) + g1 (0) - f(t) + g2(0) - f2(t) +--- .
Consequently, Msh = ggo f~1 € O'[[t]] as desired.
Multiplicativity follows easily from the formula given above for 9sh o f.
O

Definition 7.2. Because of multiplicativity, the operator 9y extends to O’ ((t)) —
O'((t)). It is called the Coleman norm operator.

Proposition 7.3. The operator Ny satisfies the following:

(i) Mgh = h® mod p’

.. o o) -1

(ii) Nyoh = ‘ﬁfhd)

(ZZZ) Let ‘It(z) = md)ifl(f) ©--+0 ‘ﬁ¢(f) ] ‘ﬂf, Then

) o s = T httl+w).
weW}
1 € t|] an =1 mod (p')* (i > 1), then =1 mod (p')’
Ifhe O d h d (p’ hen Nsh d (p/)itt

Proof. See ([5], 1.2.1) O
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Definition 7.4. Let O), = Oy;p.
The following result arises from the properties of Coleman’s norm operator.

Proposition 7.5. Given

B={Bntn € {El (0n)"
where the inverse limit is with respect to the maps ngﬂ/k? and given
1= {nn}n € Im Wi ),

there exists a unique power series gz € O'[[x]] such that

(8) (98)” " (1) = B
for alln > 1.

Proof. See ([5], 1.2.2)
O

Definition 7.6. The power series gg is called the Coleman power series associated
to the pair (1, ).

Proposition 7.7. Let 8 and 3’ be in
. /\ X
{Bntn € {gﬂ (0n)%.

The following properties hold:
(Z) 98182 = 981 " 9B -
(ii) Mgz = g
(iii) If v(Bo) = 0, then gs(0)'=¢"" = fo.
(iv) If o € Gal(ke/k), then g,(5) = g o k()] f.0(5)-

Proof. See ([5], 1.2.3) O

8. MEASURES DERIVED FROM COLEMAN POWER SERIES

Let k, k', €, f, Ok, O', and O, be as before. let G = Gal(k¢/k') ~ Z) and let
G = Gal(ke/k). For this section, fix an isomorphism 6 : Gy, — Fy. Let
. / X : T n
B e 1{31 (0;,)° and w € h£1 Wi (-

n n

We summarize some properties of distributions [5, 1.3.1].

Definition 8.1. Let P be a profinite group and M and abelian group. We define
the set of M-valued distributions on P, ©(P, M), to be the collection of finitely
additive functions from the Boolean algebra of compact-open subsets of P to M.

If M is a bounded subset of C,, then elements of ®(P, M) are called p-adic
measures. If M is in the closed unit disk of C,, then elements of ®(P, M) are
called integral measures.

If M is a commutative ring, (P, M) is also a ring with (A- p)(U) = AN(U) - u(U)
for p, A\ € ®(P,M) and U C P ([5, 1.3.1]).

In particular, if xy € Hom(P,C), then:
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(9) /P xd) =[x /P x(p)

Definition 8.2. Let S C ©(P, M) be the multiplicative set of nonzero divisors.
Define a psuedo-measure as an element p/A € ST (P, M). Then define:

[ty =[x/ [ xan

for any x € Hom(p, C;).
If P is finite we have that (P, M) ~ M[P] via the map A — > __p A({c})o. If

P is not finite,
D(P,M) = h£1®(P/H, M)
where [P : H] < cc.
We will turn our attention to the case when P = G ~ Z;.

Proposition 8.3. Let R be the valuation ring of a complete extension of Q,. Given
a power series h(s) € R|[[s]], there exists an R-valued measure p1 on Z, such that

h(s) = / (1+ 8)*du(0).

D

Proof. Let n > 1. Write

h(s) mod ((s+1)P" —1)= > ani(1+s)"
=0

Define iy, : Z/p"Z — R by pin(i) = a,,;. If i = j mod p”, then (s +1)" = (s + 1)
mod (s +1)?" — 1. Consequently,

Up41,; = An,j
0 S i S pn+1 _1
=35 mod P"
which is the distribution relation:

Z fnt1(8) = pin ()

0<i<prtt_1
i=3j mod P"™

Since R is a bounded set, this distribution determines a bounded measure.

Definition 8.4. Define
ag(s) = (loggg) o O(s)

and

@5(5) = as(s) — = 3" (loggs) o (0(s)[+]w).

1
wGWf

Proposition 8.5. The series ag lies in Oj..[[s]].
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Proof. Let p’ denote the valuation ideal of k’. We make the following calculation:
gh=gpof modyp’
g5 =MNgpo f mod p" (by proposition 7.7 (ii))
g5= [] 9s(6[+]w) modp" (by the definition of )
weW;
ploggp = Z log gs(0[+]w) mod p’ (composing power series)
weW}

Hence the expression

1
loggs —~ Y loggs(0[+]w)
u)GWf1

has coefficients which are p-integral. |

Definition 8.6. Define 15 to be the Okw—valued measure on Z, given by the power
series ag.

Proposition 8.7. The measure ug is supported on Z, .
Proof. Write aj; = ag mod ((s + 1P —1)=3" “1ai(s+1)". Then:

fZaB z_: —1+1 Zazs—&—
j=0

geﬂp
So,

az mod ((s+1)P" — :Zals—i-l —%Z [+]§—1):Zai(s+1)i
=1 pﬁ

CEpp

&Ml

1
p

O
We consider pg as a measure on G via the isomorphism x : G — k™ ~ 7.
Proposition 8.8. Let 0 € G and let be a subset of G. Then jiygy(cU) = pg(U).

Proof. This result is a consequence of g,(5) = g3 o [K(0)].
]

Corollary 8.9. The measure ug extends to G as follows: Let o € G. If U 1is
contained in the coset oG, then define pug(U) = pug(o=1U).

Recall the definition of the additive formal group éa(x7y) = x + y and the
multiplicative formal group G.,(z,y) = (z + 1)(y + 1) — 1. Fix an isomorphism
0 : Gy, = Ff. Then, by uniqueness of )‘G‘a’

0'(0) " Ap, 00 = Ay, =log(1+s)
where log(1 + s) is considered as its Taylor expansion about s = 0. So

d ) d
60(s) = 6/(0)/((1+ ) 5\, (1),

This motivates the following:
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Definition 8.10. Define

5 0'(0) d
)\’Ff (t) dt
Considering 6 as a function of s, this is equivalently from the discussion above:
d
D=(1 —.
1 +s)—

Proposition 8.11. The “Coates- Wiles homomorphism” integral is given as fG k(o) *dug(o)
and is equal to D*(az)(0).

Proof. When k =1,

D@)0) =D [ (14" du(o)

= / D(1 + 5)"du(o)
G

s=0

d
= / (1 + S)df(l + S)H(U)du = / K(U)(l + s)fi(o’)du
G 5 5=0 G

An identical argument gives the inductive step.

s=0
(I

Proposition 8. 12 The proof of the last proposition gave the following identity:
Dkag(s) =z, F(1+ s)*dug(a)

Proposition 8.13. Let G, = Gal(k¢/k{) = k= Y1+ p"Z,) for n > 1. Then:

n

pt—1

13(Go) = — 3 a(Chn — 1) G

Jj=0

hS]

Proof. Write aj; = ag mod ((s + Pt —1) = ijgl a;(s +1)%. Then,
Z s+1) + Z ai(s+ 1)
pti pli

where az mod ((s+1)P" —1) = Dopti a;(s+1)*. We prove the proposition replacing
ag with ag after realizing the following calculation:

pt—1
—ZZal —14+1)"- ¢ =
J=0 pli
p"—1 p"—1
Y Y wl@) G =Y a0
pli =0 pli j=0

By the definition of ug, &\E(an -1)= pr (g?fd,ug(a) so that

p"—1 ' p"—1
> (=167 = [ 30 G Vdng(o)
i=0 Zp =0

— / dyip(@) = p" 15 (o).
a=1 mod p"
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Proposition 8.14. With G,, as before:

pt—1

D@0 = 52 3 PHan)(Ge = 1) G
=0

Proof. Proceed as in the proof of proposition 8.13 replacing a; by i*a; with the
variation

p"—1 p"—1
—~ ] —J j(a—1

Z Dkag(g,n —1)-¢ :/ a” Z CIJ,E )dug(oz)

=0 v j=0

= p”/ o dug(a) = p"DFaz(0).
a=1 mod p»

9. MORPHISMS OF ELLIPTIC CURVES AND COMPLEX MULTIPLICATION

Let F7 and FE5 be an elliptic curves with Weierstrass models as given in (1). We
define Hom(E}, F5), the set of isogenies from A to B, to be the set of rational maps
that respect +g, and +g,. The holomorphic group isomorphisms Vg, and Vg,
allow us to identify Hom(E1, F2) with Homa,(C/Ag,,C/Ag,) [8, VI.4]. Let

(10) AEl,EQ :{(IG(C | CLAEI CAEQ}'
As abelian groups, [8, VI.4.1] gives the following:
(11) HOID(E]_,EQ) ZHOHlAb((C/AEl,(C/AE2) ZAEl,Eg-

Given a € Ag, g,, define [a]g, g, € Hom(E4, Es) by the identification made in (11).
The association a +— [a]g, g, is illustrated by the following commutative diagram:

By —— By

If E; = E5, we use the notation [a]g, .

Definition 9.1. We define the degree of [a]g, g, to be

| ker[a] g, g,| = [a”'Ag,/Ag,|. This agrees with the more general definition of the
degree of an isogeny [8, I11.4.10].

Let E be an elliptic curve with Weierstrass model as given in (1). Let K be an
imaginary quadratic extension of Q. For an integral ideal f of K, let K(f) denote
the ray class field of K of modulus f.

Definition 9.2. FE is said to admit complex multiplication by O if Ag g = Ok.

If F admits complex multiplication by Ok, it can be shown that the minimal
field of definition for E' is the Hilbert class field of K denoted K (1) as the ray class
field of K of modulus 1 [9, 11.4.3].

If £ admits complex multiplication by O then Ag is of the form a2 for an
integral ideal a of K and a complex number 2 € C. This is seen as follows. If
Ag = wiZ 4+ weZ and o € Ok, then aw; = aw; + bws where a,b € Z. Then,
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(¢ — a)wy /b = we. Consequently, b/wiA C Ok. An Og-submodule of Ok is an
ideal of Ok.
Let a be an integral ideal of K. We define:

Definition 9.3.
Ela] ={T € E | [a]g(T) = O for all a € a}.
By (11), |Ela]| = [a~'Ap/Ag|.

Definition 9.4. Also define Fios = UyE[a] where the union is over all integral
ideals of K.

We now fix an elliptic curve F, an imaginary quadratic extension K of Q, and
an integral ideal f of K. We assume that E admits complex multiplication by Ok,
E is defined over L = K (f), and that L(Fis)/K is abelian.

Let IE{ denote the set of fractional ideals of K relatively prime to f. For a
fractional ideal b, let oy denote the Artin symbol (b, K%/K). Let Iy denote the
idele group of K. For s € I, let [s, K| denote the reciprocity symbol for s. Let (s)
denote the ideal Hp p¥» (5») where the product is over all primes in X and vp is the
valuation at p. (The expression v (s,) is nonzero at only finitely many primes p.)

We have the identification K/a ~ EBP K,/a, where p ranges through all the
prime ideals of K [9, I1.8.1]. With this identification, we define multiplication of
K/aby s €k as (tp)py — (sptp)p for (tp)y € D, Kp/ap.

We may now state the following major results for elliptic curves admitting com-
plex multiplication.

Proposition 9.5. The Main Theorem of Complex Multiplication

Let E be as above. Fix an integral ideal a of K and complex number Q such
that Ag = af). Let o be an automorphism of C fixing K. Choose s € I such
that [s,K] = o|gar. Then there exists a unique holomorphic isomorphism = :
C/s'Ag — E°(C) such that the following diagram commutes:

K/agK/s‘la

J/Q\I}El \LQE

E(C) —== E°(C)
Proof. See [9, 11.8.2]

Remark 9.6. We note that
leE(Etors) = U bflaQ/aQ = KQ/GQ
b

where the union is over all fractional ideals of K.

In the book of de Shalit [5, I1.1.5], the theorem of complex multiplication takes
on the following form:

Proposition 9.7. The Main Theorem of Complex Multiplication

Let E be as above. We recall that L = K(f). Then given a fractional ideal ¢ of
K such that (f,¢) = 1, there exists a unique o € £* such that the following diagram
commutes for any integral ideal b such that (b,¢) = 1:
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b 'Ap/Ap ——— b ac 'Ap)/(ac ' Ag)
s =
ETo] = E<[o]

where E7 ~ C/ac ' Ag, deg([o]g) = Ng/q¢, and [o]g is defined as a rational
map in coordinates x and y over L.

Definition 9.8. Define kg : IfK — C* to be given by the correspondence ¢ — « of
Proposition 9.7.

Remark 9.9. In [5], ko is notated as A.

Proposition 9.10. kg satisfies the cocycle condition: ko(ab) = ko(a)70ko(b) =
rio(b)7* ko (a)

Proof. We give another description of the map kg. Let wg be the invariant differ-
ential associated with E as in the description of (2). Let a be a fractional ideal of
K and let P € E(C). Let Og and Ogeo. denote the points at infinity respectively
of E and E?*. Denote [ko(a)]g,gea Dy 7a. The rational map v, induces the pull-
back map v} : Qgoa — g where Qoo and Qg denote the spaces of meromorphic
differential 1-forms on F?* and F respectively. Let § represent any path from Op
to P. Then o is a path from Ogca to P

Recall the description of the map ¥g. The the map C/Ap — C/Ages given by
multiplication by ko(p) may be described as:

(12) /wE mod Ag —
g Ya(9)

Since wgoa is an invariant differential, by the proof of [8, IIL.5.6], awg = v} (wgea )
for some a € L. By (12), a = ro(a).

So
(13) ro(@)ws = 75 (Wpos)-

For an integral ideal ¢ of K, let . and y. denote the x and y coordinates of E7¢.
Notice that 27 = z. and y° = y.. Recall the standard differential wg = —2dx/y.

wWgea mod Ages = /’y:(wEan) mod Ag.
§

Since wgee = —2dx%¢ [y, we write wgo. = Wi .
Then since v*(wgea ) = —2dz7* 0 ¥, /y°* © ¥4, We may write
(14) 7 (WEea)) = WE" ©7a = Ko(a)we

Let 7q,p denote the map [ko(b)]goa poas -

The maps 74,5 and y; * both satisfy the uniqueness property of the Main Theorem
of Complex Multiplication and so represent the same isogeny. Likewise, 4 =
Ya,b © Ya-

Then,

Jp Oq

fﬁo(u[’)wE = WE“" ©Ya,b ©Va = (WE )Ua % ©%a = (ng[‘ O’Yb)gﬂ % =
ko(b)7 Wi 0 vq = Kko(b)7*Kko(a)wE.
]

Definition 9.11. For a number field M, let Pj; denote all principal fractional
ideals ;8 = (a) of M such that e =1 mod m.
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It can be checked that ko has the property that if ¢ € P}c( then ko(c) € K*,
¢ = (ko(c)) and ko(c) =1 mod f§.
This motivates the following definition:

Definition 9.12. Let m be an integral ideal of K. A grossencharacter v of type
Ay of conductor m over the field M is a homomorphism I, — Q* such that there
exists a unique v € Z[Gal(M/Q)], called the infinity type of 1, such that if R € PJ?,
then (M) = a” for some aw € M* such that R = (o) and @« = 1 mod m. The
ideal m is maximal with respect to this property. If M is an imaginary quadratic
extension, the infinity type of ¥ may be denoted (k, j) where v = k+j7, 7 denoting
complex conjugation.

Remark 9.13. We will use the word grossencharacter to mean a grossencharacter
of type Ag.

With this definition, we may state a weakened form of the Main Theorem of
Complex Multiplication [5, I1.1.3]. It is weaker because it considers the action of
o € Gal(L%/L) in contrast to Gal(K**/K).

Proposition 9.14. Weak Form of Complex Multiplication

Let E be as above. There exists a unique grossencharacter g1, of L of conductor
fOL, such that the following diagram commutes for any fractional ideal R of L such
that (R,§fOL) = 1 and v = Ny, xR and any fractional ideal b of K such that
(6,f) =1 and (6O, R) = 1.

b~ 'Ap/Ag e (VLR Ap)/(Ye/L(R)e Ag)

—1 -1
l\IJE J/\DE”DR

E[o] = E7 (0]

Notation: ox = (R, L*°/L).

Because L(FEiors)/ K is assumed to be abelian, we have the following:

Proposition 9.15. Let E be as above. There exists a grossencharacter ¢ of K of
type (1,0) such that Y/, = ¢oNp /K.
Proof. 7, 7.44] O
Remark 9.16. Let R be an ideal of L. Since (R, L%/L)|ga = (N xR, K®/K),
ifae PIf{, ko(a) = ¢(a) for any choice of ¢ in proposition 9.15 for a € P;(.

Fix a grossencharacter ¢ of K as given in proposition 9.15.

Lemma 9.17. Efa] ~ a 'A/A ~ Ok/a as Ok /a-modules.
Proof. See (]9], I1.1.4). O

Lemma 9.18. Let (a,f) = 1. Then Gal(L(E[a])/L) is isomorphic to a subquotient
of (Ok/a)*.

Proof. Let b be an integral ideal of K such that 0|1 (g = 1. From Lemma 9.17,
ko(b) - atA/A =~ ko(b) - Ok /a. Since ko(b) acts trivially on Ela], ro(b) - O /a ~
Ok /a as Og-modules. Hence, ko(b) = 1 mod a. Hence, we may define a map
0 : Gal(L(E[a])/L) — (Ok/a)* by o + ko(b) for any b such that o = 0| (g[q)-
By Proposition 9.15, ¢ is a multiplicative homomorphism. [
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Let g, goc denote the nonarchimedean and archimedean parts of a modulus g
respectively. By class field theory, we have

Kg/Kg1 >~ (Ox/9s)" XH

where r is the number of real places dividing go, and we also have the following
exact sequence:

1 - 0x/(0NKg1) = Kg/Kg1 — CLY, — CLg — 0.

Define wy = |u(K) N Kg1|. Suppose that wy = 1. Since K/Q is an imaginary
quadratic extension, Dirichlet’s unit theorem gives us that O = u(K). Hence the
sequence becomes:

X g
K
(15) 1— pu(K)— (Ok/g)* — CL}, — CLg — 0.

Proposition 9.19. Suppose that § | g, wg =1, and (m,g) = 1. Then, L(E[m]) and
L(Elg)]) are linearly disjoint over L and Gal(L(E[m])/L) ~ (Og/m)*.

Proof. We are considering the following diagram:

Note that wy,y = 1. Then using equation (15) for mg and g and comparing group
indices we obtain:

[ (mg) : K(g)] = |CLE"/CLY| = (O /mg)” /(Ox /9) |-
Since (m, g) = 1, this equals [(Og /m)*|.
By Lemma 9.18, |Gal(L(E[m])/L)| < |(Ox/m)*| and so by the Galois corre-
spondence |(Of /m)*| = [Gal(L(E[m])/K (g) N L(E[m]))|. Thus,
]

(O /m)*| = |Gal(L(E[m])/K(g) N L(E[m]))| <
|Gal(L(E[m])/L)] < [(Ox /m)*|.
Hence, L = K(g) N L(E[m]) thus completing the argument. O

Corollary 9.20. Let g be an integral ideal of K such that § | g. Then L(E[g]) =
K(g)-
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Remark 9.21. An elliptic curve E defined over L = K(f) where w; = 1 that has
complex multiplication by Ok, such that L(Fios)/K is abelian exists by [5, I1.1.4].

10. Goobp REDUCTION

Fix E as in the previous section with wy = 1. We will assume E is of this form
for the remainder of the summary.

Definition 10.1. Suppose that F is defined over a local field M with valuation v
and valuation ring R. A minimal Weierstrass model y? = 423 — gox — g3 for E over
M is one such that v(Ag) is minimized subject to the conditions go, g3 € R.

Recall that the model may be altered by a change (g2, g3) — (u*go, u%g3) with
u € M*. This gives that the condition in the above definition will be met.

Definition 10.2. Let 9f3 be a prime of L and vy its valuation. Let y? = 423 — gha —
g5 be a minimal Weierstrass model of E over Ly. Then, E has good reduction at
B if and only if vyp(Ag) # 0.

Proposition 10.3. Let m be an integral ideal of K relatively prime to a prime
B of L. Then, E has good reduction at a prime P if and only if L(E[m*>)])/L is
unramified at B.

Proof. See [9, IV.10.3] for a weaker version. See [6] for this result. O

Proposition 10.4. Let p be a prime of K. Let L, = L(E[p"]), 0 < n < co. All
primes here are assumed to be relatively prime to §f. Then:

(i) All the primes above p are totally ramified in Lo /L.

(ii) Primes not above p are finitely ramified and unramified if they are primes of
good reduction.

(iii) If p is split in K/Q, every prime not above p of good reduction is finitely
decomposed in Lo, /L.

Proof. (i) This will follow from Proposition 11.4.

(ii) Let g be an integral ideal of K such that f | g (then L(E[g]) = K(g) by 9.20).
Let M = K(g) and let 3 be a prime of M relatively prime to g. Suppose that o is in
the inertia subgroup of Gal(L /M) over B. Then choose R such that on = 0| xas.
Since [Yg/a(R)](T) = T7 for T € Elg] and since E[g] C M, then T% = T so
that L(E[p>°])/L is unramified at 3. This shows that B is finitely ramified. That
unramified primes not above p give good reduction is part of Proposition 10.3.

(iii) Let R be a prime in L over which F has good reduction which is not
above p. Then since R is unramified in Lo, /L, by proposition 9.5, the order of the
decomposition group of R in L, /L, which is cyclic, is the least integer m for which
Ye/L(R)™ =1 mod p™(Ok),. If p is split, (Ok)p =~ Z, where p = pp. Under this
identification, ¥ g /1 (R) = ¢ € Z C Z;, such that ¢ € Z;. Choose n so that ¢ < p".
Then the order of ¢ in (Z/p"Z)* multiplies by p for every increase of n by 1. The
degree of L,,+1/L, will be seen to be p later from Proposition 11.4. Thus, R is
finitely decomposed.

O

11. THE LUBIN-TATE STRUCTURE OF E

Let E be as before and wy = 1. Fix a split integral prime p in K relatively
prime to 6 such that (p,f) = 1. Let 8 be a prime lying above p and let O’ be the
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valuation ring of L. Let vp be the valuation of Lgy at 3. Suppose that the model
of E is chosen so that vp(g2) and vy (gs) are non-negative so that we may define
E over the ring O'.

We want the map [ro(p)] g ger to formally induce a morphism in Hom(E, E7»).
First we need the following:

Proposition 11.1. The power series expansion in the t-coordinate t = — = about

t =0 of ¥ is the formal logarithm A : E — G, and is defined over L.

Proof. Recall from (3) that p(z) = Z%—l—g(z) for a function g(z) that is holomorphic
in a neighborhood of z = 0. Hence
—2r  —2272-29(2)  z+2%(2)
y  —227044(2) 1-(8/2)9'(2)
which has a formal z expansion with z-coefficient 1. Because Wg is a group ho-

momorphism where the addition law on C/Ag is given by G,, the z expansion
described is the formal group law homomorphism [1] ¢..p- From Proposition 4.6,

t=

Ap = [1]p ¢, and is defined over L.
(]

Definition 11.2. Given elliptic curves E; and Es and an isogeny (o] g, g,, we define
[a] £,.5, 8s the power series map that makes the following diagram commute:

Let f = [ko(p)] 5 po»- Then, f € L[[t]]. The map f is also given coordinate-wise
in the following manner. Let ¢t = —2z/y be a point away from O on E with y # 0.
Let ($17y1) = [Ko(pﬂE,EU" (x,y) Then, f(t) = —21‘1/:1/1.

From Proposition 10.3, since p is unramified in K (E[fp]), E has good reduction
at every prime over p in L. From the statements and proofs of [9, 11.4.2,4.4,5.3],
the Main Theorem of Complex Multiplication gives that [ko(p)]z gor is a lift of
the Frobenius map (z,y) — (zF,y?) mod . Hence, [ko(p)]g.gov (z,y) = (2], 4})
mod B. That is, f(t) = ¢ mod *PB. Under the natural inclusion L — L, f(t) €
O'[[#])-

One way to see that vp(f/(0)) =1 is the following argument which is similar to
([2], 18.3.1). Since f € Hom(E, E”P), differentiating with respect to to yields:

fl(E(ti,t2)) - OB [Ota(ty, ) = OE? [Ota(f(t1), f(t2)) f (t2).
Then set t5 = 0 to see:

F'(1)OE0ta(11,0) = DE? [0ts(f(11), 0)'(0).
Since DE /Dty (t1,0) = 1411 + ... € O'[[t] has a multiplicative inverse in O'[[t1]],
then f/(0) = 0 mod P so that f(¢) = ¢(t?) mod P for some power series g €
O'[e]-
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Suppose that f'(0) = un™ for some uniformizer 7 and unit u. Then from the
above argument, [7]g g-» € Homp,, (E, E%) is a power series in O'[[tP¥]] for some
k > 1. Then, f must be a power series in t?*". Since f = t* mod B, kn = 1 so
that n = 1. Hence, f/(0) is a uniformizer.

Let k' = Loy, k = Ky, and { = N, /i, (f'(0)). Then above arguments give the
following:

Proposition 11.3. With k' = Ly, k = Ky, and § = Ny, /k, (f'(0)), we have
E =Fy.

Since the points F[p”] lie away from y = 0 by Proposition 2.7, we may apply
f to these points. So for T' € E[p"] written in the form —2z/y, f(T) = 0 which
implies that 77 = 0 mod P so that vp(T) > 0. Thus, we have the inclusion
Ep"] C W7 which is equality since |E[p"]] = \W}’\ Recall from Proposition 9.19
that Gal(L(E[p"])/L) ~ (Ok /p")* = (Ok)p/p")* =~ Gal(k{ /k). Since Gal(kg /k)
is isomorphic to the decomposition subgroup of Gal(L(E[p"])/L) at 3, we obtain
the following:

Corollary 11.4. The extensions L, = L(E[p"]) are totally ramified over L of
degree p"~'(p — 1) and E[p"] = W}.

12. SEMILOCAL CONSTRUCTION

Let E be as in the previous section. Let p be as in the previous section and
fix an embedding ¢, : Q@ — C, such that p is the place induced by the inclusion
K cQ<=C,.

Definition 12.1. Let & = L ®x K,, R = O @0, Op, L' = L(E[p>]), &' =
L'®g Ky, R = Op ®0,, Op. Let ®, R, ® and R’ denote the completions of these
objects.

Definition 12.2. The complex number ) is called the complex period of FE.
Definition 12.3. Let W be the image of E[p"] in Lo ®k K, via the map
m+— m ® 1. The s stands for “semilocal”.

Note that Qg € f~'A/A = U'(E[f]). By the Main Theorem of Complex Multi-
plication, [ko(p)]7» " (T) = T for T € E% "[f] so that [ro(p)]°» " induces a bijective
map E% "[f] — go [f]. Hence, Qo uniquely defines

{Qn}n € l(El W po—n (Egp_n ()

n

with respect the maps U _ns1 o [ko(p)]7» oW1 .
E"p E°p

This gives
{Q0—Q}n € h£1 p Ay [Apn.

n

Definition 12.4. We will fix & = (¥ 2 _, (0 — Q).

It follows that w,, is in
Wnas _

Recall the definition of G,, as given in Example 6.13.
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Proposition 12.5. Consider G,, and E as formal group laws over R'. Then there
exists an isomorphism 0 : G, — E such that the following is satisfied for (c,fp) = 1:

(16) [ko(e)l g, o ©0 =07 0 [N joelg,,

Let Q, = 6'(0). We have that Q, € R s uniquely determined by (16) modulo
Oy

Proof. We only show the existence of b € R’ which satisfies the condition b7 ~! =
ko(c)Ne™! which is a condition satisfied by €2,,. For the other details see [5, 11.4.3].
Suppose that o, fixes L and E[p™] pointwise. Since o, fixes L, ko(c) = ¢(c). Also,
it follows that ¢ € P, so that ¢ = (¢(c)) since ¢ is a grossencharacter. Thus,
#(c)¢(c) = Ne. Since o, fixes E[p™] pointwise, then multiplication by ¢(c) is trivial
on (O /p™)* by Lemma 9.17. Hence, ¢(c) = 1 mod p™. Equivalently, ¢(c) = 1
mod p™.

The above paragraph yields xo(c)Nc¢~! = 1 mod p™. Since kg is a cocycle by
Proposition 9.10, we may extend the map ¢ + ko(c)Nc~! for ¢ with the above
conditions to a continuous 1-cocycle ¥ : Gal(L'/K) — R Since Gal(L'/K) is
unramified, Hilbert’s Theorem 90 gives us that H'(Gal(L'/K), /\’) = 1. Therefore,

—~

¥ is a 1-coboundary. That is, it is equal to b°<~! for some b in R'.
O

Fix a choice of 6 from Proposition 12.5.

Let Mg be the set of all elements of L., having positive valuation via the em-
bedding ¢,. Let M denote the closure of the image of My in Lo @k K, via the
inclusion m — m ® 1.

Definition 12.6. Fix
é = {1 - Cp"}n ®1le I(El ém(/\/l)

n

where (,» is a primitive p"”th root of unity for all n > 0 and the inverse limit is
given with respect to the maps [p]s ~such that
07 (G —1)®1) = w, @ 1.

Let ¢ € Ok such that ¢ € le(p under the canonical embedding K — K,.
Since £ = Fy, then [¢]; gives an endomorphism of E(M). Hence, [c]; o 6 gives
an isomorphism @m(/\/l) — E'(/\/l) satisfying the condition of Proposition 12.5.
Multiplying €, by ¢ is equivalent to replacing 6 by [c]f o §. Since \IJE%_nH olclyo
U~ is multiplication by ¢, this process also replaces g — §2,, by ¢(Qp — Q,,) or

E%»

Qo by 2. This may be applied reversely. If the pair (Qg,2,) corresponds to E,
then so does (cQq, c€,) reflecting our choice of €y and 6.

13. A COLEMAN POWER SERIES DERIVED FROM E

Let p, R, @, R, ', M, and 6 be as in section 12. Recall that A = fQ2o and
that & = (¥, (2 — Qo))

The previous local results on Coleman power series may be interpreted semilo-
cally. The proofs and theorems may be generalized. Let O/, denote the valuation
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ring of L(E[p"])p where B lies over p. Then Opgpn)) @k Ky ~ @0, where r
is the number of distinct primes P lying abover p in L(E[p™])y:. We describe this
isomorphism canonically such that m ® 1 is sent to the image of m in the inclusion
L(E[p"]) = L(E[p"])p- )

This isomorphism allows us to project the formal group F defined over ® component-
wise. If there exists a norm coherent sequence @ = (u, ), of units in the tower given
by the fields L(E[p"])y, we may naturally consider (u, ® 1),, component-wise as
norm coherent sequences of units. A similar statement holds for sequences of tor-
sion points. Coleman power series can thus naturally be extended to this semilocal
setting. We do this so that we get the full strength of the map x¢. If gg is a coleman
power series, then for (¢,pf) = 1, ggo[ko(c)] 5 po. satisfies the defining property (8)
of the series g, (). This will follow from theyfollowing fact:

T e W:;‘:_n, 95(T)7 = g5 (T7) = g5 (ro(c)).

This key idea allows us to extend measures defined by Coleman power series on
G =Gal(Ly/L) to G = Gal(Ls/K). We have the following two propositions:

Proposition 13.1. Let 8 and ' be norm coherent sequences as in the paragraph
above. Let o
W ={w, ® 1}, €lim E%» (M).
e

n

Then there exists a unique Coleman power series gg € R[[t]]* satisfying gZ"ﬁn (wn) =
B with properties analogous to the local ones:

(i) 985 =95 - 95"

(1) g5 © [ko(P)] 1.0, (1) (1) = [Toewpe 95(t1+] pw)

“ee _0'71

(iii) gs(0)' =% = Bo.

(v) If oc € Gal(Loo/K), then g, (5) = g5° © [ko(c)] . fo -
Proposition 13.2. Let 8 and & be as in Proposition 13.1. There exists a unique
R’-valued measure pg on G such that

25(s) = (0295) ©0(s) = [ (14 5)"du(a).
(From proposition 9.19, G ~ Z,' ).

We use results on certain special functions to obtain what we call elliptic units
which will give 8 for the measure we wish to construct.

Definition 13.3. Define

/

AA AA
Opal(z) = .
Sh-varall | G wes e

where the ’ indicates that the product is over all u € a=*A/A such that
@(Z,A) - p(ua )‘) 7é 0.

Proposition 13.4. (The Distribution Relation)
Let (a,b) = 1. Then:

H ®A,a(z +v) = @bflA,a(Z)

vEL—TA/A
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Proof. See ([5],11.2.3)

O
Definition 13.5. Let O, = Opnp q(20). We call O, an elliptic unit.
From ([5],I1.2), Oy, has the following properties:
Proposition 13.6. Letn > 1, (¢,p) =1, and (c,f) = 1. Then:
(i)0c(Oan) = OenOn K/
(1) NLm/Ln(eu,m) = Oan.
(111) O is a unit outside p in L,,.
Proof. See [5, 11.2.4].
U

From here on, we will fix an integral ideal a of K and also set 3 so that

(17) B=(Can®1)n

By the choice of Oq,,, the function ©4 (0 — A;(t)) ® 1 expressed as a power
series expansion is the semilocal Coleman power series associated to the pair (@, )
if its coefficients lie in R. See [5, I1.4.9] for a proof of this fact.

Proposition 13.7. Let r(z) be the power series expansion of O, q«(Qo—2) at z = 0.
Then the Coleman power series relative to the pair (W, ) is given by gg = r o Ag
where \j, is defined over ®.

14. EISENSTEIN NUMBERS

Let N denote Ng /g and let the notation in the last section be the same here.

In this section we acquire the tools we need to relate gg = Op.a(Q20 — Ap) to
values of certain L-functions. The necessary connection is made using identities of
FEisenstein functions which we give in this section.

Let A = w1 Z + woZ be a Z-lattice in C, ordered so that 7 = w; /ws belongs to
the upper half plane.

Define the quantities

1
771:w1z Z m7

neE”Z m€EZ
mwi # —nwsg

1
T2 = W2 Z Z (mw1 T ’I’ng)27

meZ n ez
mwy # —nwsg

and
1

= omi

A(A) (wyy — Wiw3).

Then we define

Win2 — WM _ | W21 — WiN2
A =
M) = =ram) 2t Tamia)
Further let
1 1 1 z
A=~
C(z.4) z + Z (z — mw; — nws + mwy + nwsy + (mwy + nw2)2)

m,n € 7Z
mwi # —nwsg
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We may now make the following definitions of Eisenstein functions.

Definition 14.1.
El(sz) = C(Z7A) - 77(271\)

—dF
l?k;(z7 A) = WE:L(Z,A)
Ey(z,A,a) = Na- Ex(z,A) — E(z,a"*A)
From [5, I1.3.1], we have the following results the first of which relates ©p 4 to
Ek(z, A7 a):
Proposition 14.2.

1 d*
Ek(z, A, a) = E(_l)k+1@ log @A,u(Z).

Proposition 14.3. For k > 3,
Bi(z,A) = (k=1 > (z+w)™F
weA

Now we give the following notation for L-functions:

Definition 14.4. Suppose that x : Gal(Ly/K) — C*. Let
La(x,2) = Y x(a)(Na)™=.
(a,m)=1
Further let

LM (x, 2) = Z):ﬁ x(a)(Na)~~.

(a,
(a, M/K) = (¢, M/K)

Proposition 14.5. Let m be an integral ideal and v a primitive m-division point
(that is, v € m™ 1A but v € b~1A if b | m and b # m). Then for (c,mf) =1,

Ey(v,A) = Egx(ko(0c)v, ko(o)etA) = K(Uc)_kEk(U, ¢ A)

Proof. See [5, 11.3.3]. The proof uses Proposition 13.6.
(Il

Lemma 14.6. Let g be an integral ideal and the conductor of a grossencharacter
¢ of K. If wg =1, then ¢((a)) = a for any a =1 mod g.

Proof. Suppose that (a) = (b) such that « = b =1 mod g. Then, a/b is a unit
whichis =1 mod g. Since wg is the number of units =1 mod gin K, a/b=1. O

Proposition 14.7. Suppose that the conductor of ¢, divides m. Then for (¢,m) =
L,

Ep(Qo, ¢ 'mQ) = (k — 1)1Q5% - ¢(c)F - LEK™ (6F k)
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Proof. We only mention the key ideas for the proof.
For k > 3, use proposition 14.3 and compute:

Lemma 14.6 may be applied to yield ¢((1 +w)) = 1 + w.
The identity (Nb)~% = ¢=*(b)¢~*(b) is also used.
See [5, 11.3.5] for more details.

15. THE KEY INGREDIENTS

Let 6 be fixed as above (from Proposition 16 relative to ¢ = (1 — (yn ), and @).
Also let 8 be as in (17); and let ag, ag and D be as before. Recall that we have
fixed ¢, : Q — C,.

We make the definition:

—

Definition 15.1. Let §x(3) = D*(as)(0), 6x(8) = D*(az)(0).

The map ¢, induces a map ' C,, via the completed tensor product functor.
We will use pg and 65 (5)° to represent ¢, o pp and 1, o 6;(f3) respectively.

In the results that follow, we use the following conventions: if x : Gal(L/K) —
C*, then x extends to a character x : I;( — C*. We also may think of ¢ as a
function on G [5, I1.1.1].

Proposition 15.2. Let x : Gal(L/K) — C* and S be a collection of integral ideals
of K such that {o | ¢ € S} is a set of coset representatives for G in G. Then:

k
a8) (1 - ("“’“)) SN o) = [ o)

p ceS g
Proof. We give some ideas of the proof.

Consider

1 1

D4(3 5 o as(0(s)+u ) = 0" log(gs o f00(s))
p weW} p
1 o
= EDk(log(ggp o 0([pl(s))))-

Thus,

01 (8) = 0x(8) + 1D (log 65" 0 0)([](5))s=0 = 9w (B) + p* " B(0%)-
Next, we use g, (g) = 0c(gp) © [ko(c)] and [ko(c)] 0 0 = 67¢ o [N qc] to obtain
u(0e(8)) = D (log 7e(g8) 0 0% © [Ny ]l sco =
= Ng /" D¥((log c(gs) © 07%) o [Nk /gc])|s=0 = N/t e (31 (B))
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Note that this also gives:

0k(0c(8))° = Nigjqehoe(51(8)°)
Inserting for §x(o:(8))" on the left side of (18), we obtain:

(1 - WW) ST () Nigehoe(3:(8)°).

p cesS
Refer to [5, I11.4.7] to see how this simplifies.

Definition 15.3. Let 6;..(5) = D*(as)(Cor — 1), S1n(8) = D*(@3)(Cpn — 1).

—_~— —_~—

We let 6y, (3)? and 8, () respectively denote the images of 6y, (3) and & ,,(3)
via ip.

Definition 15.4. Let x : Gal(L,/K) — C*. Let n be the exact power of p in
the conductor of x and let S,, denote a collection of integral ideals of K such that
{oc | c€8,} is a set of coset representatives for Gal(Loo/Ly) in G. Define

() = o 3 (06,
Proposition 15.5.
() D (XM (e )okn(a(8))’ = /g(wk)(a)du%(a)-

ceSy,

Proof. We just give a portion of the proof.
Define G,, = Gal(Ls/Ly).-
Since y is trivial on Gy, a change of variables with pi, (5)(U) = pg(o7'U) yields:

[6@is) = 3 ot [ oo
g ceS, Gn
From proposition 8.14, this is:

p"—1
S oxd" (@)= > DFag) (G — 1) - G
cES, 7=0

See [5, 4.8] for more details.

Proposition 15.6. 6, (8) = —12- QF - E.(Qu; A, a). ([5], 11.4.10)

Proof. Recall that gg(t) = ©4,q(Q0 — Aj(t)) by Proposition 13.7. Also recall from
Proposition 11.1 that the z coordinate in C/Ag is given by Az (t) (locally about
t = 0). Also, as the formal normalized logarithm of E, )\E(O) = 1. Using D from
Definition 8.10, we calculate:

Dk(“b’)((p" -1)= D log gﬁ(t)ltze(cpnfl)

K
= k - —_— J—
=QF e log ©4,4 (20 z)|z=\1}717” (@0} ) =202

E7P
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dk
= (-1kay- (dzk log @u,A) (Qn)-
. . 1 1 @° :
Now use the identity E(Qy, A, a) = E(_l) * Tk log ©4 «(£2,) from Proposi-
ok
tion 14.2.

O

A consequence of Proposition 14.7 is the following;:

Proposition 15.7. Let k > 1, n > 0, and choose a prime q, (q,f) = 1, such that
Ng/gq =1 mod p", (q,L/K) = (p",L/K). Then

Q;k . 5k,n(ﬁ) =

03¢ (~12)(k = 1! 64 6") - (M) L@ 1) — 0M(0) - L3 (.0) )
Proof. See [5, 11.4.10]. O

The propositions of this section may be combined to show that the measure M%
which we constructed satisfies the following (see [5, 4.11]):

Proposition 15.8. Let € be a grossencharacter of type (k,0) and conductor di-
viding fp> where n is the exact power of p in this conductor. Also let x = ep™F
(grossencharacter of type (1,0)).

Let G' = Gal(K (fp™p™)/K). Define

G(e) = Aol ) (@) (oG )
= pn X pn
o € Gal(K(jp"p>)/K)
ol (jpoey = (P™, K(Jp™°)/ K)

Then:
(19) Q- /g e(0)dS (o) =

Qg7 12(k — 1) G(e) (1 - 6(;)) - (e(a) = Ngyg(a)) - Li(e™ ', 0).

Proof. See ([5],11.4.11). The main idea is to combine the results of Propositions 15.2,
15.5, and 15.7. To adjust the partial L-functions in 15.7, one utilizes ¢(b)¢p(b) = Nb
and the summations that come from Propositions 15.2 and 15.5.

O

16. THE p-ADIC L-FUNCTION Ly 5

Definition 16.1. Let y be a grossencharacter of type Ag of K with infinity type
(k,j). Then,
I'(z — min(k, 5))

(27T>z—min(k:,j) L (x; 2)

Loo,m(Xa Z) =
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If x is a grossencharacter of type (—k,0), then Loo m(x,0) = I'(k)Lw(x,0) =

Note that the right side of (19) may be written as a constant multiplied by an
Jg €d(0a — Na) where 04 — Na € O, [[9]] ~ D(G, Op.r)-

From Definition 8.2, u% /(04 — Na) is a psuedo-measure and integrating e with
repsect to p13 /(0 — Na) is defined as ([, edpl)/([; ed(0q — Na)). From (19), inte-
gration of € with repsect to this pseudo-measure is independent of the choice of a
and is dependent only on §. The next proposition actually gives that this psuedo-
measure (divided by 12) is actually an integral measure dependent only on f. We

call it u(f).

Proposition 16.2. Let a be an integral ideal of K such that (a,fp) = 1. Let pq be
the measure u% described above and used in Proposition 15.8. The psuedo-measure

u%/lQ(au—Na) is independent of any choice of a and is an integral measure. Denote

this measure by u(f). It uniquely satisfies the following for any grossencharacter €
of type (k,0) and conductor dividing fp:

) ot/ (o) = 95+ 6o (1 - (;”) Loy (€1,0),

In particular, the objects Qo, Qp, and u(f)) uniquely satisfy (20).
Proof. (See [5],11.4.12)

Definition 16.3. We may thus define the p-adic L-function of modulus f as
Lys(e) = [ elo)du(i)o)
g(f)

(for continuous € in Hom(G, Cp)) such that there exists (£2,,) € C* x C) such
that p(f) satisfies:

0% Loyl = 95* 60 (1- ) Lyt

for any grossencharacter € of type (k,0) and conductor dividing fp°.
This condition determines the measure u(f).
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