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Abstract

This paper considers the effects of substrate inhomogeneity on the
motion of the three phase contact line. The model employed assumes
the slowness of the contact line in comparison to capillary relaxation.
The homogenization of this free boundary problem with a spatially pe-
riodic velocity law is considered. Formal multiple scales analysis yields
a local, periodic problem whose time-averaged dynamics correspond to
the homogenized front velocity. A rigorous understanding of the long
time dynamics is developed using comparison techniques. Computa-
tions employing boundary integral equations are used to illustrate the
consequences of the analysis. Advancing and receding contact angles,
pinning and anisotropic motion can be predicted within this frame-
work.

In many realistic circumstances, the static and dynamic wetting prop-
erties of liquids are substantially influenced by imperfections in the solid
surface. Heterogeneities result in contact lines with a fine scale structure
that may lead to pinning of the evolving front and hysteresis of the overall
fluid shape.

Understanding the role that surface imperfections play is part of larger
theoretical effort to determine the macroscopic manifestations of microscopic
contact line features [4,15,40]. Classical fluid mechanics is by itself insuf-
ficient to describe the moving contact line [30], and the additional physical
ingredients needed are still controversial. Modeling and theoretical stud-
ies include notions of slip boundary conditions [26,28], continuum mod-
els [15,43,49], rheological modifications [25,51], and atomistic simulations
[19,27] (see [4,40] for more extensive accounts). There is also considerable



technological importance in understanding the role of wetting on patterned
substrates [11,17, 35, 46].

The model studied here is based on the slowness of the contact line in com-
parison to the time for capillary relaxation, known as the quasistatic limit.
This represents possibly the simplest nontrivial global model for contact line
motion, and therefore provides a good starting point for examining surface
heterogeneity. In this limiting case, the fluid pressure is constant, and the
fluid’s geometry can therefore be described as a “capillary” surface. Motion
arises from an imbalance of surface forces at the contact line itself, which can
be modeled by a constitutive velocity-contact angle law. This approximation
has been utilized in many previous studies [2,20-22, 26,29, 31, 38, 41].

The static effects of surface heterogeneity have been studied for some
time. Early heuristic theories considered the averaged effect of rough sur-
faces and chemical heterogeneities on the equilibrium contact angle [7,52].
These laws have known limits of applicability, however ([4] Chapter 9, [3]).
More recent studies have considered this problem from the point of view of
mechanics [4, 32], statistics [14, 39], and gamma convergence techniques [1].

In the dynamic case, much less is understood. Flows over heterogeneous
surfaces have been studied experimentally [11,12,36,37,45] and computa-
tionally [47,48]. Theoretical arguments, on the other hand, have been lim-
ited to cases with simplified geometries [33,44] or deal specifically with the
dynamic coating transition [24].

Homogenization of free boundary and front propagation problems is an
evolving field (see, e.g. [5,9,53]). The strategy we adopt is a combination of
formal asymptotic calculations coupled with a detailed understanding of the
“inner” or “cell” problem. The existence and uniqueness of the homogenized
velocity is studied rigorously. A Green’s function formulation is used for
numerical computation to illustrate the analytical results.

1 Problem formulation

We consider a fluid droplet on a macroscopically flat surface whose height is
assumed to be a graph h(z,y). The function h has bounded support €2, whose
boundary is the contact line I'. In the small angle limit [6], the linearized
contribution of surface energy is given by

7/91+ |Vh|?dz (1)
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where 7 is the liquid-vapor surface energy, which is presumed constant here.
The minimizer of this expression, subject to the constraint of constant vol-
ume, is the quasi-steady droplet shape. Finding the minimizer amounts to
solving the Euler-Lagrange problem

Ah= )\, hlr =0, / hdx = M = volume, (2)
Q

where ) is a Lagrange multiplier, essentially just the negative hydrostatic
pressure. We remark that body forces such as gravity can be added to this
model [21] without compromising the homogenization procedure.

The “apparent” contact angle 6 is defined on the boundary of Q (again
in the small angle limit) as

_oh
on’

The motion of I' is then specified by prescribing the normal velocity, denoted
dl'/dt, as a function of this angle and the spatial location of the contact line:
dar
i F(6;x) = F(—0h/0n;x). (4)
The function F' is a constitutive law relating the contact line velocity to
the apparent contact angle §. Generally speaking, F' must be continuous and
an increasing function of € so that there is a local “equilibrium” angle 6. (x)
where F(0.(x);x) = 0. Some additional technical restrictions will be placed
on F' to obtain the rigorous results of section 4. Common examples found in
the literature are

0 = n = outward normal of T'. (3)

F= -6 (Cox [8], Voinov [50]) (5)
F= 06(0*-6%, (deGennes [16] ). (6)

The spatial dependence of F' arises as a consequence of substrate inho-
mogeneities. We focus here on two-dimensional periodicity with some small
period e:

F0;x +e¢k)=F(0,z),forall k € 77 . (7)

The purpose of this paper is to examine the homogenized limit ¢ — 0 by
deriving an effective velocity law that is independent of e.

The free boundary problem (2),(4) forms the basis for our study. While
a complete and rigorous analysis has not been performed on this particular
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model, it has much in common with with well-understood problems such as
zero surface tension Hele-Shaw flow [13,34]. This paper’s scope is restricted
just to smooth solutions of (2),(4). We anticipate that a generalized notion
of non-smooth solutions is possible, akin to the theory of viscosity solutions
which has been developed for a variety of second order nonlinear problems
[10, 18, 34].

2 Formal multiple scales analysis

The goal of this paper is to derive a free boundary problem of the form (2),(4)
in the limit ¢ — 0, where the contact angle-velocity relation is replaced by a
homogenized version

dI’
dt hom(aa n) (8)

The dependence on the normal direction n to the contact line stems from the
anisotropy introduced by periodicity of F'. In particular, F},,, will inherit
the four-fold symmetry from the periodic heterogeneity. (Other types of
periodicity, hexagonal, rhombic, etc. should of course lead to other types
of symmetry in the homogenized velocity.) The strategy we adopt is to use
a combination of spatial matched asymptotics and a multiple-scales ansatz
in time to derive a dynamic “cell problem”. This problem must be solved
independently, either analytically or numerically, and is studied at length in
later sections.

Expansions in the interior of Q (“outer problem”) and near the contact
line I' (“inner problem”) are sought. We will introduce the “fast” time vari-
able 7 = e¢7't. For the outer problem (in the bulk of the droplet), the
expansion has the form

h = Ho(z,t) + eHi(z,t,7) + O(?), A= Ao+ Ofe). (9)

At leading order, the boundary value problem (2) reads

AHy =Xy, Holr, =0, Hydx = M = volume, (10)
Qo

where ),y are the limiting values of support of A and contact line as
€ — 0. The motion of I'y will be deduced by asymptotic matching and time
averaging.
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Figure 1: Coordinate system used for matched expansion. In this example,
the normal vector is parallel to 3¢ + 4.

The contact line I' is expanded in € by supposing that it admits a local
parameterization (with parameter 7) of the form

g(n,t) = go(n,t) + egy(n,t,7) + O(€%). (11)

The leading order interface position I'y is parameterized by g,(n,t). The
correction term g, is meant to capture temporal fluctuations about the mean
dynamics, and is therefore assumed bounded as 7 — oco. A time derivative
of the boundary condition h(g(n,t),t) = 0 yields

%(g,t) + S—Z(g,t) (g—g n) =0. (12)

In the multi-scale expansion, time derivatives become 8, + ¢ 18, ; therefore
expanding (12) in € gives at leading order

— 4L 2| .n= 1
(aﬂraf)ro HM( + n =0, (13)

ot or
where 1 is the normal to the leading order interface and we define the “macro-
scopic” contact angle as

0H,
= _ 270 14
O o (14)

For the inner problem, a local rectilinear coordinate system (r, s) is used
(see fig. 1). The coordinate s varies in direction tangent to a point &y € T'g



and r is in the negative normal direction so that r > 0 is the fluid’s interior.
We can suppose that the normal n at @ is in a “rational” direction, in other
words n || n1i + naj where ny,ns, € Z. This ensures that F' is periodic with
period ep, = €y/n? + n? in r and s.

We expect that small disturbances in the contact line with wavelength
e will lead to disturbances on the free surface which decay away into the
interior exponentially in r/e. This motivates an expansion near the contact
line of the form

h=ehi(y,2,7) + O(?), y=¢'r, z=¢ls. (15)

were h; is assumed p,-periodic in z. We can define the “leading order”
contact line as I'. = {hy = 0}. The moving boundary problem (2), (4)
written in the inner coordinate system is to leading order

dl'e

r. =0, dt F(_ahl/anayaz) (16)

Ahi =0, h

The velocity law is p,, periodic in y and z and it depends on the leading order
normal direction n:

F(0;y + k1pn, 2 + kopn) = F(8;y, 2) for all (ki kp) € 77 (17)

The Laplace problem in (16) is solved in a simply connected subset of the
channel (—o0,00) x [0,p,] which extends to y = +oo (see fig. 2). The
boundary conditions on h; are

hl(zayaT) = h(Z +pn7y77—)7 (18)
Ohy 0H,
lim — =0, = ———. 1
y—oo Oy O on (19)

The first arises from the assumption of periodicity in z, whereas the far field
boundary condition is given by matching so that the asymptotic slope of h;
is the macroscopic contact angle 6,,.

To complete the analysis, the dynamics of the inner and outer solutions
need to be connected. Computing 9h /0t for the both expansions and equat-
ing at order O(1) gives the matching condition

8h1 8H0 8H1
B~ (5 %7)

, Y — oo. (20)
I'o



Figure 2: Diagram of the free boundary ”cell” problem.

Using (13) this becomes

lim 2™ _ g, <% + %> ‘n. (21)

We can now average over the fast scale by applying 7! fOT dr to equation
(21)
Ohy

T T
_ ) 0g B 0g
71! lim ——dr = 0, —=2 . Tl/—l-d 22
| lim G =T eme [ G mar 2

Taking the limits ¢ — 0,7 — oo in such a way that Te — 0, the term
involving g; drops out since it is assumed bounded in 7. We obtain the
homogenized front velocity

8 T
From(@,n) = 220 . 0 = 07} lim T / lim 9™ 4, (23)
0

at T—oo y—oo OT

where hy is found by solving the free boundary problem (16),(18), (19).

3 A comparison principle

The main tool for investigating the limit (23) is a comparison principle similar
to the one used by Kim [34] to construct viscosity solutions of Hele-Shaw and
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Stefan problems [34]. We focus here only on smooth solutions, which can be
expected for mild heterogeneities. This makes the analysis considerably more
transparent, although similar results should hold for nonsmooth solutions
provided they obey the same comparison principle.

Following [34], we define notions of super- and subsolutions.

Definition 1 (Super- and subsolutions) Suppose that h(y, z,t) is a smooth
function, p,-periodic in z and {h > 0} is a simply connected subset of
(—00,00) x [0,p]. Let T'(t) = {h = 0} be a smooth, nonintersecting curve
which is differentiable in time (in the sense that it admits a differentiable
parameterization). Then h is a supersolution (respectively subsolution) if

1. Ah < (>)0 on the set {h > 0}.

2. There ezists y* so that h(y,z) > 0 when y > y* and
lim, o Oh/0y > (<) O

3. dl'/dt > (<) F(—0h/On;x) for z € T.

We also have a notion of comparing two functions (typically super- or
subsolutions).

Definition 2 (separation of functions) Suppose that hy, hy are smooth func-
tions, p-periodic in z and {h1a > 0} = Qq(t) are simply connected subsets
of (—00,00) x [0,p]. Then if Q1(t) is a proper subset of Qa(t), we say that
hy and hy are separated at time t, and write hy < hs.

It is convenient to rephrase the Laplace problem (16) by introducing the
change of variables w = h; — 0,y so that we have the boundary conditions

w

r. = —bOyy, lim w(y,2) = We. (24)
Y—00

Note that the homogenized velocity can be written as
1 (7 dw
-1 1 - (e
Fran(0,7) = 03/ Jim - [ S . 29

The far field value w,, should be regarded as an unknown of the problem,
and can be bounded by the values w takes on I',:



Proposition 1 1. If w solves Aw = 0 on Q(t) with boundary conditions

(24) )

minw < We < maxw.

T. c
2. Let hy and hy be sub- and supersolutions, respectively. If hy < hy then
for the corresponding functions wy o = hq1 2 — Oy we have

lim w; < lim ws.
y—)OO y-)OO

Proof. For (1) The upper bound is obtained by setting ¢ = w — maxp, w
and applying the Phragmén - Lindel6f principle ([42], p. 97), which gives
g < 01in (2. The lower bound is similar.

For (2), we observe that ws + 0,y takes on nonnegative boundary values
on any finite domain {hs > 0} N{y < y*}, so it follows that wy > —6,y and
wy > wy on {h; = 0}. The Phragmén - Lindeldf principle applied to wy — w;
on the domain {2, implies wy; > wy in Ay > 0. O

We can now establish the main tool for analysis of the cell problem.

Proposition 2 (Comparison principle) Let hy and hy be sub- and superso-
lutions, respectively, and suppose that hy < he at time t = 0. Then either
h1 = hy after some positive time or hy < hy for all t > 0.

Proof. Set ;5 = {h12 > 0} and let I'; 5 be the respective boundaries. If
Q1(t) C Qa(t) does not hold for all ¢ > 0, then there exists a maximal time
T for which this happens, and a contact point P € I'yo(T'). It follows that
the normal velocity of I'; is greater than or equal to that of I's; at P. The
monotonicity of the velocity function F' implies that at P,

Oy _ ohy

on — 0On

The difference h = hy — hy satisfies Laplace’s equation with the boundary

condition h = —hy < 0 on I'y. If h = 0 on I'y, then uniqueness implies that
both solutions will remain identical for £ > T'. If not, proposition 1 implies
there is a large y* so that that h(y,z) < 0 if y > y*. Then h must obtain
its maximum on the boundary of the bounded domain D = Q; U {y < y*}.
This maximum can’t occur on the periodic boundaries (z = 0 or z = p,,) of
D. 1If it did, one could simply shift the domain in z so that the maximum
point was in the interior. A maximum therefore occurs at the contact point
P. Because of the assumed smoothness of the boundary of D, the Hopf
maximum principle ([42], p. 65) shows that du/dn is strictly positive at the
contact point P, which contradicts (26). OJ

(26)
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4 The homogenized front velocity

This section establishes the existence of the limit in (23) and explores some
of its properties. The following assumptions are placed on F(0,x) to get
control over the front width:

(1) F(0, ) is continuous, strictly increasing in

(2) For any 63, > 0, there exists constants Cy, C2,C5 > 0 so that

b~ HM) ,  p=min F(0y,x).
M T

(27)

ww%wng@@§@<

The second condition ensures that (A) the front velocity will get large for
steep contact angles and (B) the front recedes fast enough for shallow contact
angles. Using (27), control over the front width can be obtained:

Proposition 3 (Bound on front width) Suppose that h(y, z,t), Tc(t) = {h =
0} is a smooth, non-self- intersecting solution of (16) - (19). Let W =
maxr y —minr y. If the front velocity satisfies the conditions (27) there exists
an upper bound B so that if W(0) < B, W(t) < B for allt > 0.

The proof of this is deferred to the Appendix.
We can now prove the main result of this section, which establishes the
existence of the limit in (23).

Theorem 1 Suppose that h(y, z,t), T(t) = {h = 0} is a smooth, non-self-
intersecting solution of (16) - (19), whose initial front I'.(0) has width smaller
than the bound guaranteed by proposition (3). Then we have

1. The following limit exists (i.e. the long time average front velocity):

T—oo T

1 T
Fhom(QM,n) = 9;41 lim —/ d/w—oo dt. (28)
0

2. The limit is unique: Fhom 15 independent of the initial condition.

3. From(0r,m) is nondecreasing in 0.

Proof.
Existence of the limit. For a solution h = w+6)y,y define the channel-averaged
interface position and average velocity as

mn:iémwavm ﬂ%g@_ (29)
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Proposition (1) and the boundary conditions (24) imply that
(T) = B <~y weo(T) <G(T) + B

where B is an upper bound on front width. Dividing by 7', integrating and
taking T' — oo we have

_ = . T _ =
i PO =IO gy 1 [y FO U 45
T—o0 T—o0 0 dt T— o0
which implies the equality of limits
1 [T dw
. _ n—1 1 = oo
Jim o(0) =05} Jim 7 | = 0

Since the front velocity F(6, ) is bounded from below, we can define

v* = liminfv(T).

T—o0
For any ¢ > 0, there is a time T so that
v(T5) <v* 4+46. (31)

Let M be a positive integer so that y(T5) + B < Mp,. By periodicity,
hy = h(y — Mp,,z, T — Tj) is also a solution. Using proposition 2, h < hy
for all T' > Ty. It follows that the position of front I'. has the bound

§(T) ~7(0) < n(9(T5) =5(0)) + B+pa, (n—1)T; < T <0l

for any n € Z*. Dividing by T and using (29) and (31),

This implies that for any § > 0,

limsupv(T) <v*+4§

T—o00

which shows that limy_,o, v(T) = v*.
Uniqueness of the limit. Suppose that hq and hy are solutions and v1(T"), 5, (T),
etc. are average velocities and front positions. We can ensure that h; < hs
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initially by a suitable periodic translation which does not affect the long time
average (28). Since hy < hy for all time, it follows that for large T,

n(T) = 7:1(0) —7:(T) < 9,(0) — 95(T) + 7.1(0) —5,(0) < 0(T) +O(T V).
T T T

(32)
Similarly, by a suitable periodic translation we could ensure that hq(t) <
hy(t) so that ve(T) < v1(T) + O(T™1). Tt follows that the long time limits
must be equal.
Monotonicity. Suppose that h; is any solution corresponding to 6,y = 6,
with initially bounded front width. Let hs be a solution corresponding to
Oy = 03 > 6;. We can guarantee that hy < ho at time ¢ = 0 by suitable
periodic translation in y. With respect to ©,; = 6y, hs is a supersolution, so
hi < hs for all time ¢ > 0. It follows that Fom(61,1) < Fhom(f2,m). O

5 Integral equations and numerical examples

The problem (16)-(19), (24) can be written as a pair of integral equations
to expedite numerical simulation of the cell problem and computation of
Fyom- The Green’s function appropriate for an infinite channel with periodic
boundary conditions (see also [29]) is

1
G(y,z) = —In [sin2 "2) cosh? [ “Y) + cos? ( =2 ) sinh? | =¥ ] (33)
4 Pn Pn Pn Pn

Taking the inner product with Aw = 0 on the domain Q. N {y < y*} gives
the standard integral representation

oG ow
w(y,2) =Y —Y0,2 — 20) — Gy — Y0, 2 — 20) (¥, 2)ds(y, 2
/Feu{y=y*}( )an( 0 O) ( 0 O)Gn( ) ( )

_ Jw(yo,20)  (y0,20) € int Q.
tw(yo, 20) (yo,20) € Te.
(34)

where n is the outward normal.
As y — oo, we have the asymptotics G ~ y/2p,+0(1) and w ~ wy+o0(1).
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Taking y* — oo in (34) leads to

w(Yo, 20) — Woo _ oG B
5 /pew(y’z)an(y Yo, 2 — 20)

ow
- G(y — Yo,2 — ZO)a—n(ya Z)ds(y7 2)7 (yo, ZO) S Fe-

(35)
A similar calculation taking y* — oo and then yo — oo gives another equation
1 ow
Weo = — — — wn,ds. 36
pn L. y an Y ( )

where n, is the y component of the normal vector. Equations (35-36) form
a system to be solved for unknowns dw/0n,w.. This allows the contact
angle § = —0w/0n — Oyn, and the associated normal interface velocity to
be computed. Other details concerning the discretization of integrals and
the time stepping procedure have been reported elsewhere [21].

5.1 Example: array of large defects

The practical consequences of the theory which has been developed can now
be illustrated. A simple nonuniform velocity law can be constructed using
the Cox-Voinov law (5) where the equilibrium contact angle 6. has spatial
dependence. Assuming that the (y,z) coordinates are aligned with the un-
derlying periodicity, this example supposes

6, — {.6 (z =72+ (y — )% < 1.52

: (37)
.3 otherwise

With this orientation the (rescaled) spatial periodicity is taken as p, = 2.
To investigate anisotropy, we also conducted simulations where the orienta-
tion was rotated by 45° and the corresponding spatial periodicity was 21/2.
This particular example is meant to model a flow over a rectangular array
of circular “defects” - regions which are less wetting than the rest of the
solid surface. All computations used initial data that was just a flat interface
y = 0, although the uniqueness of the homogenized velocity should mean
that this choice is more or less inconsequential.

Figure 3 shows typical front evolution when the normal to the macroscopic
front is aligned with the array. In figure 4 the normal is instead at a 45°-angle
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Figure 3: Front motion when 6,, = .48, slightly above the pinning threshold.
The y coordinate is aligned with the underlying spatial periodicity in this
example. The shaded regions are where the contact angle is higher (less
wetting). Contours are roughly spaced in equal time intervals.
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Figure 4: Front motion when the y coordinate is oriented at a 45° angle to
the underlying spatial periodicity (6,, = 0.48).
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Figure 5: Time averaged front velocity as a function of time (6,, = .48).

to the array. The time averaged front motion (see 29) typically oscillates
and converges (somewhat slowly) to a long time limit (figure 5). Nonlinear
regression was used to extrapolate this limit to avoid unnecessarily lengthy
computation.

The long-time averaged velocities F'(6,,,n) were computed for many val-
ues of 0y, for both orientations (figure 6). Over a closed interval of 6y,
the front is pinned and the averaged velocity is zero. The endpoints of this
interval can be thought of as the receding and advancing contact angles.
Anisotropy is present in both the overall velocities and in the interval on
which pinning occurs. Experiments on periodically structured surfaces have
also found this [12, 23].

5.2 Example: small randomly placed defects

As a second more elaborate example, we consider smaller randomly placed
defects, (still arranged periodically), with the same velocity law (5). Fig-
ure 7 shows typical front motion. The homogenized front speed ( figure 8)
was computed as before. The pinning interval is markedly smaller than the
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Figure 6: Homogenized front velocities. The x’s denote computations
orientation angle 0° and the circles for orientation angle 45°.
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Figure 7: Front motion for 6,, = 0.5. There were 20 defects of radius 0.15.
Slowing of the front around defects is modified by the lateral spacing.
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Figure 8: Homogenized front velocities for the case of many defects. The x’s
denote actual computations, and the dashed line is an interpolation.

case with larger defects. The average front motion is, on the other hand,
quantitatively similar.
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Appendix: proof of bound on front width

The proof relies on comparison functions which control the normal derivatives
at extreme points on I'. Constants C, 8 are generic and assumed independent
of W.

Proof. Let (Zm,Ym), (Zam,ynm) € T be points on the interface where the
minimum and maximum, respectively, of y is achieved. Then w is harmonic
in [0, p] X [ym,+00) and has a Green’s function representation

4
w(Zo, Yo) — Weo = / Go(z,ym, o, Yo)(w(z, Yym) — Weo)dz, Yo > Ym
0
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where Gy = G(z,y,z0,y0) — G(x,—y,Zo,Y0). It is easily verified that Gy
satisfies a bound of the form ||Gol||L1(s) < Cexp(—PBy), so it follows that w
satisfies a pointwise estimate

[w(z,y) — Weo| < Cllw(z,ym) — Wool|z exp(—Ply — yum))

< COuW exp(—Bly — yuml)- (38)

In the last step the maximum principle was used to obtain |w — wy| <
max(|Woo + OYm |, |Weo + Oyar|) < Wy
We now construct the linear comparison functions

ur = Oy + 51y — Ym), 51(L) = CTERE e (3)
Us = —Ouyar + 52(y — yar), sa(L) = _COMWeXP(_IBI[/I_J;ZIM])'i‘oMym‘Fwoo (40)

for some parameter L which will be determined. Using the estimate (38),
the maximum principle implies that us < w < u; on the domain QU [0, p] x
[Ym, L]. In particular, w = u; at (., Ym) and w = us at (zar,yar) so that
the normal derivatives at the extreme points satisfy

0
L amym) < (L), L> (41)
Y
0
gy @) = (D), L>0 (42)

To make the rest more attractive, introduce p = (yp + Weo/0n)/W. The
maximum principle implies —0p,yy < Woo < —Op1Y,, so that 0 < p < 1.
For the first estimate, set A = (L — y,,)/W so that

ow Cexp(—BWA—-1])+p—1
i <
ay (xmaym) i eM )\ 3

A > 0. (43)

Now choose A so that Cexp(—SW [\ — 1]) = 1/W, which gives

ow 1/W+p—1)

By (7o) < OM T LG 15w

<Ou(1/W+p—1)  (44)

for large enough W. For the second estimate, set A = (L — ypr)/W and
obtain

ow p— Cexp(—FWA)

a_y(xMayM) > Om 3

,A> 0. (45)
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Choosing A so that C'exp(—8WA) = 1/W gives

ow Wp—-1

Gy T ¥m) 2 Oy /-

By (46)

Finally, (44), (46) and (27) are combined to give a bound on dW/dt:

dW/dt = f(eM + d’w/dy(xma ym)a xmaym) - f(eM + dw/d’y(.’L'M, yM)a l‘M,yM)

1-Wp
< — —_—.
_ClﬁM(l/W+p) C3+C21H(CW)/ﬂ

(47)

For large enough W, this expression is negative for all p € [0,1]. O
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