Introduction and some preliminaries

1 Partial differential equations

A partial differential equation (PDE) is a relationship among partial derivatives of a function (or
functions) of more than one variable. In contrast, ordinary differential equations have only one
independent variable. Problems of this form are often supplemented with side conditions on the
domain boundaries.

The study of PDEs is quite old (now 250+ years) and is still evolving. Its development is in-
tertwined with the very fabric of modern scientific discovery. This is particularly true of physics,
since most of the elementary (and not so elementary) PDEs were developed from descriptions of
fluid and solid mechanics, electromagnetism, and quantum mechanics. More recently, the subject
has filtered into other scientific endeavors, such as ecology (e.g. the Fisher equation), chemistry
(e.g. reaction diffusion equations), materials science (e.g. the Cahn-Hilliard equation). Contem-
porary uses of PDEs have grown ever more imaginative, spanning topics from image processing
to mathematical finance. Some famous examples are shown in table 1. The first three comprise
the most basic linear equations; we shall study them first.

Name Equation Applications

Wave equation U = gy Vibrating string

Diffusion equation up = Dugy Heat flow

Laplace’s equation Uz + Uyy = 0 Electrostatics and many more
Burger’s equation up + Uty = Dugy Fluid mechanics
Cahn-Hilliard equation up = (U — U — Ugz) e Phase separation

Eikonal equation |Vu| = f(x) Waves and control theory
Fisher’s equation U = Uge +u(l — u) Ecology

Korteweg-de Vries equation up + 60Uty + Upze = 0 Water waves

Schrodinger equation U + Uy = 0 Quantum mechanics
Nonlinear Schrédinger equation iy + g, + |ul?u = 0 Nonlinear optics and waves
Swift-Hohenberg equation Uy = —(0pz + 1)?u + N(u) Pattern formation

Table 1: Some of the famous PDEs

The simplest classification of PDE’s is order, which is the highest derivative that appears. Often,
there is a distinction between order in space and time. For example, the wave equation is second
order in both x and ¢ derivatives, whereas the diffusion equation is first order in the time variable
t but second order in the spatial variable .

Another approach to classifying equations is suggested by comparison of second order equa-
tions to a corresponding conic surface. For example, derivatives in the wave, diffusion, and
Laplace equations have the same pattern as variables in the algebraic relations t* = z? + C,
t = 22 4+ C and 2% + y? = C, respectively. Thus, we call the wave equation hyperbolic, the diffu-
sion equation parabolic, and Laplace’s equation elliptic. This terminology can sometimes be carried
over to higher-order and nonlinear equations which have similar behaviors as their second order
counterparts.



1.1 Coordinates and domains

In many problems, we often associate independent variables to coordinates of a physical sys-
tem. For example, a function u(z,y, z,t) might be regarded as assigning a value to each point
(z,y,2) € R3 at time ¢. It is not always essential to impart a physical meaning to variables, but
the identification of spatial variables is important for defining operations like gradient,divergence
and Laplacian (see below). It is also nice to have a physical interpretation of solutions.

The domain of the function(s) involved is an an essential aspect in the study of PDEs. Here the
domain will typically be denoted (2, and will be regarded as an open set (one that does not contain
its boundary points). An equation is expected to be satisfied within the domain 2, but nowhere
else.

The coordinate system we use typically reflects the type of domain. For example, a function
u : R? — R might be written in Cartesian coordinates u(z,y) for a square domain or polar vari-
ables u(r, 0) for a semi-circular domain. Of course, a PDE written in terms of z— and y— partial
derivatives is going to be different in terms of r and §— partial derivatives. There is a perfectly
straightforward (although often laborious) way of changing coordinates in a PDE by the chain
rule. For example, we can regard polar coordinates as functions of Cartesian ones as r = r(z,y)
and 0 = 0(x, y). Thus the partial derivative

Uy = UpTy + Uply.

Of course, to effect a complete change of variables, one needs to write r, and 6, in terms of r and
¢ alone.

Sometimes there will be no need to refer to a particular coordinate system. In this case, the
spatial coordinate is identified by a (boldface) vector x. In fact, many calculations in PDE are far
simpler to accomplish using this so-called “coordinate-free” notation. On the other hand, compu-
tations of derivatives and integrals sometimes must resort to the use of coordinates.

1.2 Side conditions

A PDE alone is generally insufficient to describe a situation of interest. Often there are side con-
ditions which are to be satisfied in addition to the equation itself. These are typically boundary or
initial conditions, which as their names imply restrict the behavior of the solution on the physical
boundary or at some specified value of time, respectively.

There are two common types of boundary conditions encountered in applications. The first is
called Dirichlet, which simply fixes the value of the solution on the boundary, e.g.

u(x) = f(x), x €. (1)

The notation 0f refers to the boundary of the set 2. A second frequently encountered type of
boundary condition fixes the derivative normal to the boundary

Ou =Vu(x) - = f(x), xe€, ()
on
where by convention 11 is a unit vector normal to 62 and points outward (assuming the boundary
is a smooth curve or surface). Condition (2) is often called the Neumann condition. For either case
(1) or (2), if f = 0, these boundary conditions are called homogeneous.
As an alternative to Dirichlet or Neumann conditions, we might insist that the solution is
periodic in one or more of its variables. This is equivalent to solving in a domain restricted to a



single period, but with a special set of boundary conditions. For example, a function on the unit
circle might use polar coordinates i.e. u = u(r,), where 0 < r < 1and 0 < # < 27. If we want a
smooth solution, we would need

lim w(r,) = lim wu(r,6),
6—0+ 0—2m—
as well as similar continuity of derivatives of © where ¢ transitions from 27 to 0. This is known as
the periodic boundary condition.

In many problems, the domain is an unbounded set such as R"” or {(z,y),y > 0}. In these
cases, it is useful to think of the domain boundary as it were moved out to infinity. Rather than a
boundary condition for “boundaries at infinity”, we have far-field conditions, which specify some
kind of limiting behavior of the solution. An example of this is

lim wu(x) =0,
|x| =00
which behaves as a sort of Dirichlet condition.

For problems where time (or something like it) is one of the independent variables, initial
conditions are sometimes imposed. For example, one might specify the initial value of a solution
u(z,t) as u(x,0) = g(x) or even the initial time derivative, for example u(x,0) = h(z). Although
the notion of an initial condition is probably familiar from ordinary differential equations, here its
value is not a number, but a function of the spatial variables.

It will be occasionally useful to ignore or change certain side conditions when finding solutions
to PDEs. The expectation is that when fewer conditions are imposed on a problem, it will possess
more solutions. This has the advantage of generating families of solutions, from which the relevant
ones may be extracted.

1.3 Well-posedness

What makes for a “good” math problem? ! Usually when we model the physical world, we expect
our equations to reproduce what we observe, and good science demands that our observations
are themselves reproducible. So if our model is complete (which is sometimes too strong of a
demand), it should give us one and only one solution, which hopefully mimics the real world
observation we were trying to model.

In the context of differential equations, well-posed problems have the following properties.

* Existence: there is at least one solution to equation and side conditions. If this were not the
case, the model is perhaps too restrictive, and may not tell us anything!

* Uniqueness: there is only one solution. This property goes back to the desire for repro-
ducibility: if we get many solutions, which one would we expect to observe? It often hap-
pens our equations have many solutions, but this is generally because of missing ingredients
such as side conditions.

e Stability: informally speaking, this means if the model problem is changed a little, then the
solution only changes a little. Since the inputs (side conditions, coefficients, etc.) to models
are generally only known approximately, it would be undesirable if the solution was highly
sensitive to these things.

"The cynic would say, anything that gets you funding!



2 Multivariable derivatives, integrals and notation

The reader should be familiar with the basics - vector calculus and ordinary differential equa-
tions in particular. The following section merely mentions some of the highlights from calculus of
several variables, and establishes the particular notation which will be employed throughout.

2.1 Derivatives of more than one variable

Functions with more than one independent variable have various kinds of derivatives: partial
derivatives, directional derivatives, gradients, divergence, curl, etc. The most important one is the

partial derivative

0

d
%u(x,y) - % yu(xvy)

where the notation |, means “treat y as if it were fixed”. We will typically use a more compact
notation d,u or u, for partial derivatives (the former is useful when talking about the derivative
as an operator). Multiple partial derivatives are notated similarly, e.g.

0%u
0xdy

= Uy = OgyU.

Recall that if v has continuous derivatives, the order of differentiation does not matter, so u,, =
Uyz. A more general notion of partial derivatives comes from specifying a direction d in which the
derivative is to taken. Provided d has unit length, then the directional derivative in this direction
is Vu -d = 0u/0d. For example the derivative in (2) is the derivative in the direction of the normal
vector.

We occasionally need to make use of the chain rule, e.g.

;au(x(r, s5),y(r,s)) = uz(x(r, s), y(r, s))x, + uy(x(r,s),y(r, s))yr.

Recall that the idea behind this is simple: just add all possible combinations of one-dimensional
chain rules which link the function and the independent variable.

Often conceptual trouble with partial derivatives comes in situations where variables are used
ambiguously both to name arguments (inputs) of a function as well as label variables which may
comprise the inputs. For example, suppose you have some function of two variables w(z,t) and
want to compute d,w(xz — ct,t). Does this mean fix x and differentiate with respect to ¢, or fix
the first input of w and differentiate with respect to the second variable? We clearly mean the
former, so to clear up this confusion, one can use a new intermediate variable y = x — ct and write
w = w(y, s). Then using the chain rule,

Orw(x — ct, t) = wyy + wesy = —cwy(z — ct, t) + we(x — ct, t)

which is equivalent in original variables to —cw,(z — ct,t) + wi(z — ct, ).
We shall use other types of derivatives, notably gradient and divergence. These operations are
generally only meant to apply only to the spatial variables, so by convention

Vu(z,y,t) = [ug,uy], V-[g(z,y,t),h(z,y,t)] = gz + hy,

where vectors are denoted as ordered pairs [z1,22]. In the context of PDEs, there is a special
differential operator which arises frequently, the Laplace operator (or simply Laplacian), which is



simply the divergence of the gradient. In three dimensions, it is notated 2 as
V- [Vu(z,y, z,t)] = tge + Uyy + uzz = Au.

We will study this operator extensively.

2.2 Integration over areas, volumes, curves, surfaces

Multidimensional integration is often encountered in the modeling, analysis and solution of PDEs.
We adopt a generic notation for integrals over a region R of a function whose domain contains R,

/R F(x)dx. ©)

Implicit is the fact f is a function of a vector coordinate x. The region R can be a variety of objects
- areas, volumes, curves, surfaces. The notation dx simply means integrate with respect to the
variable(s) denoted by the vector x. This is important since the integrand may be a function of
other variables. For example, it might be that f = f(x;,x2) is a function of two sets of vectors x;
and x2, but we only want to integrate with respect to one of them, f g f(x1,%2)dx1. We treat xo
like a constant in this case, and only x; ranges over values in the set R.

It is (almost) always better to notate multidimensional integrals like (3) without referring to
a particular coordinate system. When it comes to actually computing these integrals, however,
we sometimes resort to writing everything with respect to coordinates chosen to be convenient
(Cartesian, polar, etc.) and parameterizing R in terms of these coordinates. This usually results in

an iterated integral like
b opd of
///~-f(x,y,z,...)dxdydz...

Such an integral is often mistakenly called a volume integral, but it is not - it is simply an iterated
set of plain one dimensional integrals which happens to represent the multidimensional integral
(3).

A special case of a integral over a curve or surface arises from using the divergence theorem

/RV-F(x)dx—/aRF(x)-ﬁ(x)dx.

The region R is a closed area (in R?) or volume (in R?), and R denotes the boundary of R. The
integral on the right is usually called a flux integral, since it involves the flow of the vector field
F in the direction fi(x) normal to the boundary. Since the normal vector ii depends on the point
on the boundary, it is often necessary to notate it as a function of x (especially if the integrand
happens to depend on two sets of coordinates).

3 A quick guide to ordinary differential equations

It happens that many exact solution techniques in PDEs boil down to solving differential equations
with a single independent variable. Although a good knowledge of ODEs is assumed at this point,
some key ideas are recalled for reference.

’In physics, the Laplacian is unfortunately written V2, even though it is NOT the gradient of a gradient.



3.1 First order separable equations

Equations of the form v'(z) = f(z)/g(u) can be readily solved by multiplying through by g(u),
making it possible to integrate each side of the equation:

/ () (z)dz = G(u) = / f@)dz = F(z) + C,

where F, G are antiderivatives of f, g.

3.2 Homogeneous and inhomogeneous linear equations

Linear ordinary differential equations have the form
F(u,u',u”",...) = f(z), where F linear in its arguments.

If f(xz) = 0, the equation is homogeneous, otherwise it is inhomogeneous. There is a straightfor-
ward way to handle either, by decomposing the solution u = u. + u, where u. is the complemen-
tary solution, and u,, the particular solution. The complementary solution solves F'(uc, u,, u.,...) =
0, i.e. the corresponding homogeneous equation, whereas the particular solution is just any solu-
tion at all, often derived through guesswork. Notice the reason for this: once u, is found, it can be
subtracted from u, and the remaining function will solve the homogeneous equation. We will use
this same strategy for inhomogeneous PDEs.

Homogeneous equations have families of solutions, given as a linear combination of linearly
independent solutions w1, us, . ... The trick is to find enough of these linearly independent solu-

tions, where “enough” means the integer order of the equation.

3.3 Linear, constant coefficient equations

Equations like v’ 4+ v = 0 or " + u = 0 can be dealt with using a simple guess u = exp(rz). This
leads to an algebraic equation for 7, and provided this has unique roots, it produces exactly the
correct number of linearly independent solutions. Recall if r is complex, the real and imaginary
parts of the solution are each real valued and linearly independent. The difficulty arises when
there are not enough solutions. This requires a more sophisticated guess like u = p(x) exp(rt)
where p is a polynomial.

3.4 Euler-type equations

Another category of linear equations have the form 0 = u + aj2u’ + asz*u” + .. .. In this case, the
guess u = z" usually leads to enough linearly independent solutions. If not, guesses of the form
x" In z can provide extra solutions.

3.5 Second-order integrable equations

A final type of equation that admits exact solutions is u” + f(u) = 0. The trick is to multiply by v’
and integrate:

0= /u”u’ + f(u)u'de = %(u’)2 + F(u) + C.

This is now a separable, first order equation.



4 Simple equations and the method of guessing

The simplest partial differential equations can occasionally be solved using elementary integration
alone, or by trying a reasonable guess. Here are a few examples.
4.1 Equations where integration can be used immediately

Consider u,, = 0, where the domain is R?. Integration in z gives
uy = c(y), where cis an arbitrary function.

Notice that constants of integration can depend on the other independent variables. Now inte-
grating in y, one gets

u(z,y) = C(y) + D(z), where D is an arbitrary function and C’ = c.

This turns out to be the form of every solution of this equation. Side conditions would be needed
to determine C' and D.

4.2 Equations where a guess is sufficient

Consider the first order equation u; + cu, = 0, where the domain is again R2. This cannot be
directly integrated in x or ¢, but we might try a solution of the form u = f(z + bt). Plugging in
leads to

bf'(x + bt) + cf'(x + bt) = 0.

To make this true, we need b = —¢, sou = f(x —ct). On the other hand, f can be any differentiable
function whatsoever.



