
Chapter 1.1: Propositions

Mathematical logic is a system of formal reasoning.

No ambiguities, unlike language, law, art...

Proposition: Statement which is true or false (T/F). We also
call these ”Boolean” values.

Familiar examples from math:

1 + 1 = 5
√
4 = 2

Can also have quantifiers (all, some, none, etc.):

(x + y)2 = x2 + 2xy + y2 for all numbers x and y .

Can you think of propositions in the real world?

Questions, commands, vague statements are not propositions.

We will use abstract symbols for propositions (p,q,r,...)
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Chapter 1.1: Conjunction

Conjunction: p ∧ q is true if both p, q are true (“and”)

Math examples:
“an integer is a real number and a rational number”
(x = 4) ∧ (x = 5)

Example: p = “Today in Monday”, q = “Tomorrow is
Monday”, p ∧ q =?

Words ”but”, ”though” also have same effect
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Chapter 1.1: Disjunction

Disjunction: p ∨ q is true if p or q or both are true.

Notice if p is true, then p ∨ q is true regardless of how absurd
q is.

“Or” can be ambiguous ambiguous in language:
”You can have cake or ice cream.”
”You can buy soda or beer at the store.”

In logic, this distinction is called inclusive (∨) or exclusive (⊕)
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Chapter 1.1: Negation

Negation: ¬p is true if p is false, and vice versa

Same as English ”not”

Math examples: x > 4, “an integer y is even”

Negation of ”I am going to the store, and I am studying
math.”?
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Chapter 1.1: Truth tables

Device to show all possible values of proposition

Examples: disjunction, conjunction, negation, exclusive or



Chapter 1.1: Writing statements in symbols, and vice versa

Let
p = this class is hard
q = the homework is easy
r = the exams are long

A) “This class is hard but the homework is easy.”
B) “The exams are short, despite the homework being difficult.”
C) p ∨ ¬q



Chapter 1.2 Compound propositions

New propositions can be created by combining propositions
using ¬,∧,∨ (example)

Order of operations: (), ¬, ∧, ∨.
Example: p ∨ q ∧ r same as p ∨ (q ∧ r), but not (p ∨ q) ∧ r .

Truth tables for ¬p ∧ ¬q, (p ∨ q) ∨ ¬r
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Chapter 1.2 Compound propositions, examples and problems

1. Suppose you want to automatically open window blinds from
8am to 5pm, except weekends and holidays. Let
p : time ≥ 8 AM
q : time ≤ 5 PM
r : day is Saturday or Sunday
s: today is a holiday.
Find compound expression which is only true when blinds are to be
open.

Answer: (p ∧ q) ∧ ¬r ∧ ¬s.

2. ”To rent an apartment, you need a credit score above 500, and
either 2 references or a bank account with 10000 dollars.
Let C = proposition that credit score > 500, etc. Determine a
compound proposition, which if true means you can rent an
apartment.
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Chapter 1.2 Compound propositions, examples cont.

3. Determine compound expression from given truth table:
p q
F F T
F T T
T F T
T T F

Answer: ¬(p ∨ q) or ¬p ∧ ¬q.

Is there a systematic way of doing this?



Chapter 1.2 Compound propositions, examples cont.

3. Determine compound expression from given truth table:
p q
F F T
F T T
T F T
T T F

Answer: ¬(p ∨ q) or ¬p ∧ ¬q.

Is there a systematic way of doing this?



Chapter 1.3 Conditional statements

Different way of combining propositions, for example:
“If it is raining (P), then I will take an umbrella (Q)”

p→q is called a conditional statement. It is always true unless
p is true and q is false (truth table)

p = hypothesis, q = conclusion

In language, often ”if p then q” or ”whenever p, then q”.

Careful! Even when p→q is true, either p or q might be false.
Also, q→p might be false even if p is true.

Conclusion need not be related to hypothesis:
”If it is January, then elephants are large”
(Is the conditional true? Are p and q true?)
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Chapter 1.3 Related conditional statements

Given p→q, there are three other related conditionals:
Converse: q→p
Inverse: ¬p→¬q
Contrapositive: ¬q→¬p.
(Truth tables)

Observe contrapositive has same truth table as original.

Bi-conditional : p ↔ q is true only when p and q are
true/false together (truth table)

In language, bi-conditional is ”if and only if” or abbreviated
“iff”. If p ↔ q is always true, we say p and q are logically
equivalent.
Example: ”A shape is a triangle iff it is a 3-sided polygon.”

p = “A month has 28 days”, q = “A month is February”. Is
p ↔ q always true? Can q be adjusted to make it so?

Hidden biconditionals: “If the restaurant does not have pasta,
I will eat the pizza.”
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Chapter 1.3 Compound expressions

Examples: truth tables for compound expressions
(A) (p→q)→(q→p)
(B) (p ∨ q) ↔ (q→p)
(C) “If it is raining, I will take an umbrella and a raincoat.”. R =it
is raining, S = I take an umbrella, C = I take a raincoat.

Translating to symbols from English:
P: a person can vote
Q: a person is at least 18 yrs
R: a person is a resident of the state

(A) “A person can vote if they are a state resident and 18 yrs.
old.”
(B) “If someone can vote, they are 18 yrs. old”
(C) “If someone can vote, they either are not 18 or not a resident”
(D) “If a person can vote, then if they are 18 they must also be a
state resident.”
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Chapter 1.4 Logical Equivalence

Some compound statements are always true or false,
regardless of the truth of the elementary propositions, e.g.
”It is day or it is night”, same as p ∨ ¬p.

Definitions: A tautology is a proposition which is always true;
a contradiction is one which is always false.
Find truth tables for p ∧ ¬p, (p ∧ q) ∨ (¬p) ∨ (¬q)
Is the following a contradiction or tautology: ”If today is
Friday, then it is not Friday”?
Two propositions are logically equivalent if they have the
same truth table. Notation: p ≡ q.
Examples (check by truth tables):
(A) p→q ≡ ¬q→¬p
(B) q ∧ (p→q) ≡ q
(C) ¬(p→q) ≡ p ∧ ¬q
DeMorgan’s laws: ¬(p ∧ q) ≡ ¬p ∨ ¬q, ¬(p ∨ q) ≡ ¬p ∧ ¬q
For example: “This class is not fun or interesting” is same as
”This class is not fun and this class is not interesting.” (show
by writing symbolic version)
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Is the following a contradiction or tautology: ”If today is
Friday, then it is not Friday”?
Two propositions are logically equivalent if they have the
same truth table. Notation: p ≡ q.
Examples (check by truth tables):
(A) p→q ≡ ¬q→¬p
(B) q ∧ (p→q) ≡ q
(C) ¬(p→q) ≡ p ∧ ¬q

DeMorgan’s laws: ¬(p ∧ q) ≡ ¬p ∨ ¬q, ¬(p ∨ q) ≡ ¬p ∧ ¬q
For example: “This class is not fun or interesting” is same as
”This class is not fun and this class is not interesting.” (show
by writing symbolic version)
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Chapter 1.5 Laws of propositional Logic

All can be verified by truth tables.



Chapter 1.5 Laws of propositional Logic

Ex: ”It is Friday (p), or it is Friday (p) and a holiday (q).”
Absorption law: p ∨ (p ∧ q) ≡ p. Thus, this statement is
equivalent to ”It is Friday” alone.

Example: use conditional p→q ≡ ¬p ∨ q to rephrase ”If I pass
the test, I get an A in the course”.

Example: simplify p ∧ (¬p→q).
≡ p ∧ (¬¬p ∨ q) (conditional law)
≡ p ∧ (p ∨ q) ≡ p. (double negation, absorption)
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Chapter 1.5 Verifying equivalences

Rules of logic can be used in sequence to verify equivalence of two
compound propositions.

Example: Prove equivalence of contrapositive p→q ≡ ¬q→¬p by
laws rather than truth tables.

¬q→¬p ≡ ¬¬q ∨ ¬p (conditional)
≡ q ∨ ¬p (double negation)
≡ ¬p ∨ q (commutative)
≡ p→q. (conditional)
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Chapter 1.5 Verifying equivalences, long example

Check that p ↔ (p ∧ r) ≡ p→r .

Left hand side is equivalent to

≡
(
p→(p ∧ r)

)
∧
(
(p ∧ r)→p

)
≡

(
¬p ∨ (p ∧ r)

)
∧
(
¬(p ∧ r) ∨ p

)
(conditional)

≡ (¬p ∨ p) ∧ (¬p ∨ r) ∧ (¬p ∨ ¬r ∨ p) (distributive, DeMorgan)
≡ T ∧ (¬p ∨ r) ∧ (T ∨ ¬r) (commutative, compliment)
≡ (¬p ∨ r) ∧ T (identity, domination )
≡ p→r (identity, conditional)
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Chapter 1.5 Problems

(A) Simplify ¬(p ∨ (¬p ∧ q)).

Answer: ≡ ¬p ∧ ¬q.

(B) Show ¬p→(q→r) ≡ q→(p ∨ r).

(C) Why is “If today is sunny, then if tonight is rainy then today is
sunny” a tautology? Hint: Consider p→(r→p).
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